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PREFACE 

Water r e s o u r c e  sys tems have been an  impor t an t  p a r t  o f  
r e s o u r c e s  and environment r e l a t e d  r e s e a r c h  a t  IIASA s i n c e  i t s  
i n c e p t i o n .  A s  demands f o r  w a t e r  i n c r e a s e  r e l a t i v e  t o  supp ly ,  
t h e  i n t e n s i t y  and e f f i c i e n c y  o f  wa t e r  r e s o u r c e s  management must 
be  developed f u r t h e r .  Th i s  i n  t u r n  r e q u i r e s  an  i n c r e a s e  i n  t h e  
d e g r e e  o f  d e t a i l  and s o p h i s t i c a t i o n  o f  t h e  a n a l y s i s ,  i n c l u d i n g  
economic, s o c i a l  and env i ronmenta l  e v a l u a t i o n  o f  wa te r  r e s o u r c e s  
development a l t e r n a t i v e s  a i d e d  by a p p l i c a t i o n  of  mathemat ica l  
modeling t e c h n i q u e s ,  t o  g e n e r a t e  i n p u t s  f o r  p l ann ing ,  d e s i g n ,  
and o p e r a t i o n a l  d e c i s i o n s .  

T h i s  paper  is  concerned w i t h  some a s p e c t s  o f  s t o c h a s t i c  
modeling i n  hydrology which a r e  o f  fundamental  impor tance  f o r  
p l ann ing ,  d e s i g n ,  and o p e r a t i o n  o f  wa te r  r e s o u r c e s  sys tems.  
The Author p o i n t s  o u t  t h a t  i n  s p i t e  o f  t h e  r i c h  growth o f  
s t o c h a s t i c  modeling i n  t h i s  f i e l d  t h a t  h a s  occu r r ed  i n  t h e  
l a s t  decade,  t h e  emphasis  i s  s t i l l  more o n  t h e  p r o b a b i l i s t i c  
model t h a n  o n t h e l ' s t a t i s t i c a l  q u e s t i o n s  t o  which t h e  model 
g i v e s  r i s e " .  The a d d i t i o n a l  r e s e a r c h  needs  a r e  s t r e s s e d .  

Janusz  Kind le r  
Regional  Water Management 
Task Leader 
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STOCHASTIC HYDROLOGY: AN INTRODUCTION 
TO WET STATISTICS FOR DRY STATISTICIANS 

Emlyn Lloyd 

1. WHAT HYDROLOGY I S  ABOUT 

Hydrology i s ,  e v i d e n t l y ,  t o  do w i t h  w a t e r .  A m p l i f i c a t i o n  

o f  t h a t  t r i t e  remark r e v e a l s  a s c i e n c e  o f  d a u n t i n g  scope .  

According t o  one  o f  t h e  s t a n d a r d  d e f i n i t i o n s  [Ad Hoc Pane l  on 

Hydrology ( 1 9 6 2 ) 1 ,  "Hydrology i s  t h e  s c i e n c e  t h a t  t r e a t s  t h e  

w a t e r s  o f  t h e  E a r t h ,  t h e i r  o c c u r r e n c e ,  c i r c u l a t i o n ,  and 

d i s t r i b u t i o n ,  t h e i r  chemical  and p h y s i c a l  p r o p e r t i e s ,  and t h e i r  

r e a c t i o n  w i t h  t h e i r  envi ronment ,  . . . "  Another  d e f i n i t i o n  [Winsler  

and B r a t o r  ( 1 9 5 9 ) l  sets o u t  t h e  s u b j e c t  a s  "... t h e  s c i e n c e  t h a t  

d e a l s  w i t h  t h e  p r o c e s s e s  govern ing  t h e  d e p l e t i o n  and r e p l e n i s h -  

ment o f  wa te r  r e s o u r c e s  o f  t h e  l a n d  a r e a s  o f  t h e  e a r t h .  I t  i s  

concerned w i t h  t h e  t r a n s p o r t a t i o n  o f  wa te r  through t h e  a i r ,  o v e r  

t h e  ground s u r f a c e ,  and t h r o u g h  t h e  s t r a t a  o f  t h e  e a r t h . "  

