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Guaranteed positional guidance problem at the (pre-defined)
time

x(t) = A(t)x(t) + B(t)u(t) + c(t), to <t <9 (1)
Open-loop control (program) u(:) is
measurable.
u(t) € P C R, Pis a convex compact set K/©

2(-lb, u(y(-),) - N

x(to) = x0 € Xo CR", Xy is a finite set ) OO \"
x(¥) € M CR", M is a closed and convex O !
set S /
Xo —
Observed signal y(t) = Q(t)x(t), Q(:) € (M]*

RI*" is left piecewise continuous

Problem statement

Based on the given arbitrary € > 0 choose a closed-loop control strategy with
memory, whatever the system'’s initial state x; from the set Xy, the system’s
motion x(-) corresponding to the chosen closed-loop strategy and starting at the time
to from the state xo reaches the state x(1}) belonging to the e-neighbourhood of the
target set M at the time 1.

3 /27




Guaranteed positional guidance problem by the
(pre-defined) time

W C (to, 9] is a given finite set of admissible guidance times (AGT), and for each
t € W a convex closed non-empty target set M(t) C R" is given.

Problem statement

Based on an arbitrary given € > 0 it is required to construct such a closed-loop
strategy, that for any admissible initial state xo € Xy the motion x(-) of the system
(1), starting from this state at the time ty and being driven by the constructed
strategy, is guided on the e-neighbourhood of the target set M(ty,) at some time

t, € W

/ m\w[m P [A:’(Tz)]

Xg /
x(lxg, ey (), )
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Homogeneous signals

Homogeneous system, corresponding to (1)

For each xp € Xj its solution is given by the Cauchy formula:
x(t) = F(t, to)xo; F(t,s) (t,s € [to,¥]) is the fundamental matrix.
Homogeneous signal, corresponding to an admissible initial state xp € Xp:
8x(t) = Q(t)F(t, to)xo (t € [to, V], x0 € Xo).

Let G = {gx,(-)|x0 € Xo} be the set of all homogeneous signals and let Xp(7|g(-)) be
the set of all admissible initial states xg € Xy, corresponding to the homogeneous
signal g(-) € G till time point T € [to, V]:

Xo(lg(+)) = {x0 € Xo : g()lto.,r] = & (i1}
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Package guidance problem by the time

Program package is an open-loop
controls family (ug(-))xex, satisfying _
non-anticipatory condition: for any
homogeneous signal g(:), any time 7 €
(to,¥] and any admissible initial states Tt
Xp: Xg € Xo(7|g(+)) the equality uy(t) = X0 = x(xh i)
uy (t) holds for almost all t € [to, 7]. -

y'()=y"(t)
(t=<71)

=n

(1) = x(t.xgy) | ) uxé(gt);';xs(’)

A program package (ux,(+))xecx, is guiding by the time, if for any xp € Xp there is
ty, € W such, that x(t|xo, Ux,(-)) € M(tx,). Package guidance problem by the
time is solvable, if there exists guiding by the time program package.
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Package guidance problem with a family of AGT

Admissible guidance times (AGT) family is an arbitrary family w = (&, )xex, of
the elements of the set W.

Program package (uy,(+))xex, is guiding with the AGT family w = (t)xex,, if for
any xo € Xp holds x(ty|X0, Ux,(+)) € M(tx,)-

Package guidance problem with the AGT family w is solvable, is there exists a
program package, guiding with the AGT family w.

1) Program package is guiding by the time if and only if it is guiding with some AGT
family.

2) Package guidance problem by the time is solvable if and only if a package guidance
problem is solvable with some AGT family.
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Problems equivalence

Let the package guidance problem by the time be not solvable. Then the guaranteed
positional guidance problem by the time is also not solvable.

The guaranteed positional guidance problem by the time is solvable if and only if the
package guidance problem by the time is solvable.

