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This paper deals with applications of random process
theory to ecological and environmental modelling. We first
present some elements of this theory that were developed by
Kolmogorov, Harries and others, and then show how the theory
can be applied to dynamics of a population passing through
different phases of development. The paper next deals with
the problem of consecutive food removal from a medium in which
some food consumer exists, and with some environmental problems.
In the last section we touch on the question of simultaneous
impact of different pollutants on the organism (or living organ).

1. Elements of random process theory

Let us consider a particle that after a period of time t

creates n, particles of second generation instead of itself.



Each second-generation particle can produce n, particles

of third generation and so on. Such processes are very common
in atomic physics and biology. Th; probability of the ap-
pearance of one, two, three, and more particles in the next

(l), p(2)’ p(3),...p(n)

generation is p respectively, where

oo(,

pp =

i=0

and i is the number of particles in the next generation that
replace the single particle.

Let us introduce the special probability function f(z),

which can be written as:

£(z) = § p(i)z(i) under |z| <1 (1)

i=1

or

il
o

(o) under z (2)

Here z is a new variable, Function f(z) is very useful for
calculating the main characteristics of random processes which
occur in physics and biology. We discuss it briefly in
sections 2 and 3. The number of particles m appearing in the

next generation from one particle can be calculated by the relation

m= ) ip (3)



We can use function f(z) for the same purpose. Using the

differentiation of (1), we receive:

3f(z) _ v .. (i)_i-1
s, = 1 ip 'z (4)
i=1
With z = 1 right-hand side of equation (4) becomes equal to

equation (3), so that m can be calculated:

9f (z)

m = 22

(5)

Variance 02 can be also calculated with the help of function

f(z). Normally 02 is calculated as follows:
2 _ % . 02 (i) _ T .2 (i) T (1) + m?
¢ =% (i-m)“p =) i‘p - 2m) ip
i=0 i=1 i=1
=1 %W -n? (6)
i=1

Using function £f£(z), we have

2 © AN
9 féz) =7 i(i - l)p(l)zl 2 _
9z i=1
Again taking z = 1, we can rewrite the expression as:
=7 i - l)p(l) =3 i2p(1) -3 ip(i) =3 i2p(i)

i=1 i=1 i=1 i=1



We obtain

. 2
NI = {631 . ™

1 92 z = 1

I ~18

i
Using equation (7), we can rewrite equation (6) as

2
O2 _ 0 féz) + m - m (8)

9z

If we have K dgenerations, the special function should be pre-

sented in the form Fk(z), where k is the number of generations.

F = E(£(...£(2)...)) (9)
S,

k times
For the third generation, for example, we have

Fay(z) = £(£(£(2)))

Taking into consideration equations (5) and (8) it is easy to

obtain m, and 03 for the third generation.

3
_ dF5(2) (10)
M3 = 73z
z =1
o2 =——8F3(Z)1 +m. - m?
37z |, ., ™™ (11)

The probability of the disappearance of particles in the third
(o)

generation will be p = F3(z) .
3
z =0



All expressions written above reflect the simplest situation,
but the same principles can be applied to processes where the
special function has to be changed in time, in space, or from

one generation to another. In such cases:

Fk(z) = fl(fz(f3"'Fk(z)“’)) (12)

It is possible also to consider situations where particles
produce a wide spectrum of different particles of different
generations.

It is important to note that the particles exist independent-
ly of each other.

2. Dynamics of population at different stages of development

Normally, in investigating dynamic processes in nature,
one is faced with the problem of the quantity of a population
(animals, microbes, particles, etc.) and of its quality. Any
organism during its existence has several stages of develop-
ment in which its quality changes. Every cell has some implicit
stages of development before dividing into two. Before appear-
ing as a butterfly, the eggs of the forest pest have been
small larvae, large larvae, pupae and adult females.

We will now show how the theory can be applied to pop-
ulation dynamics modelling for organisms going through different
development stages.

Let us take special probability transfer function fj(z),
for an organism which entered the j development stage from
the j - 1 stage. Going from one stage to another, the 6rganism

(animal, microbe, particle etc.) can survive (with probability g)



or die (with probability p).

