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Abstract

We study optimal research and extraction policies in an endogenous growth model
in which both production and research require an exhaustible resource. It is
shown that optimal growth is not sustainable if the accumulation of knowledge
depends on the resource as an input, or if the returns to scale in research are
decreasing. The model is stated as an infinite-horizon optimal control problem
with an integral constraint on the control variables. We consider the main
mathematical aspects of the problem, establish an existence theorem and derive an
appropriate version of the Pontryagin maximum principle. A complete
characterization of the optimal transitional dynamics is given.
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Optimal Endogenous Growth
with Exhaustible Resources

Sergey Aseev, Konstantin Besov and Serguei Kaniovski

1 Introduction

Endogenous growth theory identifies technological progress as a means of sustaining eco-
nomic growth despite the reliance on exhaustible resources as inputs to production. The
supply of an exhaustible resource will limit growth in the long run, unless the economy
can either substitute away from the resource or increase the efficiency of the resource’s
use to offset its scarcity. The question is then: Can an optimal research and extraction
policy compensate for negative effects on production (consumption) which arise due to
scarcity of the exhaustible resource?

Our point of departure is the model by Jones [18,19]. In this two-sector endogenous
growth model the production sector yields output that is consumed, while the research
sector augments the productivity of the production means. There are constant returns
to scale in production, and either weak or strong scale effects in the research sector. We
assume that both the production of output and the generation of knowledge depend on
an exhaustible resource as an input. For the sake of simplicity we consider a constant
population (total labor supply) that can be shifted between production and research.

We show that optimal growth is sustainable only if the accumulation of knowledge has
constant returns to scale (strong scale effects) and does not depend on the exhaustible
resource. While the requirement of strong scale effects is well-known in the literature!,
the requirement of the research sector being independent of the exhaustible resource is
a new result. We see sustainable (or continuing) growth as a welfare-maximizing output
trajectory having perpetual positive growth, where the welfare is measured by a discounted
logarithmic utility function.

The model is presented as an infinite-horizon optimal control problem whose solution
is a welfare-maximizing dynamic research and extraction policy. Formulating the model as
an optimal control problem allows us to derive model-consistent policy recommendations,
as opposed to describing the economy either in a dynamic equilibrium, or on a balanced
growth path only.

We offer a complete and rigorous inquiry into the existence of an optimal solution
and formulate an appropriate version of Pontryagin’s maximum principle. The problem

!Jones’s critique generated academic interest in endogenous growth models that generate a steady-
state with positive growth without strong scale effects. See, e.g., [10,18,22,27].



is non-standard in that it involves an integral constraint on control variables. Integral
constraints naturally arise in growth models in which an exhaustible resource is an input,
as the amount of the resource extracted cannot exceed a finite stock of the resource
initially available to an economy.

The paper is organized as follows. In Section 2 we specify the model as an infinite-
horizon optimal control problem with an integral constraint on the control variables. In
Section 3 we discuss some mathematical aspects of the problem. Section 4 is devoted
to reducing the problem to an equivalent problem without any integral constraints. In
Section 5 we establish an existence result for an auxiliary optimal control problem and
derive an appropriate version of the Pontryagin maximum principle for the auxiliary
problem, which automatically implies the existence of an optimal solution and a version
of the Pontryagin maximum principle for the initial problem. In Section 6 we apply this
result in order to determine an optimal research and extraction policy. Section 7 draws
conclusions.

2 The model

At every instant ¢ € [0, 00), the economy produces output Y (¢) > 0, which is assumed to
be described by a Cobb—Douglas production function:

Y (t) = A@t)*[L — LA(1)]* Ry () where a € (0,1) and s> 0. (1)

Here A(t) > 0 is the current knowledge stock and R;(t) > 0 is the quantity of the
exhaustible resource used in production. The population (total labor supply) is fixed at
L > 0. Part of the labor L — LA(t) is employed in production, while the other part
LA(t) € [0, L) is allocated to research.

The amount of new knowledge produced at time ¢ depends on the hitherto accumulated
knowledge, the number of researchers and the portion of the exhaustible resource used in
research:

A(t) = A®)P[LAW)]" Ry ()™ where n € (0,1] and 6 € (0,1]. (2)

Here Ry (t) > 0is the quantity of the exhaustible resource used in research; typically Ry(t)
is small compared to R;(t). The initial knowledge stock is given by A(0) = Ay > 0. If
0 € (0,1), then growth rate of the knowledge stock decreases while the knowledge stock
expands. The case of § < 0—when the expansion of knowledge is progressively more
difficult—has also been considered in the literature (see, e.g., [19]). Empirical evidence
supports the idea of weak scale effects, i.e. § < 1, in the production of knowledge. We
retain # = 1 as a special case of strong scale effects.

The fact that the stock of the exhaustible resource is finite imposes the following
integral constraint on the controls R;(-) and Ry(-):

/O TR0 + Ro(t)] dt < So, 3)

where Sy > 0 is the initial supply of the exhaustible resource.



We take a discounted logarithmic utility function of the output as a measure of welfare.
This leads to the following objective functional for the economy (see (1)):

J(AC). LAY, Ru() = / ey (1))} de

_ /Oo e Lo A(t) + alnlL — LA(0] + (1) In Ry(1) }

where p > 0 is a subjective discount rate. Maximizing the discounted output is equivalent
to maximizing the discounted output per capita, as the population is constant.

Given the parameters 6 € (0,1], « € (0,1), 3¢ >0, € (0,1], p >0, L > 0 and Sy > 0,
the optimization problem J(A(-), L4(-), Ri(-)) — max, subject to equation (2) and the
resource constraint (3), can be formulated as the following infinite-horizon optimal control
problem (P):

At) = A [LA®)]" Ra (), (4)
LAt) €[0,L),  Ri(t)>0,  Ry(t) >0, /Oo [Ri(t) + Rao(t)] dt < Sp,  (5)
A(0) = Ay > 0, (6)

J(A(), LA(), Ri(4)) :/Oooept{%lnA(t) +aln[L - L))+ (1 —a)In Ry (t)} dt — max.
(7)

By an admissible control w(-): [0,00) — R? in problem (P) we mean a triple w(-) =
(LA(), Ri(), Ro()), t > 0, of (locally) bounded measurable functions LA(-), R;(-) and
Ry () each of which is defined on the infinite half-open time interval [0, 00) and satisfies
the respective constraints in (5).

An admissible trajectory A(-): [0,7) — R', 7 > 0, corresponding to an admissible
control w(-) is a (locally) absolutely continuous function A(-) which is a (Carathéodory)
solution (see [11]) of the differential equation (4) on some (finite or infinite) time interval
[0,7), subject to the initial condition (6).

Due to (4) and the integral constraint in (5), for any admissible control w(:) =
(LA(+), R1(+), Ro(+)) the corresponding admissible trajectory A(-) can be extended to the
whole infinite interval [0, 00). Consequently, in what follows, without loss of generality,
we always assume that any admissible trajectory A(-) is defined on [0, 00).

A pair (A(-),w(+)), where w(-) is an admissible control and A(-) is the corresponding
admissible trajectory, is called an admissible pair (or a process) in problem (P).

For any admissible pair (A(-), w(-)) the improper integral in (7) converges either to —oo
or to a finite real. Moreover, it is uniformly bounded from above; i.e., there is a number
M > 0 such that

(A(S-)l,lzlj(-))/o e_pt{%ln A(t) +aln[L — LA(t)]+ (1 —a)In Rl(t)} dt < M, (8)

where the supremum is taken over all admissible pairs (A(-), w(+)).

3



Indeed, due to the integral constraint in (5), for any admissible control w(-) we have

/ e Pn R, (t) dt < / €7ptR1 (t) dt < So. (9)
0 0
Further, for an arbitrary admissible trajectory A(-) we have

AR)? <A@ +1,  t>0.

Then, due to (4), we obtain

and hence
t t
In(A(t) +1) <Iln(Ay+ 1) + L"/ Ro(s)'™"ds < In(Ag + 1) + L”/ (14 Ry(s))ds
0 0

<In(Ag+ 1)+ L"(t+Sy), t>0. (10)

This inequality immediately implies the following inequality for an arbitrary admissible
trajectory A(-):

In(Ag+ 1) + L"S, n L

/ e PIn A(t) dt < / e PIn(A(t) +1)dt < 5 (11)
0 0 P p

Since LA(t) € [0, L), t > 0 (see (5)), inequalities (9) and (11) provide the following
uniform estimate for all control processes (A(-),w(-)):

/OO e‘pt{%lnA(t) tal[l - LA+ (1-a)ln Rl(t)} dt

U "
;M%+D+L%+%€+QML+O_®%
p P p
This furnishes the proof of inequality (8).