Bapaua rapaHTupo- 3apava nakeTHoro 3apava nakeTHoro PacwmpeHHan 3apava
[BaHHOrO UNOH- AEHNA K MO- <> HaBefeHuA c ce- nporpammMmHoOro

HOro HaBeAeHUA K MeHTy MelicTBOM HaBepAeHUA ¢ cemein-
IMOMEHTY CTBOM
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Homogeneous signals splitting

For an arbitrary homogeneous signal g(-) let

ORISR R

0 t

be the set of initially compatible homogeneous signals
and let

71(g(-)) = max {T € [to,¥]:  max max |g(t) g(t)| = O}

&(-)€Go(e(")) telto,

be its first splitting moment.
Foreach i =1,2,... let

Gi(g(") = {é’(-) € Gi-(g(1) : fim (&(7i(g()) + <) — &(mi(g() +)) = 0}

be the set of all homogeneous signals from G;_1(g(-)) equal to g(-) in the right-sided
neighbourhood of the time-point 7i(g(+)) and let

ria(8() = max{r € (r(g("), 9] I8 - 5(0)] = o}

be the (i + 1)-th splitting moment of the homogeneous S|gnal g()

ma
()EG(g( ))tE[T,
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Initial states set clustering

Let
T(g(1)) ={m(e(")) :j =1, kg()}

be the set of all splitting moments of the homogeneous signal g(-) and let

T = U T(g
)EG
be the set of all splitting moments of aII homogeneous signals. T is finite and
|T| < |Xol|. Let us represent thissetas T ={m,..., 7k}, to <71 < ... < T = V.
For every k = 1,..., K let the set

Xo(7k) = {Xo(7x|g(")) : g(-) € G}

be the cluster position at the time-point 7, and let each its element Xp;(7),
Jj=1,...,J(7«) be a cluster of initial states at this time-point; J(7«) is the number
of clusters in the cluster position Xp(7%), k=1,..., K.

Open-loop control family (u, (-))xex, is a program package if and only if for any
k=1,...,K, any Xoj(1«) € Xo(7k), j=1,...,J(7) and arbitrary initial states
xg, X9 € Xoj(7«) the equality u,(t) = u(t) holds for almost all t € (7x—1, 74| in
case k > 1 and for almost all t € [ty, 1] in case k = 1.
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Extended space

Let R" (h=1,2,...) be a finite-dimensional Euclidean space of all families (r,)x,ex,
from R" with a scalar product (-,-)z» defined as

<T/a 7J/>’R” = <(r)/<0)X0€X07 (r>/<;)X0€X0>R” = Z <I‘)/<0, r)/<;>Rh ((r>/<o)X0€X07 (r)/(;)XOGXO € Rh)
x0€Xo

For each non-empty set £ C R (h=1,2,...) let us define its lower
p~(-|€) : R" — R and upper support functions p*(-|€) : R" — R:

pi((lxo)X0€X0|5) = inf £<(/><0)X06X0’ (eXO)XoEX0>Rh ((/Xo)XUEXO € Rh)v

(exo )xo exp €

p+((/Xo)X0€X0|g) = sup <(/X0)X06X07 (eXO)XOGXo>R” ((/XU)XOGXO € Rh)

(eXQ )><0 €Xy €&
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Extended open-loop control control

Let P C R™ be the set of all families (uy,)x,ex, of vectors from P.

Extended open-loop control control is a measurable function

t = (U (t))x0ex, © [t0, 9] — P.

Let us identify arbitrary programs family (u, (-))xex, and an extended open-loop
control t — (Uy, (t))xoexX, -

For each k =1,..., K let Px be an extended admissible control set on (7x_1, 7«]
in case k > 1 and on [to, 71] in case k =1 as a set of all vector families

(Uxo)xoex, € P such that, for each cluster Xoj(7x) € Xo(7x),j =1,...,J(7«) and any
Xé,Xél S Xoj(Tk) holds Uyy = Uy

Extended open-loop control control (u, (-))xex, is admissible, if for each
k=1,...,K holds (ux(t))xex, € Pk for almost all t € (7x_1,7k] in case k > 1 and
for almost all t € [ty, 1] in case k = 1;

Extended open-loop control control (u, (-))xex, is a control package if and only if it
is admissible.
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Homogeneous signals, cluster positions and extended
open-loop control controls

9(t) g"(t - .\'?”/< | =
P TOF, 2O 05
BN © »Qw@ DR SO0
I I 1 |
T QA Do =00

to 7"1 ™73 7 1 X(Tl) X (72) X(13)

Homogeneous signals splitting Initial states set clustering
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I | | |
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Extended open-loop control control
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Extended program guidance problem with AGT family

Extended system (in the space R"):

{x'xOu) = A(t)x5 () + B(t)u, () + c(t)

X (to) = xo

(Xo (S Xo)

Extended target set for the AGT family w = (ty,)x,ex, is a set M(w) of all families
(%0 )x0ex, € R" such that x,, € M(t,) for all xg € Xo.

