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Foreword

This paper deals with clinical data processing for the patient after radical surgery to
remove the solid tumor. The survival model with quadratic mortality rate, problem of
parameter estimation and corresponding numerical algorithms are discussed. The respec-
tive problems arise from applied motivations that come from medical issues.

iii



Contents

Background and Motivation

1.1 Stateequation . . . . . . . . . . . . e e e
1.2 Mortality dynamics . . . . . . ... L e
1.3 Survival model with quadratic mortality rate . . . . . . .. .. .. ... ..

Statement of the problem

Consistency of Maximum Likelihood Estimates
3.1 Marginal density function . .. ... ... .. ... . o 0oL
3.2 Joint probability density . . . . ... ... o o

Numerical Algorithms
4.1 TIterativescheme . . . . .. .. .. ... ... ... ..
4.2 Local convergenceanalysis . . . .. ... ... .. ... . ... . . 0.,



Parameter Estimation for Survival
Model

A. Asachenkov
B. Sobolev

1 Background and Motivation

The state of the organism during disease is assessed according to the laboratory tests. The
disorders in normal functioning of main homeostatic systems, which are caused by the
disease, lead to a deviation of these indices from the values which correspond to the state
of the healthy body. A systematic disorder of the homeostasis which acquires a stable
and uncompensated character considerably raises the probability of the patient’s death.

This general definition permits us to construct a model of the oncological disease as it
links two of its most important properties: the rate of growth of its functional disorders,
i.e. the activity of the disease; and the intensity of decreasing the number of patients
surviving for certain periods of time [10, 15].

Indeed, when assessing the activity of the disease using laboratory tests, the totality
of individual trajectories of physiological indices can be put into correspondence with
the survival function. Thereby, the dynamics of variation in the death probability can
be determind by statistical characteristics of the distribution of those trajectories. Note
.that only the group of mortality characteristics can be acurately observed whereas the
. homeostatic disorders can be assessed only indirectly using the available clinical data.
More details are presented in [20-22].

1.1 State equation

Let us consider the dynamics of observed indices from the patients. after surgery. Let
t = 0 be the instant of surgery. Denote z(t) € R" vector measured in clinic indices.
Development of disease leads to deviations of these indices from the values corresponding
to the healthy organism. Let the dynamics of the clinically measured indices, on the
average, be described by the equation

dz(t)
dt

= f(z; @), z(0) =z > 0, t>0, (1)

z € R, a € R™

A solution of equation (1) z(t, @*) which describes the average trajectory in the group
of patients with “favorable clinical history” is called a support solution or a reference
trajectory, and the vector a* is called a reference or support vector.

To model the individual trajectories of these indices which have presumably stochastic
character, the ODE with random perturbations of parameters can be used

d e e .=
Ext =f(a:t,a +€t/e),



Ty = o, telo,T].

Here z£ is a perturbed solution, € > 0 is a small parameter, ¢ is a stochastic process
" such that E¢, = 0 and cov({,,£4+-) — 0 as 7 — oo. These trajectories can be considered
as a result of small perturbations of the dynamic system. The perturbed motion described
by this model is the fast random fluctuation along the reference trajectory z(t,a*). Let
Y: = z{ — z(t,a*) be a deviation between the perturbed motion and reference trajectory.
Then, the process Y;® can be approximated by the lineal stochastic differential

0 7]
dY, = o f(30, 0" )Yedt + o f (1, 0")duwr, (2)

Y(0)=0, telo,T]

where z; = z(t, o*) is a support solution, and w; is a Gaussian process with independent
increments, such that Ew, = 0, cov (wy,w;) = I't, where I" is a matrix of intensities of

.

Rewrite the equation (2) in a more convenient form
dY; = a(t)Y,dt + D(t)dw, (3)

where w, is a Wiener process, therefore the matrix D(t) satisfies the condition DDT =
bI'bT. The functions a(t) = df(z, a)/0z and b(t) = 8f(x, «)/da depend on the right-hand

side of the model (1) and reflects our knowledge about the process in question.

1.2 Mortality dynamics

Assume, for simplicity, that we deal with just one cohort (a closed group of patients all of
which have the same time entry to study) and there exist so-called failue or termination
time T for each trajectory. This failure is associated with death or specific health changes
and can be described by a set of trajectories (z;(w;),? = 1,...,/N) and the corresponding
set of termination times @ = {T3,...,Tn}, where N is a sample size. In principle, we can
derive the frequency distribution at each instant of time from these N individual trajec-
tories as N — oo. Hence the trajectory set generates the probability density function of
failure times, and we can study the relation between the trajectory set and probability
distribution of random time of failure.

Let T be a nonnegative continuous random variable (termination time) with a prob-
ability density p(t). Then the distribution function F(t) defines the probability that an
individual trajectory will fail at or before time ¢t. It is possible to define a continuous
function of time

s(t)=1-F(t)
which represents the probability that the individual will survive to time ¢. The function
s(t) is called a survival function. If the probability density p(t) exists, then

s(t) = /toop(v)dv, s(0) = 1.

It should be noted that s(t;) > s(t2),t2 > t; hence s(t) is a monotonic decreasing function
of time.

Another important characteristic in survival analysis is the so-called mortality inten-
sity A(t). It is simple to obtain the failure rate form for intensity as

A(t) = —s(l—t)%s(t) - —%logs(t).
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Then mortality dynamics in a group is described by the survival function

d
Es(t) = —\(t)s(?), 5(0) = 1,

s(t) = exp{—/ot AMu)du}, s(0) =1.

