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O N  THE FINAL SIZE O F  EPIDEMICS WITHIN HERDS 

0. DIEKMANN, A.A. DE KOEIJER AND J.A.J. METZ 

ABSTRACT. We are concerned with an epidemic in a closed 
population under the assumption that the per capita number 
of contacts remains constant, when population size diminishes 
due t o  the fatal consequences of the disease. We focus on 
the final size as a function of the basic reproduction ratio 
&J (which now is independent of population size!) and the 
survival probability f .  Mathematically, the model is described 
by a nonlinear Volterra integral equation of convolution type, 
just as the general Kermack-McKendrick model. 

1. Introduction. As a rule, infectious agents either spread via a 
contamination of the environment or during a "direct" contact of two 
individuals. In any case, one has to model the contact process first 
and superimpose transmission of the agent afterwards. In this paper 
we scrutinize one of the assumptions underlying classical deterministic 
theory and then introduce a variant which seems particularly appro- 
priate for animals living in "herds," such that the density within the 
"herd" remains constant when population size decreases, for instance 
due to fatal consequences of the disease. (Here "herd" includes prides 
of lions, packs of wolves, family groups of foxes, breeding colonies of 
birds, as well as real herds of ungulates. And farm animals are included 
too.) We concentrate on the basic reproduction ratio & and on the 
final size of an epidemic within a completely susceptible closed popu- 
lation. The present work can be viewed as a generalization of a result 
of Lefevre and Picard [9] (see also [12and 71). 

2. Model formulation and analysis. We assume that individuals 
have on average c contacts per unit of time and that, given a contact 
between a susceptible and an infective that was infected T units of time 
ago, transmission occurs with probability a(r ) .  By A(T) we denote 
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the product a(T)B(T), where B(T) is the probability to be still alive 
at disease age T. Let S(t) denote the number of susceptibles at  time 
t and N(t) the total number of individuals (note that our variables 
are numbers, not densities!). Of all contacts that an infected makes, a 
fraction SIN will be with susceptibles. 

The assumptions formulated above lead to the consistency relation 

To allow interpreting (2.1) as an equation for S, we still have to add 
an assumption that determines c. 

If, when population size changes, the density changes accordingly, the 
principle of mass action suggests to take c = PN(t). We then arrive at 
the celebrated. [6] model and find for the basic reproduction ratio, i.e., 
the expected number of secondary cases produced by a typical infected 
individual during its entire infectious period, 

while the fraction s(w) = S(w)/No that escapes from ever getting the 
disease is found as the solution of 

(see [lo, 111 for a derivation and discussion in the spirit of this paper). 
Here, however, we shall assume that the density stays constant when 
numbers change. Our original motivation to consider such a situation 
came from a study of the spread of Phocid distemper virus among 
seals (see [8], in preparation, and the references given there for further 
information; also see [5] and [2]). Observations suggest that the 
distance between individuals that rest and sun bathe on sand banks 
are independent of the colony size. We can imagine that this applies 
more generally for animals living in groups, while space is not a limiting 
factor. If c is constant we find straightaway that the basic reproduction 
ratio is given by 


















