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On S t o c h a s t i c  C o m ~ u t e r  Network C o n t r o l  

Yu. A.  Rozanov 

1. During t h e  p a s t  y e a r  a  problem concern ing  d i s t r i b u t e d  
c o n t r o l  o f  a  communication sys tem f o r  t r a n s m i t t i n g  i n f o r -  
mat ion  h a s  a r i s e n  a t  IIASA [l] . One can imagine a  g e n e r a l  
network of  nodes ( t e r m i n a l s )  and a r c s  ( t r a n s m i s s i o n  l i n e s )  
d e s i g n e d  t o  m e e t  d i f f e r e n t  t y p e s  o f  demands e n t e r i n g  t h e  
sys tem from o u t s i d e ,  t o  be  s e r v i c e d  a t  t h e  c o r r e s p o n d i n g  
t e r m i n a l s .  

I f  by chance  no (open) d i r e c t  l i n e  is a v a i l a b l e  t o  
t r a n s f e r  a  demand from an i n i t i a l  node i t o  i t s  p r o p e r  
d e s t i n a t i o n  j ,  t h e n  t h e  problem i s  t o  choose t h e  b e s t  of  
a  number o f  a r c s  ( i r k )  l e a d i n g  from i .  

According t o  [l] , t h i s  problem is  posed i n  t h e  
f o l l o w i n g  way. I t  i s  assumed t h a t :  

a )  each  l i n e  ci i s  i n d e p e n d e n t l y  opened o r  c l o s e d  
w i t h  t h e  g iven  p r o b a b i l i t i e s  p ( a )  and 
1 - p ( a ) ;  

b )  i f  a  demand D a p p e a r s  a t  some node k ,  o n l y  
l o c a l  i n f o r m a t i o n  i s  a v a i l a b l e ,  i .e. one knows 
which l i n e  from i is  open o r  c l o s e d ;  

C )  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  sys tem,  which 
i n  c a s e  ( a )  i s  de te rmined  by a l l  p r o b a b i l i t i e s  
p ( a )  , remains  c o n s t a n t ;  i n  o t h e r  words it does  
n o t  depend on a  r o u t i n g  ( l i n e  c h o i c e )  p o l i c y .  

One can  n o t e  a  few weaknesses of t h e  model ( a b c ) .  F i r s t ,  
a c c o r d i n g  t o  t h e  main problem t h i s  model has  t o  work i n  a  
s i t u a t i o n  when a  t y p i c a l  r o u t e  from t h e  i n i t i a l  node t o  t h e  
d e s t i n a t i o n  c o n s i s t s  o f  more t h a n  one a r c ;  b u t  i n  t h a t  c a s e  
assumption ( a )  c o n c e r n i n g  l i n e  independence does  n o t  h o l d .  

Secondly ,  t h e  e x i s t e n c e  o f  o p t i m a l  c o n t r o l  under  which 
t h e  sys tem e v a l u a t i o n .  p r o c e s s  becomes s t a t i o n a r y l  is  a  v e r y  

'1n o t h e r  words,  i n  p r o p e r  sys tem s p a c e  t h e r e  i s  t h e  
e q u i l i b r i u m  ( s t a b l e )  p o i n t  which i s  i n v a r i a n t  under  o u r  
( c o n t r o l )  t r a n s f o r m a t i o n .  



i n t e r e s t i n g  and d i f f i c u l t  problem; b u t  i n  model (abc)  it i s  
simply taken  f o r  g ran t ed  ( s e e  assumption ( c )  ) . 

I n  cons ide r ing  model (abc)  t h e  o p t i m a l i t y  c r i t e r i o n  i s  
t o  choose f o r  t h e  c u r r e n t  demand t h e  r o u t e  which l e a d s  t o  
t h e  d e s t i n a t i o n  wi th  maximum p r o b a b i l i t y .  Remember t h a t  
according t o  assumption ( b )  one has  t o  make a  dec i s ion  by 
knowing t h e  p r o b a b i l i t y  (system s t a t e )  d i s t r i b u t i o n  and l o c a l  
in format ion  a t  every node reached.  

