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A dynamic optimization model of investment in |mprovement of the resource productivity mdex IS analyzed for l
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obtaining balanced economic growth trends including both the consumption index and natural resources use. The
research is closely connected with the problem of shortages of natural resources stocks, the security of supply of

energy and materials, and the environmental effectiveness of their consumption. The main idea of the model is to
Introduce an integrated environment for elaboration of a control policy for management of the investment process
In development of basic production factors such as capital, energy and material consumption. An essential
feature of the model is the possibility to invest in economy's dematerialization. Another important construction is
connected with the price formation mechanism which presumes the rapid growth of prices on exhausting
materials. The balance is formed in the consumption index which negatively depends on growing prices on
materials. The optimal control problem for the investment process is posed and solved within the Pontryagin
maximum principle. Specifically, the growth and decline trends of the Hamiltonian trajectories are examined for

the optimal solution.

It is proved that for specific range of the model parameters there exists the unique steady state of the Hamiltonian system. T
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ne steady state can be interpreted as the optimal steady

trajectory along which investments in improving resource productivity provide raising resource efficiency and balancing this trend with growth of the consumption index. The fact of
existence of the steady state demonstrates the possibility of the growth path in an economy with exhausting resources. Sensitivity analysis of steady state solutions is implemented to
demonstrate adequate trends of the model trajectories. As a result of analysis, one can elaborate investment strategies in economy's dematerialization, resource and environmental
management for improving the resource productivity and for shifting the economic system from non-optimal paths to the trajectory of sustainable development.

Model Variables

» Production: y = y(t)
+ Used materials: m = m(t), m(0) = m
» Cumulative resource consumption:

t

M(t)zfm(s)ds, MO)=M*"=0
0

» Resource productivity: z(t) = %

Price Formation Mechanism

Due to the limitation or exhaustion of natural
materials its prices raise. It is assumed that

prices are growing according to the inversely g

proportional rule of resources exhaustion:
Po
p(t) =

M, - limitation of natural resources,

po - Initial prices on natural resources,

Y  —non-negative elasticity coefficient of the
price formation mechanism

Balance Equation

Production y(t) in period t is shared between
consumption c(t) and the growing cost of
natural resources p(t) - m(t) plus investment
s(t) in improving the resource productivity:

y(t) = c(@) +p(t) -m(t) + s(t)

Investment level is bounded with positive
constant parameter s¥: 0 < s(t) < s° < y(¢)

Balance equation in relative variable:

= % + p(t)Z(t) + u(t),

o<u(t)<u'<1

Production Function and Consumption

An exponential production function of the Cobb-
Douglas type:

y(t) = ae’* (m(1))"
Positive parameter a is a scale factor;

Non-negative growth rate b indicates the growth
process of production y(t) due to development
of basic production factors such as capital,
labor, technology, etc.;

The symbol @ denotes non-negative elasticity
coefficient of natural resources: 0 < a < 1.

A production factor is the diminishing return to
scale of natural resources.

Consumption intensity expressed through the §

resources  consumption
substituting relations of the price formation
mechanism p(t) and the production function

y(t) to the relative balance relation:
c(t) 4 Po 1-a
) 1 > (m()) u(t)

T

Model Dynamics

The relative raise in the resource productivity
z(t) is proportional to the portion of the
assigned investment u(t)

1 dz(t)
Z(t) dt = Bul)

Non-negative parameter [  describes the

effectiveness of investments investment u.(t) in
raising the resource productivity.

Since z(t) = y(t)/m(t) the rate of the
resource productivity can be decomposed into
two components: the production rate y(t) and

the rate of the resource consumption m(t):
1 dz(t) 1 dy(t) 1 dm(t)
z(t) dt ~y@) dt m() dt
1 dm(t) 1
T m@ dt pu(®))

The rate of the resource consumption is
influenced by the production growth rate b and
can be reduced only by investment u(t) in
raising the resource productivity.

