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C a t a s t r o p h e  Theory and 

t h e  Problem o f  S t e l l a r  C o l l a p s e  

J .  C a s t i *  

1. I n t r o d u c t i o n  

R e c e n t l y ,  a new m a t h e m a t i c a l  t o o l  c a l l e d  " c a t a s t r o p h e  t h e o r y "  

h a s  been  deve loped  by t h e  t o p o l o g i s t s  Thom, Zeeman, Mather ,  and 

o t h e r s  i n  a n  a t t e m p t  t o  m a t h e m a t i c a l l y  e x p l a i n  t h e  d i s c o n t i n u i t i e s  

of o b s e r v e d  b e h a v i o r  due  t o  smooth changes  i n  t h e  b a s i c  p a r a m e t e r s  

o f  p h y s i c a l ,  s o c i a l ,  and b i o l o g i c a l  p r o c e s s e s .  It h a s  been shown 

t h a t  t h e  number o f  m a t h e m a t i c a l l y  d i s t i n c t  ways i n  

which s u c h  d i s c o n t i n u i t i e s  may a r i s e  i s  s m a l l  when compared w i t h  

t h e  d imens ion  o f  t h e  p r o c e s s ,  and a comple te  c l a s s i f i c a t i o n  o f  a l l  

d i s t i n c t  t y p e s  h a s  been made f o r  p r o c e s s e s  depend ing  upon f i v e  o r  

l e s s  p a r a m e t e r s .  

The p u r p o s e  o f  t h i s  n o t e  i s  two- fo ld :  f i r s t ,  t o  s e r v e  a s  a  v e r y  

b r i e f  i n t r o d u c t i o n  t o  t h e  s u b j e c t  o f  c a t a s t r l o p h e  t h e o r y  and s e c o n d l y ,  

t o  i l l u s t r a t e  t h e  t h e o r y  by a p p l y i n g  it t o  t h e  d e t e r m i n a t i o n  o f  e q u i -  

l i b r i u m  c o n f i g u r a t i o n s  f o r  s t e l l a r  m a t t e r  which h a s  r e a c h e d  t h e  e n d p o i n t  

of  t h e r m o n u c l e a r  e v o l u t i o n ,  t h e  problem o f  " s t e l l a r  c o l l a p s e " .  It 

w i l l  be  s e e n  t h a t  c a t a s t r o p h e  t h e o r y  e n a b l e s  u s  t o  g i v e  a  v e r y  

s a t i s f a c t o r y  e x p l a n a t i o n  f o r  t h e  obse rved  phenomenon o f  u n s t a b l e  

e q u i l i b r i u m  c o n f i g u r a t i o n s  and  t h e  a p p e a r a n c e  o f  t h e  s o - c a l l e d  

Chandrasekhar  and Oppenheimer-Landau-Volkoff c r u s h i n g  p o i n t s .  

* 
I n t e r n a t i o n a l  I n s t i t u t e  f o r  Appl ied  Systems A n a l y s i s ,  Laxenburg,  
A u s t r i a .  



2 .  C a t a s t r o p h e  Theory 

I n  t h i s  s e c t i o n ,  we p r e s e n t  a  v e r y  b r i e f  d i s c u s s i o n  o f  t h e  

b a s i c  assumpt ions  and r e s u l t s  o f  c a t a s t r o p h e  t h e o r y  i n  a  form 

most u s e f u l  f o r  a p p l i c a t i o n s .  For  d e t a i l s  and p r o o f s ,  we r e f e r  

t o  t h e  works [l-51 . 
k  Let  f  = R x R n  + R b e  a  smooth f u n c t i o n  r e p r e s e n t i n g  a  

dynamical  sys tem C i n  t h e  s e n s e  t h a t  Rk i s  t h e  s p a c e  o f  i n p u t  

v a r i a b l e s  ( c o n t r o l s ,  p a r a m e t e r s  ) w h i l e  R" r e p r e s e n t s  t h e  s p a c e  

o f  i n t e r n a l  v a r i a b l e s  ( s t a t e s ,  b e h a v i o r ) .  We assume t h a t  k  5 5 ,  

w h i l e  n  i s  u n r e s t r i c t e d .  The fundamental  a ssumpt ion  i s  t h a t  

X a t t e m p t s  t o  l o c a l l y  minimize f .  We h a s t e n  t o  p o i n t  o u t  t h a t  

i n  a p p l i c a t i o n s  o f  c a t a s t r o p h e  t h e o r y ,  i t  i s  n o t  n e c e s s a r y  

t o  know t h e  f u n c t i o n  f .  I n  f a c t ,  i n  most c a s e s  f w i l l  b e  a  

v e r y  c o m p l i c a t e d  f u n c t i o n  whose s t r u c t u r e  c o u l d  n e v e r  be  d e t e r m i n e d .  