The total mortality intensity in the interval [0, T ] is

A(t) = /Ot/\(u)du — logs(t), A(0)=0.

This may be interpreted as a pathological pressure upon the organism caused by the
disease up to the instant of time {.

So, the rate of change in the survival function at ¢ is presented as the product of two
independent factors: the failure rate and survival function. We can write the probability
density function in the form

p(t) = A(t)s(?).

Let us formulate some assumption that is usually used. It is known, from clinical
practice, that the risk of failure (hazard of death in cancer) depends on the state of the
organism (Manton, et al. 1984). Models which functionally relate the survival function
to the random process were suggested by Woodbury and Manton (1977).

Assumption 1.1 A probability of occurrence of failure that is associated with mortality or
morbidity is functionally related to the state of the body. Let the probability of occurrence
of failure at time t for a given trajectory z,(w),w € 1 be conditional on the path of
measurable indices over time

s(t|zy(w)) = P{T > t|z.(w)}.

Assumption 1.2 For each trajectory z¢(w;),i = 1,..., N, there exists a piece-wise con-
tinuous function a} such that

zi(w;) = z(t,a}), té€ [to,ti,...,T]
where z(t,a') is a solution of (1), then a is replaced by o.

Assumption 1.3 The unconditional probability of failure, s(t), is interpreted as

s(t) = E{s(t|z(w))}
where conditional probability is averaged over trajectories of the random process.

In our model we consider the relationship between the deviations of measurable indices
from reference trajectory and survival function s(¢). The deviations from the reference
trajectory z(t, ") are caused by unmeasured endogenous and exogenous factors and can
be considered as Gaussian-Markov process which satisfies the linear SDE

dY; = a(t)Yidt + D(t)dw, Yo =0, (4)

where a(t) is a n x n matrix, D(t) is a n x m matrix, DDT = b(t)T'b7(t), w, is a Wiener
process. Y; is distributed as N(m(t),v(t)) where a vector of means and variance matrix
satisfy the equations

L m(t) = atym(t), (D) = altyy(t) +7()aT(t) + HOTH (1), (5)




Woodbury and Manton suggested to consider the failure rate conditional on the path
of physiological covariates over time

1
p(t,Yy) = Aitr_r}) EPT{T € (t,t+ AT > t,(Y,,0 < v <t)},

as a function which defines the survival chances for an individual with trajectory (Y,,0 <
v < 1) and

S(t1Ye) = exp{= [ u(w, Yo)du}.

This function is called the individual mortality rate in Yashin et al. (1986). However,
this exponential formula does not necessarily hold without some conditions. Necessary
and sufficient conditions for this expression were founded by Yashin and Arjas (1988). The
relationship between conditional and unconditional failure rate was presented by Yashin
(1985). Hence, the mortality dynamics observed in the group of patients is determined
by

A1) = E{u(¥)IT > t}

where F is averaging over all individual trajectories.

1.3 Survival model with quadratic mortality rate

Unfortunately, there are no general recommendations for the choice of the analytical form
of A(t) as a function of measurable variables. The choice of corresponding analytical
relation is determined by the analysis of experimental data and the ease of mathematical
manipulations. On the other hand, the simplest approximation of an unknown function
is the Taylor series. This yields a quadratic failure rate

where po(t) is a function which determines the standard death hazard not related to a
given disease, and Q(¢) is a n x n-symmetrical positive definite matrix.

Thus, the conditional survival function in the group of patients can be presented in
the form

s(t1¥e) = exp{— [ lno(u) + YT QY. ]du}.

The quadratic form of failure rate represents increased risk at both high and low
physiological values. It specifies a range of values as optimal in the sense of survival. The
statistical properties of the random process {Y;,¢ > 0} with quadratic failure selection
and marginal distribution of the failure time is given in

Proposition 1.1 (Yashin, 1985, [12]). Let the random process
{Yi(w) € R*,t > 0,w € O}

satisfy a linear SDE; the individual failure rate p(t,Y:) = po(t) + YT Q(t)Y: satisfies
quadratic hazard; and assume that Yy is distributed as N(mg, ). Under these conditions

L 5t) = ~(wol®) + m (OQUIM(D) + r{QUAODs@), @ =1, (6)

and Y; is distributed as N(m(t),y(t)|T > t), where m(t) and 4(t) are the solutions of the
following ODE

%mm = a(t)m(t) - 21()QO)m(t), m(0) = mo (7
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% (t) = a(t)y(t) + v(D)a(t)" + BT (t) — 29(1)Q()7(t), ¥(0) = 7o

where

m(t) = E{YIT > ¢}

A(t) = E{(Y = m(1)(Y; - m(1))|T > ¢}.0

Because s(t) is the marginal probability of survival to time ¢, we will refer to A(t) as the
marginal cohort failure rate. Similarly N(m(t),~(¢)|T > t) will be called as the marginal
distribution of Y; among the survivors at time ¢t. Proposition 1.1 yields the mathematical
relationship between the marginal failure rate for cohort and the parameters governing
change in the means and covariance of the physiological process related to the failure.
Now the marginal probability density for the random failure time in terms of statistical

properties of the random process is

p(t) = A(t) exp[— /Ot A(v)dv).

