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OPTIMAL CONTROL OF

LINEAR ECONOMETRIC SYSTEMS
WITH INEQUALITY CONSTRAINTS
ON THE CONTROL VARIABLES

Gerald C. Robertson

Chow (1975, pp. 157) develops a series of methods to solve the following
optimal tracking problem.
min(y; — 8;)K;(y; — a;)
subject to
Yt = Ay + Cexg + Bezy
One of the methods is that of Lagrangian multipliers. K.C. Tan (1979)
extends this to include the case where the instruments must satisfy
Fix, =1f;
The purpose of this note is to develop the corresponding solution when

the instruments are constrained

Lts:(.tSUt .

VWith the addition of these constraints the problem becomes

min(y, — a;)'K(y, — ;)



subject to

Yt = Atyi + Cixp + Byzg

and

u; —-x, >0 where u, >,

Forming the Lagrangian we get

L= %(yt - 8) Ky — &)

T
- tEINt(Yt — Ay — Cixy — Bizy)

-ip't(ut-xt)
t=1
T
= uoy(x — L)
t=1
oL ' =
B_Y—'—'Kt.(yt‘at)‘)‘t*‘At-ﬁ‘tq-o
t
oL '
5;=Ct)‘t+_pt_at=o
L
W=Yt_Ath—l—ctxt—Btzt=0
oL _ _ oL _ =
b0, - xt+1tso.ataot o(—x +1) =0
oL oL
—=-u +x=<0, 0, —=p,(—u, + =0
3o, t % I"tapt Pr(—uy + %)

(2)

(3)
(4)
(5)
(6)
(7

If this is & "free endpoint” problem Ap,, = 0, following Chow (1975), there-

fore using (3)

A = Kyyp — Keap + Apy gy
=Kryr — Krap

or setting Hy = Ky and hy = Krag

Ar = Hyyp = by

Substitute this into (4)

C'T)\T +pT - 07 = 0
Cy(Hyyy ~hy) + pp—0op=0

(8)

(8)

(10)



C‘THTyT - C'ThT + pPr—0Or= 0
Substitute (5) into this
C'THTATyT—l + C'THTCTX‘L + C'THTBTZT - C’ThT + C'ThT + pPr —OT = 0
Solving for x¢
x7 = Grypy + gp + (C'tH1G) (o — oy) (11)
= Ggyq_y + & + P — 07
where
Gp = ~(C'pHCp)~1C'yHAy

= —(C'tH{Cp)~1C'y(Hy — Byzg — h)

m
3
I

1 = (C'H{Cp)pr

®
-3
I

-
1

= (C'THTCT)_lat .
Substituting this into (5) we obtain

yp= (AT + CTGT)yT_l + BTZT + CTgT + CTU'-E - CTUT. .

Substituting this into (9)
Ay = Hy(Aq + CyGp)yp_y + Hy(Byzq + Crgy) + HCpop — HiCppg — by (12)
Lagging (8)

Moy =Kgyey —Kigapy + A
Substituting (12) into it

Moy = Kig¥iey = Kgey g + A (A + CGy)y, (13)
+ A H,(B;z, + Cigy)
+ A HCip — AHCiof — Ayhy

and

Ay = Hig ¥ — by



where

Hiy =Ky + A H(A + CGy)

hiy = Kiya,; — A H(Byz, + Cigy + Cp — Cyoy) + A'thy .

There are three possibilities in any given year.

A L <x <y

Chow's unconstrained algorithm can be used to get from t to t-1.

B. ;=1

The lower constraint is binding.

This implies p;’ = 0, since x; = 1, therefore x, # u, and (u, - x,)p, = 0.

If the constraint is binding
of =Gi¥yg + 8 — L

using (11).

C. x.t.:ut

The upper constraint is binding.
This implies g, =
and

Py = ~Giyiy — 8+

CASE B

For case B

of = Gyypoy + 8 — L
or Ut=(C'thCt)-1(tht_1 + gt - Lt) .

Substituting this into (13)

Aoy = Kigyie = Kiogmg + AH(A + GGy

(14)

(15)

(186)

(17)

(18)



+ A H,(B,z, + C.g,)

- A Co(Gey—g + 8¢ —1y)
—Aihy

A1 =Ky ¥ — Kz + A HAY, + AHC Gy
+A'tH-LBtZt + A" H,C.g,
- A C Gy oy — A Cigy + A HCLy — Athy

Aoy =Ky ¥ - Kiga ) + A HAY, + A Bz, (19)

L
M-y = Higyig —hiy
where
Hiy =Ky + A HA (20)
hiy =Ky — A (Biz, + cily) + Athy
When comparing these with the normal recursion formula
Hioy =Ky + AYH(A + CGy) (21)
iy = Kiogaioy — A'Hy(Bizy + Cigy) + A'thy
Notice that x; =1; and if G; and g; are calculated normally and then used to

calculate

of = Gyig + 8 —L (21)
and then if G, is set equal to 0 and g, is set equal to L;, then the usual recur-
sion formulae are used then the H,_; and h;_; are calculated correctly. This
means that after H,, h;, G;, and g, are calculated using the normal recursion
and it is found that x; would be out of the bounds set for it, then we calcu}gte
at' and set G; =0 and g; = |; and calculate H,_, and h,_, for the given x; and G;

and g;.