I am n o t  f a m i l i a r  enough wi th  a  r e a l  communication 
network t o  know how r e a l i s t i c  i s  assumption (b )  , b u t  I 
b e l i e v e  t h a t  i f  t h e  problem of t h e  r o u t i n g  p o l i c y  f o r  random 
demand flow i s  a c t u a l l y  important  t hen  a  d e t a i l e d  knowledge 
of t h e  whole system s i t u a t i o n  i s  ind i spensab le .  One can 
imagine,  f o r  example, t h a t  a  system o p e r a t o r  knows t h e  whole 
network s i t u a t i o n .  I n  t h i s  c a s e ,  t h e  o p t i m a l i t y  c r i t e r i o n  
sugges ted  i n  [l] does n o t  work a t  a l l ,  b u t  t h e  problem of 
r o u t i n g  p o l i c y  i s  s t i l l  v a l i d .  

By t h e  way, i f  we a r e  given some p r o b a b i l i t y  d i s t r i b u t i o n  

on some space X of  a l l  p o s s i b l e  system s t a t e s  x ,  then  t h e  
problem of  t h e  op t imal  r o u t e  l ead ing  t o  t h e  d e s t i n a t i o n  wi th  
(corresponding)  maximum p r o b a b i l i t y  i s  a  p r e t t y  good e x e r c i s e  
i n  dynamic programming. 

Note t h a t  under assumption ( a )  t h e  system s t a t e  may be 
desc r ibed  by a  s e t  x of a l l  c lo sed  l i n e s ,  and t h e  p r o b a b i l i t y  
d i s t r i b u t i o n  of t h e  network system cons idered  i s  

Let  us  t h e r e f o r e  cons ide r  t h e  a r b i t r a r y  p r o b a b i l i t y  
d i s t r i b u t i o n  (1) on s t a t e - s p a c e  X.  Any p o s s i b l e  system 
s t a t e  X E X  i n d i c a t e s  s p e c i f i c a l l y  which a r c s  a r e  open o r  
c lo sed .  Moreover it may show a  rou te  of  each demand e n t e r i n g  
t h e  system and s o  f o r t h .  

Let  

be t h e  maximum p r o b a b i l i t y  of  reach ing  d e s t i n a t i o n  j under 
t h e  cond i t i on  t h a t  t h e  corresponding demand h a s  appeared a t  
t e rmina l  k  and a  p a r t  z o f  t h e  c u r r e n t  system s t a t e  x  ( z ~ x )  
i s  known. 



A f t e r  a r r i v i n g  a t  t e r m i n a l  k  w e  l e a r n  something new 
abou t  t h e  sys tem s t a t e  x; s ay  w e  know i t s  p a r t  y ,  

which s p e c i f i c a l l y  i n d i c a t e s  a  se t  o f  a l l  open l i n e s  from k.  
Under t h e  c o n d i t i o n  t h a t  t h e  open l i n e  

i s  chosen,  t h e  new ( c o n d i t i o n a l )  p r o b a b i l i t y  o f  r e ach ing  
d e s t i n a t i o n  j i s  

and 

where summation i s  done o v e r  a l l  d i s j o i n t  outcomes y  which 
may happen a f t e r  a r r i v i n g  a t  t e r m i n a l  k ,  and 

For  model ( abc )  w e  have t o  assume t h a t  z is  no th ing  and 
y  i n d i c a t e s  e x a c t l y  t h e  set o f  a l l  open l i n e s  from k .  
(Formally one can t r e a t  y  c - x  a s  a  set o f  a l l  c l o s e d  l i n e s  
from k . )  I n  t h i s  c a s e  

Le t  us look a t  t h e  g e n e r a l  e q u a t i o n  1 4 )  . Because t h e  
p r o b a b i l i t y  p{y/z)  does  n o t  depend on t h e  c o n t r o l  pa ramete r  
u  = u ( y )  which i s  t h e  n e x t  t e r m i n a l  a f t e r  k t  w e  have t o  have 



Tr . ( * / Y )  = max 
U ( Y )  1 1  

o v e r  a l l  open l i n e s  from k i n d i c a t e d  by y .  Thus i n  o r d e r  t o  
de te rmine  a t  e a c h  s t e p  t h e  cor respond ing  o p t i m a l  c o n t r o l  
pa ramete r  u = u ( y ) ,  it i s  s u f f i c i e n t  t o  de te rmine  a l l  
p r o b a b i l i t i e s  

I n  t h e  c a s e  o f  f i n i t e  sys tem space  X o u r  s t ep -by-s tep  
p r o c e s s  i s  bounded, s o  a c t u a l l y  

f o r  some f i n i t e  n where 

is  t h e  c o r r e s p o n d i n g  p r o b a b i l i t y  of  r e a c h i n g  j from i i n  
n o t  more t h a n  k s t e p s .  