Thus, the mortality intensity observed in the group of patients is related to the dy-
namics of clinically controlled indicators by the formula

A(t) = polt) + m" (1)Q(t)m(t) + tr[Q(t)y(2)].

2 Statement of the problem

Consider the survival model

Ds(0) = ~luolt) + mTOQEIm(®) + r(QUI(E))]s(t)
Em(t) = altym(t) ~ QM) (®

—9(t) = a(t)y(t) ++(t)a’(t) + 6T (t) — 2v(1)Q(t)(2)

s(0) =1, m(0) =mo, (0)= 7o,
where
m(t) = E{Y;|T > t}
1(t) = E{(Y: = m())(Y: —m(t))T|T > ¢},

and @ and I' are unknown matrices.
Here Y, is a stochastic process such that

dY = a(t)Y,dt + D(t)dw,, Y(0)=0

a(t) = 3—’3(?1 , b(t) = a—fa(i'—“l, are a known function DDT = b(t)['d7(t), and z(t) is a

solution of the problem

where



e a" is a known vector of parameters,
e Z(t) is a reference trajectory.

Remark. As a rule, the model parameters have a practical interpretation. For ex-
ample, the elements of matrix @ define the degree of influence on the failure dynamics
of each state variable. Parameter estimation over clinical data helps to study the role of
various factors which are related to failure.

Assume, for simplicity, that matrices Q) and I' are diagonal. Introduce a new 2m x 1
vector, 3, of unknown parameters

B = ( diag Q, diag I')T.
Let 3* be the true value. For each patient we have a set of measurements
X'={X] eR"ty <Ti,k=1,...,N;}.

Using a reference trajectory for a group of N patients, we can obtain the set of tra-
jectory deviations Yy = {Y',7 =1,2,...,N}. Other available information is the failure
times ® = {T1,...,Tn}. The solution of the problem (8) can be used to define the
unconditional or marginal probability density for random failure times

p(t, B) = A(t, B) exp[-A(t, B)],
A(t, B) = —log s(t, B)

where A is the cumulative failure rate function. According to the likelihood principle, we
have a log-likelihood function, for example

L(B) = log p(©, B),

where

P(e,ﬂ) = Hp(taﬂ)‘

te®
An estimate of the unknown vector 3 is given by

A

p = argmaxI(p),

where
(8) = 3" log A(t, ) — A(t, ).
t€d
The difficulty of this procedure is associated with the functions m(t, 3),~(t, 8), A(t, B)
which are the functions of unknown parameter .
There are two variants of this estimation problem with respect to the likelihood func-
tion

(1) we can use the failure times only

(ii) we can use the conditional form of the likelihood function. In this case we have to
consider the random deviations of the process in question. The consistency of MLEs
and a numerical algorithm for searching such estimates are given by Sobolev, 1989
[11].



3 Consistency of Maximum Likelihood Estimates

- Denote the joint density function for N independent and identically distributed (i.i.d.)
random values with the probability density p(-, 8) by pn(:, ) or pn(8), and the likelihood
function for a set of N observations z,,...,zx by

N
pN(l'l,.-.,l’N,,B)z];[p(l?.’,ﬂ)- (9)

Any BN(J)) € B, which maximizes py over 8 € B is called a mazimum likelihood
estimate (MLE). Therefore the maximum likelihood estimate is a solution of the problem

max{pN(zl?-'-?zNaﬂ);:BEB}° (10)

Often it is convenient to maximize log px in place of py.
It should be mentioned that MLEs do not always exist. Moreover, if MLEs exist, they
are not necessarily unique. Having introduced the distance between any p; andp, on the

real line as
P'(pr,p2) = [ (VBT = P2 d. (11)

Pitman formulated the sufficient conditions fo the existence, uniqueness and consistency
of MLEs. For any set H which intersects B, we can write

p*(z, H) = sup{p(z, B), 8 € H " B}

p;\/(xl’“')zN,H) = sup{pN(zl,...,xN,ﬂ),ﬂE HﬂB}

"Theorem 3.1 (Pitman, 1979 [7]). Let X,,...,Xn be i.i.d. random elements with the
- probability density p(x,B.). Assume that

(i) if B# B, p(p, f*) > 0;
(11) for each x the density p is an upper semi-continuous function of f in B, i.e. if
B’ € B,
limsup[p(z, B); |8 — B'| < k] = p(z,B’) with h — 0.

(111) If H is a compact subset of B which contains §*, and if for some r

pr(B%)
fr(H)

E‘ log > _m,
then ﬁN € H ezists such that

PN(ml""yxm,BN) =p;;(1?1,...,$N,H)

and with probability one, BN — f* as N — oo.



(iv) If in addition, with set H¢ as inferior to [3*,

Eog 28) o o

p;(H°)
then with probability one the likelihood function has a global mazimum at Bn

pn(Z1,. .., Zn, BN) = pN(21, .- -, 2N, B),
for the great N. D

Remark. A completely different approach was given by Cramer [1]. His theorem is
based on Taylor expansion of log pn(3) and guarantees the convergency of MLE to 8* in
probability.

3.1 Marginal density function

Proposition 3.1 Let T),...,Tn be non-negative independent random variables with the
probability density p(t, 5*),t > 0,

p(taﬂ) = /\(taﬂ) exp{—A(t,ﬂ)}
where
At 8) = po + mT ()Q(t)m(t) + tr[Q()7(t)]

and the functions m(t, 3),~(t, ), A(t,B) are solution of problem (8). )
If H is a compact subset of B which contains 3*, then there ezists local MLE in H, B,
such that with the probability one fny — B* as N — oo.

