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We consider a one~dimensional stochastic process described by a master equation and calculate
the time-dependent distribution function. The time evolution of the system is given by the condi-

tional probability 4 (x,? | x,), where x and x, are continuous variables.

Assuming a quite general

dependence of the transition probability Wq(x—x’) on a parameter (), we show that the backward
form of the master equation can be used to calculate arbitrary conditional averages {f(x)|xo); up
to any given power in Q~!. This general expansion procedure will be used to construct % (x,? | xo) it-
self. We show that—introducing a new stochastic variable y—the conditional probability 4 (x,t | xo)
can be expanded into a series of Hermite functions. The coefficients of this expansion, b,(¢), which
depend on the expansion parameter (), can be uniquely determined via a recursion relation. We
show that in the limit — oo all coefficients b,(¢) vanish, except by, which is time independent. In
this limit a Gaussian distribution for the conditional probability is obtained, which is in agreement

with the so-called linear noise approximation.

I. INTRODUCTION

A common formulation of stochastic processes is given
in terms of a hierarchy of various probabilities, i.e., sing-
let, joint, and conditional probabilities.1 One can either

derive exact equations for the singlet probability involving

also the conditional probabilities, or one can derive an
open hierarchy for the conditional probabilities alone. Al-
though these equations look formally very simple, they
cannot be solved in general, since the equation for the
lower-order  conditional probability requires the
knowledge of a higher-order probability. In order to
avoid these difficulties one assumes that the higher-order
conditional probabilities are identical to the lowest-order
probability; which we will call A(x,t|xq). A process
based on these assumptions is called a Markov process!?
and the time evolution of the conditional probability
h(x,t | xq) can then be described by an integro-differential
equation, which is commonly called Markov or master
equation. The central quantity entering the master equa-
tion is the transition probability Wgq(x—x’), which in
general also depends on time. However, in many physical
applications the transition probability can be considered
as time independent, leading to a Markov process homo-
geneous in time. It is exactly this process, which will be
considered in this paper for the case of a one-dimensional,
continuous, unbounded stochastic variable x.

A variety of physical problems can be formulated in
terms of a master equation. They are found in transport
problems, the study of gas-phase relaxation,’ reaction ki-
netics,* birth and death processes, random walks,’ etc. In
each particular application physical intuition and/or
first-principles calculations have to be used in order to ar-
rive at an explicit expression for the transition probability
Wa(x—x'), which determines the entire process. It
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turns out that in only very few examples the transition
probability allows an analytic solution of the master equa-
tion. Furthermore—except in the case of linear one step
processes—no rigorous technique exists for solving master
equations. This difficulty is the reason why—instead of
looking for an analytic solution—one tries to find approx-
imations to the original master equation. The well-known
Kramer-Moyal expansion,® e.g., transforms the master
equation into a partial differential equation of infinite or-
der, which involves the jump moments a,(x) of the tran-
sition probability. If one then assumes that the moments
a, with n>3 are small compared to a; and a, and
neglects them one arrives at the nonlinear Fokker-Planck
equation. However, if one tries to find higher-order ap-
proximations including aj,ay, . .., one would run into a
logical inconsistency as pointed out by Pawula.” The first
rigorous transformation of the master equation to a
Fokker-Planck type equation was presented by van Kam-
pen.® He assumes a quite general dependence of the tran-
sition probability on a physical parameter Q and, after in-
troducing a new stochastic variable y, he was able to show
that in the limit Q— « the original master equation can
be replaced by a Fokker-Planck equation with time-
dependent coefficients. Although this limit is exact, no
general procedure or approximation scheme is available
for the case where Q is finite. A third method, which is
closely related to van Kampen’s method, was given by
Kubo et al.’ These authors assume an exponential form
exp[ 3, Q7 'g)(£,x¢,t)] for the Fourier transform of
h(x,t | xo) and show that for Q— « a Gaussian distribu-
tion is obtained. In this limit the result is identical to that
obtained by van Kampen. This method has the disadvan-
tage that higher approximations for the distribution itself
are difficult to find, since the inverse transform of
exp[ 3, Q~'g;(&,%0,2)] is not known in general.
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In a previous paper'® the present authors have shown
that the transport equation, which is the average of the
backward master equation, can be used to calculate an ar-
bitrary conditional average f(x)|x,), systematically as
a power series in Q~!. The method was also used to find
an approximation to the distribution function & (x,z | x,)
itself, which turned out to be identical with the linear
noise approximation obtained originally by van Kampen
and Kubo et al. However, from a mathematical point of
view this approximation is unsatisfactory, since it results
from neglecting certain terms in our expansion rather
than being a limiting process in a mathematical sense.
The purpose of this paper is to go beyond the linear noise
approximation and to present the complete solution to the
master equation. From this general solution one can then
easily find the mathematical limitations under which the
Gaussian distribution is obtained. Introducing a new sto-
chastic variable y (see Sec. V) we will show that the distri-
bution function % (x,t | xy) can be expanded into a series
of Hermite functions, 3, %_,b,(1)¥o(y)¥,(y). It will turn
out that the coefficients b,(¢), which depend on the pa-
rameter {2, are uniquely determined by recursion relations.
In this sense our solution is not a formal solution to the
problem and successive approximations can be actually
computed by single integrations. Replacing the infinite
sum of Hermite functions by a finite sum,

’,f —obn ()W(»)W,(y), we define the kth approximation
to h(x,t|xq). Although we are not able to answer ques-
tions concerning the positivity of the kth approximation,
one can easily show that the kth approximation repro-
duces the exact moments {(y‘) for 0< <k. Furthermore,
in the limit Q— «, all coefficients b, (n >1) vanish,
while b is a constant. The distribution is then given by
the zeroth approximation W3(y)/v/7, which is identical
with the linear noise approximation.