It. i s  a s u b j e c t  w i t h  a r e s p e c t a b l e  h i s t o r y ,  d a t i n g  back a t  

l e a s t  3700 y e a r s  t o  t h e  i r r i g a t i o n  problems o f  Hamrnurabi's 

Babylon [Neumann ( 1 9 8 0 ) l .  While c e r t a i n  f a c e t s  o f  hydrology a r e  

s t i l l  mainly d e s c r i p t i v e ,  o t h e r s  have  developed a c o n s i d e r a b l e  



technology.  The ( s t i l l  l a r g e )  e m p i r i c a l  c o n t e n t  i s  b e i n g  

f e r t i l i z e d  by t h e  o v e r l a p s  t h a t  have come i n t o  b e i n g  w i t h  

p h y s i c s ,  c h e m i s t r y  and h y d r a u l i c s .  During t h e  p a s t  t h r e e  

decades  t h e  whole a r e a  h a s  i n c r e a s i n g l y  been  s ' u b j e c t e d  t o  

t h e o r e t i c a l  and mathemat ica l  t r e a t m e n t s  o f  one  s o r t  o r  a n o t h e r .  

Hydrology h a s  enormous and o b v i o u s l y  p r a c t i c a l  impor tance  

t o  mankind, i n  t h e  s u p p l y  o f  w a t e r  f o r  d o m e s t i c ,  i n d u s t r i a l  and 

a g r i c u l t u r a l  u s e s ,  a s  w e l l  a s  f o r  power g e n e r a t i o n ,  f o r  t h e  

a l l e v i a t i o n  o f  t h e  e f f e c t s  o f  f l o o d s  and d r o u g h t s ,  f o r  r i v e r  

n a v i g a t i o n ,  e tc .  I t  i s  a  v e r y  l a r g e  employer o f  t e c h n i c a l l y  

q u a l i f i e d  manpower, p a r t i c u l a r l y  o f  t h o s e  w i t h  a  c i v i l  e n g i n e e r i n g  

background,  and i s  r e l a t e d  t o  huge c a p i t a l  o u t l a y s  f o r  t h e  con- 

s t r u c t i o n  o f  dams, r e s e r v o i r s ,  w e i r s ,  a q u a d u c t s ,  l e v e e s ,  and s o  

on.  

A l l  advanced c o u n t r i e s  have  s c i e n t i f i c  and p r o f e s s i o n a l  

h y d r o l o g i c a l  o r g a n i z a t i o n s ,  and t h e r e  a r e  many i n t e r n a t i o n a l  

o r g a n i z a t i o n s  a s  w e l l .  Of t h e s e ,  t h e  one  most r e l e v a n t  t o  t h i s  

a r t i c l e  i s  t h e  I n t e r n a t i o n a l  A s s o c i a t i o n  o f  S c i e n t i f i c  Hydrology 

(IASH) . The p r i n c i p a l  p e r i o d i c a l s  which p u b l i s h  (among o t h e r  

p a p e r s )  work o f  a  s t o c h a s t i c  n a t u r e  a r e  t h e  IASH B u l l e t i n ,  t h e  

J o u r n a l  o f  Hydrology, Water Resources  Research ,  and Advances i n  - - 

Hvdrolosv. 

To o b t a i n  a  r a p i d  view o f  what p r o f e s s i o n a l  h y d r o l o g i s t s  

c u r r e n t l y  r e g a r d  a s  s t a n d a r d  equipment ,  a n  examina t ion  i s  recom- 

mended o f  t h e  c h a p t e r  head ings  i n  t h e  "Handbook o f  Appl ied  

Hydrology" [Ven Te Chow ( 1 9 6 4 )  1 .  A s  w e l l  a s  s e c t i o n s  on 

Meteorology,  F l u i d  Mechanics,  Runoff ,  Droughts ,  Q u a l i t y  o f  

Water,  Hydrology o f  Flow C o n t r o l ,  Water Law, Water P o l i c y ,  etc. ,  

t h e r e  i s  a  c h a p t e r  on S t a t i s t i c a l  and P r o b a b i l i t y  A n a l y s i s  i n  

Hydrologic  Data.  S i g n i f i c a n t l y ,  t h i s  i s  t h e  l o n g e s t  c h a p t e r  i n  

t h e  Handbook. 



