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FOREWORD 

Roughly 1 .8  b i l l i o n  people ,  4 2  p e r c e n t  of  t h e  wor ld ' s  popu- 
l a t i o n ,  l i v e  i n  urban a r e a s  today. A t  t h e  beginning of t h e  l a s t  
cen tu ry ,  t h e  urban popula t ion  o f  t h e  world t o t a l e d  on ly  2 5  m i l -  
l i o n .  According t o  r e c e n t  United Nat ions  e s t i m a t e s  about  3.1 
b i l l i o n  people ,  a lmost  twice  t o d a y ' s  urban popu la t ion ,  w i l l  be 
l i v i n g  i n  urban a r e a s  by t h e  y e a r  2000 .  

Scho la r s  and p o l i c y  makers o f t e n  d i s a g r e e  when it  comes t o  
e v a l u a t i n g  t h e  d e s i r a b i l i t y  of c u r r e n t  r a p i d  r a t e s  of urban 
growth and u r b a n i z a t i o n  i n  many p a r t s  of t h e  globe.  Some see 
t h i s  t r e n d  a s  f o s t e r i n g  n a t i o n a l  p rocesses  of socioeconomic de- 
velopment, p a r t i c u l a r l y  i n  t h e  poorer  and r a p i d l y  u rban iz ing  
c o u n t r i e s  of t h e  Third  World; whereas o t h e r s  b e l i e v e  t h e  conse- 
quences t o  be l a r g e l y  undes i r ab l e  and argue t h a t  such urban 
growth should be slowed down. 

A s  p a r t  o f  i t s  s t u d i e s  of  u rban iza t ion  and development, t h e  
Popula t ion ,  Resources,  and Growth Task i n  t h e  Human Se t t l emen t s  
and Se rv i ces  A r e a  i s  examining changes i n  family  s t r u c t u r e  and 
behavior  d u r i n g  p roces ses  of s t r u c t u r a l  t r ans fo rma t ion  and econ- 
omic development. Family format ion through marr iage i s  an i n t e -  
g r a l  component of  such ana lyses ,  and Warren Sanderson 's  impor tan t  
c o n t r i b u t i o n  t o  t h e  formal modeling of two-sex marr iage models 
w i l l  become a  c e n t r a l  f e a t u r e  of o u r  f u t u r e  r e s e a r c h  i n  t h i s  a r ea .  

Sanderson 's  paper  t a c k l e s  one o f  t h e  major unresolved model- 
i n g  problems i n  mathematical  demography: how t o  d e s c r i b e  i n  a 
parsimonious manner t h e  matching process  t h a t  u n d e r l i e s  marr iage 
and family  formation.  H i s  e l e g a n t  s o l u t i o n  advances t h e  c u r r e n t  
s t a t e  o f  t h e  a r t  i n  r e s o l v i n g  what i s  known among demographers 
a s  t h e  two-sex problem. 

A l i s t  of t h e  papers  i n  t h e  Popula t ion ,  Resources,  and Growth 
S e r i e s  appears  a t  t h e  end of t h i s  r e p o r t .  

Andrei Rogers 
Chairman 
Human Se t t l emen t s  
and S e r v i c e s  Area 



ABSTRACT 

A parameter ized model of fami ly  format ion,  wi th  a p p l i c a b i l i t y  
i n  bo th  economics and demography i s  presen ted  here .  The model 
i t s e l f  i s  a marr iage of economic and demographic a n a l y s i s .  On t h e  
economic s i d e ,  t h e  model i s  based on a formal c h a r a c t e r i z a t i o n  o f  
t h e  "marriage market" and makes use  of what economists  c a l l  t h e  
"extended l i n e a r  expendi ture  system." On t h e  demographic s i d e ,  
t h e  model makes use  of t h e  a n a l y t i c  n u p t i a l i t y  f u n c t i o n  developed 
by Coale and McNeil. The r e s u l t i n g  s p e c i f i c a t i o n  wi th  13 e a s i l y  
i n t e r p r e t a b l e  parameters ,  i s  app l i ed  t o  t h e  p a t t e r n s  of  n u p t i a l i t y  
observed i n  A u s t r i a  i n  1979. The p l a u s i b i l i t y  of t h e  maximum l i k e -  
l i hood  parameter  e s t i m a t e s  a s  w e l l  a s  t h e  measures of  goodness-of- 
f i t  i n d i c a t e  t h a t  t h e  model can t e n t a t i v e l y  be accep ted  a s  a new 
t o o l  f o r  t he  s tudy  of t h e  family.  
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AN ANALYTICALLY BASED TWO-SEX MARRIAGE 
MODEL AND MAXIMUM LIKELIHOOD ESTIMATES 
OF ITS PARAMETERS: AUSTRIA, 1979 

1. INTRODUCTION 

A parameterized model of family formation, with applicabil- 

ity in both demographic and economic analysis is presented here 

and is tested against the patterns of nuptiality observed in 

Austria in 1979.  The plausibility of the maximum likelihood 

parameter estimates as well as measures of goodness-of-fit indi- 

cate that the model can tentatively be accepted as a new tool 

for the study of the family. 

The model itself is a marriage of two methodologies, one 

economic and one demographic. On the economic side, the model 

is based on a formal characterization of the "marriage market" 

and makes use of what economists call "systems of demand equa- 

tions." On the demographic side, the model makes use of the 

analytic nuptiality function developed in Coale and McNeil ( 1 9 7 2 ) .  

The result is a model with 1 3  easily interpretable parameters. 



2 .  MOTIVATION 

There a r e ,  o f  c o u r s e ,  many r e a s o n s  f o r  s t u d y i n g  f a m i l y  f o r -  

mat ion .  Most o f  t h e s e ,  however, proceed from a common premise:  

t h a t  t h e  f a m i l y  i s  a n  i m p o r t a n t  economic and s o c i a l  i n s t i t u t i o n  

and t h a t  a b e t t e r  u n d e r s t a n d i n g  of  i t s  f u n c t i o n i n g  c o u l d  be use-  

f u l  t o  s o c i e t y .  T h i s  p a p e r  a l s o  b e g i n s  w i t h  t h i s  premise .  There  

a r e  two sets o f  r e a s o n s  though,  which s u g g e s t  t h a t  a s t u d y  o f  

f a m i l y  f o r m a t i o n  may be p a r t i c u l a r l y  f r u i t f u l  a t  t h i s  t i m e .  The 

f i r s t  se t  c o n c e r n s  t h e  o b j e c t i v e  c o n d i t i o n s  r e l a t i n g  t o  f a m i l y  

f o r m a t i o n  whereas t h e  second se t  concerns  developments  i n  econom- 

ics  and demography. 

On t h e  o b j e c t i v e  s i d e ,  t h e r e  i s  growing concern  i n  Europe 

a b o u t  below-replacement  f e r t i l i t y  l e v e l s .  I n  many o f  t h e s e  coun- 

t r ies ,  a " f a m i l y  p o l i c y "  h a s  a l r e a d y  evo lved  which encourages  

m a r r i a g e  and c h i l d b e a r i n g .  I n  A u s t r i a ,  f o r  example, t h e  govern- 

ment c u r r e n t l y  r ewards  f i r s t  m a r r i a g e s  w i t h  a payment t o  t h e  

c o u p l e  of  AS 15,000. Y e t  t h e  a n a l y s i s  o f  t h e s e  p o l i c i e s  h a s  

been v e r y  weak t h u s  f a r ,  i n  p a r t ,  because  o f  t h e  l a c k  o f  a n  ap- 

p r o p r i a t e  framework i n  which t o  s t u d y  f a m i l y  f o r m a t i o n .  T h i s  

p a p e r  p r o v i d e s  such  a framework. 

There a r e  s e v e r a l  developments  i n  economics and demography 

which make a n a l y t i c  modeling o f  f a m i l y  f o r m a t i o n  p a r t i c u l a r l y  

u s e f u l  now. I n  economics,  t h e  work of  Becker and h i s  c o l l e a g u e s  

( e . g . ,  Becker 1974, Becker ,  Landes, and Michael  1977, F r i e d e n  

1974, and S a n t o s  1975) h a s  s u c c e s s f u l l y  e s t a b l i s h e d  a new f i e l d  

of s t u d y ,  t h e  economics of  mar r i age  and d i v o r c e .  I n  o r d e r  t o  

s u p p l y  t h e  i n s i g h t s  g a i n e d  t h e r e  t o  a c t u a l  p a t t e r n s  o f  m a r r i a g e  

by age t h a t  a r e  c o n s i s t e n t  f o r  males and females  r e q u i r e s  t h e  

s o r t  o f  framework developed i n  t h i s  paper .  Indeed ,  one o f  t h e  

i m p o r t a n t  a s p e c t s  of  t h e  model p r e s e n t e d  h e r e  i s  t h a t  it a l l o w s  

f o r  t h e  c o n s i s t e n t  a p p l i c a t i o n  o f  t h e  i n s i g h t s  o f  economic t h e o r y  

t o  p r o j e c t i o n s  o f  f u t u r e  r a t e s  o f  f a m i l y  fo rmat ion .  

Another  i n c e n t i v e  f o r  t h e  f o r m u l a t i o n  o f  t h e  model was t h e  

development  o f  l a r g e - s c a l e  economic-demographic s i m u l a t i o n  models 

(see Sanderson 1980 f o r  a r ev iew o f  some o f  t h e  b e t t e r  known 

mode l s ) .  These models t y p i c a l l y  w e r e  quite weak demograph ica l ly .  

The model o f  f a m i l y  f o r m a t i o n  p r e s e n t e d  h e r e  i s  p a r t  o f  a l a r g e r  



r e sea rch  p r o j e c t  a t  IIASA whose g o a l  i s  t o  c o n s t r u c t  a  model 

"demography" which i s  a  more a p p r o p r i a t e  p a r t n e r  f o r  t h e  model 

economies which have a l r eady  been developed. 