A l l  we assume i s  t h a t  t h e r e  e x i s t  s u c h  a  f u n c t i o n  which C s e e k s  

t o  l o c a l l y  minimize .  

k  Given any such  f u n d i o n f ,  i f  we f i x  t h e  p o i n t  c  E R , we 

o b t a i n  a l o c a l  p o t e n t i a l  f u n c t i o n  f  : Rn + R and we may 
C 

p o s t u l a t e  a  d i f f e r e n t i a l  e q u a t i o n  

where X E  R n ,  g r a d x  f  = g r a d  f c =  ( af ,..., a f  

ax1 
Thus,  t h e  phase  t r a j e c t o r y  of C w i l l  f low toward a  minimum of  

f c ,  c a l l  i t  x c .  The s t a b l e  e q u i l i b r i a  a r e  g i v e n  by t h e  minima 

o f  f c  a n d ,  s i n c e  t h e r e  a r e  u s u a l l y  s e v e r a l  minima, x  w i l l  be 
C 

a  m u l t i v a l u e d  f u n c t i o n  of c ,  i . e .  x  : Rk -+ Rn i s  not one-to-one.  
C 



The point of catastrophe theory is to analyze this multivaluedness 

by means of the theory of singularities of smooth mappings. 

For completeness, and to round out the mathematical theory, 

we consider not only the minima, but also the maxima and other 

stationary values of f c. Define the manifold Mf C Rktn as 

Mf = ((x,c): grad fc = 0)  . 

k 
let xf : Mf + R~ be the map induced by the projection of Rktn + R . 
Xf is called the catastrophe map of f. Further, let J 

ktn be the space of cm-funtions on R with the usual Whitney 
m 
C -topology. Then the basic theorem of catastrophe theory (due 

to Thom) is 

Theorem.: There exists an open dense set JoCJ,called generic 

functions, such that if f E J 
0 

i) Mf is a k-manifold; 

ii) any singularity of X, is equivalent to 

one of a finite number of elementary catastrophes; 

iii) xf is stable under small perturbations of f. 
- 

Remarks: 1) Here equivalence is understood in the following 
- 

sense: maps X :  M + N and 7 :  M + are equivalent if there exist 

diffeomorphisms h,g such that the diagram 

- - 
is commutative. If the maps X,X have singularities at x E M, x 

E fl, respectively, then the singularities are equivalent if the 

above definition holds locally with hx = x .  



2 )  S t a b l e  means t h a t  xf i s  e q u i v a l e n t  t o  x f o r  a l l  g  
g  

i n  a  neighborhood o f  f  i n  J ( i n  t h e  Whitney t o p o l o g y ) .  

3 )  The number o f  e l e m e n t a r y  c a t a s t r o p h e s  depends  o n l y  

upon k  and i s  g i v e n  i n  t h e  f o l l o w i n g  t a b l e :  

A f i n i t e  c l a s s i f i c a t i o n  f o r  k  > 6 may be obka ined  u n d e r  

k  

% elemerl tary  

t o p o l o g i c a l ,  r a t h e r  t h a n  d i f f e o m o r p h i c ,  e q u i v a l e n c e  b u t  t h e  

1 2  3 4 5  6 

smooth c l a s s i f i c a t i o n  i s  more i m p o r t a n t  f o r  a p p l i c a t i o n s .  

c a t a s t r o p h e s  1 . 2 .  5  7 11 rn 

3.  D i s c o n t i n u i t y ,  Divergence ,  and t h e  Cusp C a t a s t r o p h e  

Our c r i t i c a l  a s s u m p t i o n  i s  t h a t  C ,  t h e  s y s t e m  u n d e r  s t u d y ,  

s e e k s  t o  minimize  t h e  f u n c t i o n  f ,  i . e .  C i s  d i s s a p a t i v e .  T h u s ,  

t h e  sys tem behaves  i n  a  manner q u i t e  d i f f e r e n t  t h a n  t h e  Hami l ton ian  

sys tems  o f  c l a s s i c a l  p h y s i c s .  I n  t h i s  s e c t i o n  we s h a l l  men t ion  

two s t r i k i n g  f e a t u r e s  d i s p l a y e d  by c a t a s t r o p h e  t h e o r y  which 

a r e  n o t  p r e s e n t  i n  H a m i l t o n i a n  sys tems  b u t  which a r e  o b s e r v e d  

i n  many p h y s i c a l  phenomena. 