The uniform bound (8) allows us to define an optimal control w.(-): [0,00) — R? in
problem (P) as a welfare-maximizing triple w,(-) = (L2(-), R1.(+), Ra«(+)) of dynamic labor
and extraction policies adopted in the research and production sectors. The corresponding
trajectory A, (-) is an optimal admissible trajectory.

When the Hamiltonian is concave, some problems of this type can be examined by
means of a well-known set of sufficient conditions [1,23]. However, the success of such an
approach crucially depends on the analytical tractability of the conditions of the maximum
principle.

In our analysis we follow the approach based on necessary conditions and an existence
theorem. This approach is more systematic. It applies to a wider range of problems
for which the existence of a solution can be shown. It should be stressed that without
an existence theorem one cannot be sure that a path satisfying the necessary conditions
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exists, or that one of the paths satisfying the necessary conditions is indeed a solution (see
the discussion in [21]). We follow this general approach by first establishing an existence
result and then deriving appropriate necessary conditions—a version of the Pontryagin
maximum principle—for the problem under study. As a result we obtain a rigorous
characterization of all optimal processes in (P).

To the best of our knowledge, this is the first rigorous study of an endogenous growth
model with integral constraints on control variables which is based on the application
of necessary optimality conditions, although integral constraints on control variables are
typical of a class of models in the resource and growth literature. Examples include models
in the tradition of [17], [9] and [25]. 2

3 Preliminary discussion

The formulated optimal control problem (P) (see (4)—(7)) is nonstandard in the sense that
it is not completely embedded in the framework of the modern optimal control theory.

Problem (P) is formulated on the infinite time interval [0,00). The infinite time
horizon gives rise to specific mathematical features of the Pontryagin maximum principle.
The most characteristic feature is that the adjoint variables (shadow prices) may exhibit
pathological behavior in the long run (see examples of this phenomenon in [5,13,24]). This
fact prevents us from applying “naive” infinite-horizon analogs of the classical Pontryagin
maximum principle [20] designed for processes of finite duration.

There exist modifications of the Pontryagin maximum principle for infinite-horizon
optimal control problems that pay attention to the above-mentioned possible pathological
behavior [4-7,23]. Yet problem (P) fails to satisfy the assumptions imposed in them due
to an integral constraint on the controls R;(-) and Ry(-). To the best of our knowledge, a
version of the Pontryagin maximum principle for infinite-horizon optimal control problems
with integral constraints on control variables has not yet been established.

Note that we can lift the integral constraint in problem (P) by introducing an addi-
tional state variable subject to a state constraint. Indeed, consider the following optimal
control problem (Q):

A(t) = A@) L] Ro(0)' 7, S(t) = —Ri(t) — Ra(t),
LA €[0,L),  Ry(t) >0,  Ry(t) >0,
S(t) >0 forall ¢t>0, (12)
A(0) = Ap > 0, S(0) =Sy >0,

[e.o]

J(A(), LA(),Ri(1)) = 0 e’pt{%lnA(t)+aln[L—LA(t)]—|—(1—04)1nR1(t)} dt — max.

In the above problem S(-) is an additional state variable representing the current stock of
the exhaustible resource. Obviously problem (Q) is equivalent to the original problem (P).
Problem (Q) involves state constraint (12) instead of an integral constraint. However, this

2For a survey, see [12]. Basic models are discussed in an easily accessible style in [26].



fact does not make the formal treatment of problem (Q) simpler than that of (P). Even
in the case of a finite horizon, general versions of the Pontryagin maximum principle
for problems with state constraints (see, for example, review [15]) involve measures or
functions of bounded variation as adjoint variables. This general nature of adjoint vari-
ables considerably complicates the application of the maximum principle and may lead
to additional difficulties (see, for example, [2]). As regards infinite-horizon optimal con-
trol problems with state constraints, an appropriate version of the Pontryagin maximum
principle for such problems has not been established.

Thus, regardless of whether it is treated as problem (P) with an integral constraint
on the control variables or as problem (Q) with a state constraint, our model is not
completely embedded in the framework of modern optimal control theory.

Also note that, since the range of the controls R;(-) and Rs(+) in the statements of both
problems (P) and (Q) is unbounded, we cannot directly appeal to the standard results on
existence of an optimal control in the class of locally bounded measurable functions (such
results usually rely on pointwise boundedness conditions; see, for example, [8]). When
the admissible control set is unbounded, the integral constraint can, under appropriate
conditions, guarantee the existence of an optimal control, but only in a more general class
of impulse controls. This is the case even if the welfare functional is bounded on the set
of admissible pairs. We illustrate this phenomenon with the following simple example:

Example. Consider the optimal control problem

Y(t)=R(t), Y(0)=Y;>0, (13)
R(t) >0, / h R(t)dt < Sy, (14)
JY()) = /00 e ”InY(t)dt — max. (15)

Here Sy > 0 is the initial supply of a resource. Since the aim is to optimally exhaust a finite
resource Sy, we may think of the above problem as an infinite-horizon cake-eating problem
for an increasing and concave utility function of consumption. As intuition would suggest,
costless extraction and a positive discount rate must lead to an instantaneous exhaustion.
Below, we show that the solution is indeed an impulse R,(t) = Syd;(0), where &;(0) is
the Dirac delta (the Dirac measure concentrated at 0). The character of the solution
precludes the application of Pontryagin’s maximum principle for infinite-horizon optimal
control problems, which requires the solution to be a locally bounded measurable function
(see, for example, [3-5]).

To see why there is no optimal control in the class of locally bounded measurable
functions in problem (13)-(15), note that if R(-) were such a control, then for the cor-
responding admissible trajectory Y'(-) we would have Y (t) < Yy + Sy for all £ > 0 and
Y (t) < Yo+ Sy on aset M C [0, 00) of positive measure. Hence,

o 1
/ e P InY(t)dt < —In(Yo+ Sp).
0 P
On the other hand, the sequence of admissible controls {Ry(-)}, with Ry(t) = kSp for
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t €10,1/k] and Ry(t) =0 for t > 1/k, k =1,2,..., is a maximizing one, as

e_p/k

[e'e] 1/k 1
/ e InY,(t) dt = / e " In(Yy + kSot) dt + In(Yy + Sp) — — In(Yy + Sp)
0 0 P

as k — oo. Hence, there is no optimal admissible control in the class of locally bounded

measurable functions in problem (13)—(15), while an impulse control R.(t) = Syd:(0),
where 6;(0) is the Dirac delta, is an optimal impulse control in problem (13)-(15).

In the next two sections we overcome the difficulties arising from the presence of an
integral constraint on the control variables and unboundedness of the admissible control
set in problem (P) by reducing problem (P) to an auxiliary problem (P1), and then
to (P1"), without integral (and state) constraints. This allows us to prove an existence
result and apply a version of the Pontryagin maximum principle developed in [4, 5] for
problems with dominating discount.

4 Reduction to a one-dimensional problem without
integral constraints

Let us introduce a new state variable z(-): [0,00) — R! and new control variables
u(+): [0,00) — (0,00) and v(-): [0,00) — [0,00) as follows:

S(t)

_ ) Ry(1)
z(t) = A u(t) = ()

v(t) = : t>0. (16)

Here, as in problem (Q) above, the state variable S(-) represents the current supply of the
exhaustible resource. This variable is a (Carathéodory) solution to the following Cauchy
problem (for given admissible controls R;(-) and Ra(+)) on [0, 00):

S(t) = —Ri(t) — Ra(t),  S(0) =S, (17)

Note that the case n = 6 = 1 is not excluded, although in this case the new variable
x(-) degenerates into a constant. This case can easily be analyzed directly, but we include
it in our general scheme to save the space. Below we show that for n = 6 = 1 the
problem reduces to a zero-dimensional problem, i.e. to a problem in which the utility
function depends only on the controls and does not depend on the state variables (hence
the control variables take constant values maximizing the utility function at each moment
in time).

Note also that S(t) > 0 for all t > 0, so the quantities u(t) and v(t) are well defined
for all ¢ > 0. Indeed, if S(7) = 0 for some 7 > 0, then S(¢) = 0 for all ¢ > 7 and hence
Ry (t) = Ry(t) = 0 for t > 7, which is precluded by (5). Moreover, u(-) and v(-) are locally
bounded measurable functions since R;(-), i = 1,2, is locally bounded and measurable
and S(+) is positive and continuous.