Recent p r o g r e s s  i n  a n a l y t i c  demography has  a l s o  provided 

some mot iva t ion  f o r  t h i s  work. A n a l y t i c a l  r e p r e s e n t a t i o n s  have 

been developed f o r  n u p t i a l i t y  (one-sex) (Coale and McNeil 1972) , 
f e r t i l i t y  (Coale 1971) ,  m o r t a l i t y  (Brass  1971) ,  and mig ra t ion  

(Rogers, R a q u i l l e t ,  and Cas t ro  1978) .  To c r e a t e  a  r i c h e r  a n a l y t i c  

demographic world r e q u i r e s  t h e  e x p l i c i t  i n t r o d u c t i o n  of f a m i l i e s .  

This  i s  what i s  done i n  t h i s  paper .  

3 .  PRIOR WORK ON FAMILY FORMATION 

I n  t h i s  s e c t i o n ,  t h r e e  major demographic c o n t r i b u t i o n s  t o  

modeling family  format ion a r e  cons idered .  I n  t h e  e a r l y  s e v e n t i e s  

two of them (Coale 1971, and Coale and McNeil 1972) e s t a b l i s h e d  

a  very  e l e g a n t  one-sex marr iage model. The t h i r d  (Schoen 1977) 

p r e s e n t s  one of  t h e  most s u c c e s s f u l  p rev ious  a t t empt s  t o  produce 

an e 's t imable two-sex marriage model. 

The f i r s t  s t e p  toward an  a n a l y t i c  fo rmula t ion  o f  a  n u p i t a l -  

i t y  f u n c t i o n  came i n  Coale (1971) ,  where it was shown t h a t  f i r s t  

marr iage f r equenc ie s  f o r  females could  q u i t e  c o n s i s t e n t l y  be re- 

l a t e d  i n  a  r e l a t i v e l y  s imple  way t o  a  s t anda rd  s e t  o f  f i r s t  m a r -  * 
r i a g e  r a t e s .  To be more p r e c i s e ,  Coale demonstrated t h a t ,  i n  

g e n e r a l ,  

where 

i s  t h e  f i r s t  marr iage r a t e  f o r  a l l  females of age j  

( r e g a r d l e s s  of whether t hey  a r e  marr ied o r , n o t )  

c  i s  t h e  p ropor t ion  o f  t h e  group of women i n  q u e s t i o n  

who u l t i m a t e l y  e v e r  marry 

k  i s  a  parameter which (once a  i s  f i x e d )  c o n t r o l s  t h e  

median age a t  marriage 

*Coale ob ta ined  h i s  "s tandard"  f i r s t  marr iage r a t e s  from 
d a t a  f o r  Swedish women du r ing  1865-69. 



u s ( q )  i s  a  f u n c t i o n  whose argument,  , i s  a  " s t a n d a r d  age" k  
and whose va lue  i s  t h e  " s t anda rd"  f i r s t  marriage-  r a t e  

f o r  females  of  t h a t  " s t a n d a r d  age" 

a  i s  t h e  age  a t  which a  c o n s e q u e n t i a l  number of  females  

f i r s t  marry 

Equat ion ( 1 )  i s  q u i t e  powerful  i n  t h e  s e n s e  t h a t  p l a u s i b l e  

f i r s t  marr iage  r a t e s  f o r  females  cou ld  be gene ra t ed  from t h e  

" s t a n d a r d "  r a t e s  once t h e  t h r e e  pa ramete r s  a ,  k ,  and c w e r e  spec-  

i f i e d .  S t i l l ,  t h e  n e c e s s i t y  of  always hav ing  t o  r e f e r  t o  a  t a b l e  

o f  " s t a n d a r d w  r a t e s  was somewhat cumbersome and i n e l e g a n t .  Coale 

and M c N e i l  (1972) sugges ted  a  fo rmula t ion  which e l i m i n a t e d  t h e  

n e c e s s i t y  o f  u s ing  t h e  s t a n d a r d  r a t e s .  They found t h a t  f i r s t  

mar r i age  r a t e s  f o r  f emales  cou ld  be r e p r e s e n t e d  by t h e  f o l l o w i n g  

e q u a t i o n  

"I = (0.1946 E) exp 1 -0.174 (p - 6.06) 

- exp  [-0.28881 (q - 6.06)]\ 

where t h e  symbols a r e  d e f i n e d  a s  above. Equa t ion  (2 )  i s ,  i n  a  

s e n s e ,  a  concep tua l  b reak th rough  i n  a n a l y t i c  demography somewhat 

a k i n  t o  t h e  development o f  t h e  Cobb-Douglas p roduc t i on  f u n c t i o n  

i n  economics. With e q u a t i o n  ( 2 ) ,  p l a u s i b l e  p a t t e r n s  o f  f i r s t  

ma r r i age  r a t e s  f o r  females  a r e  produced once t h e  t h r e e  pa ramete r s  

a ,  k ,  and c a r e  g iven ,  w i t h o u t  r e f e r e n c e  t o  any " s t a n d a r d "  sche-  

d u l e .  The parameter  k  may be exp re s sed  a s  

- 
a - a  k  = 10.01 

where a i s  t h e  median age a t  f i r s t  mar r i age .  

S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  k  i n  e q u a t i o n  ( 3 )  i n t o  equa- 

t i o n  (2 )  y i e l d s  



- - 1.958 c 
5 - - 0.602 

a - a  a - a  

j - a  - e x  [ - 2 . 9 0  ( - - 0.602)] 
a - a  

One impor tan t  f e a t u r e  of  t h i s  ve r s ion  of t h e  Coale-McNeil spec- 

i f i c a t i o n  i s  t h a t  t h e  t h r e e  parameters ,  a ( t h e  e a r l i e s t  age a t  - 
which a consequen t i a l  number of women mar ry ) ,  a ( t h e  median age 

a t  f i r s t  m a r r i a g e ) ,  and c ( t h e  p ropor t ion  o f  women e v e r  marrying) 

a l l  have c l e a r  and u s e f u l  i n t e r p r e t a t i o n s  andcan  a l l  be e s t ima ted  

e a s i l y  from age - spec i f i c  marr iage r a t e  d a t a .  

Equation ( 4 )  can be used t o  e s t i m a t e  t h e  t h r e e  parameters  

from fragmentary d a t a  o r ,  a l t e r n a t i v e l y ,  g iven  t h o s e  t h r e e  param- 

e t e r s ,  it  can be used t o  produce s i n g l e  y e a r s  of age marr iage 

r a t e s .  What equa t ion  ( 4 )  i s  n o t  des igned t o  do i s  t o  answer 

q u e s t i o n s  about how female marr iage r a t e s  could  be expected t o  

change when t h e  popula t ion  of p o t e n t i a l  mates changes. Ques t ions  

about  t h e  impact of  changes i n  t h e  male age d i s t r i b u t i o n  on t h e  

marr iage r a t e s  of females a r e  behav io ra l  i n  n a t u r e  and r e q u i r e  

some a d d i t i o n a l  s t r u c t u r a l  fo rma l i za t ion .  

An example from economics might be u s e f u l  he re .  Once t h e  

parameters  of a p roduc t ion  func t ion  a r e  g iven ,  t h e  l e v e l  of out-  

pu t  can be computed from a knowledge of  t h e  q u a n t i t i e s  of  t h e  

i n p u t s ,  j u s t  a s  i n  equa t ion  ( 4 )  t h e  l e v e l  of  t h e  f i r s t  marr iage 

r a t e  can be computed from t h e  knowledge o f  t h e  women's ages.  

Without a d d i t i o n a l  assumptions,  however, t h e  produc t ion  func t ion  

i n  g e n e r a l  cannot r e v e a l  how t h e  i n p u t  mix would change i n  re- 

sponse t o  a change i n  i n p u t  p r i c e s .  I n  o r d e r  t o  accomplish t h i s ,  

economists  t y p i c a l l y  make assumptions about  t h e  n a t u r e  of  f i r m  

behavior  ( e .g . ,  op t imiz ing  o r  s a t i s f i c i n g  behavior )  and about 

t h e  market environments i n  which t h e  f i rm  ope ra t e s .  Can an ana l -  

ogous framework be dev ised  f o r  use wi th  equa t ion  ( 4 )  f o r  t h e  pur- 

pose of  g i v i n g  it more behav io ra l  con ten t?  This  q u e s t i o n  i s  

answered i n  Secti0.n 4 below. Before w e  g e t  t h e r e ,  however, it 

i s  u s e f u l  t o  a s c e r t a i n  how demographers have t r e a t e d  t h e  two-sex 

marr iage problem i n  t h e  p a s t .  



A good example of  r e c e n t  demographic work on two-sex marr iage 

models can be found i n  Schoen ( 1  9 7 7 )  . To unders tand Schoen's 

c o n t r i b u t i o n ,  however, r e q u i r e s  a l i t t l e  p repa ra t ion .  Le t ,  I T i j  

be t h e  number of mar r iages  of females of age j t o  males of  age * 
i i n  a given y e a r ,  F .  be t h e  number of unmarried females of age 

3 
j i n  t h e  yea r  i n  q u e s t i o n ,  and Mi be t h e  number of  unmarried males 

of age i i n  t h e  year  i n  ques t ion .  One approach t o  t h e  problem o f  

s p e c i f y i n g  a func t ion  which y i e l d s  t h e  age - spec i f i c  numbers of  

marr iages  i s  t o  s t a r t  w i th  t h e  h y p o t h e t i c a l  age - spec i f i c  numbers 

of marr iages  which would occur i f  t h e  popu la t ion  i n  ques t ion  had 

some "s tandard"  age-sex-marital  s t a t u s  composit ion and t o  a d j u s t  

t hose  f i g u r e s  accord ing  t o  t h e  observed age-sex-marital  s t a t u s  

composit ion of t h e  popula t ion .  The number o f  mar r iages  of  females 

of age j t o  males of  age i could then be expressed  a s  

where 

IT i j  i s  t h e  number of marr iages  of  females of  age j t o  

males of  age, i 

IT i s  t h e  h y p o t h e t i c a l  number of  marr iages  o f  females i j  
of age j t o  males of age i which would be ob ta ined  

i f  t h e  popula t ion  had some "s tandard"  age-sex- 

m a r i t a l  s t a t u s  composit ion 

'i j i s  an adjustment  f a c t o r  f o r  marr iages  of  females 

of age j t o  males of age i which depends on t h e  

observed age-sex-marital  s t a t u s  composit ion o f  t h e  

popula t ion  

I f  an a p p r o p r i a t e  express ion  f o r  q could be found, then  
i j 

perhaps equa t ion  ( 5 )  could be used t o  determine age - spec i f i c  num- 

b e r s  of  marr iages .  P o l l a r d  ( 1 9 7 5 : 7 0 - 7 1 )  suggested t h e  fo l lowing  

s p e c i f i c a t i o n  of TI:, 

*The age d e s i g n a t i o n s  can be i n t e r p r e t e d  g e n e r a l l y  t o  mean 
between e x a c t  ages  i and i + A and between j and j + A .  The dur- 
a t i o n  of  t h e  pe r iod  wi th  which we a r e  concerned can j u s t  a s  e a s i l y  
be o t h e r  than  one year .  I n  p r a c t i c a l  work such d i s t i n c t i o n s  a r e  
o f t e n  q u i t e  important .  A t  t h i s  l e v e l  of  d i s c u s s i o n ,  however, it 
i s  u s e f u l  t o  p ick  some set  of convent ions  and r e t a i n  them through- 
ou t .  