The p r o b a b i l i t i e s  ~r (n /v )  a r e  t h e  monotone i n c r e a s i n g  
i j 

sequences ,  and 

( . / y )  = l i m n  ( n / ~ )  
ij i j 

Obviously 

i f  y  means t h e  se t  o f  a l l  c l o s e d  l i n e s  from i ,  and g e n e r a l l y  



S i m i l a r l y  t o  ( 4 )  - ( 6 )  we have t h e  fol lowing r e c u r r e n t  equa t ion :  

where u  = u ( y )  has  t o  be t h e  maximum p o i n t  of  t h e  corresponding 
p r o b a b i l i t y  n (n/y)  a s  a  func t ion  of k, namely 

k  j 

(10) (n/y)  = max .rr (n/y)  
u  j k  j 

over  a l l  open l i n e s  ( i l k )  , ( i , k ) e y .  

2 .  The op t imal  c o n t r o l  rou t ing  desc r ibed  above depends on 
t h e  corresponding p r o b a b i l i t y  d i s t r i b u t i o n  (1) . We 
mentioned a l r eady  t h e  problem of s t a t i o n a r y  d i s t r i b u t i o n  
which is  i n v a r i a n t  under t h e  system t r ans fo rma t ions  governed 
by t h e  r o u t i n g  c o n t r o l .  

Le t  us cons ide r  t h i s  problem i n  a  ca se  when t h e  demand 
flow i s  of t h e  Poisson type .  Say a  demand D appears  dur ing  
time i n t e r v a l  A t  a t  t h e  i n i t i a l  t e rmina l  i wi th  t h e  
p r o b a b i l i t y  

(where j i s  t h e  corresponding d e s t i n a t i o n )  and is  se rved  
( independent ly )  a t  j according t o  exponen t i a l  p r o b a b i l i t y  
d i s t r i b u t i o n  wi th  t h e  parameter 

I n  t h i s  c a s e ,  t h e  system e v a l u a t i o n  process  

i s  of t h e  Markov type  (wi th  r e s p e c t  t o  t h e  obvious system 
s t a t e  d e s c r i p t i o n )  w i t h  t h e  t r a n s i t i o n  p r o b a b i l i t y  ma t r ix  Q 
depending on our  r o u t i n g  c o n t r o l ,  which i t s e l f  depends on 
t h e  choice  of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  (1).  Let  us 
i n d i c a t e  such c o n t r o l  a s  



and s e t  

where P is  t h e  corresponding ( a  p r i o r i )  p r o b a b i l i t y  
d i s t r i b u t i o n .  

From w e l l  known e rgod ic  p r o p e r t i e s  one can be s u r e  t h a t  
f o r  any P t h e r e  i s  a  ( l i m i t )  s t a t i o n a r y  d i s t r i b u t i o n  P*: 

The problem concerns a  p r o b a b i l i t y  d i s t r i b u t i o n  P* such t h a t  

I n  t h e  case  of d i s t r i b u t i o n  P = P*, t h e  system process  
x  = x ( t )  governed by c o n t r o l  u  = u ( P )  i s  s t a t i o n a r y ;  i n  
p a r t i c u l a r  t h e  p r o b a b i l i t y  s t a t e  d i s t r i b u t i o n  P = P* remains 
cons t an t .  

Formula ( 1 4 )  g i v e s  us a  non-continuous mapping 

of a  convex s e t  o f  a l l  p r o b a b i l i s t i c  v e c t o r s  P = { P ( x ) )  i n t o  
i t s e l f ,  and we have no s p e c i a l  i d e a  how t o  f i n d  t h e  f i x e d  
p o i n t  P = P* i f  such a  p o i n t  e x i s t s .  

