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Abstract

The method of program packages is a tool for solution of the
guaranteed positional control problems with incomplete infor-
mation on the initial state of the system. In this work the appli-
cation of the method to a linear dynamical system with a linear
observed system is considered. An example, for which the cor-
responding problem turns out to be ill-posed, is presented 1.

1. General problem

LET US CONSIDER A LINEAR DYNAMIC CONTROLLED SYSTEM,
described by an ordinary differential equation

ẋ(t) = A(t)x(t) +B(t)u(t) + c(t), t0 ≤ t ≤ ϑ (1)

Open-loop control (program) u(·) is a measurable function on
[t0, ϑ], u(t) ∈ P ⊂ Rr, P is a convex compact set. The initial
state of the system maybe not known a priori: x(t0) = x0 ∈
X0 ⊂ Rn, where X0 is a finite known set. The terminal con-
dition x(ϑ) ∈ M ⊂ Rn, where M is a closed and convex set,
should hold.
A linear signal y(t) = Q(t)x(t), where Q(·) is left piecewise con-
tinuous matrix-function, Q(t) ∈ Rq×n, t ∈ [t0, ϑ], is observed by
the controlling side.

The problem of positional guidance is formulated as follows -
based on the given arbitrary ε > 0 choose a closed-loop con-
trol strategy with memory, whatever the system’s initial state
x0 from the set X0, the system’s motion x(·) corresponding
to the chosen closed-loop strategy and starting at the time t0
from the state x0 reaches the state x(ϑ) belonging to the ε-
neighbourhood of the target set M at the time ϑ.

2. Program packages method

Homogeneous system, corresponding to (1)

ẋ(t) = A(t)x(t)

For each x0 ∈ X0 its solution is given by the Cauchy formula:

x(t) = F (t, t0)x0; F (t, s) (t, s ∈ [t0, ϑ]) is the fundamental matrix.

Homogeneous signal, corresponding to an admissible initial
state x0 ∈ X0:

gx0(t) = Q(t)F (t, t0)x0 (t ∈ [t0, ϑ], x0 ∈ X0).

Let G = {gx0(·)|x0 ∈ X0} be the set of all homogeneous sig-
nals and let X0(τ |g(·)) be the set of all admissible initial states
x0 ∈ X0, corresponding to the homogeneous signal g(·) ∈ G till
time point τ ∈ [t0, ϑ]:

X0(τ |g(·)) = {x0 ∈ X0 : g(·)|[t0,τ ] = gx0(·)|[t0,τ ]}.

Program package is an open-loop controls family
(ux0(·))x0∈X0

, satisfying non-anticipatory condition: for any
homogeneous signal g(·), any time τ ∈ (t0, ϑ] and any admissi-
ble initial states x′0, x

′′
0 ∈ X0(τ |g(·)) the equality ux′0(t) = ux′′0(t)

holds for almost all t ∈ [t0, τ ].

Program package (ux0(·))x0∈X0
is guiding, if for all x0 ∈ X0

holds x(ϑ|x0, ux0(·)) ∈M . Package guidance problem is solv-
able, if a guiding program package exists.

Theorem 1 ([1]) The problem of positional guidance is solvable
if and only if the problem of package guidance is solvable.

For an arbitrary homogeneous signal g(·) let

G0(g(·)) =
{
g̃(·) ∈ G : lim

ζ→+0
(g̃(t0 + ζ)− g(t0 + ζ)) = 0

}
be the set of initially compatible homogeneous signals and
let

τ1(g(·)) = max

{
τ ∈ [t0, ϑ] : max

g̃(·)∈G0(g(·))
max
t∈[t0,τ ]

|g̃(t)− g(t)| = 0

}

be its first splitting moment.