where 

f a-. is an.index of the relative attractiveness of Li 
females of age L to males of age i 

* m 
akj - is an index of the relative'attractiveness of 

nales of age R to females of age j 

f Since aji is not necessarily equal to ayj in ~ollard's formula- 
.- 

tion, the whole set of adjustment factors, the nij, is deter- 

mined once the 2 x I x J parameters, * the ayj f and the aij are 

known. This latter observation, however, can be somewhat dis- 

turbing. To see why recall that in each year there are only 

I x J observations on the joint male-female age structure of 

marriages. Therefore, at least two years worth of data are re- 

quired to estimate the parameters of the Pollard adjustment 

factor. If one were interested in estimating the parameters 

for a given year, then, the Pollard specification would not be 

suitable. 

Now let us return to Schoen (1977). In order to construct 

a two-sex nuptiality-mortality life table for a particular year, 

Schoen needed a two-sex marriage model whose parameters could 

be estimated from the data from the year in question. To do 

this, Schoen suggested a modification of Pollard's fo.rmulation: 

where 

*Here and below, I refers to the number of age groups of 
males, and J is the number of age groups of females considered 
in the problem. 



and where the pij are the hypothetical marriage rates of females 

of age j to males of age i which would occur if the number of un- 

married males and females at each age were constant. 

By introducing the concept of a rectangular population of 

eligibles, Schoen essentially compresses Pollard Is ayj f 
and 9 i  

schedules into a single function pij. The p values are then used 

in two places: (i) in the creation of the weights which appear 

in the denominator of equation (7), and (ii) as the "standard" 

rates to be modified according to the age structures of the un- 

married male and female populations. This insightful simplifi- 

catidn allows the I x J number of marriages in any given year to 

be expressed as a function of I x J parameters, the.pij. 

The Schoen formulation is very useful because it allows the 

estimation of the parameters of a two-sex nuptiality function 

from the observed numbers of marriages in a particular year. In 

comparison with the Coale-McNeil specification, however, it is 

still very cumbersome. For example, the Coale-McNeil fanction 

requires only three parameters to produce all the single years 

of age marriage rates for females, say from age 15 through age 

44. The Schoen formulation would require 900 parameters to per- 

form the same task for both males and females. If we would be 
satisfied with an aggregation into five-year age groups the 

Schoen formulation would still require 36 parameters to produce 

the necessary 36 numbers of marriages. 

The number of parameters, however, is no problem if one's 

purpose is to create a two-sex nuptiality-mortality life table 

for a given year. The nature and number of parameters becomes 

a consideration, however, when one has an alternative objective 

in mind-the production of an easily interpretable specification. 

For this purpose the Schoen formulation does not suffice. The 

parameters are the hypothetical "standard" marriage rates them- 

selves, not characteristics of patterns of marriage rates. 



The s t a t e  o f  t h e  demographic l i t e r a t u r e  on n u p t i a l i t y  spec-  

i f i c a t i o n s  t h e n ,  i s  mixed. There e x i s t s  a n  e l e g a n t  one-sex 

n u p t i a l i t y  f u n c t i o n  due t o  Coale and M c N e i l  b u t  no analogous  two- 

s e x  f o r m u l a t i o n .  Schoen h a s  p rov ided  a  t h e o r e t i c a l l y  a c c e p t a b l e  

two-sex model whose p a r a m e t e r s  c o u l d  be e s t i m a t e d  from t h e  d a t a  

f o r  a  s i n g l e  y e a r ,  b u t  h i s  framework i s  n o t  s u i t a b l e  f o r  t h e  pur-  

pose o f  a n a l y t i c  modeling.  

4 .  THE FORMAL MODEL 

I n  t h e  p r e c e d i n g  s e c t i o n ,  t h e  q u e s t i o n  was r a i s e d  concern-  

i n g  whe the r  a n  a p p r o p r i a t e  two-sex m a r r i a g e  model c o u l d  b e  con- 

s t r u c t e d  by embedding t h e  Coale-McNeil n u p t i a l i t y  s p e c i f i c a t i o n  

i n t o  a  more b e h a v i o r a l l y  o r i e n t e d  framework. I n  t h i s  s e c t i o n ,  

t h a t  q u e s t i o n  i s  answered i n  t h e  a f f i r m a t i v e .  The c e n t r a l  no- 

t i o n  h e r e  i s  t h a t ,  i n  t h e  a g g r e g a t e ,  t h e  i n t e r a c t i o n s  o f  ma les  

and f e m a l e s  i n  s e a r c h i n g  f o r  p o t e n t i a l  m a t e s  may b e  f o r m a l l y  

r e p r e s e n t e d  a s  a  s p e c i a l  k i n d  o f  a  market .  T h i s  i s  h a r d l y  a  new 

idea - the  c o n c e p t  o f  a  "mar r i age  marke t "  i s  f i r m l y  e n t r e n c h e d  i n  

economics ,  demography, and s o c i o l o g y .  What i s  new h e r e  i s  t h e  

a p p l i c a t i o n  o f  f o r m a l  economic t o o l s  d e s i g n e d  f o r  t h e  s t u d y  o f  

marke t  phenomena t o  t h e  demographic q u e s t i o n  a t  hand. 

A "mar r i age  marke t "  i s  most  c l o s e l y  r e l a t e d  t o  what  econo- 

m i s t s  c a l l  a  p u r e  exchange economy, b u t  even  i n  t h i s  c a s e  t h e r e  

a r e  some i m p o r t a n t  d i f f e r e n c e s .  A "mar r i age  market"  can  b e  

t h o u g h t  o f  a s  a  h y p o t h e t i c a l  p l a c e  i n  which p a r t i c i p a n t s  g a t h e r  

i n  o r d e r  t o  s e a r c h  f o r  p o t e n t i a l  mates .  Each p e r s o n  comes en- 

dowed w i t h  a  s i n g l e  "vow" and t h e  exchange o f  "vows"-one f o r  

o n e - c o n s t i t u t e s  a  m a r r i a g e . *  What makes t h i s  phenomenon o f  t h e  

exchange o f  vows a n  i n t e r e s t i n g  one  i s  t h a t  t h e  p a r t i c i p a n t s  i n  

t h e  marke t  have d i s c e r n a b l e  c h a r a c t e r i s t i c s  which make them more 

o r  less a t t r a c t i v e  a s  p o s s i b l e  s p o u s e s .  T h e r e f o r e ,  some t y p e s  

o f  i n d i v i d u a l s  w i l l  b e  i n  r e l a t i v e l y  g r e a t  demand, w h i l e  o t h e r s  

w i l l  b e  i n  r e l a t i v e l y  g r e a t  s u p p l y .  A t  any moment, w e  would ex- 

p e c t  t h a t  t h e  i n d i v i d u a l s  i n  r e l a t i v e l y  g r e a t  demand t o  have  

c o m p a r a t i v e l y  h i g h  m a r r i a g e  r a t e s  and t o  marry  more s e l e c t i v e l y  

a c c o r d i n g  t o  t h e  c h a r a c t e r i s t i c s  t h e y  d e s i r e  i n  t h e i r  ma tes .  

*I am g r a t e f u l  t o  Sherman 3obinson f o r  s u g g e s t i n g  t h e  r e l a -  
t i o n s h i p  between a  m a r r i a g e  m a r k e t a n d a n  exchange economy and f o r  
s u g g e s t i n g  t h e  word "vow" f o r  t h a t  which is  exchanged. 



I n d i v i d u a l s  who f i n d  themselves i n  r e l a t i v e  oversupply would be 

expected t o  have comparat ively  low marr iage r a t e s  and n o t  t o  be 

a s  s e l e c t i v e  i n  terms of t h e i r  mates '  c h a r a c t e r i s t i c s .  