Since z(-) is a (locally) absolutely continuous function, we can calculate its derivative
a.e. on [0, 00):

S()

i-(t):(l_n)m_ w

A(t)20

==—O—nﬂww+v@»d0_(y_@A@)M(?Zgg?—%%w—n

= —(1 = m)u(t) + v(®)x(t) — (1= O)[LA(E)"0(t) "z (t)*,
Thus, () is a Carathéodory solution of the differential equation

i(t) = —(1 = n)[u(t) + v(t)]a(t) — (1= OLAO)] () "2(t)?, >0, (18)

(1-9)

satisfying the initial condition
S "
pum— Aé_e .
Now we express the functional J(A(-), LA(+), Ri(+)) (see (7)) in terms of the new vari-
ables x(-), u(-) and v(-). Consider the first term in the integrand in (7):

o InAy 1 [ _ A(t)
e P in A(t) dt = +—/ e Pt dt. 20
/0 Q p P Jo A(t) (20)

This formula is valid for any admissible trajectory A(-) of problem (P). To show this, it

suffices first to integrate by parts on a finite time interval [0, 7| and then pass to the limit
as T" — oo:

z(0) =z

(19)

T
e In A(t) dt = —Z dt. (21)
jg p p A1)
Due to (10) the integral on the left-hand side and the first term on the right-hand side
tend to the corresponding terms in (20). Further, A(¢) > 0, t > 0; therefore, e "* A(t) /A(t)
is integrable on [0, +00) and the last term in (21) tends to the last term in (20).
Substituting A(t) from (4) into (20), we obtain

ndy | 1 /°° a AEA@] () S )

/0 e In A(t) dt = ; 5 Alt)
hlAQ 1 & —ptrr A ny 1_771'
- +;A P LA ()]0 (8) (1) dt

_ InAyg—e "I A(T) 1/T€MA@
0

dt

Similarly,

/T e PInRy(t)dt = /T e " [Inu(t) +InS(t)] dt

T _ —pT T -
:/1€mmwﬂﬁ+m% - hﬁﬂv+1/'awgﬁm
0 P P Jo S(t)

InSy —e " InS(T T
L ep HS()%i/ eP{mu@%—EQ%;%Q]ﬁ.
0



Passing to the limit as T" — oo, we see that

o 1 * t t
/ e PInRy(t)dt = npSo +/ e [ln u(t) — M dt,
0 0

where both sides may be —oo.
Thus, multiplying J(A(-), LA(+), Ri(+)) by p and neglecting constant terms, we arrive
at the functional

Bl L)) = [ e LA @) (0 + aplalr - L4(0)

4 (1—a)plnult) — (1 — a)[ut) + v(t)]} dt. (22)

Now consider the following optimal control problem (P1) (see (18), (19) and (22)):

i(t) = —(1 = )u(t) +v(®)]a(t) - (1= O[LA O] w(t) x(t)?, (23)
v(t) € [0, 00), LA(t) € [0, L), u(t) € (0,00), (24)
z(0) = xo,

B )00 = [ e LA Oroe) a0 + aplalr ~ 14(0)
(1= a)plnult) — (1 — a)ult) + v(t)]} dt — max. (25)

We say that a control w(-) = (LA(-),u(-),v(+)): [0,00) — [0, L) x (0,00) x [0,00) (which
is a triple of measurable functions) is admissible in problem (P1) if the functions w(-)
and v(-) are locally bounded. The corresponding trajectory x(-): [0,7) — R', 7 > 0,
can obviously be extended to the whole infinite time interval [0, c0). So, without loss of
generality, we assume that any admissible trajectory x(-) is defined on [0,00). A pair
(z(+),w(-)) where w(-) is an admissible control and z(-) is the corresponding trajectory is
called an admissible pair or a process in problem (P1).

Note that, structurally, problem (P1) is simpler than both problems (P) and (Q)
because problem (P1) contains neither integral constraints on the control variables, nor
state constraints. Problem (P1) is equivalent to problem (P) in the following sense:

Lemma 1. For fired Ay and Sy, there is a one-to-one correspondence between processes
(A(+),w(-)) in problem (P) and (x(-),w(-)) in problem (P1). Moreover, the corresponding
values of the objective functionals J(A(-), LA(:), Ri(+)) and Jy(x(:), LA(),u(-),v(:)) are

related by a liner transformation of the form

(@), L) ul),0() = pI (AC), L), Ba () + C, (26)
where C' depends only on p, Ay and Sy.

Proof. As shown above, any process (A(-),w(-)) = (A(-), LA(:), Ri(+), Ra(+)) in prob-
lem (P) generates a process (z(-),w(-)) = (z(-), L*(-),u(-),v(-)) in problem (P1), and
relation (26) is valid for these processes.



Now, we show that any control process (z(-),w(-)) = (2(-), LA(-),u(-),v(-)) in prob-
lem (P1) corresponds to a control process (A(-), w(-)) = (A(:), LA(+), Ri(+), R2(+)) in prob-
lem (P). First, using the controls u(-) and v(+), we determine S(-) as a unique solution to
the Cauchy problem

S(t) = —[u(t) +v(®)]S(t),  S(0)=S,.

Since u(-) + v(+) is positive and locally bounded, we obtain a positive monotonically
decreasing function S(-) defined on [0, 00). Then we define Ry (t) = u(t)S(t) and Ry(t) =
v(t)S(t), t > 0, which are locally bounded and satisfy the integral constraint in (5).
Finally, we find A(-) as a unique solution to the Cauchy problem

STAW™) = (1= OIEA](0) 5@, A©) = Ay
if # < 1, or as a unique solution to the Cauchy problem
C AW = LAO@ IS0, A0) = Ay

if # = 1. This is certainly possible because the right-hand side of each of these equations
is positive and locally bounded.

We thus have a process (A(+),w(+)) = (A(-), LA(-), Ri(+), Ra(+)) in problem (P). Pass-
ing from this process (A(-),w(:)) in problem (P) back to some process (zi(:),w1(+)) in
problem (P1) along the scheme described at the beginning of this section, we see that
wi(-) = w(-) and x;(-) satisfies the same Cauchy problem (18), (19) as x(-). There-
fore, by the uniqueness theorem for solutions of differential equations, x;(-) = x(-). This
proves the required one-to-one correspondence between the admissible processes in prob-
lems (P) and (P1). Since (26) holds for the processes (A(-),w(:)) and (x;(:), @ (-)), and
(x1(+),w1(+)) = (z(-),w(+)), we conclude that (26) is valid for (A(-),w(-)) and (z(-), w(-)).

U

As a direct consequence of Lemma 1 and estimate (8) we arrive at

Lemma 2. There exists a constant My > 0 depending only on p, L, Ay and Sy such that

sup )/000 e_pt{%[LA(t)]”v(t)l_”x(t) +apIn[L — LA(t)]

(z(-),w()
(1= a)plnult) — (1 - a)[ut) + v(t)]} dt < M,

where the supremum is taken over all admissible pairs (x(-),w(-)) in problem (P1).

Lemma 2 allows us to define an optimal control w,(-): [0,00) — R? in problem (P1)
as a welfare-maximizing triple @, (-) = (L2(+), u,(-), v.(-)). The corresponding admissible
trajectory x,() is an optimal one in problem (P1).

To recapitulate, we have established that a process (A(-),w(:)) is optimal in prob-
lem (P) if and only if the corresponding process (x(-),w(-)) is optimal in problem (P1).
In the next section we formulate and prove two main theoretical results on which the
subsequent solution of the problem is based.
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5 Existence of an optimal control and Pontryagin’s
maximum principle

Denote
flz, bu,v) = —(1 —n)(u+v)z — (1 —0)M' 22,
g(x, b, u,v) = 30" "x + apln(L — ) + (1 —a)plnu— (1 —a)(u+v), (27)
x>0, ¢elo,L), u> 0, v >0,
so that (23) and (25) become

@(t) = f(x(t), LA(t), u(t), v()),
Ji(@(), L), ul),v() = /OOO e " g(a(t), LA(t), u(t), v(t)) dt — max.