Proof (Sobolev, 1989 [11]). For the one-dimensional case the conditions (i) and (11)
of Pitman’s theorem are defined by the uniqueness and continuity of the solution of (8).

Indeed, from (11) account p(8,*) for any vector 3 from H we can take values from 0 to
V2

p? =2 —2v/pp dv.

It is zero if and only if p is equal p*. The uniqueness of the solution of (8) with respect
to the parameter implies the density function for each ¢

p:R™ S R!
and for each vector B from B C R*™. Continuity of these functions does result in the
supremum of pn(z;,...,2zn,B) in any compact set H from B being attained for some
BEH.

A sufficient condition for (iii) from Pitman’s theorem is the following:
for some r function p,(-, ) is bounded for all 8 in H and all (z4,...,z,)

E.logp.(B*) > —o0.
Suppose that p,(8) < C, then p}(H) < C. Therefore

p-(B8%)

E.lo
& pi(H)

= E,logp.(B.) — E.logp.(H) > —o0 —log C



From the independence of random variables Ti,...,Tn we have

E.logp,(B.) = XT:EtIOgP(Tk,ﬂ')

= ZE{logA(Tk, B) — A(Tw, B7)}- (12)

The solutions m(t, 8) and 7(t, B) of (8) are continuous, and function A(t, ) > 0 is also
continuous and bounded. Therefore in [0, 00) it has minimum An;,, such that V¢ > 0

A(t, 8) 2 Amin > 0,
log A(t, B) > log Amin > —00
and maximum Amax, such that Vi > 0
A(t, B) € Amax-

Similarly, the following evaluations
t
At8) = [ A, B)du 2 Mt
0
A(t, B) < Amaxt

are valid. So,

E. log pr(ﬂ‘) < Z E:{log Amin - Amaka}
k=1
= Z{log Amin — AmaxE.Tk} = r{log Amin — AmaxT }. (13)
k=1

For each k the mean E.T} equals T, which is a non-negatively bounded variable

/0 ~ S()dt

/ tdF ()
0
Integrating it by parts twice, we have

—/OrtdF(t) = —r[l-p(n)]+ [ Syt

Consider the integral

Here o o
'r[l—F(‘r)]='r/ dF(t)(/ tdF(t) > 0 as 7 — oo,
and - ,
/ tdF(t) — / S(t)dt as T — oo.
0 ()
Therefore

[ = * = * — < ® - . = -
T /0 S(t)dt /0 exp[—A(t)]dt < /0 exp[=Amint]dt = 1/Ain
and the inequality
E.logp,(B8") > rlog Amin > —00,

is valid. D
It means that for a great N, with probability one, function py(zy,...,zN, ) will have
a maximum By € H in some nelghborhood of point §* with arbitrary small radius.
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3.2 Joint probability density

For the i-th patient we have a set of measurements

Yi={Y} eR ty< T k=1,...,n;}. (14)
Denote the joint distribution function at 2g,¢;,...,T; as

p(Y)=p(Yo,Y1,..., Y0 to,t1,. .., t0,).

To simplify the notation we write Y; instead of Y;,. Then the joint probability density
function for the random time and the values of the random process is equal to p(¢|Y)p(Y'),
where p(t|Y') is a density function for random failure time at ¢, conditional on the observed
process Y. The independence of the individual trajectories means that the likelihood
function can be defined as

N

£(6,Y,8) =[] p(T:[Y)p(Y?), (15)

i=1
where Y = (Y',i = 1,..., N}. The functions p(T|Y) and p(Y) are defined by

Proposition 3.1 (Yashin et al 1986 [13]). Let the m-dimensinal process {Y;,t > 0}
satisfy a linear stochastic differential equation ({). The failure rate is assumed to be a
quadratic function

u(t, Ye) = po(t) + Y QY.

Let the matrices Q,T be a diagonal, conditional survival function
s(t,Ys) = P{T > t|Y5}

and the failure rate conditional on trajectory Y* be

Ai(t) = —-aa—tlog s(t,Y"). (16)

Then the functions X;(t) and p(Y}') can be represented as

M) = alt) + 3 (7 (0) + mUY), ()
) = (20)°% 1 (m 7”(&)) exp (— > (e i) ) )

where m(t|Y}) and y(t) are sectionally continuous functions on the intervals t; <t < txyy
satisfies the equations

4
a

771 = a()y(t) + 7()ai(t) + BEOTH'(2) = 29(1)Q (1)

with the initial values for ty, k =1,...,n;.

(t1Y2) = ax(t)m(t|¥y) = 2/(t)Q@m(t[Yy), (19)

m(te|Y;) = Yi,v(te) = 0.
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For discrete observations we can write

)= I NYk|m(tk|Yk 1) 7(8)), (20)

{k 1. <T; }

where N (Y |m(t5|Yi_1); 7(t%)) is the conditional Gaussian density with the means m(t5 |Y{_;)
and variances v(t;) (see (19)).
Therefore the loglikelihood function has the form

L6,y,8) = Y (lgp(Ti¥;B)

{i:T;e6}
Shy iigm. oy (Yd =mI(ti 1V 8))?
Elg (1og7 (tc; B) S B) )) (21)

Assume that there exists vector 8* € B such that a.e.

p(t; 87) = p(t) and p(Y; B%) = p(I).