4 .1  . The Bas i c  Framework 

The foregoing  sugges t s  t h a t  t h e  b e s t  way t o  cons ide r  t h e  

"marriage market" i s  no t  a s  a  s i n g l e  exchange economy, b u t  r a t h e r  

a s  a  s e t  of  i n t e r r e l a t e d  markets-in t h i s  s imple  case-for mates 

o f  d i f f e r e n t  s exes  and ages .  A n a t u r a l  fo rmula t ion  of t h e  prob- 

lem of a l l o c a t i o n  i n  a  set  of  i n t e r r e l a t e d  markets i s  what econ- 

omis t s  c a l l  a "system of  demand equa t ions . "  A well-known system, 

which has  a number o f  d e s i r a b l e  f e a t u r e s  f o r  t h e  purpose a t  hand 

i s  t h e  extended l i n e a r  expend i tu re  system ( h e r e a f t e r  ELES) i n  
, '  

Lluch e t  a l .  ( 1977) .  The demands of  females  of age  j f o r  males 

of v a r i o u s  ages  can be expressed  i n  t h e  ELES framework a s :  

* 
f o r  i' ,< i I i * 

j ' s j r j  

where 

Df is t h e  demand o f  females  o f  age  j f o r  males o f  age  i 
j i 

F is t h e  number o f  e l i g i b l e  females  o f  a g e  j 
j 

g j i  and b j i  
are parameters  o f  t h e  demand system 

'i j is t h e  r e l a t i v e  s c a r c i t y  i n d i c a t o r  (males a s  compared 

t o  females )  f o r  mar r i ages  between males o f  age  i and 

females  o f  age j 

i' and j '  are t h e  i n i t i a l  ages ,  r e s p e c t i v e l y ,  o f  males  and 

females  cons idered  i n  t h e  model 
* 

i and j *  are t h e  t e r m i n a l  ages ,  r e s p e c t i v e l y ,  o f  males 

and females  cons ide red  i n  t h e  model 



The demands o f  males o f  a g e  i f o r  females  o f  age  j can be  

s i m i l a r l y  expressed  a s  

* 
for i' 5 i I i 

* 
j ' r j s j  

where 

m 
Di j i s  t h e  demand o f  males o f  age i f o r  females of  age j 

Mi i s  t h e  number of  e l i g i b l e  males of  age i 

Y i  j and B i j  a r e  parameters  

The model i s  c losed  by imposing t h e  r e s t r i c t i o n s  t h a t  t h e  

number of  females of  age j who marry males o f  age i must always 

equal  t h e  number of  males o f  age i who marry females o f  age j ,  

I n  symbols, we must always observe t h a t  

* 
The equa t ions  above form an I x J (where I = i - i '  + 1 * 

and J = j - j' + 1 )  s e t  of  l i n e a r  equa t ions  i n  I x J unknowns, 

the ' i j  
, Once t h e  s i j  a r e  known, t h e  age s t r u c t u r e  of  mar r iages  

can be e a s i l y  computed from e i t h e r  equa t ion  ( 9 )  o r  equa t ion  (10)  

above, There a r e  two d i sadvantages  of  t h i s  approach: i) t h e r e  

i s  no d i s t i n c t i o n  made above between f i r s t  mar r iages  and h ighe r  

o r d e r  marria.ges, and ii) t h e  I x J equa t ion  system r e q u i r e s  

4 x I x J parameters-double t h e  number used i n  t h e  unwieldly  

P o l l a r d  formula t ion  d i scussed  i n  t h e  prev ious  s e c t i o n .  The 

s o l u t i o n s  t o  t h e s e  problems a r e  such t h a t  w e  nay s a f e l y  proceed 

a t  t h i s  p o i n t  w i thou t  them and r e t u r n  t o  them below when t h e  

i m p l i c a t i o n s  of  t h e  c u r r e n t  s t r u c t u r e  a r e  c l e a r .  



Let  us d e f i n e  

and 

These d e f i n i t i o n s  a r e  impor tan t  here  because t h e  p r e d i c t e d  nun- 

b e r s  of  marr iages  o f  males o f  age i t o  females of age j  can be 

expressed a s  a  s imple  l i n e a r  func t ion  of  T: and T This  can 
j. 

be e a s i l y  seen by i n s e r t i n g  t h e  equ i l i b r ium va lues  of s i j  i n t o  

e i t h e r  equa t ion  s e t  ( 9 )  o r  ( 1 0 ) .  The r e s u l t  i s  t h e  exp res s ion  

where ' i j  
i s  t h e  p r e d i c t e d  number of  mar r iages  of  males o f  age 

i t o  females of  age j .  

Equation ( 1 4 )  i s  a  s i g n i f i c a n t  s i m p l i f i c a t i o n  a s  compared 

w i t h  t h e  equa t ion  s e t s  (9), ( l o ) ,  and ( 1  1 )  i n  t h a t  t h e  I x  J 

p r e d i c t e d  numbers of  mar r iages  can be produced g iven  t h e  param- 

e t e r s  and only I + J i n t e r m e d i a t e  v a r i a b l e s ,  t h e  T: and T 
f  
1 

Mult ip ly ing  s i j  by y i j ,  summing over  j and employing equa- 

t i o n  (12) y i e l d s  

Rearranging terms and s o l v i n g  f o r  T: w e  o b t a i n  



where 

Rewr i t ing  e q u a t i o n  (16)  i n  m a t r i x  n o t a t i o n ,  w e  have  

where 

m [ T ~ ]  is  a n  I x  1  v e c t o r  whose i t h  e l ement  i s  Ti 

[A,] i s  a n  I x  J m a t r i x  whose ( i , j ) t h  e l e m e n t  i s  

[Tf] i s  a  J x  1  v e c t o r  whose j t h  e l ement  i s  T 
f 
j 

[A2]  is  a n  I x  1  v e c t o r  whose i t h  e l ement  i s  

Analogously ,  w e  may m u l t i p l y  t h e  s i j  by g j i ,  sum o v e r  t h e  

i, and invoke  e q u a t i o n  ( 1 3 ) .  T h i s  r e s u l t s  i n  t h e  m a t r i x  equa- 

t i o n  

where 



[A3] is a J x  I ma t r ix  whose ( j  , i) t h  element is  

where 

[ A 4 ]  i s  a  J x  1  v e c t o r  whose j t h  element is  

and 

[Tf ] and [ p ]  a r e  de f ined  a s  above. 

f  
S u b s t i t u t i n g  t h e  exp res s ion  f o r  [T  ]  i n  (19) i n t o  equa t ion  

(1 8 )  and so lv ing  f o r  [T,] y i e l d s  

S i m i l a r l y  , 

f  
S u b s t i t u t i n g  t h e  va lues  of  [p] and [ T  ]  determined i n  

equa t ions  (21) and ( 2 2 )  i n t o  equa t ion  ( 1 4 )  y i e l d s  t h e  p r e d i c t e d  

numbers o f  mar r iages  by age. 

W e  have now shown how t h e  i n t e r a c t i o n  o f  t h e  two systems 

of demand equa t ions  can y i e l d  a  c lo sed  form s o l u t i o n  f o r  t h e  

p r e d i c t e d  numbers o f  marr iages .  Next, l e t  u s  t u r n  t o  t h e  two 

problems r a i s e d  above. 

4 . 2 .  The Parameters o f  t h e  General  Framework 

A s  w e  mentioned above t h e r e  a r e  two major problems wi th  t h e  

gene ra l  framework: t h e  l a r g e  number of  parameters needed f o r  t h e  

system o f  demand equa t ions  and t h e  l ack  of  a  d i s t i n c t i o n  between 



f i r s t  m a r r i a g e s  and h i g h e r  o r d e r  m a r r i a g e s .  The s o l u t i o n s  t o  

t h e s e  two problems a r e  r e l a t e d .  L e t  u s  now t u r n  t o  them i n  t h e  

o r d e r  t h e y  were mentioned.  

There  a r e  a  number of  ways t o  s i m p l i f y  t h e  p a r a m e t e r  s t r u c -  

t u r e  i n  t h e  c u r r e n t  model. None o f  t h e  a r r a y  o f  a l t e r n a t i v e s  i s  

w i t h o u t  some d i s a d v a n t a g e s ,  b u t  t h e r e  i s  one p a r t i c u l a r  t a c k  

which a p p e a r s  t o  be q u i t e  promis ing .  I t  i s  t o  move upward one 

l e v e l  o f  c o n c e p t u a l i z a t i o n  and t o  s p e c i f y  f o r m a l l y  t h e  u n d e r l y i n g  

s t r u c t u r e  t h a t  p roduces  t h e  ELES paramete r s .  The major  problem 

w i t h  t h i s  approach i s  i n  f i n d i n g  a  s t r u c t u r a l  s p e c i f i c a t i o n  i n  

which t h e  upper  l e v e l  p a r a m e t e r s  a r e  b o t h  r e a d i l y  i n t e r p r e t a b l e  

and b e h a v i o r a l l y  meaningful .  A s i m p l e  s o l u t i o n  t o  t h i s  problem 

i s  t o  b a s e  t h e  upper  l e v e l  s p e c i f i c a t i o n  on t h e  Coale-McNeil 

n u p t i a l i t y  f u n c t i o n  d i s c u s s e d  above. What f o l l o w s ,  t h e n ,  i n  t h i s  

s e c t i o n  i s  a d i s c u s s i o n  o f  t h i s  upper  l e v e l  s p e c i f i c a t i o n .  

I t  i s  u s e f u l  t o  b e g i n  t h i s  d i s c u s s i o n  by c o n s i d e r i n g  a  hypo- 

t h e t i c a l  s i t u a t i o n  i n  which t h e  m a r r i a g e  market  i s  " n e u t r a l "  i n  

t h e  s e n s e  t h a t  a l l  t h e  r e l a t i v e  s c a r c i t y  v a l u e s ,  t h e  s i j ,  a r e  

c o n s t a n t .  For  t h e  s a k e  o f  symmetry and s i m p l i c i t y ,  a  " n e u t r a l  

m a r r i a g e  market"  i s  d e f i n e d  h e r e  a s  one i n  which a l l  r e l a t i v e  

s c a r c i t y  i n d i c a t o r s  a r e  ze ro .  The c h o i c e  o f  t h i s  l e v e l  i s  p u r e l y  

s t y l i s t i c  and r e a d e r s  who p r e f e r  a l t e r n a t e  l e v e l s  may e a s i l y  

a l t e r  t h e  e q u a t i o n s  t o  o b t a i n  them. A more b e h a v i o r a l  i n t e r p r e -  

t a t i o n  o f  a  " n e u t r a l  m a r r i a g e  market"  i s  g i v e n  below a f t e r  t h e  

e x p l a n a t i o n  o f  t h e  d e r i v a t i o n  of t h e  B and b  p a r a m e t e r s .  L e t  u s  

t u r n  t o  t h i s  e x p l a n a t i o n .  