Note t h a t  under t h e  c o n t r o l  u  = u(P)  w i th  r e s p e c t  t o  any 
f i x e d  d i s t r i b u t i o n  P t h e  corresponding s t a t i o n a r y  d i s t r i b u t i o n  
P* i s  t h e  unique s o l u t i o n  of  t h e  l i n e a r  equa t ion  

where 

denotes  t h e  t r a n s i t i o n  d e n s i t i e s  ma t r ix  of t h e  s y s t e m ' s  homo- 
geneous e rgod ic  Markov process  (13)  which can be e a s i l y  
determined by t h e  i n i t i a l  parameters  h i j  (D) , u ( D )  ( s ee  (111, ( 1 2 )  ) , 
and t h e  r o u t i n g  c o n t r o l  u  = u(P)  . 

Assume t h a t  t h e  c u r r e n t  system s t a t e  x  means t h a t  t h e  
s e rv ing  demands D l ,  ..., Dm, keep t h e  corresponding l i n e s  



' . and t h a t  t h e  w a i t i n g  demands Dm+1 .. , D n  occupy t h e  l i n e s  

(where p o s s i b l y  i = jk; k = m + 1, .... n ) .  According t o  t h e  k 
r o u t i n g  c o n t r o l  u  = u ( P )  each new a r r i v i n g  demand D h a s  t h e  
c e r t a i n  r o u t e  

s o  one can e a s i l y  f i n d  o u t  which new sys tem s t a t e  y  i s  
a c h i e v a b l e  from x d u r i n g  a  s h o r t  t i m e  i n t e r v a l  A t  w i t h  a  
s i g n i f i c a n t  p r o b a b i l i t y  o f  O ( A t ) .  Fo r  example, a  s e r v i c e  
o f  some D k ,  k  - < m ,  may b e  f i n i s h e d ,  s o  t h e  cor respond ing  
l i n e  

w i l l  be open.  T h i s  may happen w i t h  p r o b a b i l i t y  

and a c c o r d i n g  t o  an a d d i t i o n a l  r o u t i n g  p r e s c r i p t i o n  some o f  
t h e  w a i t i n g  demands may b e  t r a n s f e r r e d  f u r t h e r ,  which g i v e s  
us t h e  c e r t a i n  new sys tem s t a t e  y .  Another  s i g n i f i c a n t  
p o s s i b i l i t y  i s  f o r  some new demand D t o  appear ;  t h e n  t h e  
c o r r e s p o n d i n g  l i n e  

w i l l  be  c l o s e d ,  which happens w i t h  p r o b a b i l i t y  



Thus ,  t h e  problem is  t o  f i n d  a p r o b a b i l i s t i c  s o l u t i o n  
P* o f  t h e  ( n o n - l i n e a r )  e q u a t i o n  

where R[U (P*)]  is  t h e  m a t r i x  w i t h  components R [ u ( ~ * ) l  which 
XY 

a r e  t h e  t r a n s i t i o n  p r o b a b i l i t y  d e n s i t i e s  d e s c r i b e d  above .  

I n  any  c a s e ,  i f  one  g e t s  n u m e r i c a l l y  a p r o b a b i l i s t i c  
s o l u t i o n  P* o f  e q u a t i o n  (171 ,  t h e n  u n d e r  t h e  c o n t r o l  
u  = u ( P * )  one  can  b e  s u r e  t h a t  t h e  a c t u a l  s t a t e  d i s t r i b u t i o n  
t e n d s  t o  P*,  which i n  t h e  o b v i o u s  s e n s e  i s  t h e  e q u i l i b r i u m  
p o i n t ;  w i t h  r e s p e c t  t o  t h e  s t a t e  d i s t r i b u t i o n  P = P* w e  t h e n  
have  t h e  maximum p r o b a b i l i t y  o f  r e a c h i n g  t h e  d e s t i n a t i o n .  

3. A s  was men t ioned ,  t h e  o p t i m a l i t y  c r i t e r i o n  c o n s i d e r e d  f o r  
t h e  r o u t i n g  c o n t r o l  does  n o t  work when t h e  s y s t e m  o p e r a t o r  knows 
t h e  comple t e  s i t u a t i o n ,  i n  o t h e r  words when one  h a s  t o  c o n t r o l  
t h e  s y s t e m  p r o c e s s  ( 1 3 )  by knowing t h e  c o r r e s p o n d i n g  s y s t e m  
s t a t e  x  = x ( t ) .  