According to the maximum likelihood principle the desired estimate is a solution of
the problem

max{L(6,), 3),8 € B}.

Proposition 3.2 (Sobolev, 1989 [11]. The solution By of the system

1
~2sL(6,Y,8) =0 (22)

with the probability one, converges to vector f* as N — co. O

Proof. Forr=1,...,1L

¢ (B,1/N) = Zaﬂ, log p(T:|YV"; B)
1 X el — mi(t; Y215 8))
+ Ngki:lg tkl laﬂ) (tk,,B) (23)

L&e g 8

+= EZE

2
i=1 k=1 j=1 (v (tx; B))

Let 6; be the set of observation times, which are identical for each 7. For all ¢; € 6,
consider the random sums, for simplification the index 7 is suppressed,

(Vi — m(tc (Y 15 8))
) 7(tkaﬂ) . (24)

From Proposition 3.1, on interval [t;_1,tx) the random values m(t;|Yi_,;B) satisfy the
linear equation

Y (g B) — (V& —m? (1Y 158))%) = 0

1 N
Nz;a |Yk la,B

d ; :

513 B) = — AWMLY, 3 B), (25)
with m(tx_1|Yi_,) = Yi_,. Consequently, we can determine the fundamental matrix
R(t, ),

d
—R(t,T) = _A(t)R(t1T)v R(TaT) = I. (26)

dt

11




The unique solution of (25) can be represented by means of the matrix R as
m(t|Y;_1; B) = R(t, te-1)Yi ;- (27)

Then, for each ¢ € [ti—1,tx) and the random value

a"(t]Y_y; B) = 5 m(tY;_1; B)

ﬂ

we have

S UYi3 8) = =AWV )+ 5 AOM(IY ), (29)

with a"(t4-1;8) = 0. The solution of the equation (28) on interval [ty_1,%;) can be
represented as

CUYiiiB) = [ RET)B()m(rIYg B)dr = glt,te Vi,

tk—y

where B"(t) = z2-A(t). Then for each i the expression

apr
(¥ = m(tz1Yi4:6) _

(tk |Yk 1’ ﬂ) (tk ,ﬂ)
g(te, te-1) . i )2 Y
W(R(tk,tk—hﬂ)(yk—l) — YY)

is valid. According to strong law large numbers [1] with probability one the sum in (28)

converges to
g(tk’tk—l)
(83 B)
For the random process with linear dynamics of the means (25) we can write the
differential equation

(R(tkytk—1; B)E(Ye-1)? — E(Yio1Yd)). (29)

& B(Yia %) = — AW E(Yis Vo). (30)

with initial value E(Yk-1)?. The solution of this equation can be represented as
R(t, te-1; ﬂv)E(Yk-l)z-
Consequently, the expression (29) can be transformed into

9(tk, tro1)
7(te; B)

Again for each t; from 6, consider the random sums

(R(tk,tk-1; B) — R(tk,tx-1; Be)) E(Yi-1)?. (31)

Z B (1 8) — (¥ = mt |Yiy: B))P). (32)

:'-1 (tk ’ )

The expression in parantheses can be transformed into
(5 8) = (Vi = m(t|Yi_y5 B7) + m(t [Viys B%) — m(t |Yi_y5 B))* =
= (1(ti3 8) — (Y — m(t; 1Yi_y; £7))?)

12




—(R(tk, tk-13 B) — Rltk, tecr; B7)) (Yo, )+
+2(R(tk,tk-1; 8) — R(tk, tr-1; 7)) (YiYi_1 — R(te, te-1; B°)(Yi_1)?).

The same consideration leads to the proposition that with probability one the sum (32)
has a limit

(R(tk,tk-1;8) — R(tx,tio1; 7)) E(Yeo1)? — (55 8%) + 7(ti; ) (33)

with N — oo as an accuracy to some constant.
According to strong law large numbers [1] with probability one

li 0 lo f(T'ly'ﬂ)—'E[—(?—lo f(B) as N = o0 (34)
N,’_—_] aﬂ, g 1 ’ :aﬂr g .

From (31), (33), (34) it follows that with the probability one for each r the equations

1
~VsL(0,Y,8) =0

has the limit
¢ (B,0) = [ o5 log p(B)]

+ Xk: c1(R(tk, tk-158) — R(tk, tk-1; %))
+ 2ol Rlth: i ) = Bt troi 7)°
+ Xk: c(v(ti; B) — 1(te; B7)) =
In Section 3 for unconditional probability density of the failure time we have seen that

.l Yog p(#)] = 0.

because vector §* is a solution of the nonlinear system. Consequently, with probability
one, the estimate Bn which satisfies the likelihood equation converges to §* as N — oo.

The sufficient condition for the uniqueness of this solution is non-singularity of the
matrix ¢(8, ) = Ap[xAsL(8,Y, B)] at (B.,0). This condition was given by Zuev [9].
4 Numerical Algorithms

Consider the problem
max L(f), L:R'—R! (35)

with the nonlinear equation according to 3
UB)=0,U:R' = R where U(B) = VL(B) = 0L/3B",...,8L[98")T.  (36)
Let U : R' - R' be a continuously differentiable function. The problem is to find a

vector 3 € B C R! such that U (B) = 0 holds. For the solution of the nonlinear problem

13



(36) Newton’s method and the approximation of the function U in a neighborhood of an
initial guess (o can be used [3]

Bo+68
U(Bo+ 68) =U(Bo) + A I(2)d=.