II. METHOD FOR SOLVING
TRANSPORT EQUATIONS

Although a detailed description of the method for solv-
ing transport equations can be found in our previous pa-
per,!® we want to repeat the main results for completeness.
Let us consider a stationary Markov process for a one-
dimensional, continuous stochastic variable x(z) with
— o0 <x(t)< . The time distribution function (TDF)
h(x,t|x(), which is the conditional probability for find-
ing the stochastic variable x (¢) between x and x +dx at
time ¢, given that at time ¢ =0 it had the value x, can be
described equivalently'®!! by the forward master equation

-aa;h,u,r | %0)= — Pa(x)hs(x,1 | xo)

+ f Walx,—x)he(x1,t | x0)dx, (1a)
or the backward master equation

%hb(x,t l.Xo)= —Pq(xg)hp(x,t ’ Xg)

+ f Wg(xo—»x1)hb(x,t|x1)dx1 (1b)

with the initial conditions
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hf(x,t=0lyxo)zhb(x,t=O[x0)=8(x—x0) . (1c)

Here Wq(x—x)dtdx has to be considered as a known
function describing the probability for a transition from x
to x; in a small time interval dt and Pq(x) is given by

Pg(x):szn(x—ncl)dxl . . (2)

The subscript Q refers to an explicit dependence of the
transition probability on a given parameter . An impor-
tant quantity, related to the distribution function, is the
conditional average of an arbitrary function f(x), defined
by

(f) | x0)e =X(x0,0):= [ flxh(x,t|x0)dx . (3)

Comparing Egs. (1a) and (1b) we see that only the back-
ward form of the master equation provides us with the
following integro-differential equation for X(x,z) (see
Refs. 10 and 11):

X0, + Palxo(xo,)= [ Walro—x1X(x1,0d,

"(4a)
which has to be solved subject to the initial condition
X(xg, t =0)=f(x0) . (4b)

Equation (4a), which is called transport equation, is the
starting point for our considerations. Let us assume that
the transition probability Wq(xo—x;) can be written in
the following form:?

Walxg—x1)=F(Q)W(xy,Q(x;—xg)), (5)

where on the right-hand side (rhs) of Eq. (5) the depen-
dence on ) appears explicitly and F(Q) is a given func-
tion. Although the precise definition of the parameter Q
depends on the system considered, we assume that in our
system there exists a size parameter ) which scales the
jump length. As has been shown previously,'” this special
dependence of the transition probability on the parameter
Q can be used for separating the arbitrary conditional
average X into a nonfluctuating part X, and fluctuating
parts X; (I > 1). Expanding X in a power series in Q!

X(Xo,‘r)= i %X](Xoﬂ') (6)
=0 Q

we have shown that the nonfluctuating part X, is the solu-
tion of a homogeneous first-order partial differential
equation,

Xolx0,T)=f(X), )]
where X is the solution of the macroscopic equation

4% _ (%), F(0)=x, . (8)

dr

The fluctiuating contributions X;(I/>1) obey inhomo-
geneous first-order partial differential equations, the solu-
tions of which are given by

X H ’_
Xi(xor ) =X [xox]= [ 22X,

%0 ay(p) (9a)
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with
Hy(xg,7)=H[x0,X]
1+1 as(XQ) d*

=2 st dx —Xip1-s[x0,X1, 1>1. (9b)
s=2 .

In deriving the above equations we introduced a new time
scale

_ F(Q)

and the jump moments of the transition probability
an(x0)= [ W(xo,p)y"dy | (1

which are independent of Q. Furthermore it turns out
that the time dependence of X;(x,,7) is given by the solu-
tion of the macroscopic equation alone; this is indicated
by using the square brackets in Eq. (9a) and (9b).

-From Egs. (7)—(9) we see that the functions X; can be
determined successively, the calculation of X; involving
only differentiations of the previous functions X
(k <1 —1) with respect to x,. This differentiation can be
I

carried out explicitly, since the dependence of X on the in-
itial condition x is given by!'%!?

dx a,(X)

— = 12
de al(XO) (12)
which implies for example for the rhs of Eq. (9b)
d — ] _ 1( X) )
e X0 RT= 5 Xilxo ST+ s D Xilxo ]
(13)

In our previous paper we have also shown that the
dependence of the quantities X; on the arbitrary functlon

f can be made exp11c1t yielding

Xi[x0,X]= 2 f‘”“"’(f)xl,y_k[xo,f], I>1. (14)
k=0

In Eq. (14), f*®¥(%) denotes the kth derivative of f with

respect to the argument and X 5; _; are functions indepen-

dent of f, containing the moments a,(xy) only. The im-

portance of Eq. (14) becomes clearer, if we combine it

with Eq. (6) to obtain

F(x) ]| x0)7=X(x0,7)=X[x0,X]= f(X)+ %[ FREX 2+ PEX ]

+?)1—2[f‘4)<f)x2,4+f<3><x>x2,3+f‘2>(5c-)x2,2+f“>(‘f>x2,,]+o —

or in general
(f(x) | x0),= f(X)

+2 qul M()C)X]z[ k(xo,r)
=1

(15b)

We see that an arbitrary conditional average can be calcu-
lated up to any order in !, once the functions X 121 —k
are known. Therefore the functions X;,; _; will play an
essential role in our further considerations. For example,
the mean-square deviation of an arbitrary quantity f can
be obtained directly from Eqgs. (15a) and (15b), yielding up
to order Q!

(f2x) | x0),—{f(x) | x0)7 *—Xu[f(“(x)]z (16)
This shows that fluctuations are of order Q~, and X, ,
measures the size of these fluctuations. (For an explicit
expression for X , see Sec. II1.)

In the next section we will focus our attention on the
general structure of X;,; _; and establish a recursion rela-
tion for these functions. It will turn out that for a fixed
value of k the quantities X;,;_, which belong to the
(k + 1)th column of Eq. (15a) are polynomials in X, , and

' J

141 x as(y)

Xilxo,51= 3, - [ &
s—2

s
de

X0 a (y) XI+1-—S[xO’f]

1 (152)

|
the dependence on the index [/ is explicitly given by the
powers of X;,. In particular, for k =0 we have already
shown that the terms in the first column of Eq. (15a) can
be expressed by

Xiu=—— (17)

n

which—neglecting all other terms—gives rise to a Gauss-
ian distribution function with time-dependent mean X and
variance 2X,;,. This approximation is the well-known
linear noise approximation.? However, from a mathemat-
ical point of view, there is no a priori reason for neglect-
ing all other terms in Eq. (15b), and the question arises,
what are the contributions of these terms? In the follow-
ing sections we will address this question and show that
each column in Eq. (15b) gives rise to a Hermite function
in the TDF meaning that 4 (x,t | xo) can be expanded in a
series of Hermite functions, where the coefficients of the
series can be determined successively.