Let M(x,u,v,p) and M(x,p) be the current value Hamilton—Pontryagin function and
the current value Hamiltonian for problem (P1) in the normal form:

Mz, lu,v,p) = f(x, lu,v)p+ g(x, b, u,v)
= —(1—n)(u+v)zp — (1 — )" "2%p + sl 1z
+apln(L —0)+ (1 —a)plnu— (1 — a)(u+v), (28)
M(z,p) = sup Mz, l,u,v,p).

£€[0,L), u>0, v>0
Here z >0, € [0,L), u>0,v >0 and p € R.

Next, we formulate two important theorems (an existence theorem and a version of the
Pontryagin maximum principle for problem (P1)) that allow us to perform a qualitative
analysis of the solution to problem (P) (in Section 6). The proofs of these theorems
(together with all necessary auxiliary statements) constitute the rest of this section.

Theorem 1 (existence). There ezists an optimal process (x.(-), W«(+)) in problem (P1).
The process (As(+),w«(+)) corresponding to (x.(-),w.(+)) (in the sense of Lemma 1) is
optimal in problem (P).

Theorem 2 (maximum principle). Let (z,(-), W.(-)) = (2.(-), L2(-), u.(-),v.(+)) be an
optimal process in problem (P1) and (A.(:),w.(:)) be the corresponding (in the sense
of Lemma 1) optimal process in problem (P). Then there exists a current value adjoint
variable p(-) such that the following conditions hold:

(i) The process (x.(:),w.(+)), together with the current value adjoint variable p(-),
satisfies the core relations of the Pontryagin maximum principle in the normal form on
the infinite time interval [0,00):

COM (. (1), L), us (), 0. (1), p(1))

p(t) = pp(t)

Mz, (1), LA, us (), v (8), p(t) = M(,.(t), p(t)) for a.e. t>0. (30)

for a.e. t>0, (29)



(ii) The process (w.(-),W.(+)), together with the current value adjoint variable p(-),
satisfies the normal-form stationarity condition

M (z.(t), p(t)) = pe’* /too e P g(x,(s), LA(s), uu(s),v,(s))ds  forall t>0.

(iii) For any t >0

0o A
() :eptey@)/ o3 uts) 09(2:(8), L (gi,u*(S),v*(S)) ds, (31)
t

where y(t) _ fot Bf(x*(s),Lfé?,u*(s),v*(s)) ds <0.

Let us outline the scheme of proofs of these two theorems. First, we show that it suffices
to consider only bounded controls in problem (P1). Then we introduce the problem with
a slightly modified objective functional, which is defined for controls that take values in
the compact closure of the admissible control set. We show that the optimal processes in
these two problems coincide. Finally, using standard results of optimal control theory, we
prove analogs of Theorems 1 and 2 for the modified problem, which automatically implies
the assertions of Theorems 1 and 2.

This scheme is implemented below as a series of auxiliary lemmas. The rigorous
derivation of the theorems from the lemmas is presented at the end of this section.

Denote Un
o () @
and consider the following optimal control problem (P1’) with bounded controls:
i(t) = —(1 = n)[u(t) +v(t)]a(t) — (1= O)[LA(H)]7v(t) "(t)?, (33)
LAt) € [0,L),  ul(t) € (0,0,  w(t) € [0, V], (34)
x(0) = xo, (35)

RO 00) = [T GAL O (0 + aptnlL — L)
+ (1 —a)plnu(t) — (1 —a)u(t) + U(t)]} dt — max. (36)

Lemma 3. If w.(-) = (LA(-),u.(-),v.(-)) is an optimal admissible control in prob-
lem (P1), then

(1 —n)seLlzq

1/n
) for a.e. t >0,
1—«

u(t)<p and v (t) <V = (

and so W,(+) is also an optimal admissible control in problem (P1'). Conversely, if w,(-)
is an optimal admissible control in problem (P1'), then it is also an optimal admissible
control in problem (P1).

Before proving the lemma, we point out a corollary to this lemma and formula (31).

12



Corollary 1. The current value adjoint variable p(-) satisfying the conditions of Theo-

rem 2 1s bounded:
LV, "

P

(if n =1, then Vy = 0 and we consider Vol_" to be 1). In particular, the transversality
condition

0<p(t) < for all t >0

lim e " x, (t)p(t) = 0

t—o0

holds for any optimal process (z.(-), W.(+)) in problem (P1).

Proof. Indeed, since %(m,ﬁ,u,’u) <Oforallz >0,¢€[0,L), u>0and v >0, it follows

that y(-) is a monotonically decreasing function, and so

> LV, "
0<p(t) < e”t/ e P L (5) M, (s) T ds < =0 for all ¢t > 0.
t p
This implies the transversality condition, as 0 < z,(t) < o for ¢t > 0. O

Proof of Lemma 3. Let @w(-) = (LA(-), u(-),v(+)) be an admissible control in problem (P1)
such that esssup,.u(t) > p or esssup,.ov(t) > V4. Define a new admissible bounded
control w(-) = (LA(-), u(-), ¥(-)) with 4(t) = min{u(t), p} and ©(t) = min{v(t), o}, t > 0.
Note that w(-) is also an admissible control in problem (P1’).

Let z(-) and Z(+) be the trajectories of problem (P1) (with the same initial condition x)
that correspond to w(-) and w(+), respectively (z(-) is also a trajectory of problem (P1’)).
Then we have

a(t) < ult), o(t) < o(t) and xg > Z(t) > z(t) >0 forall t >0

by virtue of equation (23). Therefore,
J((), LAC), u(), o) < / e LA W] E(0) + aplnl — L2
+ (1= a)plnu(t) - (1 - a)fu(t) + o(t)] } dt
< /0 h e*ﬂt{%[LA(t)]"@(t)P%(t) + apIn[L — LA(t)]
4 (1—a)plalt) — (1 —a)[a(t) + 17(1%)]} dt

= Ji(z(-), LA, al-), o(-)),

where we applied the fact that

diu((l —a)plnu— (1 —a)u) <0, — (%[ LA @) "2(t) — (1 — a)v) <0

forall t > 0 and u > p, v > V.

13



Thus, we see that if esssup,.,u(t) > p or esssup,.,v(t) > Vj, then the control w(-)
cannot be optimal. This proves the first part of the lemma.

Conversely, if (z.(+), W.(-)) = (z.(+), LA(), us(-), v4(-)) is an optimal process in prob-
lem (P1’) and (z(-),w(-)) = (z(-), LA(-),u(-),v(-)) is any process in problem (P1), then,
again, introducing a new bounded control w(-) = (LA(-), @(-), v(-)) with %(t) = min{u(t), p}
and o(t) = min{v(t), Vo}, t > 0, we see that

Ji(@(), LAC) u),v() < (@), LAC), al), 0()) < Jila(), LEC) w), vel)),

where Z(-) is the trajectory of problem (P1) (as well as of (P1’)) corresponding to the
control w(-). O

Our next goal is to establish the existence of an optimal admissible control w,(-) in
problem (P1"). To apply a standard existence theorem of optimal control theory, we need
to compactify the range of values of the control variables. For this purpose, we introduce
the function

1
lns—i—g(ﬁ—e) for 0 <€ <g¢,
In¢ for £ > ¢,

L:(§) = (37)

where € < 1 is a small positive constant, to the utility functional J; (z(-), LA(-), u(-), v(-)).
Obviously, £.(-) is a continuously differentiable concave function on [0,00) and £.(£) >
In¢ for € € (0,00).

Now consider an auxiliary problem (P.):

E(t) = —(1— m[ult) + o(®)](t) — (1 — OLABw(t) a(t), (38)
A L), utyelg, o) e 0.V, (30)
x(0) = o,
J(2(), LA (). u / ) (OP0() " (t) + apla (L — LA(D))

+ 1_a)p.c( (t))—(1—04)[u(t)+v(t)]}dt—>max, (40)

where g is the same as in (35). Clearly, any process (z(-),w(-)) = (x(-), LA(:), u(-),v(-))
in problem (P1’) is also an admissible process in problem (P.).

Lemma 4. If there is an optimal process (x.(+),W.(-)) = (2.(-), L2(), us(-), v.(*)) in
problem (P.) such that LA(t) < L — e and u.(t) > € for a.e. t € (0,00), then

() this process is also optimal in problem (P1');

) = (2. ())ﬁf() (), 0.()) (of it ewisls) in

(ii) any other optimal process (Z.(-), W (-
L —¢ and .(t) > € for a.e. t € (0,00) and so it

problem (P1') is such that LA(t)
is also optimal in problem (P.).