Here I = VU is a Jacobian of the system. Consider the linear approximation for U(fBo+6.)
with respect to increment 63

M(Bo+ 6B) = U(Bo) + 1(o)df.

Letter M denotes the approximation model. Then the correction 65 can be searched from
the condition

M(Bo + 6f0) = 0.
Consequently, for fixed fo, 6o is the solution of the linear algebraic system
1(B0)6Bo = —U(fo)-

As a result we obtain the value 68, which is different from the actual §3. Therefore
the vector

B1 = Po+ 65

can be selected as the next guess. Formally we have the following iterative

Scheme 1.
1. Set Bo - an initial guess for ﬁ

2. For n =0,1,2,... until convergence do:

Solve the system

Set next guess Bn41 = Bn + 60,.

It is known that Newton’s iterative process has local quadratic convergence [3]. It
means there exists scalar e > 0 such that for all Gy from open neighborhood of B, with
radius €, the consequence {f,,n =0,1,...} is defined correctly, converges to Basn — oo
and satisfies the inequality

1Bt = Bl < CllBa = BI>, n=0,1,2,.... (38)

According to model (8) the likelihood function depends on parameter 8 by an implicit
manner

where z(f) is a solution of ODE
d
-d_tx(t) = f(l‘(t), IB)’ SE(O) = Zo, (39)
t>0, feBCR.

14



The problem

max L(z(8)) (40)

is more sophisticated because it is necesary to calculate the functions z(¢, 3),0z(t,3)/03
and 8%z(t, 8)/8B%t > 0 for each step of the iterative scheme. To overcome this obstacle
and design an efective numerical algorithm the implicit function §3(8) : R — R' in the
neighborhood of 3 can be used.

4.1 Iterative scheme

Consider the Newton-like scheme. Introduce a new fucntion close to L(z(f)) with the
following properties:

(a) this function depends on 64 explicitly.
(b) it guarantees the quadratic convergence of scheme 1.

It should be mentioned that the 3 is not Newton’s step for the problem (40). We have
to modify the scheme so that the Newton-like iteration has the quadratic convergence to

p

a

B = arg max L(z(B))- (41)
Assume that the solution of the problem (40), ﬁ, can be represented as

B = Bo+ 6B, (42)

where 3, is known and 68 € Sy C R’ is small in comparison with By, Sy is the zero
neighborhood to R!. Assumption about the smallness 63 can be described by

68 =eAB,AB € R/, (43)

€ > 0 is a small parameter.
Supposing the required smoothness we can represent the solution of the system (8) in
any neighborhood By as a linear combination

A(t, B) = A(2, Bo) + b(t, Bo) b,
m(t, B) = m(t, Bo) + a(t, Bo)8B, (44)
7(t, B) = (t, Bo) + c(t, Bo)8B,
where
b= VA,
a=Vgm, (45)
¢ =Vgy.

The function A evaluated in ,[§ for all ¢ we can write in terms of a series inpower of a
small scalar ¢ > 0

a

A(ta IB) = /\(ta :30) + 590(t, IBO)A:B +... (46)

where ¢ is equal to
¢ =Vadla+ V,2Tc+ V. (47)
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For residual terms for ¢t > 0 the estimate |R(t,e)| < Ce? holds. Constant C does not
depend on t and ¢ [18].

Note that maximization of function L(f) equals the problem of the minimize searching
for the function —L(3). Now, consider the function

L(B) = 2_(A(t, B) — log A(t, B)) (48)

te®

and the corresponding nonlinear system

VL(B)=0 (49)
For the fixed vector 3, the problem is
min I(8o, 68), (50)
where the function g : R! to R has the form
9(Bo,68) = ;(A(t, Bo) + b(t, Bo)8 8 — log[A(t, Bo) + (2, Bo)6 B])- (51)

This function depends on 883 explicitly. Note that this process is not connected with the
solving of the ODE. For fixed B, and ¢ the functions a,b,c and A are known constants
which were evaluated before the iterative process.

We can show that for given 8 the function

g9(z) =g(B,z), I:R' - R

is convex. Here for simplicity letter z is used for é8. Indeed, let s; be a vector with

elements
s'. = ‘Pt(t’ :B)
CTME B) + (8, B)T’

and U(z) be a vector with elements

Uj(m) = E(b](t,ﬂ)—si(z)), i=1,...,L (53)

€0

=1,...,1, teo; (52)

Consider the nonlinear system
U(z) = 0. (54)

It is simple to show that the equality

I1=Y"s;sT (55)

teo

holds, where I = VU is a Jacobian. So the matrix I is symmetric and nonnegative
defined. Because the function g(z) is convex and the necessary extreme condition (55) is
a sufficient condition too.

Again, we can use the Newton method to solve the nonlinear system (54).

Scheme 2.

1. Set zg - initial values for given S,
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2. For k=0,1,2,... until convergence do
Compute zx41 = x4 — [1(Bo, zx)] " U(Bo, Tk)- (56)
Set 68y = Too-

The convexity of the function /(z) implies the quadratic convergence of the sequence
{zx,k =0,1,2,...} to the actual root of the minimization problem

Too = argmin g(fo, ). (57)

The linearization of function L gives us a value 83, different from the real vector
68 = ﬁ — Bo. We can replace a vector By by the vector 8; = Bo + 6B and use it as the
next approximation for the unknown vector B

Following the iterative scheme, we can propose to search the desired vector B

Scheme 3.