III. RECURSION RELATION FOR X121k

In this section we want to give both a recursion relation
for the functions X;, _; and their explicit dependence on
the index / for a fixed value of k. We start combining
Egs. (9a) and (9b) to obtain

dy, I>1. (18)

Xq=y
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Since the “initial condition” Xo=/f(X) is known, we can
use Eq. (18) to determine the X,;’s successively. An ex-
plicit expression for X, has been given previously'® and
shows agreement with the general structure of Eq. (14).
Note that the differentiation on the rhs of Eq. (18) has to
be understood according to Eq. (13), since X depends on
Xq-

Let us first simplify the notation: Suppose B[x(,X] is
an arbitrary function of the two-independent variables x
and X. In order to denote the kth total derivative with
respect to x, we use a superscript in square brackets and
suppress the argument.

dk
—J—;B[xo,f]=B[k] . (19)
X0

By f™(x) we denote the nth derivative of f with respect
to the argument which therefore does not depend explicit-

ly on x3. Furthermore we suppress the integration vari-
able y. With this simplified notation Eq. (18) reads
&l 1 X a
Xl“ 2 fxo as +1—sdy’ 1>1 (20)

In order to find a recursion relation for the X 120 —k [see
Egs. (15a) and (15b)] we first prove that the general struc-
ture of X; is given by

211
Xi[x0,%1= 3 fHREX 5 _k[x0,%] (21)
k=0
with
X121k =0 forl<O0or k<Oork>2l but Xgo=1,
22)

where the X} _x’s no longer depend on f. We know al-
ready that X, and X; have the form of Eq. (21) and for
: ]

zf(Zl k)(x)z i E

j=2 m= =0n=mJ %o oy

fx ﬂpnm)(

general / > 1 we will prove this relation by induction. We
start assuming that Eq. (21) is valid for all X; with
0<L <l —1. Since on the rhs of Eq. (20) we have only
derivatives of X; with 0<L <! —1, we can insert our as-
sumption [Eq. (21)] into Eq. (20) in order to prove that
the left-hand side (lhs) of Eq. (20) has also the assumed
form. In addition this procedure will provide us with a
recursion relation for X;,; ;. First we have to differen-

- tiate Eq. (21) with respect to x

f<2L k(% X5_ —m]

X = zi

=0 m=0

2L—1 s m S .
=3 33 [,,, }f‘ZL"‘*f’(f)pm,,-XE;L"‘lk,
k=0 m=0 j=0
(23)

where we have used Leibnitz’ rule in the first step and the
chain rule for higher derivatives in the second step (see
Appendix A). Note that in Eq. (23) the dependence on f
is explicit and p,, j=py, j[x0,X]. If we now rearrange the
sums in Eq. (23) with respect to the derivatives of f we
obtain (see Appendix C)

Xk‘]:__ x*L +2s—1f(2L +s —k)(f)
k=0

s s
2 2 pm,jXL 2Lm+s —j—k > 24)
where for X;,_; the constraints, Eq. (22), have to be
used.

Putting L =/ +1—s and inserting this expression into
the rhs of Eq. (20) we obtain—again after rearranging the
series with respect to the derivatives of f—

j
/

Pamio_k—mdy, 1>1 (25)

which proves Eq. (21), since Eq. (25) has the same structure. In addition, comparing Eq. (25) with Eq. (21), we immedi-

ately obtain the following recursion relation for X;,;_4:

Xiy—k=

which enables us to calculate the functions X5 _x succes-
sively. In order to see this more clearly we change the in-
dices (j, m,n) to new indices (L,K,J) via the relations

L=141—j, K=k4+m+2-2j, J=j—n. 27

Equation (26) then assumes the form

Xigi—k= 2

f x aik 7 xEh _kay . (28)
(LxnNes; = °

The functions aﬁ?,’{,k, which depend on x;, and X, are
given by

j X a P
n] fxO jpnml’yﬂn—]j,zl—k—mdy, I>1 (26)
I
b2k 1 I+1-L
L,K,J (I+1—L) {{+1—-L—J
Al 41-L :
X—"““‘; Dl 41—L —J,21—k—2L 4K (29)

and the summation runs over all integer triples (L,K,J) of
the set .|, which is defined by

Z1={(LKNEZ’|

l—k—1<L<l—1, (30a)
k+2L —21<K <k —I+L +1, (30b)
0<J<L—K—I+k+1} . (30c)
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The inequalities, Eqs. (30a)—(30c), are immediate conse-
quences of the index transformation Eq. (27). We want to
mention once again that in evaluating the summation on
the rhs of Eq. (28) the constraints given in Eq. (22) have
to be taken into account.

Next we want to show that the sum on the rhs of Eq.
(28) contains only one term with K =k. From Eqgs. (30a)
and (30b) we obtain K <k —I +L + 1<k, where the equal
sign holds only for L =/ —1. That is to say, for L </ —1
we cannot find a value of K with K =k. Inserting now
(L,K)=(l —1,k) into Eq. (30c) yields J =0. We conclude
that (L,K,J)=(l —1,k,0) is the only triple for which
K =k. The corresponding value for aﬁ?,’(}k is easily
found to be

aff’l kk0=3a Pzzz‘f_‘(_[l])z 31)

We can now split up the sum in Eq. (28) into two terms,
one with K =k and the other with K <k yielding

x O
Xiu—k=7% [, (x UN2X) 120 —1—kdy

*o a

S afk o xay G2

+ 2

(LKDESY
where .y is the region % minus the point
(L,K,J)=(l—1,k,0), ie., Sy=1\{(I—1,k,0)}. We

now evaluate the recursion relation, Eq. (32), for k =0.
The sum in Eq. (32) is zero, since for k =0 the set .#; is
empty. Therefore we get

)
Xou=% [, —
W=7 J

This recursion relation can be solved explicitly, since the
initial value Xy o=1 is known. For /=1 we get with the
aid of Eq. (12)

(U2 5 _ody . (33)

Xialxoxl=4 [} %(f“])zdy=%af(f) N Zgg ; dy
(34)

Introducing the abbreviation

Xi,2:= i)(1 o[y, %] (35)

) 3y b

we can rewrite Eq. (33) in the form

Xij=— fxiXII?ZXI—IJI—Zdy : (36)
or explicitly

Xpo= 3(11‘,3 : ' (37)

Equation (37) can be easily proved by induction and was
obtained previously.'® For convenience we define X} ,=0
for 1 <0 in order to declare Eq. (37) valid for all /. This is
in agreement with Eq. (24) and shall be tacitly assumed in
the sequel.