When a l l  t h e  r e l a t i v e  s c a r c i t y  i n d i c e s ,  t h e  s i j ,  have v a l u e  

z e r o ,  t h e  males '  m a r r i a g e  h a z a r d  r a t e  a t  age  i, d e r i v e d  from 

e q u a t i o n  ( 1  0 )  , i s  g i v e n  by 

where r r i j  i s ,  a s  above,  t h e  number o f  m a r r i a g e s  o f  ma les  o f  a g e  

i t o  females  o f  age  j .  When a l l  t h e  r e l a t i v e  s c a r c i t y  i n d i c e s  

have  v a l u e  z e r o ,  t h e  f e m a l e s '  mar r i age  h a z a r d  r a t e  a t  a g e  j ,  

d e r i v e d  from e q u a t i o n  ( 9 )  , i s  g i v e n  by 



In order to relate the current two-sex nuptiality model to 

the Coale-McNeil one-sex modeltit is assumed that the marriage 

hazard rates above (i.e., when all sij = 0) are consistent with 

marriage hazard rates generated by Coale-Mc~eil nuptiality func- 
m in m tions. To be more precise, let a , a , and c be the three 

parameters of the Coale-McNeil nuptiality function in equation 
m (4) above, and let pi be the marriage rate implied by those 

three parameters for males of age i. Equation (23) may now be 

expressed as 

f -f Analogously, let a , a , and cf be the three parameters of 
the Coale-McNeil nuptiality function for females, and let pf be 

j 
the marriage rate implied by those three parameters for females 

of age j, Equation (24) may now be expressed 

The next question,then, is how to distribute the parameter 

sums across the individual components of the sums. One alterna- 

tive which works well is to assume that, for each i, the Bij, 

and for each j, the bji, are distributed according to a beta 

distribution whose mean value depends on the age of the individ- 

ual and whose variance depends both on that mean value and on a 

parameter of the model. To be more precise, let 

and 



I t  i s  assumed i n  t h e  model t h a t  f o r  each a g e ,  t h e  Bijls a r e  d i s -  

t r i b u t e d  i n  t h e  age  r a n g e  from 18 t o  65+ a c c o r d i n g  t o  a b e t a  

d i s t r i b u t i o n  whose mean may be  e x p r e s s e d  a s  

where $: and 0: a r e  p a r a m e t e r s  t h a t  a r e  t o  be e s t i m a t e d .  Simi- 

l a r l y  it i s  assumed t h a t  t h e  b j i l s  a r e  d i s t r i b u t e d  i n  t h e  age 
- 

range  from 16 t o  63+ a c c o r d i n g  t o  a b e t a  d i s t r i b u t i o n  whose mean 

may be w r i t t e n  a s  

f where $7 and $2 a r e  p a r a m e t e r s  t h a t  a r e  t o  b e  e s t i m a t e d .  
m m f  The f o u r  p a r a m e t e r s  i n  e q u a t i o n s  (29)  and (301, m l ,  $2 ,  , 

and $: have n a t u r a l  i n t e r p r e t a t i o n s .  For  example,  i f  t h e  mar- 

r i a g e  market  w e r e  n e u t r a l ,  i n  t h e  s e n s e  t h a t  a l l  t h e  s i j  w e r e  z e r o ,  

t h e n  $y  would be t h e  mean age  of t h e  b r i d e s  o f  18-year-old males  

and 0: would be t h e  mean age of  t h e  husbands of 16-year-old f e -  
m f rn f males.  Given and $1,  t h e  p a r a m e t e r s  $2  and $2 c o n t r o l  t h e  

mean a g e s  o f  t h e  s p o u s e s  o f  o l d e r  males  and  females  i n  a n e u t r a l  

m a r r i a g e  market .  For  example, i n  a n e u t r a l  mar r i age  market  

males  o f  e x a c t  age  20 would marry women whose average  age  was 

$ y  + 2$'; and females  o f  e x a c t  age  20 would marry males  whose 
f a v e r a g e  age  was 0: + 4$2. 

Given t h e  age  r a n g e ,  t h e  b e t a  d i s t r i b u t i o n  depends on two 

pa ramete r s .  I n  o r d e r  t o  d e t e r m i n e  t h e s e  two p a r a m e t e r s  some ad- 

d i t i o n a l  i n f o r m a t i o n  i s  r e q u i r e d .  The most n a t u r a l  s p e c i f i c a t i o n  

would b e  t o  i n c l u d e  i n  t h e  model a pa ramete r  r e l a t e d  t o  v a r i a n c e s  

i n  mean s p o u s a l  a g e s .  T h i s  i s  what  w e  have done. The model i n -  

c o r p o r a t e s  a p a r a m e t e r ,  a ,  which accompl i shes  t h i s .  When t h e  

m a r r i a g e  market  i s  n e u t r a l ,  a is  t h e  s t a n d a r d  d e v i a t i o n  of  t h e  



d i s t r i b u t i o n  o f  t h e  a g e s  o f  spouses  who marry i n d i v i d u a l s  who 

a r e  a t  t h e  midpo in t  o f  t h e  s p e c i f i e d  age  range.  T h i s  n o t i o n  i s  

d e s c r i b e d  i n  d e t a i l  i n  S e c t i o n  1 o f  t h e  Appendix. 

I t  i s  a s t r a i g h t f o r w a r d  t a s k  t o  de te rmine  t h e  pa r ame te r s  o f  

each  o f  t h e  b e t a  d i s t r i b u t i o n s  from t h e  i n f o r m a t i o n  a t  hand now. 

With t h e s e  d i s t r i b u t i o n s ,  t h e  known sums o f  t h e  B's and b ' s  can 

be a l l o c a t e d  o v e r  t h e  ages  of  p o t e n t i a l  spouses .  

W e  c an  now r e t u r n  b r i e f l y  t o  t h e  concep t  o f  a n e u t r a l  mar- 

r i a g e  market .  When t h e  mar r i age  market  i s  n e u t r a l ,  t h e  propor-  

t i o n  o f  e l i g i b l e  males o f  age  i marrying females  o f  age  j i n  a 

g iven  . y e a r  i s  s imply  B i j  and ana logous ly  t h e  p r o p o r t i o n  o f  e l i g -  

ib le  females  o f  age  j who marry males  o f  age  i i s  s imply  b 
j i ' 

I t  i s  a l s o  t r u e  t h a t  whenever t h e  a g e - s p e c i f i c  p r o p o r t i o n s  mar- 

r y i n g  a r e  t h e s e  B i j  s and b j i s ,  t h e  ma r r i age  market  i s  n e u t r a l .  

The pa r ame te r s  B i j  
and b j i  

, t h e n ,  a r e  s i m i l a r  t o  " s t anda rd"  sets 

of  ma r r i age  r a t e s .  The p r e d i c t e d  mar r iage  r a t e s  i n  t h e  model a r e  

m o d i f i c a t i o n s  o f  t h e s e  unde r ly ing  r a t e s  depending on demographic 

c o n d i t i o n s .  The pa ramete r  sets B i j  
and b j  i 

, however, a r e  them- 

s e l v e s  pa r ame te r i z ed .  Changes i n  socioeconomic c o n d i t i o n s  may 

be viewed a s  o p e r a t i n g  t h rough  t h e  pa r ame te r s  o f  Coale-McNeil 

f u n c t i o n s  and t h u s  a f f e c t i n g  t h e  u n d e r l y i n g  " s t anda rd"  mar r i age  

r a t e s  o r  a l t e r n a t i v e l y  a s  a f f e c t i n g  t h e  m a r i t a l  p a t t e r n  obse rved  

i n  a n e u t r a l  ma r r i age  market .  The e f f e c t s  o f  such  changes on 

observed mar r i age  r a t e s  depend n o t  on ly  on changes i n  u n d e r l y i n g  

behav io r  ( i f  changes i n  t h e  B i j  
and b j  i 

) ,  b u t  a l s o  on t h e  

demographic environment a s  w e l l .  Changes i n  t h e  demographic en- 

v i ronment  c an  a f f e c t  obse rved  mar r i age  r a t e s  even when t h e  char -  

a c t e r i s t i c s  o f  t h e  n e u t r a l  mar r i age  remain unchanged, b u t  even 

t h e  same changes i n  demographic s t r u c t u r e  cou ld  have d i f f e r e n t  

impac t s  on obse rved  mar r iage  r a t e s ,  i f  t h e  p a t t e r n s  of m a r i t a l  

behav io r  i n  c a s e  o f  n e u t r a l i t y  d i f f e r  i n  t h e  two c i r cums t ances .  

Tha t  ends  t h e  d i s c u s s i o n  o f  t h e  meaning o f  a n e u t r a l  mar- 

r i a g e  market .  L e t  u s  c o n t i n u e  now w i t h  o u r  e x p l a n a t i o n  o f  t h e  

two l e v e l  pa ramete r  s t r u c t u r e .  W e  have assumed t h a t  when t h e  

r e l a t i v e  s c a r c i t y  i n d i c a t o r s  a r e  a l l  z e r o ,  t h e  model shou ld  pro-  

duce mar r i age  hazard  r a t e s  c o n s i s t e n t  w i t h  t h e  two Coale-McNeil 

n u p t i a l i t y  f u n c t i o n s .  I t  is u s e f u l  t o  f o l l o w  t h i s  l i n e  o f  a t t a c k  



and a s k  abou t  what  k ind  o f  behav ior  w e  would l i k e  t h e  model t o  

produce  when t h e  r e l a t i v e  s c a r c i t y  i n d i c a t o r s  a r e  a t  o t h e r  l e v e l s .  

A s  t h e  r e l a t i v e  s c a r c i t y  of  members o f  one s e x  i n c r e a s e s  a c r o s s  

a l l  a g e s ,  w e  would e x p e c t  t h a t  t h e  ma r r i age  hazard  r a t e s  o f  t h e  

members o f  t h e  o p p o s i t e  sex would f a l l .  The f o r e g o i n g  s u g g e s t s  

t h a t ,  when a l l  r e l a t i v e  s c a r c i t y  i n d i c a t o r s  r e a c h  some "h igh  

enough" l e v e l ,  t h e  demands o f  females  f o r  p o t e n t i a l  spouses  of  

a l l  age s  go t o  z e r o  and s i m i l a r l y  t h a t ,  when t h e  r e l a t i v e  s ca r c -  

i t y  i n d i c a t o r s  r e a c h  some "low enough" l e v e l ,  t h e  demands of 

males  f o r  p o t e n t i a l  spouse s  o f  a l l  age s  go  t o  z e ro .  For  s imp l i c -  

i t y  and symmetry, it i s  assumed t h a t ,  when a l l  t h e  r e l a t i v e  

s c a r c i t y  i n d i c a t o r s  t a k e  on a va lue  o f  1.0,  t h e  female  demand 

f o r  males  o f  a l l  a g e s  is  z e r o  and t h a t ,  when a l l  r e l a t i v e  s ca r c -  

i t y  i n d i c a t o r s  t a k e  on a  v a l u e  of  -1.0, t h e  m a l e  demand f o r  f e -  

males o f  a l l  age s  i s  ze ro .  