' 2 .  THE STOCHASTIC NATURE O F  HYDROLOGY 

I t  i s ,  no d o u b t ,  t o  t h e  s t o c h a s t i c  n a t u r e  o f  r a i n f a l l  t h a t  

t h e  wea the r  owes i t s  p o p u l a r i t y  a s  a  s u b j e c t  f o r  c o n v e r s a t i o n ,  

and t h i s  h i g h  d e g r e e  o f  a p p a r e n t l y  random v a r i a b i l i t y  i s  s h a r e d  

by a l l  a s p e c t s  o f  t h e  h y d r o l o g i s t ' s  a r t .  

T h i s  was o b v i o u s  t o  most h y d r o l o g i s t s  from t h e  s t a r t  - n o t ,  

a d m i t t e d l y  t o  q u i t e  a l l :  t h e r e  were some who were r e l u c t a n t  t o  

admi t  t h e  i d e a  o f  chance  e v e n t s  - but t h e  c o m p l e x i t y  o f  t h e  

phenomena m i l i t a t e d  a g a i n s t  t h e  e a r l y  a d o p t i o n  o f  s t a t i s t i c a l  

methods i n t o  p r o f e s s i o n a l  p r a c t i c e .  I n  a d d i t i o n  (and t h i s  i s  

t h e  f e a t u r e  t h a t  most  p r o f o u n d l y  i m p r e s s e s  i t s e l f  o n  t h e  newcomer 

t o  hydrology)  t h e r e  i s  a  widespread  p a u c i t y  of  d a t a .  A l l  b u t  

t h e  most t r i v i a l  problems a r e  conce rned  w i t h  m u l t i v a r i a t e  

s p a t i o - t e m p o r a l  v a r i a b l e s ,  and t h e  a v a i l a b l e  time-series d a t a  

u s u a l l y  c o n s i s t  o f  s h o r t  r u n s  o n l y :  a  40-year  r e c o r d  o f  r i v e r  

f low is  a  good d e a l  more t h a n  one  c a n  u s u a l l y  hope f o r ,  and 40 

y e a r s  i s  a  v e r y  s h o r t  t i m e  i n  t h e  g e o p h y s i c a l  wor ld .  Not o n l y  

t h i s ,  b u t  t h e  d a t a  t h e m s e l v e s  a r e  o f t e n  u n r e l i a b l e .  U n t i l  

r e c e n t l y  t h e  o n l y  f low i n f o r m a t i o n  r e l a t e d  t o  t h e  " s t a g e "  o f  

t h e  r i v e r  a t  t h e  o b s e r v a t i o n  p o i n t ,  i . e .  t h e  h e i g h t  o f  t h e  r i v e r  

s u r f a c e  above a  g i v e n  r e f e r e n c e  l e v e l .  To c o n v e r t  s t a g e  i n t o  

f low r a t e s ,  o n e  needs  a  c a l i b r a t i o n  t h a t  depends  o n  t h e  c r o s s -  

s e c t i o n  o f  t h e  c h a n n e l  i t s e l f  a  f l u c t u a t i n g  and i l l - r e c o r d e d  

e n t i t y .  