Next let us turn to the case k =1. From Egs. (30a) and

-(30b) we get for the region .#;; K =0; therefore the sum

on the rhs of Eq. (32) contains only terms of the form
XL 1., the explicit structure of which is already known for
all L due to Eq. (37). In particular, region .#; consists of

the following set of triples:
S u={(-1,0,1),(I —1,0,0),( —2,0,0)} (38)

and the corresponding values for a}f,'(}k are given by [see
Eq. (29) and Appendix A]

121—1

ab] ~_————x“] (39a)
a
— 1«
af 3’1 010___ Ec—z%x 2] (39b)
1,211 _Lfi(x[llp (39¢)

a1 22,0,0= 6 a
Therefore Eq. (32) reduces for k =1 to

X1,21-1=—f X12X1—121 3dJ’+f x[”)(; 1,21 24y

yL[r2
2 *o oy

x a3
+7% fxo ;;(x (X 520 _ady (40)

x5 _ody

Inserting now the explicit expression for X;,; given by Eq.
(37) yields

Xiot—1=— f:l’i,z)(z_l,zl—s
-1
1 % 5| X2
M ](l—l)! Y
1-2
* gyt L% gy | X2
+fx0 alx X %—f— ( ) (l—2)!dy

41)

Equation (41) is now a recursion relation in / alone and
can be solved explicitly using Eq. (B2) of Appendix B.
The result is

Xppra=Tay 2, K12 42)
AL A =Xy AT )
with
- a
Y=+, 2. %y (43)
and

x“_f ——xmxﬁlldy+ f —(x“])3dy (44)

Again we have to keep in mind that by definition X} 1,2=0
for 1 <0. Equation (42) implies a considerable simplifica-
tion of our scheme, Eq: (15b), since once the functions
X1,1 and X, 3 are calculated, we know all terms in the
second column of Eq. (15b).

It is now obvious how the functions X;,;_, can be cal-
culated. For region ¥y we now have K =0,1. This im-
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plies that on the rhs of Eq. (32) we have only terms of the
form X E 1, and x 2 1, _,, the structure of which is already
known for all L [see Eqgs. (37) and (42)]. Since the con-
siderations are identical to those for X;,;_;, we only
present the result. The functions X, _, are again polyno-
mials in X; , and have the form

1 52 1_3

Xi2—2= (X3 1+X,, 2) " + (X110, 3+ X3, 4)

2) 3)'
iy ;37;(&—{)! , (45)
where the new coefficients X, , and X 4 are given by
Tarm § [ ey + [ otx i ay
+4 fx‘;giffllflzldy (46)

and
— x Q)
Xsa= % f"o ;‘(X

1 [P
2 "oal

1132 * % iy
12y + fxo a,x X Ydy

glly2yltlg, + L [ 24 00y
(x )XI,Z Yy + 55 fx0 al(x ) y .

(47)

Although the coefficients X, , and X; 4 are rather in-
volved, we see that the structure of X;,;_, remains simple.
Equation (45) represents an analytic expression for the
coefficients in the third column of Eq. (15a). In principle

no difficulty arises when calculating the terms X;,; &

with k>3. However, rather than going beyond our
present explicit calculations, we want to focus our atten-
tion on the general structure of X;, _x. In the next sec-
tion we shall prove that for all k the dependence of
X121 -k on the index [ is given by a polynomial in X/ .
Furthermore the upper and lower index of this polynomi-
al are given. It is exactly this explicit structure of X;,; _x
which will enable us to reconstruct the form of the distri-
bution function itself. This will be done in Sec. V.

IV. GENERAL STRUCTURE OF X2/«

According to the results of the previous section it seems
quite obvious that the dependence of X, _; on the index
I is given by a polynomial in X;,. However, the deter-
mination of the upper and lower index of this polynomial
is not evident. Therefore we want to prove in this section
that the general structure of X ,; g is given by

§ xiz!
XL —k= ki K>1, (48)
I=[K/2]+1 &M@ —n -

where ck ; are functions of x, and X but independent of
L. They can be determined uniquely by solving the recur-
sion relation Eq. (28). In particular, by comparing Eq.
(48) with Eq.s (42) and (45) we get for the first few cx ;

C1,1 =)71,1, Cl,z=)_(2,3 , (49)

2
1

=i
|

,3

S T v
€22="" +X2,2, €23=X11X23+X34, C24= >

(50)

In Eq. (48) the symbol [K /2] denotes the largest in-
teger less or equal to K /2, and Xl »,=0 for L <O, as de-
fined in Sec. IIL. It should be stressed that Eq. (48) holds
for K >1 only, and in the case K =0 we have to use Eq.
(37). Taking now the Jth total derivative with respect to
xo of both Eq. (48) and Eq. (37) we get

2K +J X{‘z 7

¥ k= > A

¢k 15—, for K,J=0,1,2,...
I=[K/2]+1 (L =D

(51a)
but (K,J)=4(0,0) and
L
Xt _x= -Ll% for (K,J)=(0,0) (51b)

and the coefficients cé, ; are uniquely determined by this
differentiation.

According to Egs. (51a) and (51b) let us next split up
the sum in Eq. (32) into two terms, one with (K,J)=(0,0)
and the other with (K,J)=4(0,0)

X
Xiot—k=— fxOXLzXz_x,zz—z—kdy

, * L20—k
+ X fx a0 Xr,2L4y
(LxnNesy 0
(K,J)=(0,0)

-+ 2 f aI A XY%L Kdy (52)
(L,K,J)E Sy
(K,J)#(0,0)

Note that for k =0 both sums are empty. In order to
prove Eq. (48) we assume that Eq. (48) [and Egs. (51a)
and (51b) which are a consequence of Eq. (48)] is valid for
all K <k —1 and for all /. In the case of K =0,1,2 this
has been shown explicitly in Sec III. Since on the rhs of
Eq. (52) we only have terms XL %L _x with K<k —1, we
can insert our assumption Egs. (51a) and (51b) in order to
prove that X;,; i has again the structure glven by Eq.
(48). In the followmg we consider each sum in Eq. (52)
separately.