1. Set Bo - initial guess for parameter vector.
2. Forn=20,1,2,... do

(a) Set z¢ - initial values for given S,.
(b) For k=0,1,2,... until convergence do
Calculate 2,41 = 2% — [I(Bn, )] U(Bn, Tk ).
Set 68, = Teo-
(c) Calculate
Brsr = Br + 6B (58)

Now we can formulate the following

Proposition 4.1 [11]. Let the iterative process (58) converge. Then its limit vector P
satisfies the solution of problem (40). O

Examine Scheme 3. It is simple to show that this is a method of simple iteration. In
fact, we can present the iteration in the form

Busr = G(Bn), n=0,1,2,... (59)
where function G(8) is defined by the equality
G(B) = B+ 8B(B) (60)
and the function 83(B) is a solution of problem (50), i.e. it satisfies
6B(B) = arg min g(B, z) (61)

The classical theorem of numerical mathematics for arbitrary iterative methods in
terms of B,;1 = G(B,) determines the condition with respect to the function G that
implies the linear convergence of sequence

{Bn,n=0,1,...}

to the desired vector B
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Proposition 4.2 Let G : B — B where B is a closed subset on R. If for any norm
there ezists scalar a € [0,1) the inequaity

1G(Br) = GBI < allF - Bl
V3,5 € B
is fulfilled. Then
a) there ezists the unique 3 such that G(B) = 8,

b) for all By € B the consequence
Bnt1 = G(B), n=0,1,2,...

linearly converges to B3,

c) for all v > ||G(Bo) — Bol| the evaluation

n

18 — Bl < v—0 n=0,1,2,...

l1—-a’

ts valid. O

Zuev et al. [10] found that the inequality ||[VG(8)|| < 1 is the condition of convergence
for (58). This theorem can be used to define only the condition of linear convergence. We
are interested in the more speedy method. Due to this iteration scheme the non-newton
step toward the desired 8 is obtained. The idea to use the implicit function to examine
the convergence of Scheme 3 is found fruitful. Next we show how the iterative scheme
with quadratic convergence can be obtained.

The nonlinear system which defines the extreme condition of the function ¢(g, z)

U(B,z) =0, where U(83,z) = V,9(8, z), (62)

sets the map
U:R' xR'- R

which is continuous in a neighborhood Dy C R' x R! of the point (B,O). This point
satisfies the system (62) U(S,0) = 0.

The solutions of the system (8) are continuous. Therefore the map U is continuously
differentiable in respect to z in any neighborhood D; C R! x R/ of the point (3,0) and
matrix V, U(B, z) is non-singular in this point.

The implicit function theorem guarantees that (a) there exists a neighborhood S; C R!
of the point 3, in which (b) the system of continuous functions

z=F(B),F:R' - R, (63)
is uniquely defined in S, (c) for all 8 € S the function F(B) satisfies the system
U(B,F(B))=0
and it is the unique solution in S, (d) the function F has the continuous derivative

VF(B) = -[V.U(B,2)| 'V ,U(B, ). (64)
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Assume that in the desired point ([i, 0) the equality
F(p)=0
holds, the problem can be formulated as a solution of the nonlinear system
F(B)=0,F:R' - R/,
where function F is given in 9; implicitly by system
UB,F(B)=0, U:R'xR'> R’
Newton’s method for (66) can be written in the form

1. Set Bo - an initial guess for 3.

2. For n =0,1,2,... until convergence do:
Solve the system J(83,)66, = —F(8,)
Set the next guess

IBn+l = ,Bn + 6,Bn

(65)

(66)

(67)

where J(8,) = VF(f,) is Jacobian of the system evaluated in §,. According to the

implicit function theorem it exists and is continuous in ;.

We cannot calculate the values F(f,) immediately as a function of 3. However, for

all B € S, we can use the values

66, = F(Br)

which is the minimizer of the function {(§,, z), i.e., for given 8, as F(8,) we will use a

solution of system U(8,,85) = 0.
The Newton-like iterative scheme is required.

Scheme 4.

1. Set fy - initial guess for parameter vector.
2. Forn=0,1,2,...do

(a) Set zq - initial values for given f3,.
(b) For £ =0,1,2,... until convergence do
Calculate zx41 = x — [I(Bn, z£)] U (B, k).
Set F, = 2
(c) For j =1,...,1 calculate
Tgy1 = Tk — [I(ﬁn + Fnej,a:k)]"lU(ﬂn + Fnej,:ck).
0, k#j

ej 1s | X 1 vector with elements ef = {

1, k=3
Set Fijn = 200
(d) Calculate AY = =227 4 j =11

(e) Set Ap = ||A|lixi
(f) Solve A,68, = F,
(g) Calculate 8,41 = Bn + 6n.
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4.2 Local convergence analysis

In this section the local quadratic converges for the iterative procedure 4 is proved, the
truth of the inequality

1Bass — BIl < CllBa = BI?, n=0,1,2,.... (68)
is shown. For the proof we use the same approach as for Newton’s method [5].
Let || - || be the vector /;-norm and the induced matrix norm on R! [2]. Let S.(z) be:

the open domain with radius € > 0 and with center in z, i.e.
Se(z) ={y € R': |ly — 2]l <e}.
The main result is given in
Proposition 4.3 (Sobolev, 1989 [11]). Let the function
F:R'> R/ (69)
be given in an open convex set D implicitly by the system
U(B,F(B) =0, U:R'xR' - R (70)

Assume there ezists the vecforB € B C R such that equality F(B) = 0 holds. Jacobian
J of function F evaluated in B is nonsingular and the equality

I <r < oo (71)

holds.