(When t h e  p r e s e n t  a u t h o r  f i r s t  l e c t u r e d  on  s t a t i s t i c a l  

methods t o  a n  a u d i e n c e  o f  h y d r o l o g i s t s  h e  r e f e r r e d  t o  t h e  

t e l e m e t e r i n g  network what he  n a i v e l y  assumed t o  e x i s t ,  

a u t o m a t i c a l l y  f l a s h i n g  a  c o n t i n u o u s  r e c o r d  o f  f low rates t o  

a  c e n t r a l  r e c o r d e r .  He was g r e e t e d  w i t h  c o a r s e  l a u g h t e r . )  



When one  a d d s  t o  t h e  above t h e  i n f o r m a t i o n  t h a t  i t  i s  o f t e n  

t h e  worst-documented a s p e c t s  o f  t h e i r  i n a d e q u a t e  d a t a  r u n s  t h a t  

c h i e f l y  concern  h y d r o l o g i s t s  ( t y p i c a l l y  t h e  t a i l  o f  a  d i s t r i b u -  

t i o n )  t h e  t o t a l  p i c t u r e  t h a t  emerges i s  somewhat sombre. 

To g i v e  a  s i m p l e  example, t h e  annua l  f l o o d  s e a s o n  f lows  o f  

a  r i v e r  a t  a  g i v e n  l o c a t i o n  have a  p o s i t i v e l y  skewed d i s t r i b u -  

t i o n  whose c . d . f .  F ( x )  i s  known o n l y  t o  a  somewhat rough approxima- 

t i o n .  A f l o o d  f low o f  s p e c i f i e d  magnitude x  (somewhere i n  t h e  
0 

upper t a i l )  w i l l  b e  exceeded w i t h  p r o b a b i l i t y  p = 1  - F ( x o ) .  

H y d r o l o g i s t s  speak  i n  t e r m s  o f  t h e  "n-year  f l o o d . "  T h a t  is t h e  

f low xo whose r e c u r r e n c e  t i m e  Tn h a s  e x p e c t a t i o n  l / n .  What hope 

h a s  o n e  o f  e s t i m a t i n g  t h e  100-year flood from a 40-year  r e c o r d ?  

Less  h o p e l e s s l y ,  what  i s  t h e  d i s t r i b u t i o n  o f  Tn? The l a t t e r  is  

a n  i m p o r t a n t  q u e s t i o n  s i n c e ,  i f  c i v i l  e n g i n e e r i n g  works a r e  t o  

be  i n s t a l l e d ,  d e s i g n e d  t o  w i t h s t a n d ,  s a y ,  t h e  20-year f l o o d ,  

t h e  chance  o f  t h e i r  b e i n g  over topped  i n  a  g i v e n  y e a r  is a  m a t t e r  

of h igh  socio-economic (and p o s s i b l y  l e g a l )  i n t e r e s t .  The 

computa t ion  w i l l  i n v o l v e  assumpt ions  a b o u t  t h e  form o f  F, 

p a r t i c u l a r l y  i t s  upper t a i l ,  a s  w e l l  a s  t h e  a u t o c o r r e l a t i o n  

s t r u c t u r e  and t h e  l o c a l  s t a t i o n a r i t y  o r  o t h e r w i s e  o f  t h e  t i m e  

series o f  annua l  f lows .  Pure  s t a t i s t i c a l  q u e s t i o n s  become 

confounded w i t h  m a t t e r s  o f  judgement and guesswork t o  which t h e  

model may w e l l  be q u i t e  s e n s i t i v e .  

Tha t  h y d r o l o g i s t s '  p r e o c c u p a t i o n  w i t h  s t ream-f low d i s t r i b u -  

t i o n s  is  l o n g - s t a n d i n g  and c o n t i n u i n g ,  may b e  v e r i f i e d  by 

examining some o f  t h e  s t a n d a r d  books [e .g .  F i e r i n g  ( 1 9 6 7 ) l  and 

t h e  c o n t e n t s  o f  r e c e n t  i s s u e s  o f  t h e  s t a n d a r d  p e r i o d i c a l s  such  

a s  t h e  c u r r e n t  volume o f  Water Resources  Research  [e .g .  T o d i n i  

( 1980) 1 . 