Extended admissible control (uy,(+))xecx, is guiding the extended system with the
AGT family w = (ty,)xpexo, i (X(tx %05 txg (*)))xoex, € M(w).

Extended program guidance problem with the AGT family w is solvable, if there
exists an extended program guidance problem with the family w.

1) An admissible extended open-loop control is a guiding program package with the
AGT family w if and only if it is guiding the extended system with this family.

2) Package guidance problem with the AGT family w is solvable if and only if the
extended program guidance problem is solvable with this family .
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Additional denotations

Let Q be the set of all AGT families (t,)xex,- For each w = (tq)sex, € Q let us

introduce the corresponding attainability set
A(w) = {(X(tx [X05 Uxe (-)))s0ex0 & (Uxg (*))xoeXe € Uext } OF the extended system.
For an arbitrary xo € Xp and an arbitrary / € R" let us introduce the function p(-,-):

to

p(l, x0, txy) = (I, F(tx, to)Xo0) + </, / F(ty, t)c(t)dt> (1 eR", xo € Xo).

to
Let us denote
D(ty,t) = BY(t)FT(ty,t) (x0 € Xo, t € [to,]).
For each family w = (ty,)xex, let us introduce the set
Xe(w) = {x0 € Xo: t € (k—1, 4]} (k=1,...,K)
and for any family of vectors | = (/y,)xex, € L(w) let it be

by <t
IX07W(t) = { 00 t>t ° (t € [t07”~9]7 X0 S XO)
5 X0
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Additional denotations

For an arbitrary family (Iy)x,ex, of elements of some linear space and an arbitrary function f(-),

defined on this space let us use the following short notations:

THER) = > f Y.k
Xoj(T1)€X(T1) X0 € Xoj (11)N Xy (w)
(k = 17"'7K7.j:17"')'l(71)))

SOF(ELRL,) = >f > I

Xoj(Tr)E€X(Tr) X0 €Xgj ()N X (w)

(I’,k = 1""7K7kzr’j:]-v"'zJ(Tr))v

i

> X bo

Xoj(T1)€X (1) k=1 xp € Xg;(T1)N X (w)

1 1,k
sif <Z P /X0>
k=1

(I = 17"'7K7j:17"'?"/(7-1))7

fo<22;6klxo> = o> > I

k=r Xoj(r)EX(77) k=r XOEXOJ(T,)H)_(k(w)

(ryi = 1,...,K, i>r).
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Solvability criterion

For each pair of families (/)sxex, € R" n w € Q let it be

7((/X0)X06X07w) = Z p(/XO’XO) +

x0€Xo
K-1 7k
+ Z / ka_ <ZkkD( o0 £ xo, t)+ Z ZkrD by / P)
k:l_,_ki1 r=k+1
Tk
+ / Ko™ <ZK “D(t ts £ ho,w (1) P) dt — Z P (ho|M(ts)) -
TH_1 X0 €Xo

Theorem 3 (Extended problem of program guidance solvability criterion [1])

The extended program guidance problem with the AGT family w = (tx, )x,ex, is solvable if
and only if

max I W) < 0. ;
(Ixo)xogxong)’Y(( 0)x0EX0, W) o
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Construction of the guiding program package with an AGT
family

Let the solvability criterion (2) hold. Let us introduce the function 4(-,-,-) : R" x Q@ x [0,1] — R:
’?((IXO )Xoexovwv a) = Z P(/XO’XO) +

xp €Xp
K—1 Tk K
+ ay / ThpT [ ZEED(tg, )l (t) + Y TR D(tg, t)ho| P | dt +
k=17, r=k+1

TK
+ a / Ky~ <Z§J’KD(tXO,t)IXO’W(t)
T,

K—1

P>dt_ Z P+(IX0‘M(th))-

X0 €Xo
The program package (ufgo(-))x()ex0 is zero-valued with family w = (tx).ex. if
ul (t) =0 (t € [to, tx], X0 € Xo).