L e t  us  c o n s i d e r  t h e  r o u t i n g  c o n t r o l  

a c c o r d i n g  t o  which  any  a p p e a r i n g  demand D h a s  t o  b e  t r a n s f e r r e d  
i n  a  p r o p e r  way from t h e  i n i t i a l  node i t o w a r d s  d e s t i n a t i o n  j. 
I t  may happen  t h a t  f o r  t h e  c u r r e n t  s y s t e m  s t a t e  x  = x ( t )  it i s  
i m p o s s i b l e  t o  t r a n s f e r  D f rom i t o  j .  L e t  us  c a l l  t h i s  
s i t u a t i o n  a  f a i l u r e .  

L e t  Y (x ,D)  b e  a  se t  o f  a l l  p o s s i b l e  s y s t e m  s t a t e s  which i i  
a r e  c o n s i s t e n t  w i t h  t r a n s m i s s i o n  o f  demand D from i t o  j unde r  
t h e  c o n d i t i o n  t h a t  t h e  c u r r e n t  s y s t e m  s t a t e  is  x.  The f a i l u r e  
means t h a t  t h e  c o r r e s p o n d i n g  se t  Y i  ( x ,  D )  i s  empty: 

Remember, w e  have  a demand i n f l o w  o f  t h e  P o i s s o n  t y p e  w i t h  
t h e  p a r a m e t e r s  X i  ( D l  (see (11) ) , and it i s  e a s y  t o  v e r i f y  

t h a t  a p r o b a b i l i t y  o f  f a i l u r e  d u r i n g  a  s h o r t  t i m e  i n t e r v a l  
( t , t  + A t )  i s  



The f a i l u r e  p r o b a b i l i t y  under t h e  cond i t i on  t h a t  some 
demand appears  i s  

where x  i s  t h e  c u r r e n t  system s t a t e .  The appear ing demand may 
be t r a n s f e r r e d  from t h e  i n i t i a l  node i t o  d e s t i n a t i o n  j  i n  
d i f f e r e n t  ways; accord ing ly ,  t h e  system w i l l  be t r a n s f e r r e d  
from x  t o  one of  t h e  s t a t e s  yeYij ( D )  . I t  seems q u i t e  l i k e l y  

t h a t  one may be i n t e r e s t e d  i n  minimizing t h e  f a i l u r e  proba- 
b i l i t y  by choosing such a  r o u t e  l ead ing  from x  t o  t h e  new 
system s t a t e  y ,  f o r  which 

IT (y )  --, min 

y€Yij ( X . D )  

A l o s s  pi, ( D l  may be a s s o c i a t e d  wi th  t h e  f a i l u r e  of t r a n s -  

m i t t i n g  demand D from i t o  j .  I n  t h i s  c a s e ,  t h e  l o s s  average 
due t o  p o s s i b l e  f a i l u r e  a t  system s t a t e  x  is  

and t h e  o p t i m a l i t y  c r i t e r i o n  may be gene ra l i zed  t o  t h e  fol lowing:  

@ ( y )  -+ min 

Of course  t h e r e  may be o t h e r  ope ra t ion  goa l s .  Say one 
i s  i n t e r e s t e d  i n  minimization of t h e  t o t a l  l o s s  expec t a t i on  
dur ing  a  f i x e d  t ime i n t e r v a l  ( t O , T ) .  Let  t h e  e x p e c t a t i o n  of 

l o s s  dur ing  a  s h o r t  t ime i n t e r v a l  ( t , t + A t )  under cond i t i on  



where 

t h e n  t h e  expec t ed  va lue  o f  t h e  t o t a l  l o s s  ha s  t o  be d e f i n e d  a s  

(Note t h a t  i n  t h e  c a s e  cp ( D )  = 1 w e  d e a l  w i t h  t h e  expected  i j  
number of  f a i l u r e s . )  

S t anda rd  dynamic programming may be a p p l i e d  t o  de te rmine  
optimum f u n c t i o n s  Fx ( t )  of t (x€X) , 

F x ( t )  = min E I ,' @ ( x ( s I I  d ~ / ~ ( t )  = X }  , ( 2  7 

t 

where t h e  minimum is  t aken  over  a l l  p o s s i b l e  Markov t y p e  
r o u t i n g  c o n t r o l s  

(see f o r  example, [2] ) . 
Obviously t h e  op t ima l  c o n t r o l  h a s  t o  be o f  t h e  fo l l owing  

type :  i f  demand D appea r s  a t  t i m e  t when t h e  sys tem i s  a t  
s t a t e  x ,  it h a s  t o  be t r a n s f e r r e d  i n  such a  way t h a t  t h e  
cor responding  new sys tem s t a t e  yeYij(xID) g i v e s  t h e  minimum 
f u t u r e  l o s s :  