If investment is equal to zero, u(t) = 0, then the
rate of the resource consumption should be
proportional to the production growth rate b.

m(t), M(t) by §

B the intermediate control regime w = ",

Phase Variables

New phase variables:

__byt M)\
— 1-a—y 1 —
x1(t) =e ( M, )
__bt
x,(t) =e 1-2=Ym(t)
Dynamics of new variables:

b 1
1 — 61/— yxl(t) - MLO (xl(t))l yxz(t)

1 b
fpldt) = 1—a(_1—cl/—y
xl(o) = 1) xZ(O) = m

Logarithmic Consumption Index

x1(t) = —

— ﬁu(t)) x2(t)

Logarithmic consumption index in time t:

1—y)b
Inc(t) =Ina+ alnx,(t) + d-y) t
l—a—y

po (xa ()17
+ In (1 - (O —u(t))

The integrated logarithmic index discounted with
the discountrate p, p > 0,
T

FEa) ) = f et nc(t) dt,

0
0<T< 400

Is the utility function in the considered control
problem.

Optimal Control Problem. Special Case

The problem is investigated for the special case
when the elasticity coefficient y in the price
formation mechanism has the unit value, y = 1.
Hence, phase variables x,, x, are rewritten in
the form:

b
x.(t) =e t(

and satisfy the dynamical system:

b 1

x1(t) = Exl(t) — ExZ(t)

x,(t) = egt'm(t)

x1(0) =1

1

x,(t) = 1 o (— - ﬁu(t)) x2(t), x,(0) =

Utility functional looks as follows:
T

J(x1(),x2(),u(r)) = fe"ptln c(t)dt, T <+

0
where consumption level is found by formula:

1-a
e(t) = x5 (6) (1 -2 ("fgz) - u(t))

B The main goal of the posed optimal control

problem is to raise the resource productivity.

Hamiltonian Function. Control Regimes

-
H(xl xzutll)l wz)—alan‘Fln(l—@ _U,)+ S— Y

a XxXq
b 1 1 (b
+ Y4 axl_Moxz +1—a a_ﬂu X292
Values of control variable 1 maximizing the

Hamiltonian function are the following:

( xl-& 1 _—¢q
0, Po X> S 1
a x1 181/)2952

xi—¢ 1 —q
- <P0 2 <1
a Xxq 181/)2952

Dox3 % 1—a
a xi pY,x,
Intermediate maximum control value:
Do X3~ ¢ 1 —
a Xxq ﬁwzxz.
For the intermediate control regime the adjoint

variable v, is strictly negative.

0

<1l—u

u*=1-

Qualitative Analysis. Steady States

There is an unique steady state at the domain of
if and
only if model parameters are located in area ()

depicted at Figure
((p,b): p>0, 0<b<ap,)

-5
&

<1

Steady State Coordinates

If model parameters are located at the set () then
steady state coordinates are found analytically:
1

@ ( BpbpoM )a
Y bMy \a(ap — b)((p—b)+alB-p)))
1

( BpbpoM )E
a(ap —b)((p—b) +a(B—p))/)
\ a(p(1—a) +af —b)
b oap(l—a)(B—p) +b(af —b)’
ap(l— a)

ap(1—a)(B—p)+b(af —b)
Steady state coordinates have the property of
well-posedness when model parameters meet
restrictions in (.

x; > 0,
z; = X197 >0,

>I<—
2 =

Z

x5 > 0,
Z, = X505, <0

Optimal Control at the Steady State

Estimation of the optimal control value u™ at the
steady state (x7, x5, 27, z,):

b

ap

Due to the (2-restrictions the value of the optimal

control * is located in the proper range
o<u"<1

This fact means that it is reasonable to make an
assumption:
The upper bound u° for the control parameter u

should satisfy to the following condition:

b
—<ul < 1.

aff —
Consumption Level at the Steady State

*

u =

Consumption index c*
value at the steady state

= ae
bzPoMo(aﬁ b+ (1—a)f— P))
a(ap —b)(p—b +a(B —p))
Consumption intensity v* at the steady state is
determined by relation
_b(aB-b+1-B-p) _
afp

have strictly positive

> 0

Consumption and Investment

*

Proportion between consumption ¢* and

Investment s* is given by the ratio
:afﬁ—b+(1—af)(;8—p)
p
Proportion w™* is linear in parameters «, 3, b

and can be rewritten as follows
f b

w =a+———-—1.
P P

4 Proportion w™ increases in parameters « and S §

and decreases in parameters b and p.