(i) Inserting Eq. (51b) into Eq. (52) we obtain for the
first sum

xk
A4:= izéok 1zdy s (53)
(LKNES

(K,J)=(0,0)

*9

where the sum has to be taken over the subregion of #;
defined by (K,J)=(0,0). Putting (K,J)=(0,0) in Egs.
(30a) and (30b) we find the following inequalities for L:

l—k—~-1<L<l—-1, (54a)
2L <2l —k . (54b)

The coefficients af’%ﬁk are given by [see Eq. (29)]

120 —k__ 1 Al41-L
(l+1—-L)! ay

Piy1—L20—k—2L - (55)
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If we now keep in mind that p, (=8, (see Appendix A),
we see that, if 2L =2/ —k [which is possible due to Eq.
(54b)], the corresponding coefficient % 5* is proportion-
al to p;41_r0 Wwhich is zero unless L =I/+1. But
L =141 is in contradiction to Eq. (54a). We therefore
can write instead of Eq. (54b) the inequality 2L <2! —k,
which is equivalent to L </ —[k/2]—1, since [ has to be
an integer. This latter inequality is for k>0 always
stronger than Eq. (54a) and so we can replace Egs. (54a)
and (54b) by

l—k—-1<L<l—[k/2]-1. (56)

Performing the index transformation L =/ —i in Eq. (53)

we get
k! Xiz'
A= ar? 5k dy . (57)
i=[k2/2]+1 fxo (I=i

According to the remark following Eq. (52) the above ex-
pression is only valid for k > 1. Defining now coefficients
A; i as follows:

1,21k 1 Qi+1
ar_io,0= m o T Di+1,2i —k>

A= fori<k+1, (58a)
0, fori>k+1. (58b)

We can extend the upper index of the sum in Eq. (57) to
2k yielding

' N v
A= t 4 2 _dy, (59)
i=[kz/2]+1 o (I—1)

where it should be noted that according to Eq. (58a) and
(58b) the coefficients A; ; are independent of /.

(ii) Inserting Eq. (51a) into the second sum of Eq. (52)
we obtain

2K +.I

x5
fCKlaIZI —k 12 Sadte N

B:= LK (L —n

(LKNES I= [K/2]+1
(K, J)#(0,0)

(60)

where the summation runs over all triples (L,K,J) from
region ' excluding the points with (K,J)=(0,0), i.e.,

over all (L,K,J)Eyu\ {(L,K,J)EYH I K=J =0} .
Performing an index transformation (L,K,J,I)
— (I —L,K,J,I) we obtain

Xzt !
B= f ckrar? ok KL (61)

(L,K,J, I)Efm
where the sum has to be taken over all integer quadruples
(L,K,J,I)E€ Fy, given by

Fm={(L,K,J,[)EZ*|(L,K,J,)5~(1,k,0,I) ,

I<L<k+1,
k—2L <K<k —-L +1,

(62a)
(62b)

O0<J<k+1—K-—L,
[K/2]+1<I<2K+J} .

(62c)
(624d)
The coefficients af’il L, 1’§ s are given by [see Eq. (29)]

L+1
L+1—j

ar 41

— PL+1-jK—k+2L
ay

par—k _ 1
(L +1)

(63)

and are independent of the index ! since neither Egs.
(62a)—(62d) nor the rhs of Eq. (63) depend on /. Next we
want to prove that Eq. (61) can be written in the same
form as Eq. (59), namely

2k 5 XI1 2'
B= B; i (64)
i=[k2/2]+l fxo ( )l

The proof will be completed, if we can show that I +L in
Eq. (61) satisfies the inequality

[k/2]+1<IT+L <2k (65)

because then we can rearrange Eq. (61) according to
powers of X, and arrive at Eq. (64). To this end we first
insert the lhs of Eq. (62b) into the lhs of Eq. (62d) and get

k
2

k —2L
1
+1> 2

I> > +1= +1—L

2

or
I+L>

k

> J+1

which we wanted to prove. Next we note that Eqs. (62c)
and (62d) imply

I<k+1+K—L or I+L<k+1+K.

For L =1 we have K <k —1 because of (L,K,J)54(1,k,0)
and therefore I +L <2k; for L >2 we have K<k —1
from Eq. (62b) and therefore again I +L <2k. So we
have shown that Eq. (65) is valid and therefore the expres-
sion given in Eq. (64) exists.

Inserting now Eq. (64) and (59) into Eq. (52) we obtain
the recursion relation

X
Lo X00X0 101 —2—kdy
0
2%k 7 Xll,_zl

C
+i=[k2/21+1 %o (i)t

X —x=—

dy (66)

with C;x:=A;+B;,. Note that Eq. (66) is a recursion
relation in / alone with a fixed index k, since it has been
derived under the assumption that X ,; _x has the form
of Eq. (48) for K <k —1 and all I. The explicit solution
of Eq. (66) can be found easily, if we make use of lemma 1
given in Appendix B. We obtain the relation

I—i
2k XI,ZI

i=(ks2)+1 =12

Xyt = S+ Cixdy (67)

which is exactly the form of Eq. (48) and completes our
proof.
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We briefly want to recall the significance of our result
derived in this section. We have shown that the depen-
dence of the functions X;,; _x on the index [/ is explicitly
given by a polynomial in X; ;. The coefficients c; ; of this
polynomial can be determined successively by solving Eq.
(32). We therefore have found analytic expressions for the
coefficients in each column of Eq. (15a). In the next sec-
tion we will see how this information can be used to
derive the distribution function itself.