Taking into consideration equation (1), we can write

f(z) = p(o)zo + p(l)zl + p(2)22 + p(3)z3 + ... (13)

In the case of a development stage where we have only two

(1)

p(o),= qg , and p = p , we can rewrite (13)

probabilities:
£f(z) = g + pz (14)

If in phase j = O we have mJ organisms to each of which
equation (14) can be applied, the special function for the

first development stage can be expressed as:

m

£,(2) = (q; + pyz) ° (15)

Using relations (5), (8), and (2) it is possible to calculate
all the important values characterizing the population in the
first development stage (mean, variance and probability of

disappearance of population).
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m
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(o) .
P = (g,)
1 2z = O 1

(18)

The coefficient ¢f variation py €an be calculated as

Je? A [PP19 91 . 1 T
P1 = V22 “\mp, T Ve, (19)
mp o1 m 1
o1 o

We consider a very simple example: m, = 20, p; = 0.8, q, = 0.2,

=) IO
ZRN

and find four main characteristics of a population in the first

development stage:

m, = 20 x 0.8 = 16
oi = 20 x 0.8 x 0.2 = 3.2
p{o) _ (0.2)20 N 10-13
=2 x\22 = 0.1 = 108

This technique becomes more productive in the case of several
development stages. Here the special function can be written in

the following form:

m
= ; o
Fj(z) -[qu + pl(q2 + p2(q3 + ""pj—l(qj + pjz)...){]

Opening the brackets and rearranging, we have



Introducing the notations

and

we have the following equation

m
o
F.(z) = [}. + B.%]
J J J

which is practically the same as equation (15) for the first
development stage. Following relations (15), (17), (18),
(19), we can calculate mean (Mj), variance (D%), probability
of disappearance of population (pgo)) and coefficient of

variation (Rj) in the j development stage.

M, = M B 2
J 0J (20)
D2 = M B.A (21)
j 03 J
A,
1 i
R. = —\[== (22)
] v/ VB,
mo 1
(0) T
P = F. (2) = A (23)



This mathematical treatment provides all the relevant informa-
tion on the dynamics of population at different development

stages.

3. Pollutant distribution in environmental spheres

The formulas developed above can be applied to the distri-
bution of pollutants in environmental spheres. Let us suppose
that hundreds of small clouds of poison were released in some
region of the atmosphere. Each cloud consists of ten grams of
poison, which completely disappears from the atmosphere in ten
days: twenty clouds (20%) have been degraded by sunlight in
arid areas, and eighty clouds (80%) have been washed from the
atmosphere by the rains in humid areas.

The special function for the atmosphere can be written
following (15) as: [%l(z) = 0.2 + 0.8%]100 .

In the hydrosphere during thirty days, the poison clouds
were completely mineralized (with probability 0.3) and the rest
were absorbed by plankton (probability 0.7). For the hydro-
sphere we can write the special function as: fz(z) = 0.3 + 0.7z .
During the next twenty-day period some poison clouds were de-
graded in accordance with plankton mortality (probability 0.6),
and the rest absorbed by fish together with plankton. For the
plankton we have: f3(z) = 0.6 + 0.4z .

Let us suppose that after fifty days a portion of poison has
left the fish (probability 0.9) or been accepted by people's

bodies with fish meat (probability 0O.1).

f4(z) = 0.9 + 0.1z (This assumption may be considered

an unrealistic one.)



_lo_

All cycles take 110 days to be completed. It is of interest
to find the quantity of poison accepted by people at the end
of that time.

The special function to the end of the fourth environmental
sphere (fish) or to the beginning of the fifth (people) will

be as follows:

Fy(z) = £, (£,(£5(£,(2)))) = [p.z + 0.8(0.3 + 0.7(0.6

0]

°_ [§.9776 + o.ozz{a 0 )

10
+ 0.4(0.9 + O.lz){ﬂ
Using (20), (21), (22), (23) we can calculate the mean, variance,
probability of disappearance of poison before reaching the
fifth sphere, and coefficient of variation:

3F4(z)

99
M, = —2_ = 100 [§.9776 + o.0224ﬂ 0.0224

4 9z 2z = 1

2.24 clouds

This means that 22.4 grams of the poison should be in people's

bodies.
2 98
Di = E—E%EL +m - m? = 100.99E;.9776 + 9022451
0z .
z =1
2 2 2
x (0.0224) +2.24 - (2.24)% = 100.99(0.0224)
z =1

+ 2.24 - (2.24)% = 2.23
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Y
O

.05

Péo) = [p.977§]100

2

Z 24) 1.5 poison

.b.N|.z>.N

\/2 23 1 x 0.66 cloud = 7 gramms of
(2

The calculations suggest that normally after 110 days 22.4 * 7
grams of poison will reach people. The probability that no
poison at all will reach people is very low (~ 0.05).