To go back  a  few y e a r s ,  it migh t  be  ment ioned  t h a t  t h e  

American h y d r o l o g i s t ,  Hazen, was o n e  o f  t h e  f i r s t  ( i f  n o t  t h e  

f i r s t )  t o  a d v o c a t e  t h e  u s e  o f  p r o b a b i l i t y  g r a p h  p a p e r :  "The 

p r a c t i c a l  d i f f i c u l t y  o f  p l o t t i n g  ... i s  t h e  g r e a t  c u r v a t u r e  o f  

t h e  l i n e s  showing t h e  r e q u i r e d  s t o r a g e .  T h i s  d i f f i c u l t y  ... h a s  

been  removed by u s i n g  p a p e r  r u l e d  w i t h  l i n e s  s p a c e d  i n  a c c o r d a n c e  

w i t h . .  . t h e  normal  l a w  o f  e r r o r "  [Hazen (1914)  1 . Another  

s t a t i s t i c a l  f i r s t  or  n e a r - f  i r s t  was S u d l e r '  s e a r l y  advocacy  

o f  t h e  u s e  o f  s t a t i s t i c a l  s i m u l a t i o n  [ S u d l e r  ( 1 9 2 7 ) l :  "Using 

a n  a p p r o p r i a t e  c u r v e  ... t h e  t h e o r e t i c a l  run -o f f  o f  a l l  t h e  y e a r s  

o f  a s t a t e d  p e r i o d  may b e  a s c e r t a i n e d  and  by c h a n c e  s e l e c t i o n  

o f  t h e s e  v a l u e s ,  a n  a r t i f i c i a l  r e c o r d  may be  c o n s t r u c t e d . "  

Adopt ion  o f  a s t o c h a s t i c  approach  was n o t  t o  b e  t a k e n  f o r  

g r a n t e d  f o r  s e v e r a l  d e c a d e s .  When it came, it was ( n o t  

s u r p r i s i n g l y )  i n  t h e  form o f  t h e  s t r a i g h t f o r w a r d  a d a p t a t i o n  t o  

h y d r o l o g i c a l  p u r p o s e s  o f  t h e  s t a n d a r d  canon  o f  s t a t i s t i c a l  

t e c h n i q u e s  o f  t h e  t i m e .  The e n c y c l o p a e d i c  "Handbook o f  - A p p l i e d  

Hydrology" r e f e r r e d  t o  ea r l i e r  [Ven Te Chow (1964)  1 ,  f o r  example ,  

p r e s e n t s  a n  i m p l i e d  d e s c r i p t i o n  o f  t h e  a c c e p t e d  s t a t e - o f - t h e -  

a r t  i n  t h e  e a r l y  s i x t i e s ,  w i t h  i t s  c a t a l o g u e  o f  s t a n d a r d  p rob-  

a b i l i t y  d i s t r i b u t i o n s  and  t h e i r  l ower  moments, i t s  a c c o u n t  o f  

e s t i m a t i o n  and  c u r v e  f i t t i n g ,  o f  r e g r e s s i o n  and c o r r e l a t i o n  

a n a l y s i s ,  a n a l y s i s  o f  v a r i a n c e  and o f  c o v a r i a n c e ,  and  - o f  p r ime  

i m p o r t a n c e  t h e n  and  s i n c e  t o  t h e  p r a c t i s i n g  p r o f e s s i o n a l  - 

t i m e  series a n a l y s i s .  T h i s  i s  c a r r i e d  o u t  i n  t e r m s  o f  t r e n d s  

( t a k e n  c a r e  o f  by moving a v e r a g e s ) ,  s e a s o n a l  and o t h e r  p e r i o d i c i -  

t i e s  (harmonic  a n a l y s i s ) ,  and  t es t s  f o r  t h e  s i g n i f i c a n c e  o f  

e s t i m a t e d  c o r r e l a t i o n s .  The c h a p t e r  c o n t i n u e s  w i t h  a  b r i e f  

a c c o u n t  o f  moving-average and  a u t o r e g r e s s i v e  s e q u e n c e s ,  and 



ends  w i t h  a n  i n t r o d u c t i o n  t o  t h e  s i m u l a t i o n  t e c h n i q u e s  t h a t  were  

s u b s e q u e n t l y  t o  p l a y  such  a  l a r g e  p a r t  i n  h y d r o l o g i c  r e s e a r c h .  