F  ( t ) -  min 
Y 

yEYi (x,D) =O 



Formal ly  t h i s  c o n t r o l  d e s c r i p t i o n  may b e  v e r i f i e d  by 
c o n s i d e r i n g  t h e  c o n d i t i o n a l  l o s s  e x p e c t a t i o n  w i t h  a  f i x e d  
sys tem t r a j e c t o r y  up t o  moment T o f  t h e  n t h  demand appearance  
under  t h e  c o n d i t i o n  t h a t  o u r  r o u t i n g  c o n t r o l  is a c t u a l l y  
o p t i m a l  a f t e r  moment T: 

T h a t  i s ,  t h e  r o u t i n g  p o l i c y  (28)  g i v e s  u s  t h e  minimum 

Fx(T+o) ( T )  because  of  o u r  c h o i c e  o f  sys tem s t a t e  X ( T  + 0) = y 

which may b e  a c h i e v e d  from t h e  p r e v i o u s  s t a t e  X ( T )  = x .  

L e t  u s  c o n s i d e r  a n  e x p e c t e d  l o s s  o f  t h e  f o l l o w i n g  
g e n e r a l  t y p e  : 

where c ( t ) ,  t > to is  some weigh t  f u n c t i o n .  I f  - 

we a r e  d e a l i n g  w i t h  a  l o s s  o f  t h e  p r e v i o u s  t y p e  (28)  . L e t  us  

set  to = 0 and 

t h i s  we igh t  f u n c t i o n  may be  t r e a t e d  a s  a  d i s c o u n t  f a c t o r .  

I n  t h i s  p a r t i c u l a r  d i s c o u n t  c a s e  t h e  dynamic programming 
o b j e c t i v e  f u n c t i o n s  F x ( t )  which g i v e  us  t h e  c o r r e s p o n d i n g  

e x p e c t e d  l o s s  minimum have t h e  f o l l o w i n g  p r o p e r t y :  

F x ( t )  = min E 1 d s  / x ( t )  = Xi 
-as  = e @ ( x ( s  + t ) )  d s  



Thus i f  w e  s e t  

t h e  o p t i m a l  c o n t r o l  may b e  d e s c r i b e d  a s  f o l l o w s :  demand D 
a p p e a r i n g  a t  sys tem s t a t e  x  h a s  t o  be t r a n s f e r r e d  from t h e  
i n i t i a l  node i t o  d e s t i n a t i o n  j i n  such a  way t h a t  f o r  t h e  
new sys tem s t a t e  y  w e  have  

F - min 
Y 

y€Yij (x,D) =O 

(compare ( 2 2 )  , ( 2 4 )  , and (28)  ) . 
L e t  u s  c o n s i d e r  t h i s  t y p e  o f  r o u t i n g  c o n t r o l  f o r  an  

a r b i t r a r y  o b j e c t i v e  f u n c t i o n  F . W e  s u g g e s t  d e f i n i n g  t h e  
X 

s t a t i o n a r y  o p t i m a l  o b j e c t i v e  f u n c t i o n  

a s  a  f u n c t i o n  w i t h  r e s p e c t  t o  which t h e  r o u t i n g  c o n t r o l  i s  
o p t i m a l  i n  t h e  f o l l o w i n g  s e n s e .  

L e t  Q ( F )  be  t h e  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  o f  sys tem 
p r o c e s s  x  = x ( t )  governed by t h e  c o n t r o l  d e f i n e d  above w i t h  
r e s p e c t  t o  o b j e c t i v e  f u n c t i o n  F.  L e t  P  = P ( F )  be t h e  
cpr respond ing  s t a t i o n a r y  p r o b a b i l i t y  

which i s  t h e  ( u n i q u e )  p r o b a b i l i s t i c  s o l u t i o n  o f  t h e  l i n e a r  
e q u a t i o n  

where R ( F )  i s  t h e  t r a n s i t i o n  d e n s i t i e s  m a t r i x .  Then t h e  
e x p e c t e d  v a l u e  o f  t h e  t o t a l  l o s s  d u r i n g  any t i m e  i n t e r v a l  
( t O , T )  i s  