V. EXPLICIT FORM OF THE DISTRIBUTION
FUNCTION

We have already shown in a previous paper!® that the
" terms in the first column of Eq. (15a) give rise to a Gauss-
ian distribution function. This approximation was called
linear noise approximation. If this approximation is used
for calculating conditional averages X(x,,7) we see from
Eq. (15b) that the linear noise approximation does not
provide a systematic expansion of X in powers of Q™!
To see this more clearly, let us consider the special condi-
tional average (x |xo), From Egs. (15b) and (48) we
find immediately

{(x|x0), —x+2 J?+i————-—021—1’1

, (68)
=1 s o

whereas the linear noise approximation yields only the
first term on the rhs of Eq. (68). One can argue that in
many examples the parameter () is very large and contri-
“butions of order Q! can be neglected. To be consistent,
however, one should then neglect all terms of order O~

in Eq. (15b), which implies for the distribution function
h(x,t|xo)=8(x —X). This, however, describes only the
deterministic (macroscopic) motion of the system and
gives no information about fluctuations, which are of or-
der Q! [see Eq. (16)].

Another argument for neglecting the sum on the rhs of
Eq. (68) could be the following. Suppose that the func-
tions X;; are small compared to the macroscopic motion
X of the system. Then we could neglect them even for a
finite value of Q~!. But this assumption, namely
X11<<X, is in general not true. However, in contrast to
our arguments it is known that the linear noise approxi-
mation provides a satisfactory description of the stochas-
tic process, if the parameter  is large. The purpose of
this section is to resolve this “discrepancy” and to give a
mathematical limit for which the linear noise approxima-
tion holds. Furthermore we want to present corrections to
the linear noise approximation, which are necessary, if the
parameter () in the physical system under considerations
is not “infinitely large.”

Let us start by combining Eq. (6) with Eq. (14). We ob-
tain for the conditional average of an arbitrary quantity f
[see also Eq. (15b)]

!
Xl,z

s L pen
<f(X)Ix0>7'_ 120 Qlf T

© 2l —1
+ E Qi 2 FEOEN k. (69)

Next we rearrange the second sum on the rhs of Eq. (69)
performing first the summation in each column of Egs.
(15a) and (15b) and afterwards the summation with
respect to the rows. One easily finds

XI

(f(x) ] x0)r= i T

i=o
§

In what follows we consider only the second sum on the
rhs of Eq. (70). Denoting this expression with the letter 4
we obtain after inserting our explicit expression for
X1,21,qk [Cf Eq. (48)]

21
A

0

2 la—fm WX y21 g . (T0)
+

i § i (21 —k) X1’
4:= Cki 2, —7/ 7 THX) -
Kzt i (I—=in
© 2k XIIZ
=3 X ck:E =g 22 gy

K=1i=[k/2]+1 QH' I

In the first expression we made use of our definition
Xl »=0 for k <0 leading to ¥, °_; in the second one we
performed an index transformation [/ —i—I. Now the
summation over / is independent of all other indices and
we can write

I
< _I_XLZ < L ki iz~
E T D —f (%)
PO X k=t1i=[k2]+1 &

(72)

Finally we rearrange the term in the large parentheses
with respect to derivatives of f

o 2k
Ql f(21+21 k)(x)__ EfZl—{—s f)d .
k=1i=[k/2]+1 s=1

(73)

The coefficients d; can be determined with the method
described in Appendix C. One gets

oo c_ . N
d,= 2ol =1 (74)
, Qi
i=[(2s+2)/3]
and therefore
2 1 Xip & Ft+s
— = (x)d, . (75)
=2 2/

Inserting this result into Eq. (70) and using the explicit
form of X, ,; [see Eq. (37)] yields

) [x0),= [ fOh(x,1 | x0)dx

Q

] 2 df(21+s)(x (76)

where we used the definition dy:=1. The special form of
the sum in Eq. (76) allows us to apply lemma 2, Appendix
B, Eq. (B3), and gives an explicit expression for the distri-
bution function itself
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172
d 0
h(x,t )= exp[ —Q(x —x)2/4X
(i lxo= 3 |5 | enl 2]
/2 172
a | Q _
Xdp, 4X1,2 J n 4x1’2 (x —X)J

(77)

This expression can be written in a simpler form, if we in-
troduce a new stochastic variable y (¢) via

0
4X1’2

yi= (x —X) (78)

and the distribution function % (y,r)

h(x,t|xp)dx =:h(y,7)dy . (79)

Furthermore, by expressing Eq. (77) in terms of Hermite
functions!

W, (y)=e~%"/2He,(y) (80)

one easily finds

h(y,r)= 3 b,¥(»)¥,(») (81a)
n=0
1
bo:z——
V'
" . (81b)
b,,::..l_ Q & C2i—in,i’ n>1
Vi | 4X, i=[nt23]

Equation (81a) is the central result of this paper and
represents the Green’s function solution of the original
master equation [Eq. (1a)]. It is not a formal expansion of
the distribution function %(y,7) in Hermite functions,
since the coefficients b, are determined by recursion rela-
tions [see Eqs. (28) and (48)] and their dependence on Q
appears explicitly. In general the coefficients b, (n >1)
depend on x, and on the scaled time 7 via the solution of
the macroscopic equation [Eq. (8)]. From the definition
of the b,’s [Eq. (81b)] we find

ﬂlll'l'l bn —-:b()S,,,O (82)

which yields for the distribution function

S | S

nh_Enm h(y,7)= e Wo(y) .
But this is exactly the linear noise approximation,
which—in the new stochastic variable y—becomes time
independent. We want to mention that Eq. (78) can be
used as a starting point in order to transform the original
master equation [Eq. (1a)] into a partial differential equa-
tion of infinite order, where the dependence on  is
‘shown explicitly. This has been done in the work of van
Kampen.8 In the limit Q-— « one obtains a Fokker-
Planck equation with time-dependent mean and variance,
the solution of which is identical to Eq. (83). However,
our solution Eq. (81) treats the full problem without any
approximation and provides systematic corrections to the

(83)

linear noise approximation. Corrections become especial-
ly necessary, if—due to the physical problem—the param-
eter ) cannot be considered infinitely large. To give an
example we refer to the Rayleigh piston problem.!*

In concrete examples it is unlikely to find a closed ex-
pression replacing the infinite sum in Eq. (81a). Therefore
one is led to replace the infinite sum by a finite sum. In
doing this we can define the kth approximation to the dis-
tribution function

_ k
hi(p,7):= 3, b, Wo»)W,(») . (84)

n=0

Although it is in general difficult to answer questions
concerning the positivity of the kth approximation, one
interesting conclusion can be drawn. From the ortho-
gonality relations for the Hermite functions one easily
finds that the kth approximation h(y,7) gives the exact
result for all moments (y') with /=0,1,...,k. In par-
ticular one finds for the first moment

(y)= [yhy,ndy=Vab,= [ yh,(y,ndy,  (85)
where we used
J »¥»)¥,(p)dy =V7s,, . (86)

One can easily verify that writing Eq. (85) in the original
variable x reproduces Eq. (68), which serves as a check for
our general expression for the distribution function given
by Eq. (81a).