The f i r s t  b a s i c  f e a t u r e  i s  d i s c o n t i n u i t y .  I f  f3 i s  t h e  image 

i n  R~ o f  t h e  s e t  o f  s i n g u l a r i t i e s  o f  x f ,  t h e n  f3 i s  c a l l e d  t h e  

b i f u r c a t i o n  s e t  and c o n s i s t s  o f  s u r f a c e s  bound ing  r e g i o n s  o f  

q u a l i t a t i v e l y  d i f f e r e n t  b e h a v i o r  similar t o  s u r f a c e s  o f  phase  

t r a n s i t i o n .  S lowly  c r o s s i n g  s u c h  a  boundary may r e s u l t  i n  

a  sudden change o f  b e h a v i o r  o f  C ,  g i v i n g  r i s e  t o  t h e  t e r m  

" c a t a s t r o p h e " .  S i n c e  t h e  d imens ion  o f  C does  n o t  e n t e r  i n t o  t h e  

c l a s s i f i c a t i o n  t h e o r e m ,  a l l  i n f o r m a t i o n  a b o u t  when and where 

s u c h  c a t a s t r o p h i c  changes  i n  o u t p u t  w i l l  o c c u r  i s  c a r r i e d  

i n  t h e  b i f u r c a t i o n  s e t  f3 which,  by c o n c l u s i o n  i )  of t h e  Theorem, 

i s  a k-manifold .  Hence, even though 1 may have a  s t a t e  s p a c e  

o f  i n c o n c e i v a b l y  h i g h  d i m e n s i o n ,  t h e  " a c t i o n "  i s  on a m a n i f o l d  



o f  low d imens ion  which may b e  a n a l y z e d  by g e o m e t r i c a l  and a n a l y t i c a l  

t o o l s .  

The second b a s i c  f e a t u r e  e x h i b i t e d  by c a t a s t r o p h e  t h e o r y  i s  

t h e  phenomenon o f  d i v e r g e n c e .  I n  sys tems  o f  c l a s s i c a l  p h y s i c s  

a  s m a l l  change i n  t h e  i n i t i a l  c o n d i t i o n s  r e s u l t s  i n  o n l y  a  s m a l l  

change i n  t h e  f u t u r e  t r a j e c t o r y  of t h e  p r o c e s s ,  one o f  t h e  

c l a s s i c a l  c o n c e p t s  o f  s t a b i l i t y .  However, i n  c a t a s t r o p h e  t h e o r y  

t h e  n o t i o n  o f  s t a b i l i t y  i s  w i t h  r e s p e c t  t o  p e r t u r b a t i o n s  o f  t h e  

sys tem i t s e l f  ( t h e  f u n c t i o n  f ) ,  r a t h e r  t h a n  j u s t  t h e  i n i t i a l  

c o n d i t i o n s  and  s o  t h e  Hami l ton ian  r e s u l t  may n o t  a p p l y .  For  

example ,  i n  a n  homogeneous embryo a d j a c e n t  t i s s u e s  w i l l  

d i f f e r e n t i a t e .  

L e t  u s  now i l l u s t r a t e  t h e  above i d e a s  by c o n s i d e r a t i o n  of 

t h e  c u s p  c a t a s t r o p h e .  It w i l l  t u r n  o u t  t h a t  a  minor  m o d i f i c a t i o n  

o f  t h i s  c a t a s t r o p h e  i s  a l s o  t h e  a p p r o p r i a t e  c a t a s t r o p h e  f o r  t h e  main 

example o f  t h i s  p a p e r ,  t h e  problem o f  s t e l l a r  c o l l a p s e .  

L e t  k = 2 ,  n = 1 , and l e t  t h e  c o n t r o l  and b e h a v i o r  s p a c e  have 

c o r d i n a t e s  a ,  b ,  x ,  r e s p e c t i v e l y .  