Formal ly ,  w e  w r i t e  

Equa t i ons  of  t h i s  form c a n  be  so lved  t o  de te rmine  t h e  v a l u e s  o f  

t h e  g j i s  i n  t e r m s  o f  t h e  b . . s .  The s o l u t i o n s  a r e  
11 

S i m i l a r l y ,  

I n  t h i s  manner, t h e  y i j  and g  can be  computed from t h e  B i j  and j  i 

the b j i  
, wi thou t  t h e  need of a d d i t i o n a l  pa ramete r s .  

I n  summary, t h e n ,  t h e  approach t h a t  h a s  been t a k e n  t o  t h e  

prob1,em of  t h e  l a r g e  number o f  pa ramete r s  i n  t h e  mar r iage  market  

f o r m u l a t i o n  i s  t o  pa r ame te r i z e  t h e s e  pa ramete r s  s o  t h a t  t h e y  may 



be generated by a smaller number of behaviorally relevant vari- 

ables. This allows us to maintain simultaneously two levels of 

interpretation: first, the level of the overall marriage market 

where the underlying demographic forces work themselves out and 

second, the level of behavior where the response to economic and 

social factors is manifested. 

The behavioral parameters used are all e x  a n t e  in nature 

in the sense that they can only be directly observed when the 

marriage market is neutral. When the marriage market is not 

neutral, the e x  p o s t  or observed values of the parameters will 

differ from their e x  a n t e  values according to the extent and 

nature of the nonneutrality. 

The use of the Coale-McNeil nuptiality function to generate 
\ '  

the ex  a n t e  age-specific marriage rates provides simultaneously 

a problem and a useful opportunity. The Coale-McNeil nuptiality 

function refers only to first marriages. Since the marital be- 

havior patterns of previously married (but currently single) 

people differ considerably from those of never married people, a 

specification based on the Coale-McMeil function without consid- 

eration of higher order marriages is theoretically unsound as ' 

well as probably being empirically unattractive. 

There is, however, a relatively straightforward approach to 

including higher order marriages in the model. Let the remarriage 

rates for previously married males compared to never married 

males of age i be denoted by ry and let the analogous ratio for 

females of age j be denoted by r The relations between these 
j 

ratios and age may, then, be expressed 

and 

1 + (j - 16) (pf - 1)/40 if j 2 40 
rf = 
j 

P 
f if j > 40 

m where p and pf are parameters to be estimated. 



For  males ,  t h e  r a t i o  o f  r e m a r r i a g e  t o  f i r s t  m a r r i a g e  r a t e s  i s  

assumed t o  r i se  l i n e a r l y  from a  v a l u e  o f  u n i t y  a t  e x a c t  age  18 

t o  a  v a l u e  of  pm a t  e x a c t  age 40 and t o  remain a t  t h a t  l e v e l  
f  t h e r e a f t e r .  The pa ramete r  p h a s  t h e  analogous  i n t e r p r e t a t i o n  

f o r  f e m a l e s ,  e x c e p t  t h a t  t h e  v a l u e  o f  u n i t y  i s  a t t a i n e d  a t  e x a c t  

age  16. T h i s  i s  indeed  a  s imple  i n t e r p r e t a t i o n  and more soph i s -  

t i c a t e d  ones  a r e  c l e a r l y  p o s s i b l e .  The r a t i o n a l e  f o r  a  s i m p l e  

s p e c i f i c a t i o n  i s  g iven  i n  t h e  s e c t i o n  on pa ramete r  e s t i m a t i o n  

b e  low. 

To comple te  t h e  fo rmal  model now r e q u i r e s  o n l y  t h a t  a  more 

p r e c i s e  d e f i n i t i o n  be  g iven  t o  t h e  v a r i a b l e s  Mi and F  i n t r o d u c e d  
j 

i n  e q u a t i o n s  ( 9 )  and (10)  . ~ h e s e  v a r i a b l e s  a r e  c a l c u l a t e d  a s  

f o l l o w s  

and 

where 

S: 
i s  t h e  number of  never  m a r r i e d  males  o f  a g e  i 

sf i s  t h e  number of  never  m a r r i e d  females  o f  a g e  j 
j 

fl i s  t h e  number of  c u r r e n t l y  s i n g l e  m a l e s  o f  a g e  i who 
3 

had p r e v i o u s l y  been m a r r i e d  

~f i s  t h e  number o f  c u r r e n t l y  s i n g l e  females  o f  a g e  j 
J 

who had p r e v i o u s l y  been m a r r i e d  

T h i s  e n d s  t h e  s p e c i f i c a t i o n  o f  t h e  fo rmal  model. L e t  u s  

now t u r n  t o  examine whether  t h e  model p r o v i d e s  any i n s i g h t  i n t o  

A u s t r i a n  m a r r i a g e  p a t t e r n s  obse rved  i n  1979. 



5. PARAMETER ESTIMATION 

The model d i s cus sed  above has  been f i t  t o  Aus t r i an  d a t a  f o r  

t h e  y e a r  1979. A u s t r i a  p rov ides  an i n t e r e s t i n g  c a s e  s tudy  f o r  

a  number o f  reasons .  S i n g l e  y e a r  of  age d a t a  on marr iages  by t h e  

ages  of  bo th  spouses a r e  now being publ i shed .  This  means t h a t  

e v e n t u a l l y  a  t ime s e r i e s  of  parameter e s t i m a t e s  can be genera ted  

which can be used t o  g a i n  some i n s i g h t  i n t o  l i k e l y  f u t u r e  t r e n d s .  

Such an e x e r c i s e  w i l l  provide a  good t e s t  of  t h e  temporal  

s t a b i l i t y  of t h e  e s t ima ted  parameters  e s p e c i a l l y  i n  view of  t h e  

i r r e g u l a r  age s t r u c t u r e  of t h e  Aus t r ian  popula t ion .  Fu r the r ,  

A u s t r i a  has  an e x p l i c i t  family  p o l i c y  s o  t h a t  it would be a l s o  

u s e f u l  t o  a s c e r t a i n  whether t h e  framework can be  used t o  s tudy  

t h e  e f f e c t s  of changes i n  fami ly  p o l i c y .  

S ince  t h i s  i s  t h e  f i r s t  t i m e  t h a t  t h e  parameters  o f  a  two- 

s e x  model of fami ly  format ion have been e s t ima ted ,  it i s  u s e f u l  

t o  cons ide r  bo th  t h e  r e s u l t s  of t h e  e s t i m a t i o n  and t h e  problems 

which a r o s e  i n  t h e  process .  

The major problem which a r o s e  i n  t h e  e s t i m a t i o n  concerned 

t h e  low f i r s t  mar r iage  r a t e s  produced by t h e  Coale and McNeil 

s p e c i f i c a t i o n  f o r  people  i n  t h e  upper t a i l  of  t h e  age range.  To 

s e e  t h i s  c l e a r l y ,  l e t  us  r e t u r n  t o  equa t ion  ( 3 )  and compute t h e  

f i r s t  marr iage r a t e  f o r  p rev ious ly  unmarried women o f  age 50 

under assumptions which are roughly a p p r o p r i a t e  f o r  A u s t r i a  i n  

1979; l e t  t h e  age a t  which an  app rec i ab l e  number of mar r iages  

f i r s t  occu r s  be 16, t h e  median age a t  f i r s t  mar r iage  be 21, and 

t h e  p ropor t ion  eve r  marr ied be 90 pe rcen t .  I n  t h i s  c a s e ,  t h e  

p r e d i c t e d  f i r s t  marr iage hazard r a t e  i s  abou t  0.0007. I n  r e a l i t y ,  

i n  A u s t r i a  i n  1979, t h e  f i r s t  marr iage hazard r a t e  f o r  never  * 
marr ied 50-year-old women was 0.006, o r  roughly 90 t imes h ighe r  

t h a n  t h e  p r e d i c t e d  r a t e .  For many purposes an e r r o r  of n i n e t y f o l d  

i n  a  t i n y  number may n o t  be ve ry  impor tan t ,  b u t  f o r  t h e  purpose 

of  maximum l i k e l i h o o d  e s t i m a t i o n  procedure used h e r e  which t a k e s  

h e t e r o s k e d a s t i c i t y  i n t o  account ,  such d i f f e r e n c e s  a r e  ve ry  i m -  

p o r t a n t  indeed.  These l a r g e  r e l a t i v e  d i f f e r e n c e s  a r e  n o t  l i m i t e d  

t o  i n d i v i d u a l s  50 and above. Even f o r  people  i n  t h e i r  l a t e  

*The d a t a  used i n  t h i s  computation a r e  from O s t e r r e i c h i s c h e n  
S t a t i s t i s c h e n  Zentralamt ( 1  980) Demographisches Jahrbuch b s t e r -  
r e i c h s  1979, Table 2.10, p .  37 and Table 9.07, p. 223. 



30s, t h e  Coale-McNeil s p e c i f i c a t i o n  unde rp red ic t s  t h e  Aus t r ian  

d a t a  s i g n i f i c a n t l y .  F u r t h e r ,  w e  could ha rd ly  expec t  t o  o b t a i n  

p l a u s i b l e  e s t i m a t e s  of t h e  r a t i o  of t h e  remarr iage  r a t e s  t o  t h e  

f i r s t  marr iage r a t e s ,  when t h e  l a t t e r  f i g u r e s  themselves a r e  

p r o p o r t i o n a l l y  s o  i n a c c u r a t e .  