VI. EXAMPLE

For a simple check of our results presented in the previ-
ous sections let us consider the example of the Rayleigh
piston.!* In this case the equilibrium distribution function
h®%(x) is known to be a Gaussian distribution depending
explicitly on the parameter Q)

172

Q exp[—xX(Q—1)] . (87)

heY(x)= [__*_l
T

In what follows we want to show that our series expansion
[Eq. (81a)] yields the correct equilibrium distribution
function for all Q whereas the linear noise approximation
is valid only for Q— o0.

According to (81a) and (81b) we need the coefficients
¢k,i(x9,7) for 7— oo in order to get the equilibrium distri-
bution function. However, due to the rather involved
structure of the recursion relation [Eq. (28)] it seems un-
likely to find in this particular case a general expression
for the time-dependent functions X, _; from which the
coefficients ¢y ; can then be derived [cf. Eq. (48)]. In or-

. der to avoid this difficulty we restrict ourselves to the fol-

lowing - exercise: Rather than calculating directly the
equilibrium distribution from the long time limit of the
Xi2—1’s and the corresponding cg;’s we assume the
equilibrium distribution A°%, given by Eq. (87), to be
valid. We then use this known A°® for calculating equi-
librium averages via the relation

lim (f(x)|x0),= lim [ f(x)hCx,|x0)dx

= [ fon®(x)dx . (88)
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Expanding the rhs of Eq. (88) into a power series in
Q~! we can compare it with the lhs of Eq. (88) or
equivalently, with the long time limit of Eq. (15b). In this
way we can determine the X; . _x(xo,7) for 7— 0 and,
using Eq. (48), the coefficients ¢y ;(xo,7) for 7— o are
obtained. As expected, it will turn out that these coeffi-
|

0 1—-1 1
ff(x)h"-q“(x)dx =f0)+ 3 _17 3 £@-20(Q)
i=1 & K=o

This expression can be compared with the long time limit
of our nonequilibrium equation [Eq. (15b)] yielding

I—1| 3%
Jim X 51 -2k (%0,7) = Xjau-2k=| g ]m (90a)
with
X1=+%
and
lim X121 —2k —1(%0,7)=0 for I>1. (9Qb)

In order to obtain the coefficients ¢ ;(xg,7) for 7— 0 we
have to cast Egs. (90a) and (90b) into the following form
[cf. Eq. (48)]:

: ] —i
2k . X1,2

i (T _in

Xia—k= 91)

i=[k/2]+1
with l-independent coefficients ci ;. Comparing Eq. 91)
with Eq. (90b) we find that cj ;=0 for k odd. Next, using
the formula

—1 |l —k||k—1 1—-1
i1 i 1=k (92)
=0
one can easily verify that Eq. (90a) can be expressed by
2% k—1 | x| g
* = . - . 93
ot -2k ,.}H i—k—1 ] (i —k) | =i ®3)
If we now compare Eq. (93) with Eq. (91) we find
. k—1 1 .
Coi = i—k—1 (_I:W’ fork+1$t§2k (94a)
and
¢, =0, fori>2k . (94b)

We want to mention that only due to the requirement that
ct; has to be independent of / one obtains a unique repre-
sentation of X7, _x in the form of Eq. (91) and Eq. (93),
respectively.

Finally, inserting Eqs. (94a) and (94b) into Eq. (81b)
yields the coefficients b,(xq,7) for 7— o

lim b,,(xq,7) 1 1 L

= , 95
T— \/’H-' n'4" (Q-—l)n ( a)

lim by, _;(x0,7)=0 (95b)
T—> 0

2
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cients determine a distribution function [see Egs. (81a)
and (81b)], which is the expansion of 4°¥(x) into Hermite
functions.

Let us first calculate the equilibrium average as given
on the rhs of Eq. (88). Expanding f(x) into a Taylor
series at x =x(=0 and using Eq. (87) we obtain

L (89)

Combining Egs. (95a) and (95b) and Eq. (81a) one can
easily verify that for 7— « the Gaussian distribution

3172
, Q-1
Q

lim A(y,7)= (96)

T—> 00

exXp | —y

is obtained, which—restoring the original variable
x =y/VQ [see Eq. (78) for 7— o ]—is identical to the
equilibrium distribution function given by Eq. (87).
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APPENDIX A

In this Appendix we will show, that the derivatives of a
composite function f(g(x)) are closely related to the cu-
mulant expansion. A relation

is called the cumulant expansion of the power series on
the rhs of Eq. (A1), and the coefficients g; are called cu-
mulants. They can be uniquely expressed by the p;’s and
vice versa. In particular for p,, p,, p;, and p, we get

© I

3 < =

I=1

exp 11“‘— o1, po=1 (A1)

P1=91, (A2a)
P2=q2+41 , (A2b)
P3=43+34291+41 (A2¢)
Pa=q4+49391+395 +6q297 +4q1 , (A2d)

and for more details we refer to Refs. 1 and 2. If we re-
place in Eq. (A1) the g;’s by g, we get

0

1
exp E%qﬂ (A3)
=1

© I
=3 —l‘%p,m, po(=1,
=0 *"*

where p;(t) is a polynomial in ¢ of order /. So we can
write
I>1

l
)= pith, (A4)
k=1

with z-independent coefficients p;x. They are determined
via Egs. (A2a)—(A2d) replacing g; by g¢;¢ and comparing

equal powers in ¢ with Eq (A4). In general one can show
that p; y=gq; and p; l—q, forall [ >1.
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Let us next replace in Eq. (A3) the g;’s by the Ith

derivative of an arbitrary function g (x) and the variable ¢
by the differential operator d/dy. As a result we obtain
two equivalent forms of a differential operator, and we
want to consider its action on an arbitrary function f(y).
We obtain