VAN gn
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Proof. Assertion (i) is valid because J.(z(-), LA(-), u(-),v
for any admissible process (z(-),@(-)) = (z(-), LA(-), u(")
Je(@a(4), L) (), 0a()) = Ja(@a (), LEC), ual), 0a())- .

If (2(-),w(-)) = (#(-), LA(-), a(-), d()) is a process in problem (P1’) such that LA(t) >

L — ¢ or u(t) < € on a positive measure set of values of ¢, then

() = Ji(a(), LAC), ul-), v(-))
,v(+)) in problem (P1’), while

A

Ji(@ (), LAC) (), 0()) < (@), LAC),a(), 0()) < Je(w(), LIC) ual), va())
= Jl(l‘*()v Lf()a u*()a U*())
and hence this process cannot be optimal in problem (P1"). This implies (ii). O

Denote
W =10, L] x [0, p] x [0, V3]
and
g (2, 0, u,v) = el M + apl (L — ) + (1 — a)pLo(u) — (1 — a)(u +v),
x>0, (l,u,v) € W, 1)

so that (38) and (40) become
i(t) = f(x(t), LA(), ult), v(t)),
Je(w(), L), u(),0() = /0°° e ge(w(t), L (t), u(t), v(t)) dt — max

(see (27)).
For every x > 0, consider the following set, which is standard in optimal control
theory:

Qr) = {(ZO,Z) cR?: 20 < g, l,u,v), 2= f(z,lu,v), ({uv)c W}
Lemma 5. For every x > 0, the set Q(x) is convex.

Proof. 1t suffices to show that for any two points (2?,21), (29, 20) € Q(x) the midpoint
of the segment joining (29, 21) to (29, z2) also lies in Q(z). Let z; = f(x,l;, u;,v;) and
O < g.(x, l;, us, v;) for some (45, us,v;) € W (i = 1,2). We need to show that there exists
(¢,u,v) € W such that

_ ~ 04 .0
felun=:=222 ad  g@lnn>L =122
We will seek (¢, @, ) in the form
- b+ 1
7= 0(e) = 1+ 2_67 a:u1+u2’ @:U1+’02
2 2 2

with 0 <e < % It is obvious that such a triple belongs to W.
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Note that

1— _ _
fl‘f‘fg K U1 + Vg nzfyvin‘f‘fg?}; 77’ Ogngl
2 2 2

(see, e.g., [14, Theorem 38]). Therefore,

f(z,0,4,09) >z and  f(z,£(0),q,v) < Z.

Since f(x,£(-),%,v) is a continuous function of ¢, there indeed exists an ¢, 0 < € < %,
such that B
f(z,l(€),u,v) = Z. (42)
We fix such an € and write simply ? instead of £(€) in what follows.
Now let us show that g.(x,¢,u,v) > z°. Note that due to (42), for 6 < 1,
[777’(71777{[ _ —(1 — 77)(’11 + T_))l' —Z _ —(1 — 77)(’&1 + us +v1 + ’UQ).’L’ — (21 + 2’2)
(1-0)x 2(1—-0)x
_ O] "z + ﬁgv;"x. (43)

2

If 0 = 1, then f(-) does not depend on ¢ and so (42) holds for all e. Therefore, choosing an
appropriate €, we can achieve the equality of the first and last expressions in the chain (43)
in this case as well.

Since £.(+) is a concave increasing function, we have £.(L — ¢) > L.(L — £(0)) and in
view of (43) find that

gg($,£17U1,Ul) +gé‘(l‘7£27u2a02)

> 70,
2

ge(x, 0, u,0) >

This completes the proof of Lemma 5. O
).

Lemma 6. For any ¢, 0 < ¢ < 1, there exists an optimal control in problem (P,
Moreover, if € is small enough, then any optimal control w(-) = (LA(-), u.(-), v.(+)) in
problem (P.) is such that L2(t) < L — ¢ and u,(t) > ¢ for a.e. t € (0,00).

Proof. The existence follows from Theorem 2.1 in [5] and Lemma 5.

Note that problem (P.) falls within the case of dominating discount (see [5, Sec-
tion 12]), so we can apply the version of Pontryagin’s maximum principle formulated
in [5, Theorem 12.1] to this problem. To this end, define the current value Hamilton-
Pontryagin function M. (x,u, v, p) and the current value Hamiltonian M, (z,p) in prob-
lem (P.) in the normal form:

Ms(x7 g? u? U7p) = f(x7 g? u? U)p —"_ gE(x7 g? u? U)
= —(1—=n)(u+v)zp — (1 — )" 2% + 2l

+apl (L —10)+ (1 —a)plo(u) — (1 —a)(u+v), (44)
M.(z,p) = . su);;w M (x,l,u,v,p). (45)
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Here x > 0, (¢, u,v) € W and p € R
Let (z.(+), @.(*)) = (2.(-), L2(-), u.(-),v.(-)) be an optimal process in problem (P.).
Then, by Theorem 12.1 from [5], we have

M (2.(), LA®), wn(t), va(8), p(t)) = Me(2.(8), p(t))  forae. t>0,  (46)

where

o0 A
p(t) — epte—y(t) / e—psey(s) agE(x*(S)7 L* (S>7 U*(S), U*(S)) ds (47)
' ox
with the same y(-) as in Theorem 2. As shown in the proof of Corollary 1, y(-) is a

monotonically decreasing function, and so
Oge(z, b, u,v) 2LV, "

1
— sup = for all t > 0.
P z>0, Lu,v)eW Ox P

0 <p(t) <

We also have 0 < x,(-) < xp. However, it is easy to show that if € is sufficiently small ?
then the maximum of the function M. (z,-,-, -, p) with respect to (¢,u,v) € W for fixed
z € (0,29) and p € [0,5L"V,"/p] cannot be attained at a point (£,u,v) such that
{ > L —¢oru< e Indeed, it suffices to calculate the partial derivatives of M, with
respect to £ and u.

This fact, together with the maximum condition (46), completes the proof of the
lemma. O

Proof of Theorem 1. Above we have shown that the auxiliary problem (P.) has a solution,
i.e. an optimal process (z,(-), Ws(-)) = (z+(+), L2(+), u.(-), v.(+)), and proved certain esti-
mates for the corresponding optimal control (Lemma 6). These estimates show (Lemma 4)
that any such solution is also an optimal process in problem (P1’), and so is an optimal
process in problem (P1) (Lemma 3), which is equivalent to the original problem (P)
(Lemma 1). Thus, we obtain the existence of an optimal control in problem (P). O

Proof of Theorem 2. Fix a sufficiently small . By Lemmas 6 and 4(ii), L2(t) < L — ¢
and u,(t) > ¢ for a.e. t € (0,00), and (x,(+), W.(-)) is an optimal process in problem (P.).

By Theorem 12.1 in [5], such an adjoint variable p(-) satisfying properties (i)—(iii) of
Theorem 2 (with g¢.(-), M.(-) and M_.(-) instead of g(-), M(-) and M(-), respectively)
exists for the optimal process (z.(-),w.(+)) in problem (P.). Since LA(t) < L — ¢ and
u.(t) > € for a.e. t > 0, we have g(w.(t), L2(t), us(t), va(t)) = ge(@a(t), LA(t), us(t), v4(t))
and M (. (t), LA(t), us (1), v.(t), p(t)) = M(xo(t), LA(t), us(t), v.(t),p(t)) for a.e. t > 0.
Moreover, since M(z, ¢, u,v,p) < M(x, ¢, u,v,p) for all x > 0, p > 0 and ({,u,v) € W,
we also have M (z.(t),p(t)) = M.(x.(t), p(t)).

Thus, properties (i)—(iii) of Theorem 2 with ¢(-), M(:) and M(-) follow from the
same properties with ¢.(-), M.(-) and M.(-). In particular, (46) and (47) become (30)
and (31). O

Theorem 2 allows us to explicitly write the Hamiltonian system of the Pontryagin
maximum principle for problem (P1). In the next section, we will analyze the qualitative
behavior of solutions to this system and single out all optimal regimes.

30f course, the upper bound for ¢ that guarantees the validity of this statement depends on zg, but
o is fixed from the onset.
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6 Analysis of the Hamiltonian system

We know from Theorem 1 that an optimal process (x.(-), W.(+)) in problem (P1) exists and
satisfies the relations of Theorem 2. Using Theorem 2, we can construct the Hamiltonian
system of the Pontryagin maximum principle for problem (P1) in the variables z(-) and
p(+) directly. However, to simplify the further analysis, we pass from the variable p(-) to a
new variable ¢(-) defined as ¢(t) = x(¢)p(t), t > 0. Then we write and analyze the relations
of the Hamiltonian system of the Pontryagin maximum principle for problem (P1) in the
variables z(-) and ¢(+).