2 L e t  f :  R x  R~ + R be  g i v e n  by 

3 The m a n i f o l d  Mf i s  g i v e n  by t h e  s e t  o f  p o i n t s  ( a , b , x )  C R where 

g r a d x  f ( a , b , x )  = 0 , 



The map x f :  M f  + 
R~ h a s  s i n g u l a r i t i e s  when two s t a t i o n a r y  

v a l u e s  of  f  c o a l e s c e ,  i . e .  

a 2  
f -  2 + a = ~  . -aT - 3x (2  

Thus, Eqs .  ( 1 )  and ( 2 )  d e s c r i b e  t h e  s i n g u l a r i t y  s e t  s o f  X .  1t 

i s  n o t  h a r d  t o  s e e  t h a t  S c o n s i s t s  o f  two f o l d - c u r v e s  g i v e n  

p a r a m e t r i c a l l y  by 

and one c u s p  s i n g u l a r i t y  a t  t h e  o r i g i n .  The b i f u r c a t i o n  s e t  

B i s  g i v e n  by 

which i s  t h e  cusp  4a3 t 27b2 = 0 .  S i n c e  Mf and S  a r e  smooth 

a t  t h e  o r i g i n ,  t h e  c u s p  o c c u r s  i n  i-3 and n o t  i n  S .  F i g u r e  1 

g r a p h i c a l l y  d e p i c t s  t h e  s i t u a t i o n .  



FIGURE 1. THE CUSP CATASTROPHE 



It i s  c l e a r  from t h e  f i g u r e  t h a t  i f  t h e  c o n t r o l  p o i n t  ( a , b )  i s  

f i x e d  o u t s i d e  t h e  c u s p ,  t h e  f u n c t i o n  f  h a s  a  u n i q u e  minimum, w h i l e  

if ( a , b )  i s  i n s i d e  t h e  c u s p ,  f  h a s  two minima s e p a r a t e d  by one 

maximum. Thus ,  o v e r  t h e  i n s i d e  o f  t h e  c u s p ,  M i s  t r i p l e - s h e e t e d .  f  

The phenomenon o f  smooth changes  i n  ( a , b )  r e s u l t i n g  i n  d i s c o n -  

t i n u o u s  b e h a v i o r  i n  x  i s  e a s i l y  s e e n  from F i g u r e  1 by f i x i n g  

t h e  c o n t r o l  p a r a m e t e r  a  a t  some n e g a t i v e  v a l u e ,  t h e n  v a r y i n g  b .  

A t  e n t r a n c e  t o  t h e  i n s i d e  o f  t h e  cusp  n o t h i n g  u n u s u a l  i s  o b s e r v e d  

i n  x ,  b u t  upon f u r t h e r  change i n  4 r e s u l t i n g  i n  a n  e x i t  from t h e  

c u s p ,  t h e  sys tem w i l l  make a  c a t a s t r o p h i c  jump from t h e  lower  

s h e e t  o f  Mf t o  t h e  u p p e r ,  o r  v i c e - v e r s a ,  depend ing  upon w h e t h e r  

b  i s  i n c r e a s i n g  o r  d e c r e a s i n g .  The c a u s e  o f  t h e  jump i s  t h e  

b i f u r c a t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  = -gradx f ,  s i n c e  t h e  

b a s i c  a s s u m p t i o n  i s  t h a t  C a lways  moves s o  a s  t o  minimize  f .  

As a  r e s u l t ,  no p o s i t i o n  on t h e  midd le  s h e e t  o f  maxima can  b e  

m a i n t a i n e d  and C must move from one s h e e t  of  minima t o  t h e  o t h e r .  

An h y s t e r e s i s  e f f e c t  i s  obse rved  when moving b  i n  t h e  o p p o s i t e  

d i r e c t i o n  f rom t h a t  which c a u s e d  t h e  o r i g i n a l  jump, i . e .  ' the jump 

phenomenon w i l l  o c c u r  o n l y  when e x i t i n g  t h e  i n t e r i o r  o f  t h e  c u s p  

from t h e  s i d e  o p p o s i t e  t o  t h a t  where t h e  cusp  r e g i o n  was e n t e r e d .  