T 
E O ( x ( s ) )  d s  = P ( x )  ( T -  to) , 

L I 
and t h e  o p t i m a l  o b j e c t i v e  f u n c t i o n  F h a s  t o  g i v e  us  t h e  



minimum l o s s :  

1 @ ( x )  P ( x )  = min . 
x F 

Remember t h a t  @ ( x )  was d e f i n e d  by formula  ( 2 5 )  , and t h e  
s t a t i o n a r y  p r o b a b i l i t y  d i s t r i b u t i o n  P = { P ( x )  1 depends on 
t h e  o b j e c t i v e  f u n c t i o n  F because  c ~ f  r e l a t i o n s h i p  ( 3 3 ) .  

There  i s  o n l y  a  f i n i t e  number o f  p o s s i b l e  sys tem s t a t e s  
x  and o f  a l l  p o s s i b l e  r o u t e s  from any node i t o  any d e s t i n a t i o n  
j .  Thus w e  a r e  a c t u a l l y  d e a l i n g  w i t h  a  f i n i t e  number of  
p o s s i b l e  r o u t i n g  c o n t r o l s ,  and t h e r e  i s  no q u e s t i o n  a b o u t  t h e  
e x i s t e n c e  o f  a n  o p t i m a l  o b j e c t i v e  f u n c t i o n .  But how do w e  
de te rmine  one such  f u n c t i o n ?  Concerning t h i s  problem w e  
wish t o  make a  remark which may n o t  be  u s e l e s s :  namely, 
t h a t  under  any homogeneous r o u t i n g  p o l i c y  d e s c r i b e d  by t h e  
cor respond ing  o p e r a t i o n  f u n c t i o n  

w e  a r e  d e a l i n g  w i t h  t h e  e r g o d i c  homogeneous Markov p r o c e s s  

and f o r  any i n i t i a l  sys tem s t a t e  x ( 0 )  = x  w e  have 

where P = P ( y ) ,   EX, i s  t h e  cor respond ing  s t a t i o n a r y  sys tem 
d i s t r i b u t i o n  and t h e  convergence is uni form o v e r  a l l  XEX. 
(You w i l l  r e c a l l  t h a t  t h e r e  i s  o n l y  a  f i n i t e  number o f  
d i f f e r e n t  sys tem s t a t e s  x . )  



Now w e  have  

where P  = P ( y )  , yEX, i s  t h e  c o r r e s p o n d i n g  s t a t i o n a r y  s y s t e m  
d i s t r i b u t i o n  a n d  t h e  convergence  is un i fo rm o v e r  a l l  o p e r a t i o n  
f u n c t i o n s  F (you w i l l  r e c a l l  t h a t  t h e r e  is  o n l y  a  f i n i t e  
number of  d i f f e r e n t  r o u t i n g  s t r a t e g i e s  u  = u ( x ) ,  X E X ) .  

L e t  a  p a r a m e t e r  " a "  b e  a  such  t h a t  

and  l e t  

b e  a  s t a t i o n a r y  s y s t e m  d i s t r i b u t i o n  w i t h  r e s p e c t  t o  t h e  
r o u t i n g  p o l i c y  d e t e r m i n e d  by t h e  o p e r a t i o n  f u n c t i o n  

a  a  F ( x )  = min Gx I xEX . 
u  

Obvious ly  

1 ~ ( x )  p a ( x )  < min 1 ~ ( x )  P ( x )  + E , - 
X u  X 

and moreover  

f o r  a l l  s u f f i c i e n t l y  s m a l l  p a r a m e t e r s  a ,  a  + 0 ,  s o  
a s y m p t o t i c a l l y  ( a  + 0) t h e  o p e r a t i o n  f u n c t i o n  



i s  s t a t i o n a r y  o p t i m a l  (you remember t h e r e  i s  o n l y  

a  f i n i t e  number of  d i f f e r e n t  v a l u e s  1 @ ( X I  P ( x ) ) .  

One may b e l i e v e  t h a t  a  s i m i l a r  p r o p e r t y  e x i s t s  w i t h  
r e s p e c t  t o  t h e  o p e r a t i o n  f u n c t i o n  o f  t h e  t y p e  

f o r  which computa t ion  t h e  s t a n d a r d  dynamic programming methods 
may b e  a p p l i e d .  
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