It is interesting to note that using the Newton binomial
theorém we can calculate probability (p(i)) for people to

receive different amounts of poison:

pit = (0.9776)19%7 el (0.0224)1
where
oi - 100 x 99 x 98 x ....(100 - i)*
100 i

and i = number of clouds.

Calculation gives us the following values:

(1) (2)

Py ~ 0.05 ; Py ~ 0.13 ; Py = 0.15 ;
p3 =o0.10 ; pi* 2006+ p{¥ xo0.03 ;

Py * 0.02 and etc.
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4. Consecutive substrate removal by microbial population

Let us consider some microbial population in a completely
mixed reaction tank with an organic substrate of concentration s.
From a biological point ov view, any cell can be in an
active (1) or in a passive (2) state when it digests the food
molecules or waits for interaction with them. The time needed
for transferring the cell from one condition to another (At)
is very short: At << AT where AT is the interval of time for
doubling the population of microbes. The probability for chang-

ing state 1 into state 2 is P for keeping the same state

127

P22, and for returning to the initial condition P21.

For time interval At we can use the transfer probability

Pi1-

matrix

P11 P12

Pr1 Pa2

For time interval t = kAt we should use matrix P, k times.

-

From the theory it is known that with k-—«; matrix pk——q ﬁ,

where
Pa1 P12
(P12 T Fa1 Pt By
P =
Po1 P12
P12 ¥ By Pip ¥ Py

This property of matrix Pk can be easily demonstrated

k—s

by a simple example.
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1 3
4 4
Let P = be the initial matrix.
11
2 2
1 9 103 153 {2 3
2 16 16 4 255 256 5 5
Then P = and P = ~ .
6 10 102 154| |2 3
16 16 256 256 5 5

Multiplication of matrix P soon (after four or five steps)

provides a matrix practically equal to p. Transposed matrix

A %k
(p) can be used to calculate the number of active mil) and
passive miz) microbes:
mogl) . mc()l)
= (B) x
0 (2) n(2)
o o
Or we can rewrite it as:
(1) P21 (1) (2)
M =P +D,; Mo tm)
12 21 ©
(2) P12 (1) (2)
m_ =5 (mO + mJ )
12 + le

It is interesting to note that in period t kAt the number of

active and passive microbes does not depend on the initial
(1), _(2)
number (mO Pomg ), but on values of P12 and P21.

are functions of organic substrate concen-

But practi-

cally, P and P

12 21
tration S; when S is high enough P22 >> P12’ and then
mil) >> miz). We assume le = AS and P12 = B where A and B
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are some constants. (A should be so chosen that if S— «,

PiT———él.) We then have :

21 _ _)S S
12 + F21 +

These values can be considered as a coefficient which can
help us to calculate part of the microbial population which

will be in an active state (mil)) after a period of 5At or

6At. Remember that the entire microbe population is (mél)
+ méz)). It grows at a rate u(s),
_ 8
His) = w g5 -

where | = growth rate of a population under optimal conditions,
i.e. the concentration of organic substrate is high enough to

put the whole microbial population into the active state, and

K = % . Here we obtain a relation between u(s), ﬁ and S which
was found experimentally by Monod.
In more general cases, we can write
u(s) = u¥(s) (24)
where
Y(o) = 0; 1lim ¥(S) =1
S——

Considering n organic substrates with concentrations of

S S "'Sn we can use the approach described above. Let us

1’ =2
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suppose that the substrate subscripts reflect the likelihood

of the organic substrate to be a food for the microbial pop-
ulation. A cell can be active to one of n substrates and passive
to all the others, or be passive to all of them. We thus have

n + 1 states for microbes. Let us assume that microbes can

only pass to adjacent substrates in a sequence S '

1’ 82' «..S

or vice versa. (This is the only restricting condition, which

n

sometimes is hardly realistic.) Then the probability matrix

will be:
Pll P12 O tieeeneaconss
P2l P22 P23 O tevreenes
0 P b P O ..

n+l,n = (n+l) (n+1)

Matrix PE———aP under K—) . K is again the number of time

steps At.
A1r Agreeee ar ap.,
X ajr Agreeen ara g
P =
17 8yy ceee@py 30
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Here
A o 21
1 Pip 4 Pog
W oo 12 F32
2 Pjp; * Py Py3 t Py
Lo 12 P23 F43
3 Pip t Py Po3 v Pyy Pyy t Pys
n P12 + P21 n-1l,n n,n-1
Pn+l,n
Pn,n+l + Pn+l,n
a. is the part of population which is active for substrate 1,

1
but passive for all other substrates, a, the part of the pop-

ulation active for substrate 2 but passive for all other sub-
strates, and so on.