To s e e  t h e  p r e v i o u s l y  ment ioned d i v e r g e n c e  e f f e c t ,  c o n s i d e r  
> 

two c o n t r o l  p o i n t s  ( a , b )  w i t h  a  > 0 ,  b  < 0 .  M a i n t a i n i n g  t h e  

b  v a l u e s  f i x e d ,  w i t h  d e c r e a s i n g  a  t h e  p o i n t  w i t h  p o s i t i v e  b  f o l l o w s  

a  t r a j e c t o r y  on t h e  lower  s h e e t  o f  M w h i l e  t h e  o t h e r  p o i n t  f '  

moves on t h e  u p p e r  s h e e t .  Thus,  two p o i n t s  which may have been 

a r b i t r a r i l y  c l o s e  t o  b e g i n  w i t h ,  end up a t  r a d i c a l l y  d i f f e r e n t  

p o s i t i o n s  d e p e n d i n g  upon which s i d e  of  t h e  c u s p  p o i n t  t h e y  p a s s .  



While t h e  c u s p  i s  o n l y  one of  s e v e r a l  e l e m e n t a r y  c a t a s t r o p h e s ,  

i t  i s  p e r h a p s  t h e  most i m p o r t a n t  f o r  a p p l i c a t i o n s .  I n  T a b l e  2 ,  

we l i s t  s e v e r a l  o t h e r  t y p e s  f o r  k 2 4, b u t  r e f e r  t h e  r e a d e r  t o  

[6] f o r  g e o m e t r i c a l  d e t a i l s  and a p p l i c a t i o n s .  

c o n t r o l  s p a c e  b e h a v i o r  s p a c e  
Name p o t e n t i a l  f u n c t i o n  f  d imens ion  d imens ion  

f o l d  x3 t ux 1 1 

c u s p  x4 + ux2 t vx 2  1 

s w a l l o w t a i l  x5 t ux3 t vx2 t wx 3  1 

b u t t e r f l y  x6 t ux4 t vx3 t wx2 t t x  4  

h y p e r b o l i c  x3 t y 3  t uxy + vx + wy 3  
u m b i l i c  

e l l i p t i c  2  2  x3 - xy2 t u ( x  t y  ) t vx + wy 3  
u m b i l i c  

p a r a b o l i c  2  x  y  t y 4  t ux2 t vy2 t W X  t t y  4  
u m b i l i c  

T a b l e  2  : The E lementa ry  C a t a s t r o p h e s  f o r  k 5 4 .  

4 .  S t e l l a r  C o l l a p s e  

We t u r n  now t o  t h e  main a p p l i c a t i o n  o f  t h i s  p a p e r ,  t h e  

d e t e r m i n a t i o n  o f  e q u i l i b r i a  c o n f i g u r a t i o n s  f o r  s t a r s  which 

have e x h a u s t e d  t h e i r  n u c l e a r  f u e l  and have e n t e r e d  t h e  c o l l a p s i n g  

s t a g e  o f  t h e i r  e x i s t e n c e .  It i s  a w e l l  obse rved  phenomenon 

t h a t  t h e r e  e x i s t  s e v e r a l  p o s s i b l e  f i n a l  c o n f i g u a t i o n s  f o r  such  

s t a r s ,  d e p e n d i n g  upon t h e i r  i n i t i a l  mass and i n t e r n a l  p r e s s u r e s .  

According t o  p r e s e n t  t h e o r y ,  t h e  p o s s i b l e  s t a b l e  f i n a l  s t a t e s  

a r e  w h i t e  d w a r f s ,  n e u t r o n  s t a r s ,  and b l a c k  h o l e s .  

B e f o r e  showing t h e  r e l e v a n c e  o f  c a t a s t r o p h e  t h e o r y ,  l e t  us 

b r i e f l y  summarize t h e  s t e p s  i n  t h e  a n a l y s i s  o f  e q u i l i b r i u m  



c o n f i g u r a t i o n s  a s  o u t l i n e d  i n  [7 ] .  We c o n s i d e r  t h e  e q u a t i o n  o f  

h y d r o s t a t i c  e q u i l i b r i u m  

where M(r )  i s  t h e  mass e f f e c t i v e  i n  p r o d u c i n g  g r a v i t a t i o n a l  

p u l l  a t  t h e  d i s t a n c e  r ,  i . e .  t h e  mass i n c l u d e d  w i t h i n  t h e  s p h e r e  

of r a d i u s  r ,  p ( r )  i s  t h e  d e n s i t y  o f  m a t t e r  a t  r a d i u s  r ,  G i s  

t h e  g r a v i t a t i o n a l  c o n s t a n t ,  and p ( r )  i s  t h e  p r e s s u r e  a t  r a d i u s  r .  