Then there exists a small scalar € > 0 such that for all By € Se(B) the sequence derived
by the iterative procedure § {Bn,n =0,1,2,...} is defined correctly and converges to the
desired 3 quadratically.

Proof. First, let us show that the iterative process is defined correctly and the eval-
uation

18nss = 81 < 51182~ BI

a

holds for all n, i.e., Bny1 € Sc(B) n=1,2,....

Consider the iterative scheme 4 for k =0
P = Po— [Ao]_lFo-

Vector B3, is defined correctly if matrix Ao is nonsingular. If any matrix B is nonsingular
and for any other matrix A the inequality

IB~4(B - A)|| <1
holds then the matrix A is nonsingular too and the evaluation

B-1|
e |
< B=E=-a

A~
is valid [5].
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Consider matrix Ao as A and matrix J, = J(3) as B as above. Then the following
evaluation

1971 (Js = Ao)ll S NI = Jo+ Jo = Ao)ll < r([lJe = Joll + [IJo — Aol])

holds. The theorem about high-order derivatives for implicit function guarantees that
there exist continuous derivatives for function F' at least second order with apprecia-
ble smoothness of function U. Therefore function F' and its Jacobian J are Lipschitz
continuous in D, i.e. there are constants p, ¢ such that V3,8’ € D

I7(8) = J(BI| < plIB"— Bll (72)
I1F(8) — F(Bll < qll8" - Bl (73)

are valid.
Consider the norm of difference

_ WFe-F i
| Ao — Jo|| = [ Fg Jolzxz
_ |[Fi(Bo+ Foej) = F'(Bo) — Jéij(BO)] 74
I Fi(6 S

The Jacobian definition and Newton’s theorem implies immediately for all vectors z and
z + y the equality

Flety) = F@)=J@y = [ J(o+u)yd-J()y
= ([[Ue+u)- @)y

where it means the element-by-element integration of the matrix-valued function. Conse-
quently, the elements of matrix Jy — Ag are evaluated as

= /0 (J(Bo + tFoe) — J)t

Then (74) is transformed into the form

1 .. ..
/0 n [J J(ﬂo + tFoej) - JOJ]IXI ’ dt.
Using (72) and (73) we have
< 1/2p||Foll < 1/2pl[Fo — F(B)|| < 1/2pg]|Bo ~ BI- (75)

Therefore for any )

EL —m—
2rp(q + 2)

we obtain

197, = Ao)ll < r(IlJa — Joll + [1Jo — Aoll)

< r(pllBo — Bl +1/2pql1Bo — Bll)
<rp(l1+1/2¢)e <1/2 < 1.
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So the matrix Ap is nonsingular, the inequality
A < 2r
holds and B, is defined correctly. Now let us show that 3, belongs to SE(B). The equality
F(p) =
implies the other equality
Br— B = o~ B~ A (Fo~ F(P)). (76)

Let 4, be the notation for the difference 3, — ,3 and F, be the evaluation of the function
F at . Rewrite the last equality in the form

Ao(Sl = A050 - Fo + F,..
Adding the vector Jobo, where Jo = J(fo), we receive
Agby = (Ao — Jo)bo + (—Fo + F. + Jobo).

Then
= [Ao] ™ (Ao — Jo)bo + [Ao) T} (—Fo + Fu + Jobo).

Using (75) we have
1611l < 2r(1/2pgel|oll + lI(—Fo + F. + Jobo)1)-

Taking into account that Jacobian of the function F' is Lipschitz continuous in D with
(73) we have
I(=Fo + F. + Jobo)l| < 1/2pllbo|* < 1/2pe]|do-

Then for the norm ||6;|| we can write
1611 < 2r(1/2pge + 1/2pe)|boll

(¢g+1)

< p?‘(q + 1ellboll < 1/2( 12)

160ll < 1/2]|0]l-

it means that §; belongs to S.(/3).
The inductive consideration implies that matrix A, is nonsingular, the evaluations

1A < 2r

[[6ns1ll < 1/2]|6n]l

for n = 1,2,... are valid. It means the convergence of the sequence
{Bn,n =0,1,2,...} (77)
to vector B Consequently the sequence
{F(B.),n=0,1,2,...}

converges to zero.
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To prove the quadratic convergence it is sufficient to show that the sequence (77)

satisfies the inequality [6]
[ns1ll < ClI8a]|*.

For n > 0 rewrite (76) in the form
Apnbuy1 = (Ap — n)bn + (—Fn + Fu + Jn6y).

As far as for n the matrix A, is nonsingular and the expression

Sn1 = [An] " (An = Jn)bn + [An] (= Fo + F. + Jo82)
is defined correctly. It implies the evaluation

[6n41ll < 2r([[An — Jullllénll + I(—Fn + Fu + Jnbn)])-
With (75) the last inequality can be transformed to

6ns1ll < 2r(1/2pq||8al|* + I(=Fn + Fu + Jné0)]))-
The implicit function F' is continuously differentiable. This implies the evaluation
(= Fn + Fo + Ju6,)|| < 1/2p]164]1°.
As a result we receive the inequality
16541l < Cll8al1?,

where
C=1/2rp(¢+1). O
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