If we know from experiments all ui(Si), where ui(Si) = ﬁ,
Wi(Si), we can calculate all Wi(Si). Taking into consideration
that the number of active cells for substrate i can be written

as:
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and that

Pi,i+1 - Piv1,i S 1 - (s
. + P, . P, . + P. . i'vi !
i,i+l i+l,1i i,i+l i+l,1i

P
we can rewrite matrix P utilizing function Wi(Si). Then we have

a, = Wl(Sl)

o)}
]

) [} - wl(slﬂ ¥, (s,)

[\}}
1

5 = [} - wl(slﬂ [? - wz(szﬂ ¥4 (S5)

o]
o)
li
1
B3
'_l
[%)
[
L~
i
=]
N
[}
N
L~}
I'_l
I
<
o)
'_l
[
=]
'_l
L

X Wn(sn)

Here Wi is the ratio of the active cell population for substrate
i to the number of cells active for substrates i, i + l...n.

The growth rate of the microbial population in the different
organic substrates i = 1,2,3...n normally is known from

experiments, in contrast to probability P etc. Now we

127 FPaar

can calculate the total growth rate of the microbial population
in the mixture of n organic substrates which have corresponding

concentrations Sl’ Sz, S3... Sn'
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u(Sl,Sz,S3,...Sn) = ulal + P + .... + pa_ = ulWl(Sl)

+ uz[} -y (slﬂ ¥, (S,) + aea. ¥ unl}-wl(slﬂ
n

x [} - wz(szﬂ ...[1 - wn_l(sn_lﬂ.wn(sn) = 1 1%, (s,)
i=1

i-1
" I_I [1 - ¥, (Sjﬂ (25)
3=0

Taking into consideration (24) it is possible to rewrite (25)

as

i-1
n u. (S.)
H(S1,S,sS5,...5) = I owy(sy) [_1 1 - -1 (26)
i=1 j=0 %5

The relation (26) allows us to outline the consecutive substrates
removal by the microbial population and to find the total
growth rate of the population in the mixture of substrates,

using only experimental values My and ui(si) . If

1
In this case we shall have u(Sl,Sz...,Sn) X ulwl(sl).

5177 5,

>> L... >> Sn, the function V (Sl) % 1, but [? - Wl(Slﬂ =~ O.
If all values Sl' SZ’ S3"'Sn are high enough the microbial
population grow first with growth rate ﬁl’ utilizing mostly

substrate 1, then with growth rate ﬁ2' utilizing substrate 2 and so on

If Sl % 82 ¥ oeeees 3 S4 ~ O, the total growth rate
u(Sl,Sz,...Sn) ~ 0. (In this section, we assume a rate of change
of concentration Sl’sz""'sn much smaller than that of the

occupancy level of the state.)
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5. Consecutive prey removal by predators

Let us now consider x as the predator population and Si
as the prey number in a fixed area of inhabitance. Symbol
"i" reflects the priority of the prey as a food for the predator.
If the growth rate of the predator population depends only on
the prey population, equation (25) can be used without change.

It is more convenient to use differential equations for

the predator population x and for different kinds of prey

Sl’ SZ’ Sn’ as follows:
i n =3 My (85)
X =X ) ul(Sl) [—1 1 - 5
i=1 j=0 J
S, = L XHp(5;)
1 Y1
. u, (S,)
- .1 171
S2 = 2xuz(Sz) 1 "
]
. U, (S7) U, (5,) u__.(S__
S =-Zau (sl -2 2| 122 |1~ n-l)
n Yy, nn ~ ~
My ) Hp-1
Here y , Yyre.-y, are special coefficients for different

kinds of prey.
Some functions reflecting the rate of prey birth and
death, and processes of migration, can be included in this system

of differential equations. In simple cases when only two types
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. of prey exist, we have

S1 Sy

Wy (S) = Wy e ¢ Mp(8y) =, e
1'°1 1k, +58; 272 2 k, + 5,

The differential equations will be:

- A~ Sl N 32
S L S HRSLY (k; + 5,) (K, ¥ 5,)
s. = - L 4 °1
1 y; ML EF S;
. 1 s
S. = - X~ 2
2 Y, ¥KgH, (k; + 5 (K, + 5,)

The ratio of change in two kinds of predator population will be:

S1 Yoy Sy(ky +5))
S

'_l

19p]

2 Yiilikg 2

If Sl > SZ’ we have Sl > 52: the predator in the long run

destroys mostly his preferred prey population.