One c a t a l o g s  e q u i l i b r i u m  c o n f i g u a t i o n s  by t h e  v a l u e  o f  

t h e  c e n t r a l  d e n s i t y  i n  t h e  f o l l o w i n g  way: t h e  c e n t r a l  d e n s i t y  

po i s  f i x e d  and Eq. ( 3 )  i s  i n t e g r a t e d  from r = 0  t o  r = r*,  

where r* i s  t h a t  v a l u e  s u c h  t h a t  p ( r * )  = 0 .  The v a l u e  M(r*)  

i s  t h e  t o t a l  mass.  Another  v a l u e  o f  t h e  c e n t r a l  d e n s i t y  i s  

t h e n  chosen and t h e  p r o c e s s  r e p e a t e d .  I n  F i g .  2 ,  t h e  c u r v e  

o f  mass a s  a f u n c t i o n  o f  c e n t r a l  d e n s i t y  i s  d i s p l a y e d :  

. 
LANDAU -0PPENHEIMER-VOLKOFF 

-CRUSHING POINT 

unstable - --- ACHANDRASEKHAR 

stable 
CRUSHING POINT 

FIGURE 2. EQUILIBRIUM CONFIGURATIONS OF STELLAR 
MATTER [ 7 ]  



From t h e  s t a n d p o i n t  of p h y s i c s ,  a s  w e l l  a s  c a t a s t r o p h e  

t h e o r y ,  t h e  most i n t e r e s t i n g  f e a t u r e s  of  F i g .  2  a r e  t h e  two 

c r u s h i n g  p o i n t s  s e p a r a t i n g  t h e  s t a b l e  and u n s t a b l e  e q u i l i b r i u m  

c o n f i g u r a t i o n s .  I n  a l l  c a s e s ,  t h e  s i t u a t i o n  i n  which t h e r e  i s  

a  d e c r e a s e  i n  t o t a l  mass w i t h  i n c r e a s i n g  c e n t r a l  d e n s i t y  

s i g n i f i e s  a n  u n s t a b l e  sys tem.  

Upon compar ing F i g s .  1 and 2 ,  we o b s e r v e  t h a t  f o r  a  = c o n s t a n t  < 0  

i n  F i g u r e  1, t h e  " s l i c e "  o f  M f  f o r  c o n s t a n t  b  g i v e s  

a r e p r e s e n t a t i o n  f o r  t h e  c u r v e  of F i g .  2 ,  o m i t t i n g  t h e  u n s t a b l e  

r e g i o n  o f  d e n s i t i e s  beyond t h e  Landau - Oppenheimer - Volkof f  (L-0-V) 

p o i n t .  Thus ,  t a k i n g  t h e  c o n t r o l  s p a c e  t o  be t h e  m a s s - p r e s s u r e  p l a n e  and 

t h e  b e h a v i o r  s p a c e  a s  t h e  c e n t r a l  d e n s i t y ,  we p o s t u l a t e  t h a t  a l l  

o f  t h e  s t r u c t u r a l  i n f o r m a t i o n  i n  F i g .  2  ( a n d  more) may b e  

a c c o u n t e d  f o r  by a minor m o d i f i c a t i o n  of t h e  c u s p  c a t a s t r o p h e .  

The m o d i f i c a t i o n  i s  n e c e s s a r y  t o  d e s c r i b e  t h e  u n s t a b l e  p o s i t i o n s  

beyond t h e  L-0-V p o i n t ,  a s  w e l l  as t h e  s t a b l e  c o n f i g u a t i o n s  

o f  even g r e a t e r  d e n s i t i e s  which a r e  n o t  d e p i c t e d .  

I n  o r d e r  t o  a c c o u n t  f o r  a l l  p o s i t i o n s ,  i n  e f f e c t  we u s e  

two c o p i e s  o f  F i g .  1 , s u i t a b l y  g l u e d  t o g e t h e r , t o  form a s i n g l e  

m a n i f o l d  h a v i n g  two c u s p s  and f o u r  f o l d s .  The g e o m e t r i c a l  p i c t u r e  

i s  shown i n  F i g .  3. From t h e  s t a n d p o i n t  o f  c u r r e n t  t h e o r y ,  

t h e  most s t r i k i n g  f e a t u r e  o f  F i g .  3 i s  t h e  u n s t a b l e  r e g i o n  between 

n e u t r o n  s t a r s  and b l a c k  h o l e s .  I t ' s  n o t  e n t i r e l y  c l e a r  what 