2 li x)— f)

exp

w A 1
- € (k)
=f(y)+ El T kz;lpz,kf ¥, (A3
where the superscript (/) denotes the /th derivative with
respect to the argument. The lhs of Eq. (AS5) can be sim-
plified considerably, if we make use of the following rela-
tion:

d kd al
exp |az fy)= 2 I dy ,f(y) =f(y+a). (A6)
If we select
©
- € D(y)—
a= T (x)=g(x +€)—g(x) (A7)

=1
the lhs of Eq. (AS) becomes equivalent to f(y +g(x
+€)—g(x)). Next we consider Eq. (A5) for y =g(x).
The lhs of Eq. (AS5) then becomes f(g (x +¢€)), which can
be easily expanded in a Taylor series in €. In doing so we
obtain

o0 0 1
2 f— fg=rlg+ 3 -f— Zp,,kf""(gtx))

(A8)
or—comparing equal powers in e—
1 1
Ed—,f(g(x))= S piefWUg(x)), with pro=8,0.  (A9)
X k=0

Equation (A9) is the generalized chain rule for a compos-
ite function f(g(x)).

In Sec. III we considered the /th derivative of f(x) with
respect to x,, where X was the solution of the macroscop-
ic equation [Eq. (8)] and the dependence of X on the initial
condition x, was given by Eq. (12). For this case we can
express the p;.’s by the independent variables x, and X.
In particular we obtain [see also (Eq. 19)]

oy ®)
=X = ,
P11 al(xo)
(A10a)
a(X)
p2,1=f[21— _a lx [a(l)(x) aﬁl)(xo)] ,
1 0
aq(xX)
p2a=(x1)2= ;‘7;—7 (A 10b)
Ao
1
x)
p=%0, pyy=(x 1= :‘((x) (A10c)
’ ’ 1\Xo

where a superscript in square brackets denotes a derivative
with respect to x, and a superscript in parentheses
denotes a derivative with respect to the argument.

APPENDIX B

Here we want to state two lemmata, which are used in
Sec. IV and Sec. V, respectively. Lemma 1: Let f,,
f1, ... be a sequence of functions related by the following
recursion relation:

fo=—J° g'<y>f1_1<y>dy+2 J g £ ay

f_1(x)=0 ' (B1)
with arbitrary functions g and hg,h,,...; g'=dg/dy,
then f; is explicitly given by
1—i
filx) = z £ [, (B2)

This lemma can be easily proved by induction.
Lemma 2: Let f be an arbitrary smooth function,
which can be expanded in a Taylor series, then

e~ [(x=?/4v] He,((x —y)/V'dy)

ot =7 ayr
=f‘,f‘2"+"’<y)3’—, (B3)
k=0

where y is a positive constant and He, denote the Her-
mite polynomials. Proof: Since f can be expanded in a
Taylor series we obtain

a © _ 0 f(2k)(y) 1
— f(x +ye—e® gx —
Vi f—w ké

k! (4(12)k ’
(B4)

‘where a is a positive constant. Differentiating Eq. (B4) n
times with respect to y yields

—(ax)zdx

a o g"
Vel

Since df (x +y)/dy =df (x +y)/dx we get after integrat-

-ing by part n times

—(ax )de

a n
—‘/:(—1) f_w

§ L) 1

. B6
o k! (42 (B6)

Finally, since the Hermite polynomials are defined by'?



(12 -
)dx

Eq. (B6) becomes

—e~*"He,(x) (B7)

—aXx = g He (alx —y))dx

«© a
Jo T =
© f(2k+n)(y) 1
= k! (4a?)*

(B8)

which is identical to Eq. (B3), if we put a=1/v'4y.

APPENDIX C

Although rearranging of a series is elementary, we want
to suggest the following method for simplicity and select
a particular example to demonstrate it. We want to
rewrite Eq. (23) in the following form:

= ¥ O(k)O(2L —1=k)8(m)(s —m)O()O(m —j)

k,m, j

=3 06(j—s+nORL —1—j+s —n)G(m)G(s —m)O(j)O(m —j)

m, j

Due to Eq. (22) (X; 4 =0 for k <0) the first step func-
tion in Eq. (C3) is superfluous and the equation reduces to

2L —14s8—n s

cn —_ z* 2*
j=0

where the asterisk indicates that the sum is assumed to be
zero if the upper index is less than the lower index. We
can simplify Eq. (C4) by considering the following cases.
(i) If 2L — 145 —n >, the upper index of the first sum
is s, since the second sum vanishes for j > s.
(i) f 2L —1+s —n <s —1, we write in Eq (c4)

PMJXL 2L—J+s~n ’ (C4)

2L —14s—n s s
=3~ 3 ()
j=0 j=0  j=2L+4s—n

For L >1 we see that the second sum in Eq. (C5) gives no
contribution to (C4), since according to Eq. (22) we have
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2L —1

2 2o )

(2L —k +I)(X-)pm JXE-Z—LM—]

2L )
=TS o,

(ChH

n=0

where the coefficients ¢, have to be determined. By cal-
culating the highest and lowest derivative of f on the lhs
of Eq. (C1) one easily verifies the highest and lowest sum-
mation index on the rhs. Next we consider (f )
i=0,1,... as a set of orthonormal functions, which en-
ables us to determine c,

(C2)

2L—-1 s s—m)
=23 3 E 6—k+j,s—npm,jXE,,2L—k .
k=0 m=0j=

‘In order to evaluate the Kronecker-delta we write Eq.
(C2) as infinite sums by introducing the unit step function

(S]

( ] j —s +n,kpm,jXE,2_Lm—]—k

Pm,JXE 2L—~j+s—n . (C3)

f
the condition X, ,; ;=0 for k>2L and therefore Eq.

. (C4) can be written as

22

j=0m=j
Inserting Eq. (C6) into (C4) finally yields

pm1X 2L+s—_1—n . (C6)

f(ZL "k"'j)(fc')pm,j)(;f,{[,m_]

2L—1 s m
2 2 3.
k=0 m=0j=0

Pm,}XE 2L +S——j —k -

f(2L +s—k) z 2

j=0m=j

2L +s —
= 2
k=0

It can be easily verified that according to the definition
Xo,0=1 [see Eq. (22)] this equation is also valid for L =0.

*Present address: Department of Nuclear Engineering, Mas-
sachusetts Institute of Technology, Cambridge, MA 02139.
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