I t  might  be  added t h a t  t h e  s t a t i s t i c a l  e x p e r t i s e  d i s p l a y e d  

had been ach ieved  by a  b o o t - s t r a p  o p e r a t i o n  o n  t h e  p a r t  o f  

h y d r o l o g i s t s  and e n g i n e e r s ,  s t a t i s t i c i a n s  o u t s i d e  t h e  p r o f e s s i o n  

hav ing  - w i t h  a  few honourab le  e x c e p t i o n s  - shown a  c u r i o u s  

r e l u c t a n c e  t o  i n t e r e s t  themse lves  i n  t h e s e  a p p l i c a t i o n s .  

A t  a b o u t  t h e  same t i m e  a s  Ven Te Chow's Handbook t h e r e  

appeared  t h e  Harvard s c h o o l ' s  i n f l u e n t i a l  "Design o f  -- Water 

Resource Systems [Maass, e t  a l . ,  ( 1962) 1 . T h i s  was d e s i g n e d  

n o t  a s  a n  e n c y c l o p a e d i a  o f  a c c e p t e d  p r a c t i c e  b u t  a s  a  d e l i b e r a t e  

a t t e m p t  t o  in fo rm t h e  h y d r o l o g i c a l  world o f  newly developed 

c o n c e p t s  and methods. The emphasis  was o n  a  "Systems" approach,  

i n t e g r a t i n g  t echno logy  w i t h  economic and s o c i a l  c o s t - b e n e f i t  

a n a l y s e s .  The t e c h n i q u e s  propounded w e r e  ma in ly  d e t e r m i n i s t i c  

b u t  w e r e  o f t e n  p r e s e n t e d  i n  t h e  ( t h e n  r e l a t i v e l y  n o v e l )  form 

o f  a l g o r i t h m s ,  f l o w - c h a r t s  and computer programs. Mathemat ica l  

models i n v o l v i n g  d e t e r m i n i s t i c  programming p layed  a  l a r g e  

p a r t .  T h i s  emphasis  on  o p t i m i z a t i o n  and sys tems  a n a l y s i s  

h a s  l e d  t o  t h e  s i t u a t i o n  where contemporary p e r i o d i c a l s  f r e q u e n t l y  

c a r r y  m a t h e m a t i c a l l y  s o p h i s t i c a t e d  p a p e r s  i n v o l v i n g ,  f o r  example, 

Kalman f i l t e r  t e c h n i q u e s  [ e . g .  Bo lze rn ,  F e r r a r i o  and Fronza  

(1980) 1 .  

I n  a d d i t i o n  t o  t h a t  k i n d  o f  a p p l i e d  mathemat ics ,  however,  

t h e  Maass opus  a l s o  c o n t a i n  a  c h a p t e r  on  t h e  " s y n t h e s i s "  

(hydro logese  f o r  s i m u l a t i o n )  o f  s t ream-f low sequences  f o r  t h e  

a n a l y s i s  o f  r i v e r  b a s i n s  by computer e x p e r i m e n t s  t h a t  marks a  

forward s i g n i f i c a n t  s t e p  o f  a  s t o c h a s t i c  n a t u r e .  R e a l i z a t i o n s  

o f  s e a s o n a l l y  v a r y i n g  f low d i s t r i b u t i o n s  w i t h  s e a s o n a l  a u t o -  

c o r r e l a t i o n s  were d e a l t  w i t h  by means o f  s e a s o n a l  a u t o r e g r e s s i v e  



schemes, f e d  by random numbers t a k e n  from p u b l i s h e d  t a b l e s  o f  

random d i g i t s  ( i t  b e i n g  s t i l l  t o o  e a r l y  f o r  computer -genera ted  

pseudo-random numbers) .  