For t h e  p r e s e n t  purpose w e  have used a  r a t h e r  rough and 

ready s o l u t i o n  t o  t h i s  problem. Le t  be t h e  f i r s t  age a t  which 

t h e  p r e d i c t e d  marr iage r a t e  f o r  males, ,ui [ a s  i n  equa t ions  ( 2 )  
A 

and ( 4 ) ] ,  f a l l s  below 0.01 and l e t  j be t h e  analogous age f o r  
A 

females.  For males of age i and above we have assumed t h a t  

where km i s  t h e  k  parameter  i n  equa t ion  ( 2 )  when a p p l i e d  t o  males. 

S i m i l a r l y  f o r  females of  age and above w e  have assumed t h a t  

No a t t empt  has  been made t o  opt imize over  t h e  two parameters  of 

t h i s  cor rec t ion- the  0.01 and t h e  0.95. They a r e  p l a u s i b l e  num- 

b e r s  and work reasonably  w e l l .  Two consequences fo l low from t h i s  
m c o r r e c t i o n .  F i r s t ,  w i thou t  f u r t h e r  mod i f i ca t ion ,  c  and c f  would 

no t  longer  be e x  a n t e  propor t ions  e v e r  marr ied.  To avoid t h i s  

t h e  r e s u l t i n g  marr iage r a t e s  a r e  p r o p o r t i o n a l l y  reduced so t h a t  
m 

c and c f  remain t h e  e x  a n t e  propor t ions  e v e r  marr ied.  Second, 

t h e  r e l a t i o n s h i p s  between t h e  k  parameters  and t h e  median ages  

a t  f i r s t  marr iages  becomes more complex than  i n  equa t ion  ( 3 ) .  

Since  it i s  much s imp le r  t o  e s t i m a t e  t h e  k s ,  t h i s  i s  what has 

been done. The e x  a n t e  median ages  a t  f i r s t  marr iage a r e ,  then ,  

computed from t h e  e s t ima ted  parameters .  

The Aus t r ian  d a t a  f o r  1979 a r e  from t h e  Demographisches  

Jahrbuch  8 s t e r r e i c h s  1 9 7 9  publ i shed  by t h e  b t e r r e i c h i s c h e n  S ta -  

t i s t i s c h e n  Zentralamt (Volume 584) .  S ince  t h e  d a t a  by age beg in  



where t h e  o f f i c i a l s  of  t h e  c e n t r a l  s t a t i s t i c a l  o f f i c e  pe rce ive  a  

consequen t i a l  number of  marr iages  f i r s t  t o  be observed,  it is a 

g r e a t  s i m p l i f i c a t i o n ,  a t  v i r t u a l l y  no c o s t  i n  terms of t h e  accu- 

racy o f  t h e  parameter e s t i m a t e s ,  t o  fol low t h e i r  l e a d  and t o  s e t  
m a  and a f  accord ing ly  (am = 18, a f  = 1 6 )  . This  l eaves  a  n o n l i n e a r  

s t r u c t u r e  i n  1 1  parameters  t o  be es t imated .  

The nex t  q u e s t i o n  which a r i s e s  here  concerns  t h e  n a t u r e  of 

t h e  s t o c h a s t i c  s t r u c t u r e  a p p r o p r i a t e  f o r  t h e  problem a t  hand. 

The number of mar r iages  i n  a  s i n g l e  yea r  of  age ce l l  can vary be- 

tween 0  and 9 2 2  (20-year-old women marrying 22-year-old men). 

C l e a r l y ,  it would be imp laus ib l e  t o  assume t h a t  t h e  v a r i a n c e  of  

t h e  e r r o r  t e r m  a s s o c i a t e d  wi th  a  p r e d i c t e d  va lue  o f ,  f o r  example, 

t e n  marr iages  would be t h e  same a s  t h e  e r r o r  term a s s o c i a t e d  

wi th  a  p r e d i c t e d  va lue  of f i v e  hundred marr iages .  A common ap- 

proach t o  t h i s  problem of h e t e r o s k e d a s t i c i t y  i n  frequency d a t a  

i s  t o  assume t h a t  obse rva t ions  a r e  t h e  r e a l i z a t i o n s  of indepen- 

den t  Poisson p roces ses  whose expected va lues  a r e  va lues  p r e d i c t e d  

by t h e  model. This  is  a l s o  a  reasonable  s p e c i f i c a t i o n  t o  assume 

h e r e  f o r  t h r e e  reasons :  (i) a l l  obse rva t ions  must be nonnegat ive  

a s  i s  indeed t h e  c a s e ,  (ii) t h e  va r i ances  o f  t h e  obse rva t ions  a r e  

p r o p o r t i o n a l  t o  t h e i r  expected v a l u e s ,  which i s  p l a u s i b l e ,  and 

(iii) t h e  r e s u l t i n g  computation procedure  i s  s u f f i c i e n t l y  s imple  * 
t h a t  e s t i m a t i o n  i s  n o t  p r o h i b i t a t i v e l y  expensive.  

The maximum l i k e l i h o o d  e s t i m a t e s  o f  t h e  parameters  and t h e i r  

asymptot ic  s t anda rd  e r r o r s  a r e  found i n  Table  1 .  The r e s u l t s  a r e  

very encouraging.  A l l  t h e  parameters  a r e  q u i t e  reasonable .  The 

computed ex ante median ages  a t  marr iage a r e  ve ry  s e n s i b l e  f o r  

A u s t r i a  i n  1979. The median age o f  males who marr ied  f o r  t h e  

f i r s t  t i m e  i n  1979 was 24.6 y e a r s  o l d a n d  of  females who marr ied **  
f o r  t h e  f i r s t  t i m e ,  21.8. From Table 1 it can be seen t h a t ,  

i f  t h e  marr iage market w e r e  n e u t r a l ,  t h e  median age o f  marr iage 

f o r  males would have been 25.7 and t h e  median age of  marr iage 

f o r  females would have been 20.8. I t  appears ,  then ,  t h a t  t h e  

*The e s t i m a t i o n  procedure i s  d i scussed  i n  t h e  second sec-  
t i o n  of t h e  Appendix. 

**Oste r re ich ischen  S t a t i s t i s c h e n  Zentralamt (1979) Table  
2.02, p. 3 4 .  Since  t h e  age d i s t r i b u t i o n  i n  t h e  prime marrying 
ages  i n  A u s t r i a  i n  1979 was r e l a t i v e l y  f l a t ,  t h e s e  f i g u r e s  a r e  
probably good approximations t o  median ages  a t  marr iage.  



Table 1 .  Maximum likelihood estimates of the parameters of the 
analyt ical ly  based two-sex marriage model: Austria,  
1979 

Parameters relat ing to  f i r s t  marriages 
i n  a neutral marriaae market 

- - 

Males Females 

Age a t  which a consequential number of f i r s t  
1 8 . 0 ~  

a 
marriages occur, a 16.0 

Parameter controlling median age a t  marriage, k 0.709 0.460 
(0.038) (0.042) 

- 
Median age a t  marriage, a 25.7 

b 
20. & 

Proportion every marrying, c 

Mean age of spouse for  those marrying a t  ea r l i e s t  18.6 20.3 
possible age (18 for males, 16 for females), $1 (0.095) (0.352) 

Increase i n  mean age of spouse for each year of 0.769 1.10 
age, $2 (0.051) (0.067) 

Beta distribution parameter a t  the midpoint of the 
age range a (transform of the standard deviation 3.45C 3. 45C 

of the spousal age dis tr ibut ion)  
(0.097) (0.097) 

Parameters relat ing t o  remarriage 

Ratio of remarriage r a t e  t o  f i r s t  marriage ra te  a t  5.19 2.71 
age 40 and beyond, p (2.12)  (1.66) 

Nwnber of observations 

Nuder of estimated parameters 

Tests of goodness-of- f i t  

e 
Pearson chi-squared s t a t i s t i c  0.038 

e 
Likelihood ra t io  s t a t i s t i c  0.002 

Figures i n  parentheses are  asymptotic standard errors  (Cramer-Rao lower bounds). 
a 
b Constrained by data avai labi l i ty .  See t ex t  for more information. 

Computed from parameters, not parameters themselves. 
C Assumed t o  be ident ical  for  sa les  and females for  computational s t ab i l i ty .  

See the f i r s t  section of the Appendix for  the detailed defini t ion of this 

d parameter and a just i f icat ion of the above assumption. 
Observations were res t r ic ted  t o  cellswherethere were ten or more marriages. 
Open intervals 18 and below and 65 and above for  males, and 16 and below and 
60 and above for females were also excluded. 
e Test s t a t i s t i c  has asymptotic chi-square dis tr ibut ion w i t h  433 degrees of free- 
dom. See the second section of the Appendix for  definition. 



n o n n e u t r a l i t y  i n  t h e  mar r iage  market  l e a d s  females  t o  marry some- 

what l a t e r  than  t h e y  would i n  a  n e u t r a l  mar r iage  market  and males 

t o  marry somewhat e a r l i e r .  

The same s o r t  o f  phenomenon can  be seen  w i t h  r e s p e c t  t o  ex 

a n t e  p r o p o r t i o n s  e v e r  mar r ied .  Although t h e r e  i s  no s imple  ana log  

i n  t h e  d a t a ,  it i s  i n s t r u c t i v e  t o  look a t  p r o p o r t i o n s  e v e r  marry- 

i n g  among 50-54 y e a r  o l d s  i n  1979. For males t h e  p r o p o r t i o n  was * 
93.4 p e r c e n t  w h i l e  f o r  females  it was 90.1 p e r c e n t .  The e s t i m a t e d  

p r o p o r t i o n s ,  r e p o r t e d  i n  Table  1 ,  which would have been observed 

i n  a  n e u t r a l  marr iage  market  a r e  81.5 p e r c e n t  and 92.3 p e r c e n t ,  

r e s p e c t i v e l y .  Apparen t ly  t h e  n o n n e u t r a l i t y  i n  t h e  mar r i age  market  

n o t  on ly  induced men t o  marry a t  a  younger age  t h a n  t h e y  would 

have i n  a  n e u t r a l  mar r iage  market ,  b u t  induced them t o  marry i n  **  
g r e a t e r  p r o p o r t i o n s  a s  w e l l .  The n o n n e u t r a l i t y  i n  t h e  mar r iage  

market  seems t o  be r educ ing  female marr iage  f r e q u e n c i e s  when com- 

pared  w i th  t h e  n e u t r a l  mar r iage  market  s i t u a t i o n ,  b u t  g iven  t h e  

s t a n d a r d  e r r o r  o f  c o e f f i c i e n t ,  w e  cannot  be c o n f i d e n t  o f  t h i s .  