In terms of the variable ¢(-), the adjoint system (see (29)) and the maximum condition
(see (30)) take the forms

o(t) = @()p(t) + x(t)p(t) = po(t) + LA (1) (1) a(t)[(1 — )(t) — 5] (48)

and

Mz, b u,v,¢) — max (49)

€[0,L),u>0,0>0"

respectively. Here the function M(-) is defined by the equality (see (28))

M(x,f,u,v,gb) = —[1 —a+(1 —n)qﬂ(u—I—v)
+ [3e— (1= 0)¢] "' "z + apln(L — €) + (1 — a)plnw, (50)

forallz >0,¢>0,u>0,v>0and 0</¢< L.

Our first aim is to write the Hamiltonian system of the maximum principle for prob-
lem (P1) in terms of the variables z(-) and ¢(-) by combining equations (23) and (48)
(and using maximum condition (49)). To this end, we first express the quantities L4 (x, ¢),
u(z, ¢) and v(z, ¢) as functions of z and ¢ that are (unique) maximizers of M(-) with
respect to £, u and v, respectively (see maximum condition (49)), for all z > 0 and ¢ > 0.
Then, substituting these maximizers into equations (23) and (48), we get the Hamiltonian
system of the maximum principle for problem (P1) in the form

() = —=(1 = n)u(x(t), ¢(t) + v(x(t), o(t))]x(t)
= (1= 0) L™ ((t), ¢(t))"o(2(t), $(£)) (1), (51)
(1) = po(t) + LA (x(1), o) v (x(t), 6(1)) () [(1 = ) (1) — 5]

The value u(z, ¢) at which the maximum of M(-) with respect to u is attained can
casily be found by means of differentiation (see (50)):

(A=
l—a+(1—n)¢

If 3¢ < (1 — 0)¢, then the maximum of M(-) with respect to £ and v is attained for
v(z, ) = LAz, ¢) = 0.

u(z, ¢) (52)
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Suppose that s > (1—0)¢. If n = 1, then v(z, ¢) = 0 simply because of the constraint
0<v<Vy=0 (see (39) and (32)), and u(x, ) = p (see (52)). In this case it is obvious
that the maximum point of M(-) as a function of ¢ is given by

ap
(Ge—(1-0)d)z

Finally, consider the case when » > (1 — 6)¢ and n < 1. Note that M(x, liu, v, @) —
—o0 as v — oo or £ — L —0. On the other hand, if one of the variables, v or ¢, is
zero, then the maximum with respect to the other variable is attained at zero. Therefore,
the maximum of M(-) with respect to £ and v is attained either at the point v(z,$) =
LA(x,¢) = 0 or at an interior point, in which case this point can be found by equating
the partial derivatives of M(-) with respect to ¢ and v to zero:

LA("L‘v(b) =L—-

(53)

a0 -00)(3) e= 2 (54)
== (=00] (L) o =1-a+ - (59
Denoting
 1l-a+(1—-n) - R
N P () A )
we find ’
—=h(z, )7 (56)
and
L aph(me)T . ap(l—a+(1-n)¢)T
P () A T N B TRV 57)
L aphled)t L —male—(L=0)¢)7  ap(l—n)
Wz, ¢)n 1 —(1—0)dlz (1—a+(1L—n)p)n n(l—a+(1-n)¢)
(58)

If these formulas yield positive values v(z, ¢) and LA(x,$) of v and ¢, then this is the
maximum point of M(-) with respect to v and £. Otherwise, the maximum point is
v(z, ) = LAz, ¢) = 0.

Note that (57) and (58) for n = 1 turn into (53) and v(x,¢) = 0, respectively, if we
consider (1 — 1)~ to be 1 for n = 1.

Set

a’p"(1 —a+ (1L =n)¢)'"
hl (¢) = 1— )
Lrnr(1 =)t — (1 = 0)¢]
and introduce the following sets (see Fig. 1):

0<(1=0)p <2,

['={(z,¢) €R*: >0, ¢ >0},
To={(z,¢) €T: (1-0)¢p >3 or {(1-0)p <3, x<h(d)}}, I, =T\T,.
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Figure 1: The sets I'y and I'; and the optimal trajectory (thick line). All trajectories
lying above the optimal one tend to infinity along the ¢-axis. All trajectories lying below
the optimal one transversally intersect the z-axis.

According to the above analysis, in 'y both L“(z, ¢) and v(z, ¢) vanish, and so our
Hamiltonian system (51) in I'y has the form

o Q-p—ap
) = T (el

¢(t) = po(t).

Note that hi(-) is a monotonically increasing function of ¢ (except for the case n =60 = 1,
in which h;(-) = const). Therefore, any trajectory of our system that reaches the set Iy
cannot leave this set afterwards. (Indeed, at every point of I'y we have #(-) < 0 and
¢(-) > 0.) However, we know that ¢(-) is bounded along an optimal trajectory (e.g., by
Corollary 1); hence the only candidate for an optimal trajectory in Iy lies on the z-axis
and looks like

(1),

:L‘(t) _ fe—(l—n)p(t—T)7 gb(t) =0 for t>T, (59)
where 1
(1 — -
y_c:hl(o):pa( a "
L (1 —n)t=ns¢

(60)

On the other hand, since %(t) < 0, any bounded trajectory must tend to a fixed point. If
n < 1, then Z(-) < 0 in the interior of I'; and consequently any trajectory of our system
starting in I'y eventually enters the set I'y. This shows that there is a unique bounded
trajectory of our system, and hence the optimal process in problem (P1) is also unique.
The tail of this trajectory is described by (59).

If n =1 and € < 1, then for similar reasons any bounded trajectory starting in I'y
tends to the point (Z,0) on the boundary of I'y. Let us show that there is only one such
trajectory (Z(-), ¢(-)) in I'y. Indeed, if there were two trajectories lying in 'y and tending
to (z,0), then any trajectory lying between these two would also tend to (z,0) (because
#(-) < 0). However, this is impossible, as we can show, for example, by considering the
linearization of the Hamiltonian system of the maximum principle in I'; at the point (z, 0)
and applying the Grobman—Hartman theorem (see [16]).
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Finally, if n = 6 = 1, then z(t) = 1 (see (16)) and @(t) = pe(t) — L3, where £ =
max{0, L — 22}, Thus, the only bounded trajectory is the fixed point z = 1, ¢ =
max{0, & , 2% — a}. Recall that in this case the optimal controls are u(t) = p, v(t) = 0 and
LA(t) = max{0, L — 22

Let us now examine the initial part of the optimal trajectory lying in I'y, for n < 1.
Using formulas (56) and (58), we find

L op

(" = h(x, P = hzo)s e — (1-0)¢]

Thus, our system (51) in I'; has the form

S8 = (1 — (n—a)p L .
0=~ o h(x(t),gb(t))%} @

L ap
h(t), o(t) 5" ()l — (1= 0)o(t)

L=+ (1-noft)
(= ahe). o)

and we are interested in the trajectory (i(-), #(-)) that passes through the point (z,0). It
would be difficult to solve this system analytically, but for numerical simulations it suffices
to know that the sought trajectory (Z(-),¢(+)) is a solution to the Cauchy problem for
system (61) in reverse time (i.e., with the right—hand side taken with the opposite sign)
under the initial condition #(0) = &, ¢(0) =

Moreover, since Z(t) < 0 for all t > 0, we can express ¢(-) as a function of Z(-) along
this trajectory, ¢ = ¢«().

If n =1 and # < 1, we can also express ¢(-) as a (continuous) function of #(-) along
this trajectory, ¢ = ¢, (z) (with ¢,(z) = 0 for < Z). However, this trajectory cannot be
found as a solution of the Cauchy problem, as described above, because (z,0) is a fixed
point of the Hamiltonian system for n = 1.

Thus, for nf < 1 we obtain a unique optimal feedback control w,(z) = u(x, ¢.(x)),
v (1) = v(x, ¢ (1)), LA(x) = LAz, ¢.(x)) according to formulas (52), (58) and (53), (57).

Let us summarize the above analysis of the Hamiltonian system as follows:

—<1—9>[

Theorem 3. (a) If n = 1 and 0 = 1, then there is a unique optimal control w(-) =
(LA(), ue(-), v.(+)) in problem (P1), with

LA®t) = max{() L— %}, ux(t) = p, (1) =0 for all t € [0,00).