For each i = 1, 2, . . . let

Gi(g(·)) =
{
g̃(·) ∈ Gi−1(g(·)) : lim

ζ→+0
(g̃(τi(g(·)) + ζ)− g(τi(g(·)) + ζ)) = 0

}
be the set of all homogeneous signals from Gi−1(g(·)) equal to
g(·) in the right-sided neighbourhood of the time-point τi(g(·))
and let

τi+1(g(·)) = max

{
τ ∈ (τi(g(·)), ϑ] : max

g̃(·)∈Gi(g(·))
max

t∈[τi(g(·)),τ ]
|g̃(t)− g(t)| = 0

}
be the (i+1)-th splitting moment of the homogeneous signal
g(·).
Let

T (g(·)) = {τj(g(·)) : j = 1, . . . , kg(·)}

be the set of all splitting moments of the homogeneous signal
g(·) and let

T =
⋃

g(·)∈G
T (g(·))

be the set of all splitting moments of all homogeneous sig-
nals. T is finite and |T | ≤ |X0|. Let us represent this set as
T = {τ1, . . . , τK}, where t0 < τ1 < . . . < τK = ϑ.
For every k = 1, . . . , K let the set

X0(τk) = {X0(τk|g(·)) : g(·) ∈ G}

be the cluster position at the time-point τk, and let each its
element X0j(τk), j = 1, . . . , J(τk) be a cluster of initial states
at this time-point; J(τk) is the number of clusters in the cluster
position X0(τk), k = 1, . . . , K.

Let us denote D(t) = BT(t)FT(ϑ, t) (t ∈ [t0, ϑ]) and set the
function p(·, ·) : Rn ×X0 7→ R:

p(l, x0) = 〈l, F (ϑ, t0)x0〉Rn +

〈
l,

ϑ∫
t0

F (ϑ, t)c(t)dt

〉
Rn

(l ∈ Rn, x0 ∈ X0).

Let us set

γ((lx0)x0∈X0
) = ρ−

(
(lx0)x0∈X0

|A
)
− ρ+

(
(lx0)x0∈X0

|M
)
=

=
∑
x0∈X0

p(lx0, x0)−
∑
x0∈X0

ρ+(lx0|M)+

+

K∑
k=1

τk∫
τk−1

∑
X0j(τk)∈X0(τk)

ρ−

 ∑
x0∈X0j(τk)

D(t)lx0
∣∣P
dt.

Let L be a compact set in Rn, containing an image of the unit
sphere Sn — for some positive r1 and r2 ≥ r1 for each l ∈ Sn
there is r ∈ [r1, r2], for which rl ∈ L.

Theorem 2 (Solvability criterion [2]) Both problems – the
package guidance problem and he guaranteed positional guid-
ance problem – are solvable if and only if

max
(lx0)x0∈X0

∈L
γ((lx0)x0∈X0

) ≤ 0. (2)

3. Ill-posed problem example

Let us consider an arbitrary linear dynamic system (1) and the
observed signal

y(t) = Q(t)x(t), t ∈ [t0, ϑ], where Q(t) =
(
0 1
)
, t ∈ [t0, ϑ].

Let us assume that the program package guidance problem is
solvable for the set

X0 = {x′0, x
′′
0}, where x′0 =

(
x′01
δ

)
and x′′0 =

(
x′′01
−δ

)
, δ > 0.

It is clear that uniform signals

gx′0(t) = δ, t ∈ [t0, ϑ] and gx′′0 = −δ, t ∈ [t0, ϑ]

are not initially compatible for any δ > 0, thus, the initial states
x′0 and x′′0 belong to the different clusters of the cluster posi-
tion X0(t0). But if δ = 0, then gx′0 = gx′′0 = 0, t ∈ [t0, ϑ] and
it is impossible to distinguish the initial states x′0 and x′′0 , so
the solution of the package guidance problem (i.e. the solv-
ability criterion) does not depend continuously on δ → 0.

4. Possible solution

One of the possible regularisation methods is foreseen a guid-
ance of the whole δ-vicinity of any initial state x0 ∈ X0 for a
relatively small δ > 0. The obtained program package is to
depend on δ, thus, not corresponding to the original program
package, but, taking into account the approximate nature of
the initial (positional guidance) problem statement, the result-
ing positional strategy can be constructed using the methods
suggested in [4], satisfying the requirement of ε-guidance.
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