If Sl < Sz, we have Sl = 52 or Sl.< SZ; and if Sl & 82 ~ 0,

we have S, * S, or S, > S

1 2 1 2°

6. Simultaneous impact of different pollutants on a living organism

In this section we will discuss the possibility of applying
random process theory to modelling the processes that take
place in living bodies. This topic is attractive to modellers
and very important to practice. The process of treating the

body with medicine or poisoning it with some matter can be
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divided into two stages. The first is the distribution of
poison through the different organs (or spheres) of the living
body; the second the accumulation of poison in some organs,
destroying this organ and so causing death.

The respiratory system, blood, brain, nerves and other
systems of an organism can be considered as specific spheres
through which some part of the poison is consecutively dis-
tributed. We face practically the same problem that was con-
sidered in section 3: knowing the probability of different
organs receiving a part of the poison, one can calculate the
amount of poison in different organs at time period t. Of
course the calculation becomes more complicated if poison can
be circulated among organs. Using the numerical methods and
relations discussed in section 2, it is possible to calculate
the mean amount and variance of poisons in different organs.

To find the solution of the second stages -- the action
of poison on the living organism -- the formulas of sections
4 and 5 may be used. For this purpose any part (or cell)
of the organ must be in one of two conditions: in a normal
state, or in a damaged state which reflects the influence of
the poison. This picture corresponds to reality. Regeneration
processes bring cells back to a normal condition, and poison
to a damaged condition. The degree of damage to the organ
or body is a function of the number of cells damaged by the
poison. Let us take Wi(Si) as that part of the cells which is
damaged by poison i. Using the technique developed in section

4, we can write the following equation for the case of n types
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of poison:

Q, = ¥;(5)) + [? - wz(slﬂ ¥,(S,) + [} - wl(siﬂ [} - Wz(séﬁ

x ¥5(S5) + E_- CHIRES wz(szﬂ ...... E.— v,

i-1
n

X (Sn—lﬂ v (s ) = [ ¥,(s8;) ‘ ’ [?.- wj(st] (27)
i=1 j=0

Here Qn is the total number of cells damaged by 1,2,...n

oisons, which have S.,S,,...S_ respective concentration in
P 1772 n

the organ.

If we have only two types of poison (n = 2), and function

S,
. . 1 .
Wi(Si) is written as Wi(Si) = EE—:fgi , the equation (27)
can be written as:
T U T 5,5,
2 kl + Sl k2 + 82 (kl + Sl)(k2 + SZ)
_ kyS; +815; kS 28)
(kl + sl)(k2 + Sz)

From this formula we conclude that the total effect is not
equal to the sum of influences of different poisons, but
somewhat less than this value. For example, if Wl = WZ con-

sidered as a simple sum or calculated by equation (28). The

result of this comparison can be seen in Table 1.
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Table 1
Wl = WZ Wl + WZ Q2
0.1 0.20 0.19
0.2 0.40 0. 36
0.3 0.60 0.56
0.4 0. 80 0.64

In the case when Wi = 0.1, n = 8 we can also compare
the value that is a product of multiplication nWi, and that

which can be received by equation (27).

Table 2
n 2 3 4 5 6 7 8
no.1l 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Qn 0.19 0.27 0.34 0. 40 0.46 0.50 0.54

The results are in good agreement with experimental data.
It is well known that the total impact of two or three poisons
on living bodies is practically equal to their sum if the amount
of poison is not high, but becomes less as the amount of poison
rises. The total impact of four, five and more poisons on the
body has not been properly investigated. Taking into account
the result of Table 2, we can predict a relative decrease in
impact with increasing number of poisons. From the practical
point of view, this result suggests an interesting task for

environmental management. If experiments support the calcula-
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tions, it could be more desirable lin some environmental
conditions to have numerous pollutants of low concentration

rather than one or two pollutants of high concentration.