Let the solvability criterion (2) for some family of admissible guidance times w = (tx, )x,ex,, and

zero-valued program package (u20(~))X0€ X, with the family w is not guiding the extended system.
Then exists a. € (0,1] such that

max Y((hg)xgexy, W, ax) = 0. S
(o Jxp X EL() ((hodoexg ) )
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Construction of the guiding program package with an AGT
family

Theorem 4 (Minimum condition for the extnded problem with an AGT family [1])

Let P be the strictly convex compact set, containing the zero vector inside; the condition (3) holds,
and the program package (uj (-))x,ex, Satisfies the conditions ug (t) € a.P, xo € Xo, t € [to, V], Let

the clusters € Xo(mk), k=1,...,K, j=1,...,J(7«) be regular, and for each of them holds
@ on the segments [T_1,7k],k=1,...,K — 1:
(X otath®+> X Geage o)
PSS NX,(s) r=k+lxe NXr (w)

— | Y bketh.® Y X Dl

X0 € NXk(s) r=k+1x5€ NXr(w)

a.P

@ on the segment [Tx_1,Tk]:

a.P

< > D(txg, )y (1), % (t)> =p > D(txg, )y, (1)
X0 € X

NXk(w) 0 € NXk (w)

The the program package (uy (-))x,ex, is guiding with the AGT family w.
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Construction of the e-guiding positional strategy

Let us constructively define the e-guiding positional strategy. Let us set the correction times

to+9, k=0,
ok =
w+6, k=1,..., K—1.

Construction of the positional guidance problem takes place during the actual control
process of the system, starting from the concrete, but yet unknown point Xo.

On each segment [7x, 04|,k =0,..., K — 1 the following procedure is applied:
An arbitrary test control is applied
\
The signal y(t) (non-homogeneous!) is observed @) || oo
| 1 [ [ 1
| |
With the Cauchy formula the homogeneous signal is : Lo
derived dis T:. vs TL is 7:,15 |
4 N
The cluster containing %o is identified from the ”W
. | |
homogeneous signal T
Y o

The control (element of the program package)
corresponding to the cluster containing Xo is applied

20 / 27



Construction of the guiding positional strategy

Let the package guidance problem with the AGT family w = (ty, )x,ecx, be solvable for

the system (1). Then such natural K < K exists, that max ty, < Tk, where K is the
xp CW
number all the splitting moments 74, k = 1,..., K of all the homogeneous signals

corresponding to admissible initial states x € Xjp.

From this lemma and results obtained in [1] the following theorem follows.

Let the package guidance problem with the AGT family w = (ty, )x,ecx, be solvable for
system (1), and let the condition K6C < e, where C is some positive constant, hold
for rather small positive § > 0. Then the closed-loop strategy S* = (o, Ux)i'd
corresponding to the guiding program package with the family w is e-guiding.

21/ 27



Model example

Let us consider a dynamical controlled system on the segment [0, 2]:

{)ﬁ = x2,x1(0) = xo1

)fz = U,XQ(O) = X02.

GO

( ) €R2'|x1|§1,xQ€R}
u(t)ye P={u:|ul <1}, t€]0,2]; Q(t {

(0,0),t €10,1]

(1,0),t € (1,2].
Q w = 272} ’YO((,U1)>O;
w={33= Q w2 =1{3,3}, 7’(w2) <0
Q ws={3,3} P(ws) <0
Q wi={3,3}, P (w) <0
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Model example

-10

System motion corresponding to the Guiding
program package (uy (-))xex, With the AGT
family wy.

Guiding program package (uy (+))xex, With the
AGT family ws.

(AR

Guding positional strategy controls; § = 0.1, = 0.27.
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Further steps

@ From the finite Xj to infinite set — approximation theorem has been proved by
P. G. Surkov [3].

From finite W to the continuous problem convergence — to be done

[

Minimal time problem

Numerical algorithms
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Further steps
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Thanks for your attention!