A more c o n s i s t e n t l y  s t o c h a s t i c  v iewpoin t  i n  hydrology 

was p r e s e n t e d  by a n  e q u a l l y  i n f l u e n t i a l  book on t h e  a p p l i c a t i o n  

o f  s t o c h a s t i c  p r o c e s s e s  by t h e  Russ ian  w r i t e r ,  K a r t v e l i s h v i l i ,  

a n  E n g l i s h  t r a n s l a t i o n  o f  which appeared  i n  1969 [ K a r t v e l i s h v i l i  

( 1969) ] . T h i s  was fo l lowed by Yevjevich  ' s  book on s t o c h a s t i c  

p r o c e s s e s  [Yevj e v i c h  ( 1972) 1 based  mainly  on American e x p e r i e n c e  

and e x p r e s s i n g  American r e s e a r c h  a c t i v i t i e s .  A few y e a r s  l a t e r  a  

t r a n s l a t i o n  i n t o  E n g l i s h  o f  Kaczmarek's ( P o l i s h )  book on  

s t a t i s t i c a l  methods appeared  [Kaczmarek (1977) 1 . 
The more r e c e n t  work on s t o c h a s t i c  hydrology i s  a v a i l a b l e  

o n l y  i n  t h e  form o f  d i s s e m i n a t e d  r e s e a r c h  p a p e r s  o r  i n  t h e  

p r o c e e d i n g s  o f  c o n f e r e n c e s  ( t o  which h y d r o l o g i s t s ,  f o r t u n a t e l y  

f o r  u s ,  a r e  r a t h e r  a d d i c t e d ) .  

3 .  STOCHASTIC MODELING I N  HYDROLOGY 

I t  would be i m p o s s i b l e  t o  do  j u s t i c e  t o  r e c e n t  t h e o r e t i c a l  

work on t h e  s p a c e  a v a i l a b l e  h e r e ,  b u t  t h e r e  i s  one o u t s t a n d i n g  

c h a r a c t e r i s t i c  which must be  remarked on. T h i s  i s  t h e  a s t o n i s h i n g l y  

r i c h  growth o f  s t o c h a s t i c  model ing  t h a t  h a s  o c c u r r e d ,  t h e  emphasis  

b e i n g  more on t h e  p r o b a b i l i s t i c  model t h a n  on t h e  s t a t i s t i c a l  

q u e s t i o n s  t o  which t h e  model g i v e s  r ise .  T h i s  i s  n o t  t o  s a y  

t h a t  t h e r e  h a s  n o t  been a  c o n t i n u a t i o n  o f  t r a d i t i o n a l  e n g i n e e r i n g  

methods and b read-and-bu t t e r  s t a t i s t i c s ,  w i t h  much u s e  o f  r e g r e s -  

s i o n  t e c h n i q u e s ,  and a  development  o f  a p p l i c a t i o n s  o f  more 

s o p h i s t i c a t e d  c l a s s i c a l  m u l t i v a r i a t e  s t a t i s t i c s  such  a s  p r i n c i p a l  

component a n a l y s i s  [ s e e ,  e . g .  Morin e t  a i . ,  (1979) 1 . T h i s  h e a l t h y  

development  p r o c e e d s ,  b u t  t h e  new q u a l i t y  o f  t h e  p a s t  few d e c a d e s  

h a s  been t h e  modeling mentioned above.  



To q u o t e  t h e  anonymous a u t h o r  o f  t h e  I n t r o d u c t i o n  t o  a  

r e c e n t  volume o f  Conference  Proceed ings  [ C o r i a n i ,  Yaroni  and 

W a l l i s  ( 1 9 7 7 ) l  "... t h e  b u i l d i n g  o f  models h a s  ou tpaced  t h e i r  

u s e  i n  s p e c i f i c  w a t e r  r e s o u r c e  p l a n n i n g  and management a c t i v i t i e s .  