Production at the Steady State

Production y* has strictly positive values at the
steady state

BpbpoMy
(ap — b)((p — b) + a(B — p))

%(b p) I T

Y = ax) =

3 .
0 ~0005 0006

Investment at the Steady State

The optimal absolute value of investment s* is
given by formula

b? ppo My
a(afp b)((p b) + a(ﬁ p))

s*(b, p) T

0.357

* * *

s*=u"y

Model Solution at the Steady State

At the steady state the ™Y
current resource use
m(t) decreases to
zero according to the x*

exponential law:

_b,
m(t) = x,e «

The cumulative
resource consumption
M(t) Increases with
saturation at the limit a,.
level M, of natural
resources according to
the logistic growth law:

M) = Mo (1— xjea)

Price p(t) generated
by price formation
mechanism increases
exponentially at the
steady state:

b

p() =ZZed
1

Transition Trajectories for China Economy

Foryear1980,t = 1
Saturation level: u* = 0.1101

B Growth rate of u = u(t): r = 0.07095

0.12¢-

- R&D
Expenditure
~ Intensity

o1 01101
O g a5

lim z=0.1101

=+

Used

6.8106x10°&"16'" - .
(e(:,(l?rmsr+48‘45)3;;-g%_ Materla|S

Resource

p=p,(1-M/M,)’ Price

lim p=to0

[(—+oo

Cumulative
Resource

Consumption
lim M=M,=1.8121x10° -

[—>+o0

, 20 40 60 80
x 10
0-

Resource

- _0.152 60.070951“_'_48.45 2.3628 -
7 ( ) Productivity

lim 7= —2— =+oo

t>+o |im m

[—+a0

Gross
Domestic

Product
(Production)

lim y=1.0236x10°

10 I N o'e}

5- y—ZIN

.l (d E r I t
0 20 40 60 80 100 120

References

1. Arrow, K.J., Production and Capital. Collected Papers. Vol.5, The Belknap
Press of Harvard University Press, 1985.

2. Aseev, S.M., Kryazhimskiy, A.V., The Pontryagin Maximum Principle and
Optimal Economic Growth Problems. Proceedings of the Steklov Institute
of Mathematics, Vol. 257, Pleiades Publishing, 2007

3. Ayres, R., Krasovskii, A.A., Tarasyev, A.M., Nonlinear Stabilizers of
Economic Growth under Exhausting Energy Resources. Proceedings of
the IFAC CAO09 Workshop on Control Applications of Optimization, 2009.

. Crespo-Cuaresma, J., Palokangas, T., Tarasyev, A., (eds.) Dynamic
Systems, Economic Growth and the Environment, Springer Series on
“Dynamic Modeling and Econometrics in Economics and Finance”, 2010.

. Feichtinger, G., Hartl, R.F., Kort, P.M., Veliov, V.M., Capital Accumulation
under Technological Progress and Learning: a Vintage Capital Approach.
European Journal of Operation Research, Vol. 172, No. 1, 2006.

. Gordon, R.B., Koopmans, T.C., Nordhaus, W., Skinner, B.J., Toward a
New Iron Age? A Study of Patterns of Resource Exhaustion, 1988.

. Grossman, G.M., Helpman, E., Innovation and Growth in the Global
Economy, MIT. Press, Cambridge, 1991.

. Pontryagin, L.S., Boltyanskii, V.G., Gamkrelidze, R.V., Mishchenko,
E.F., The Mathematical Theory of Optimal Processes. Interscience, 1962..

. Sanderson, W., Tarasyev, A.M., Usova, A.A., Capital vs Education:
Assessment of Economic Growth from Two Perspectives, Preprints of the
IFAC Symposium on Nonlinear Control Systems, Bologna, 2010.

10.Tarasyev, A.M., Watanabe, C., Zhu, B., Optimal Feedbacks in Techno-
Economic Dynamics, International Journal of Technology Management,
2002, Vol. 23, No. 7/8, 691-717.

088-0fi-m-2011, 11-01-12112-pfi-m-2011), by the Program for the Sponsorship 9f_|=ea‘&i g Scientific Schools (Grant NSCH-64508.2010.1),
RAS No. 38 I (Project 12-M-1-1038),by the Project of the Ural Branch of*RAS “Socio-Economic Development of Regions: Forecasting and Optima
SFC- IIASA Collaboration Projgct “Optimization of Resource roductivity for Sustainable Economic Development”

s Octobern, 2012 -