Notice that y,_, has not been calculated yet and is needed to calculate p;.
If one uses the nonlinear argorithm (Chow, 1975) then an estimate of y,_, is
available from the last iteration. At convergence this y,_; will be arbitrarily

close to the "actual" y,_,.



CASE C

Similarly for case C:

X =4

and

Pl = Gy — g+
Hiy =Koy + AHA,
hiy = Kiyayy — A H(Byz, + Couy) + Athy

Here agein if the G; and g, are calculated normally then
pt = =Gy, — g, + u; and then set x, = u,,G, =0 and g, =u, . Then the normal

recursion formula (21) will work cor'rectly.

AN EXAMPLE

For example, suppose we wish to constrain the instruments to be positive,

x =0.

min(y, - a;)’K,(y; — a;)

subject to

Vi = Ay + Cixy + Bz
and

x, >0

Forming the Lagrangean we get

T T
L= ;_tgl(}'t —a)K(y, —a) - tglk't(yt - Ay — Cix, - Bizy)

T
= Ve

t=1
%I.:_ =Ki(yy —ay) =M + A4 =0 (1)
O%?T =C'\—p =0 (@)

oL .
o =Ye — A - Cixy ~Bizy =0 )



oL
—z=z-x, =0
dpy t
Pt£ =—-pxy =0
9p

Using the example in Chow (1975) we begin with period T

Ar = Kryp — Kpag + AqyjAqyg using

Setting Hy = Ky and hy = Kpag

Ar = Hpyp —hy

C'tAr —pp =0

C'o(Hyyp —hq) —pp =0 using (2) and

C'T(HTATYT—I + HTCTXT + HTBTZT - hT) —pr =0 using

Solving for xq

C'yHpAryy.y + CpHyCoxy + C'pHpBrzp — C'thy — pp = 0
C'pHyCpxy = —C'pHpAgyqy — C'pHyBrzy + C'phy + oy

or

xp = Gpyq_y + gp + o1
where
Gy = —(C'qHeCp) ~1CpHpAy

gr = —(C'tHyCr) " C'((HyBrzy — hy)
pr = (C'tHiCr)~lpy

Solving for yq as a function of yq_,

y1 = (A7 + C1Gp)yg_y + Brzy + Crey + Coop
Ar = Hy(Ap + CqGrp)yr_y + Hy(Bpzg + Crgp) + HeCyor — hy using

Substitute this into (1)

Kio1¥i-1 — Kigayg =Xy + AN =0

Moy = Kigyiog —Kpga g + AN =0

M—1 = Kiog¥ioy — Koy + AH(A, + CGyyyy + Aty
(Byz, + Cigy) + AHCop’ — Ay

(4)
(5)

(1

(6)
)
(8)
(3

(M

(8)

(8)



Or
M- = Hig¥ioy —hyy + A HCp!

where
Hy =K, + A H (A + CGy) (9)
hyy =Ky, —AH(Bz; + Cigy) + A'thy (10)

Using (5) the problem breaks down into two cases:
1) A Constraint x, > 0 is binding
» x, = 0 and p, = -G,y;_; — g using (7)
2) B. Constraint x, > 0 is not binding
+p,=0andx, =0
In case B p;, = 0 reduces to Chow's algorithm
In case A
Substituting p, = —Gy;_; — gt into (8), or p, = —(C';H,C,) " (Gyyiy + 8¢):

we get

A1 =K1 ¥emy —Kioga g + A (A + CGy, oy + AH,

(Biz; + Cigy) + A Ci(-Gyyyg —8¢) — Aty

= Ki1¥i-1 — Koy + A'tHiAgy, + AtHBizy

+A'H GGy + A HCgy — A HC Gy - AHCGy — Algh,
Aoy =Kig¥eo —Kegey g + A HAY, , + A'H Bz, — Avhy

=H 3yiy —h{,

where
Hey =Ky + A HA
hi ;=K 18y —AH;Biz, + Athy
Chow (1975) shows that the two Ricatti difference equations (9) and (10) can

be written as

Hiy =Koy + (A + GG H(A + CGy) (11)
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iy = Kiyayy + (A + GG (b — H;Byzy) . (12)

for case B

Notice that if Case A applies, i.e. x; = 0 and the constraint is binding the recur-
sion formulae are

Hioy =Ky + AyHA

by = K8y + Ay(hy - HBiz,)
These are exactly what (11) and (12) reduce to when G, and g, are set = 0.
Also, since each period can be solved separately (from dynamic prograrﬁming).
the solution procedure for the optimal problem subject to x =0 can be imple-

mented as follows.

SOLUTION PROCEDURE

Steps

1. Proceed as if x; is unconstrained

2. Calculate H;, hy
then G, g,
then calculate x, using lag} iterations y,_,.

3. Ifx, is positive, proceed as in Chow (1975) to t-1
if x, is negative, set x, =0, p, = -G;y,.; — 8¢
thenset G, =0andg; =0
then proceed as in Chow {1975) to t-1.

4, Start at step 1 with a new period t-1

Note 1:  This allows not only x,_, to change since y; and y,_, may be dif-

ferent, but also allows the coefficient feedback martices G; and g, to

change correctly knowing that x;, =0
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Note 2:  For x, a vector only the rows of G, and g; corresponding to negative

values are set equal to zero.
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