In this case x(t) = xo =1, t > 0 is a unique admissible trajectory (see (16)).
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(b) If n0 < 1, then there is a unique optimal feedback control (optimal synthesis)
W, (z) = (LA(2),u.(2),v.(x)) in problem (P1), with L(x) = LA(x,¢.(z)), u.lz) =
u(z, pu(x)) and vi(x) = v(x, du(x)) determined by formulas (53), (57), (52) and (58).
Here the feedback ¢.(x) is generated by a unique solution ((-), ¢(-)) of the Hamiltonian
system (61) that reaches (or tends to) the point (z,0) from the right, where (see (60))

pla(1 — a)l—n

C T D (=)

Namely,

(b.1) If nf <1 and z < T, then
LA(z) =0, us(z) = p, vi(z) = 0.
(b.2) If n=1,0 <1 and x > z, then (see (53), (52) and (58))

ap
LAz) =L — : us(z) = p, vi(z) = 0.
(¢ = (1 = 0)¢u(x))z
In the case of 7 = 1 and 0 < 1, for any wnitial state xo < T the corresponding
optimal trajectory x.(-) is x.(t) = xo, t > 0, while for any initial state o > T the
corresponding optimal trajectory x.(-) monotonically tends to the point T from the
right as t — o0.

(b.3) If n< 1,0 <1 and x > Z, then (see (57), (52) and (58))

1-n
n

LA(ZL‘) — [ — ap(l —_Oé—f—(l —U)Qb*(x))
n(L—n) 7 (z)c— (1 - 0)¢u(2)])7

)

” ({L‘) _ (1 — Oé)p
T lmar (e
o(e) = MO =mabe— (=00 @)7 ___ ap(i-n)
" (1—a+(1—n)pu(z)) n(1—a+(1=n)p.(z))

In the case of n < 1 and 0 < 1, for any initial state zo > 0, the corresponding
optimal trajectory x.(-) monotonically decreases to 0 as t — oo.

Finally let us analyze the dynamics of the output Y(-) and the knowledge stock A(-)
along the optimal trajectory.

If n =60 = 1, then (Theorem 3(a)) the optimal controls are u(t) = p, v(t) = 0
and LA(t) = max{0,L — 22}. In the case of Lx < ap, we have stagnation of the

knowledge stock (A(t) = 0) and depletion of the output (Y (t) — 0 as t — oo). For
L > ap, the knowledge stock grows exponentially, while the output still depletes to zero
for Ly < p(a+ (1 —«)), is constant for Ly = p(a+ (1 — «)), and grows exponentially
for L > p(a+ #(1 — a)).
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Let us consider the case nf < 1 in more detail. If g < Z, then we again have stagnation
of the knowledge stock and depletion of the output. If zy > Z, then the knowledge stock
grows in the beginning, but the growth either terminates at a certain instant (n < 1) or
decelerates (n = 1), so that the knowledge stock never exceeds a certain level determined
by the parameters of the system. The output falls to zero in the long run. However, the
following proposition shows that it may grow on some initial time interval.

Proposition 1. Let nf < 1. Then, for sufficiently large initial values xy (i.e., for a
relatively large initial stock of the exhaustible resource Sy and/or for a relatively small
initial knowledge stock Ag; see (19)), the output Y (-) as a function of t increases on some
wnitial time interval 0 <t <7, 7 > 0.

Proof. For large xy the initial part of the optimal trajectory lies in I'y and hence Y'(-) is
continuously differentiable for the corresponding values of ¢. Let us show that Y (¢) > 0
on the initial time interval 0 < ¢t < 7, 7 > 0, of the optimal trajectory. We have

: A(t) LA(t) u(t) S(t)
o .
=Y (t) [%LA(t)”v(t)l_”x(t) — aLfiL(i)(t) +(1- a)% — (1 —a)(u(t) + v(t))] (62)

(see (1), (2), (17) and (16)), where u(t) = u.(x(t)), v(t) = v.(x(t)) and LA(t) = LA (x(t)).

Let us show that ¢(¢) < 0 along the optimal trajectory in I';. To see this, note that
the curve on which ¢(¢) = 0 in I'; is described by the equation

S

o 02 _Ml—at(=me) LO-n k=000 o

o (L=nh(z,9) (L-a+(1-me)
This equation defines = as a monotonically increasing function of ¢. So any trajectory of
our system that intersects this curve at some instant 7 (at a point different from (z,0))
acquires a positive derivative of the ¢-coordinate and later enters the set I'y (at a point
different from (Z, ¢)). Such a trajectory tends to infinity and so it is not optimal. Hence
our optimal trajectory lies in I'y completely below the above curve, and gb(t) < 0 on it.
This immediately implies that @(t) > 0 in (62) (see (52)).

To estimate the second term in the square brackets in (62), we first denote ((t) =
z(t)[> — (1 — 0)p(t)], Cu(x) = 2[5 — (1 — 0)¢.(x)], and calculate (along the optimal
trajectory in I'y)

() = S (al0) [ — (1= 0)6(1)]) = i(0) [ — (1~ 6)6(1)] — (1 — a1

= —(1 = n)[uc(@()) +v(@(t)]C(t) — (1 = O)px(t)d(t) <0, (64)

because ((t) > 0 for (x(t),¢(t)) € I';. Then, after some calculations, we find from (53)
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for n =1, from (57) for n < 1, and from (48), (64) that
LAY (L =)o) 1)

CL-LAW) p(l—a+(1—n)e(t) nc)
(1 — ) LA®)(t)¢(t) L (A= 0)pa®)e(t)
n(l—a+(1—ng()) q0) '

If =1 and # < 1, then the right-hand side of (65) is positive; hence ( ) > 0 and

>_

(65)

LA(z)", (2) "2 — 400 as T — +00. (66)

This obviously implies that Y (¢) > 0 for large z(t) along the optimal trajectory, as the
second and third terms in the square brackets in (62) are nonnegative, while the last term
is bounded due to the restrictions u(t) < p and v(t) = 0.

If n <1and@ <1, then ¢.(x) < 5¢/(1—6) in I';. Let us show that ¢.(z) — 3¢/(1—0)
as ¥ — o0o. Indeed, suppose the contrary. Then it follows from (57) that L2(x) — L as
x — o0, and due to (56) v,(z) ~ /" as x — oo. Therefore,

dpu(z) _o(t) _  Li(@)"w.(z) 7l — (1= 0)¢u(x)] — ppu(z) 1 (67)
B a0 (=) + o @+ (1= L@@
which contradicts the boundedness of ¢.(-). Thus, ¢.(z) — /(1 —0) as z — oo.

If ¢.(-) is unbounded, then by (57) L (x) — L as ¥ — oo, and by (56) v.(z) ~
Co(2)Y" = o(z'/") and v,(r) — oo as x — oo. This shows that the first term in the
square brackets in (65) dominates all the negative terms there, and so Y (t) > 0 for large
x(t) along the optimal trajectory.

If ¢,(+) is bounded, then v,(+) is bounded by (55). Hence the right-hand side of (65) is
dL (:):

positive for large x(t) and, in particular, > 0 for large x. Therefore, again by (55),
v.(z) is bounded away from zero for large x We see that (66) holds in this case as well,
which again implies that Y (¢) > 0 for large x(t) along the optimal trajectory.

Finally, consider the case of n < 1 and 6§ = 1. In this case ((t) = s»xz(t). Multiplying
equation (54) raised to the power n by equation (55) raised to the power 1 — 7, we find
that
ap(1—a+(1- 77)(}5*(3:))17

(L~ L)
Recall that ¢.(-) is a monotonically increasing function of z. If it were bounded, then we
would have LA(x) — L as 2 — oo, v,(2)" ~ z by (55), and hence (67) would be valid,
which is impossible for a bounded ¢,(-). Thus, ¢.(z) — o0 as z — co.

On the other hand, ¢.(x) = O(x) because the optimal trajectory lies below the curve
described by (63). Therefore, L4 (x) — L as * — oo by (57) and v.(x) > v, for some
vo > 0 and for all sufficiently large = by (58). At the same time, v.(x)? = o(x) by (58).
This shows that the first term in the square brackets in (65) dominates all the negative
terms there, and so Y () > 0 for large z(t) along the optimal trajectory.