t h e  p r o p e r  p h y s i c a l  i n t e r p r e t a t i o n  of t h i s  r e g i o n  s h o u l d  b e ,  b u t  

i t ' s  most l i k e l y  a  t r a n s i t i o n  p h a s e  c o r r e s p o n d i n g  t o  a  s t a r  on t h e  

b o r d e r l i n e  o f  becoming a  b l a c k  h o l e , a  s i t u a t i o n  h i g h l y  dependent,,  

o f  c o u r s e ,  on t h e  p r e s s u r e / m a s s  r e l a t i o n s h i p  a s  i s  c l e a r l y  

i n d i c a t e d  by t h e  d iagram.  I n  a d d i t i o r ,  t h e  



c u s p  c a t a s t r o p h e  shows t h a t  t h e  Chandrasekhar  and L-0-V c r i t -  

i c a l  p o i n t s  a r e  a c t u a l l y  b i f u r c a t i o n  s e t s  i n  t h e  m a s s / p r e s s u r e  

p l a n e  c o r r e s p o n d i n g  t o  t h e  b r a n c h e s  o f  t h e  c u s p s .  

What i n t e r p r e t a t i o n  t o  a t t a c h  t o  t h e  cusp  p o i n t s  t h e m s e l v e s  

i s  a l s o  u n c l e a r .  I n  F i g .  3, t h e  p r e s s u r e / m a s s / d e n s i t y  

c o o r d i n a t e  a x i s  i s  drawn t o  i n d i c a t e  t h a t  a  c a t a s t r o p h e  w i l l  

o c c u r  f o r  a l l  p o s i t i v e  p r e s s u r e s  and m a s s e s i n  a c c o r d a n c e  

w i t h  c u r r e n t  t h e o r y  ; 

LANDAU -0PPENHEIMER 
VOLKOFF CRUSHING 

CHANDRASEKHAR 
CRUSHING POINT 

,white dwarfs ( stable) 

t" 
I 

CHANDRASEKHAR BIFURCATION SET 

VOLKOFF BIFURCA- 

FIGURE 3.CATASTROPHE MANIFOLD FOR STELLAR COLLAPSE 



however,  t h e  mathemat ics  would admit  of a  smooth t r a n s i t i o n  

from t h e  w h i t e  dwarf r e g i o n  t o  t h e  b l a c k  h o l e s  s h o u l d  f u t u r e  

o b s e r v a t i o n  " t r a n s l a t e "  t h e  c o o r d i n a t e  frame i n  t h e  d i r e c t i o n  

o f  n e g a t i v e  p .  It would b e  a n  i n t e r e s t i n g  and  w o r t h w h i l e  

e x e r c i s e  t o  p r e c i s e l y  l o c a t e  t h e  c o o r d i n a t e  f r ame  and t o  

d e t e r m i n e  t h e  p r e c i s e  e q u a t i o n s  f o r  t h e  Chandrasekhar  and 

L-0-V b i f u r c a t i o n  s e t s  by means of t h e  c u r r e n t l y  a v a i l a b l e  d a t a .  

5 .  D i s c u s s i o n  

I n  t h i s  n o t e ,  we have shown t h a t  c a t a s t r o p h e  t h e o r y  may 

be  u s e f u l  i n  s y n t h e s i z i n g  t h e  g l o b a l  p i c t u r e  o f  v a r i o u s  

p h y s i c a l  phenomena. Obvious ly ,  t h e r e  a r e  many similar s i t u a t i o n s  

i n  which s u c h  a p i c t u r e  may p r o v e  t o  be  u s e f u l  i n  e x p l a i n i n g  

o b s e r v a t i o n s  and ( h o p e f u l l y )  i n  p r e d i c t i n g  new o n e s .  F o r  some 

examples a l o n g  t h e s e  l i n e s  s e e  [3,4] . I n  f u t u r e  r e p o r t s ,  we 

s h a l l  i n v e s t i g a t e  t h e  a p p l i c a b i l i t y  of some of  t h e  o t h e r  

c a t a s t r o p h e s  l i s t e d  i n  T a b l e  2 t o  p h y s i c a l  phenomena, 

e s p e c i a l l y  t h o s e  a r e a s  where ."phase t r a n s i t i o n "  - t y p e  

b e h a v i o r  p l a y s  an  i m p o r t a n t  r o l e .  
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