The paramete rs  and $2 a r e  a l s o  s e n s i b l e  i n  t h e  c o n t e x t  

o f  t h e  Aus t r i an  d a t a .  Males who mar r ied  a t  age  18 i n  1979 mar- 

r i e d  women who averaged 19.0 y e a r s  o f  age ,  wh i l e  women who mar- 

r i e d  a t  age  16 i n  1979 mar r i ed  males who averaged 2 2 . 0  y e a r s .  t 

The f i g u r e s  i n  Table  1  i n d i c a t e  t h a t  i f  t h e  mar r iage  market  were 

n e u t r a l  t h e  mean s p o u s a l  ages  would have been 18.6 and 20.3 re- 

s p e c t i v e l y .  The observed s i t u a t i o n  i s  one i n  which v e r y  young 

b r i d e s  marry males whose average  i s  somewhat o l d e r  t h a n  it would 

be i f  t h e  marr iage  market were n e u t r a l .  Th i s  i s  c l e a r l y  cons i s -  

t e n t  w i t h  t h e  d i s c u s s i o n  above concerning t h e  median age  a t  mar- 

r i  age. 

The $ paramete r  t e l l s  an  i n t e r e s t i n g  s t o r y .  For  females  2  
it is  n o t  s i g n i f i c a n t l y  d i f f e r e n t  from u n i t y ,  b u t  f o r  males it 

i s  c l e a r l y  below u n i t y .  Apparen t ly ,  w e r e  t h e  mar r iage  market  

n e u t r a l ,  50-year-old males would marry women who averaged  43.2 

y e a r s  o f  age ,  whereas 50-year-old females  would marry males who 

averaged 57.7 y e a r s .  Th i s  d i f f e r e n c e  i n  $2 pa rame te r s ,  however, 

i s  one o f  t h e  f a c t o r s  t h a t  ma in t a in s  t h e  n o n n e u t r a l i t y .  

*Os t e r r e i ch i s chen  S t a t i s t i s c h e n  Zen t ra lamt  (1979) Table  
9.06, p. 2 2 2 .  

**This i s  p r e c i s e l y  t h e  s o r t  o f  con junc tu re  t h e  economic 
t h e o r y  d i s c u s s e d  i n  S e c t i o n  2 l e a d s  one t o  expec t .  

t ~ s t e r r e i c h i s c h e n  S t a t i s t i s c h e n  Zen t ra lamt  (1979) Table  
2.11, pp. 38-39. 



The b e t a  d i s t r i b u t i o n  parameter a t  t h e  midpoint  o f  t h e  age 

range i s  t h e  one parameter about  which w e  have l i t t l e  i n t u i t i o n .  

I t  i s  d i scussed  i n  more d e t a i l  i n  t h e  Appendix. 

The r a t i o s  of  remarr iage rate t o  f i r s t  marr iage r a t e  a t  age 

4 0  and beyond a r e  t h e  on ly  parameters  i n  t h e  model which do n o t  

r e f e r  t o  t h e  h y p o t h e t i c a l  s i t u a t i o n  i n  which t h e  marr iage market 

i s  n e u t r a l .  They can be used,  t hen ,  t o  t es t  t h e  p l a u s i b i l i t y  o f  

t h e  model. I f  w e  t a k e  t h e  mean of t h e  r a t i o s  of  remarr iage t o  * 
f i r s t  marr iage r a t e s  f o r  t h e  age groups 40-44 and 45-49, w e  ob- 

t a i n  4.97 f o r  males and 1.95 f o r  females. The p parameter  f o r  

males, 5.19, i s  q u i t e  c l o s e  t o  t h e  observed va lue ,  whereas t h e  

p parameter f o r  females ,  2.71, i s  f u r t h e r  away b u t  s t i l l  w i t h  

one asymptot ic  s t anda rd  d e v i a t i o n  of t h e  observed value.  Given 

t h e  u n c e r t a i n t y  concerning t h e  s t r u c t u r e  of  t h e  model f o r  t h e  

upper range,  t h e  f a c t  t h a t  t h e  parameter e s t i m a t e s  o f  pm and p f  

a r e  q u i t e  c l o s e  t o  t h e  observed va lues  i s  h e a r t e n i n g  and sugges t s  

t h e  p l a u s i b i l i t y  and use fu lnes s  of t h e  a n a l y t i c  two-sex model. 

There a r e  two commonry used goodness-of-f i t  tests  appropr i -  

a t e  here:  t h e  Pearson ch i - square  t e s t  and t h e  l i k e l i h o o d  r a t i o  

test .  Both tes t  s t a t i s t i c s  are a sympto t i ca l ly  d i s t r i b u t e d  a s  a  

chi-square  w i t h  433 degrees  of freedom. S ince  t h e  mean o f  t h e  

chi-square  s t a t i s t i c  wi th  433 degrees  of freedom i s  433, t h e  

ve ry  low r e l a t i v e  l e v e l s  of t h e  two tes t  s t a t i s t i c s  i n d i c a t e  t h a t  

t h e  f i t  i s  q u i t e  good. 

6 .  CONCLUSION 

This  paper  p r e s e n t s  a new, a n a l y t i c a l l y  based two-sex mar- 

r i a g e  model which merges t h e o r e t i c a l  s p e c i f i c a t i o n  from bo th  

economics and demography. Maximum l i k e l i h o o d  estimates o f  t h e  

parameters  of  t h e  model, based on Aus t r i an  d a t a  f o r  1979, have 

been computed us ing  a  procedure  which t a k e s  h e t e r o s k e d a s t i c i t y  

of  t h e  r e s i d u a l s  i n t o  account.  The parameters  a r e  p l a u s i b l e  and 

e n t i r e l y  c o n s i s t e n t  wi th  t h e  Aus t r i an  da t a .  The model, t hen ,  

has  passed i t s  f i r s t  tes t  and i s  p o t e n t i a l l y  a  cand ida t e  f o r  t h e  

growing l i s t  of t o o l s  i n  a n a l y t i c  demography. 

*The sample of 4 4 4  age c e l l s  c o n t a i n s  only  a  few observa- 
t i o n s  a t  ages  50 and above. 



SECTION 1: THE USE OF THE BETA DISTRIBUTION 

Given t h e  f i x e d  age  r ange ,  t h e  b e t a  d i s t r i b u t i o n  can be w r i t -  

t e n  a s  a  f u n c t i o n  o f  two paramete r s  

where ~ ( x )  i s  t h e  v a l u e  o f  t h e  d e n s i t y  f u n c t i o n  a t  x ,  p  and q  

a r e  t h e  two pa r ame te r s ,  and B(p ,q )  i s  a  c o n s t a n t  depending on p  * 
and q .  

W e  know t h a t  

and t h a t  

VAR ( x )  = P9 

( P  + 9) ( p + q +  1)  

NOW, when E ( x )  = 0.5 ,  p  = q  and 

*This  d i s c u s s i o n  draws h e a v i l y  on Johnson and Kotz ( 1  970) 
Ch. 2 4 .  



The parameter a i s  t h e  l e v e l  of both  p  and q  when E(x )  = 0.5. 

When E ( x )  < 0.5,  q  i s  set  equa l  t o  t h a t  j o i n t  l e v e l  and equa t ion  

( A 2 )  i s  so lved  f o r  p .  When E ( x )  > 0.5, p  i s  set  t o  t h a t  j o i n t  

l e v e l  and qua t ion  (A2) i s  so lved  f o r  q .  

Ea r ly  exper iments  w i th  two a parameters  r e s u l t e d  i n  a  con- 

s i d e r a b l e  amount of i n s t a b i l i t y  i n  t h e  e s t i m a t i o n  process  and an 

optimum was never  reached.  Cons t ra in ing  t h e  model t o  a  s i n g l e  a 

parameter  caused a  d ramat ic  improvement i n  e s t i m a b i l i t y .  

SECTION 2:  MAXIMUM LIKELIHOOD ESTIMATION AND MEASURES OF 
GOODNESS-OF-FIT 

It  i s  shown i n  J e n n r i c h  and Moore (1975) t h a t  maximum l i k e l i -  

hood e s t i m a t i o n  i s  i d e n t i c a l  t o  minimizing an i t e r a t i v e l y  r e -  

weighted r e s i d u a l  sum of  squa re s  when one i s  d e a l i n g  wi th  a  den- 

s i t y  f u n c t i o n  i n  t h e  exponen t i a l  family .  S ince  t h e  Poisson d i s -  

t r i b u t i o n  belongs t o  t h a t  fami ly ,  maximum l i k e l i h o o d  e s t i m a t e s  

and t h e i r  s t anda rd  e r r o r s  a r e  comparat ively  easy t o  o b t a i n .  

J e n n r i c h  and Moore's sugges t ions  have been fol lowed and t h e  r eade r  

i s  r e f e r r e d  t o  t h e i r  paper  f o r  f u r t h e r  d e t a i l s .  

The Pearson ch i - square  s t a t i s t i c  may be w r i t t e n  a s  

where xi i s  t h e  observed f r a c t i o n  of a l l  t h e  marr iages  i n  t h e  4 4 4  

c e l l s  which a r e  found i n  t h e  i t h  c e l l ,  and Gi i s  t h e  p r e d i c t e d  

f r a c t i o n  of  marr iages  i n  t h e  i t h  c e l l .  

The l i k e l i h o o d  r a t i o  s t a t i s t i c  i s  simply 

A * 
where xi and xi a r e  de f ined  a s  above. 

p ~ - ~  ~- - ~ 

*For a  d i s c u s s i o n  of t h e s e  two goodness -of - f i t  s t a t i s t i c s ,  
s e e  Bishop, Fienberg,  and Holland (1975) ,  Ch. 4 .  
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