We showed that for nf < 1 the output Y(¢) increases on some initial time interval
provided that the initial supply of exhaustible resource Sy is large and/or the initial
knowledge stock Ag is small. O

(1 =)' sex =
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7 Summary

The above analysis of the Hamiltonian system yields a complete characterization of the
optimal transitional dynamics of the model. The results of this analysis are summarized
in Theorem 3.

The dynamics of the output Y (-) is illustrated in Fig. 2. Optimal growth is only
sustainable if the following three conditions hold simultaneously:

(i) the accumulation of knowledge has strong scale effects;
(ii) the exhaustible resource is not an input to the production of knowledge;
(iii) the population is not too small.

In this scenario the growth of output is exponential. The resulting dynamics correspond
to the optimal balanced growth path. While the requirement of a strong scale effect in
the accumulation of knowledge is well-known in the economics literature, the requirement
of the independence of the research sector from the exhaustible resource is a new result.
Fortunately, the research sector does not depend excessively on narrow-sense exhaustible
resources, such as minerals.

Condition (iii) says that a sufficiently small economy will not grow, even under strong
scale effects and even if the accumulation of knowledge does not depend on the exhaustible
resource. This minimum size condition is the least restrictive of all conditions and can
be assumed to hold a priori. In the typical case s = 1, we have L > p. This inequality
can be maintained in all cases of interest since L is the size of the labor force and p is the
discount rate. The opposite case L < p is included for completeness.

In the sustainable growth scenario n = 6 = 1, for a sufficiently large population size L,
a constant fraction of labor is allocated to research. The lower the discount rate p, the
higher this fraction. The fraction also depends on the elasticity of substitution in the
production function. The optimal extraction policy implies an exponential depletion of
the stock of the exhaustible resource, with the rate equal to the discount rate. This is
the well-known Hotelling rule for the optimal depletion of exhaustible resources. In sum
this implies an exponential growth of the knowledge stock A(-). The dynamics of the
knowledge stock A(-) are illustrated in Fig. 3.

Given Jones’ critique, we hold Scenario 3 in Fig. 2 to be the most realistic of the four
scenarios. In this case (nf < 1) we may have two qualitatively different optimal policies
depending on whether the accumulation of knowledge requires the resource:

(i) When the accumulation of knowledge is independent of the resource (n = 1), the
fraction of labor employed in research tends from an initially positive value to zero.
This means that the research effort becomes successively smaller. The extraction
policy is identical to that in the case of optimal sustainable growth described above.
The stock of the exhaustible resource depletes exponentially with the rate equal
to the discount rate. The policy described above is optimal provided the initial
knowledge stock is not too large (xy > Z). Otherwise it is optimal to allocate the
entire labor to production from the onset.
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Figure 2: Dynamics of the output Y'(-) under optimal resource allocation: (1) n =60 =1,
Lx>pla+x(1—a)); (2)n=0=1,Lx=plat+x(1—a)); (3)nd<1;(4)n=0=1,
Ly < p(a+ (1 — «)).

l\A(t)
FO=0) L
1
__________________________ 20
3
40
t
O >

Figure 3: Dynamics of the knowledge stock A(:) under optimal resource allocation:
(I)n=10<1;2)n<1l;(3)n=0=1,Lx>ap, (4)n=0=1, Lx < ap.
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(i)

When the accumulation of knowledge requires the resource (n < 1), it is optimal
to conduct research until a certain ratio (given by (60)) between the knowledge
stock and the current supply of the resource is reached. In this case the labor
and resource allocated to research gradually decrease and ultimately vanish at the
moment of reaching the above-mentioned ratio. Afterwards the research effort stops
and the stock of knowledge remains at its maximum level. This policy is optimal
when zy > z. For xy < Z it is optimal not to invest in research as the initial
knowledge stock is sufficiently large.

On a final note we would like to emphasize that in the most realistic scenario, in
which technological progress is subject to weak scale effects or does depend on an ex-
haustible resource, growth will eventually cease. This suggests that sustainable growth
along one technological trajectory is impossible and there is a need for a transition to a
new technological trajectory based on an alternative resource in production.

References

1]
2]

K.J. Arrow, M. Kurz, Public Investment, the Rate of Return, and Optimal Fiscal
Policy, Baltimore, MD, J. Hopkins Univ. Press, 1970.

A.V. Arutyunov, S.M. Aseev, Investigation of the degeneracy phenomenon of the
maximum principle for optimal control problems with state constraints, STAM J.
Control Optim. vol. 35, pp. 930-952, 1997.

S.M. Aseev, A.V. Kryazhimskii, The Pontryagin maximum principle for an optimal
control problem with a functional specified by an improper integral, Dokl. Math.,
vol. 69 (1) , pp. 89-91, 2004.

S.M. Aseev, A.V. Kryazhimskiy, The Pontryagin mazimum principle and transver-
sality conditions for a class of optimal control problems with infinite time horizons,
STAM J. Control Optim., vol. 43, pp. 1094-1119, 2004.

S.M. Aseev, A.V. Kryazhimskii, The Pontryagin mazimum principle and optimal
economic growth problems, Proceedings of the Steklov Institute of Mathematics,
vol. 257 , pp. 1-255, 2007.

J.-P. Aubin, F.H. Clarke, Shadow prices and duality for a class of optimal control
problems, SIAM J. Control Optim., vol. 17, pp. 567-586, 1979.

L.M. Benveniste, J.A. Scheinkman, Duality theory for dynamic optimization models
of economics: the continuous time case, J. Econ. Theory, vol. 27, pp. 1-19, 1982.

L. Cesari, Optimization — theory and applications. Problems with ordinary differen-
tial equations, New York, Springer, 1983.

P. Dasgupta, G.M. Heal, The optimal depletion of exhaustible resources, The Re-
view of Economic Studies (Symposium on the Economics of Exhaustible Resources),
vol. 41, pp. 3-28, 1974.

E. Dinopolous, P. Thompson, Schumpeterian growth without scale effects, Journal
of Economic Growth, vol. 3, pp. 313-335, 1998.

27



[11] A.F. Filippov, Differential equations with discontinuous right-hand sides, Dordrecht,
Kluwer, 1988.

[12] C. Groth, A new-growth perspective on non-renewable resources, Discussion papers
06-26, Department of Economics, University of Copenhagen, 2006.

[13] H. Halkin, Necessary conditions for optimal control problems with infinite horizons,
Econometrica, vol. 42, pp. 267-272, 1974.

[14] G.H. Hardy, J.E. Littlewood, G. Pélya, Inequalities, Cambridge, Cambridge Univ.
Press, 1934.

[15] R.F. Hartl, S.P. Sethi, R.G. Vickson, A survey of the mazimum principles for op-
timal control problems with state constraints, STAM Review, vol 37, pp. 181-218,
1995.

[16] P. Hartman, Ordinary differential equations, New York, J. Wiley & Sons, 1964.

[17] H. Hotelling, The economics of exhaustible resources, Journal of Political Economy,
vol. 39, pp. 137-175.

[18] C.I. Jones, Ré&D-based models of economic growth, Journal of Political Economy,
vol. 103, pp. 759-784, 1995.

[19] C.I. Jones, Growth: With or without scale effects, American Economic Review,
vol. 89, pp. 139144, 1999.

[20] L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, E.F. Mishchenko, The math-
ematical theory of optimal processes, Oxford, Pergamon, 1964.

[21] P. Romer, Cake eating, chattering, and jumps: existence results for variational
problems, Econometrica, vol. 54, no. 4, pp. 897-908, 1986.

[22] P.S. Segerstrom, Endogenous growth without scale effects, American Economic Re-
view, vol. 88, pp. 1290-1310, 1998.

[23] A. Seierstad, K. Sydseeter, Optimal control theory with economic applications, Am-
sterdam, North-Holland, 1987.

[24] K. Shell, Applications of Pontryagin’s maximum principle to economics, Mathemat-
ical Systems Theory and Economics 1, Springer, Berlin (Lect. Notes Oper. Res.
Math. Econ., vol. 11), pp. 241-292, 19609.

[25] J. Stiglitz, Growth with exhaustible natural resources: efficient and optimal growth
paths, The Review of Economic Studies (Symposium on the Economics of Ex-
haustible Resources), vol. 41, pp. 123-137, 1974.

[26] M.L. Weitzman, Income,wealth, and the mazimum principle, Cambridge, Harvard
University Press, 2003.

[27] A. Young, Growth without scale effects, Journal of Political Economy, vol. 106,
pp. 41-63, 1998.

28