The l a g  i n  t h e  u s e  o f  s p e c i f i c  models may b e  a t t r i b u t e d  t o  many 

f a c t o r s ,  among them b e i n g  t h a t  p l a n n e r s  and  managers a r e  unaware 

o f  r e c e n t  developments  i n  ma themat ica l  models ,  r e l u c t a n t  t o  u s e  

more s o p h i s t i c a t e d  models when s i m p l e r  o n e s  seemingly  s u f f i c e ,  

o r  l a c k  o f  u n d e r s t a n d i n g  and competence i n  t h e  u s e  o f  advanced 

models.  On t h e  o t h e r  hand,  model b u i l d e r s  have  n o t  always 

unders tood  t h e  problems f a c e d  by p l a n n e r s  and managers ,  and have 

n o t  i n  g e n e r a l  c o n s t r u c t e d  t h e i r  models i n  ways t h a t  f a c i l i t a t e  

decis ion-making.  " 

3.1 The H u r s t  E f f e c t  

The f l a v o u r  o f  t h e  k i n d  o f  r e s e a r c h  r e f e r r e d  t o  may pe rhaps  

be  conveyed by o u t l i n i n g  t h e  r e c e n t  h i s t o r y  o f  long- term s t ream-  

f low i n v e s t i g a t i o n s .  

A good s t o c h a s t i c  model f o r  t h e  sequence  o f  f lows  a t  a  

g i v e n  l o c a t i o n  i s  a  m a t t e r  o f  pr ime impor tance  t o  h y d r o l o g i s t s .  

I t  i s  o n  t h i s  model [see, f o r  example, F i e r i n g  (1967) , and 

Tod in i  ( 1 9 8 0 )  1 t h a t  he h a s  t o  b a s e  h i s  c a l c u l a t i o n s  f o r  r e s e r v o i r  

d e s i g n ,  f l o o d  p r e v e n t i o n ,  and s o  on .  Of p a r t i c u l a r  t e c h n i c a l  

i n t e r e s t  a r e  n o t  o n l y  t h e  s e a s o n a l  and annua l  means, v a r i a n c e s  

and skewnesses o f  t h e  f l o w s ,  b u t  a l s o  t h e  magni tudes  and f l u c -  

t u a t i o n  p a t t e r n s  o f  annua l  maxima and minima. The f a i l u r e  o f  

c o n s e c u t i v e  monthly f lows  t o  d i s p l a y  mutual  independence ,  and 

even more i m p o r t a n t l y ,  t h e  tendency o f  w e t  y e a r s  (and h i g h  f l o w s )  

t o  o c c u r  i n  g roups ,  and f o r  d r y  y e a r s  (and low f l o w s )  t o  o c c u r  

i n  g roups ,  i s  c a l l e d  p e r s i s t e n c e ,  and e v e r y  c l u e  t o  t h e  p a t t e r n  



o f  p e r s i s t e n c e  and i t s  e f f e c t s  must  b e  u t i l i z e d  t o  t h e  f u l l  i n  

c r e a t i n g  t h e  model o n  which t h e  ( u n a v o i d a b l e )  s i m u l a t i o n  s t u d i e s  

a r e  t o  b e  b a s e d .  

Such a  c l u e ,  which  c a u s e d  t h e  g r e a t e s t  e x c i t e m e n t ,  was 

announced t o  t h e  w o r l d  i n  1951 by t h e  B r i t i s h  e n g i n e e r ,  H . E .  

H u r s t ,  and  e l a b o r a t e d  by him i n  s u b s e q u e n t  y e a r s  [ H u r s t  ( 1 9 5 1 ) ,  

(1956)  , ( 1 9 5 7 )  and (1965)  1 .  H u r s t  had s p e n t  h i s  p r o f e s s i o n a l  

l i f e  i n  E g y p t ,  i n  c h a r g e  o f  s t u d i e s  o f  t h e  N i l e .  I t  was f rom 

t h i s  work t h a t  t h e  " H u r s t  e f f e c t "  was d i s c o v e r e d ,  b u t  H u r s t  

went  o n  t o  show i t  t o  b e  a  f e a t u r e  o f  mos t  r i v e r s  ( a n d ,  i n d e e d ,  

o f  many o t h e r  g e o p h y s i c a l  t i m e  se r ies ) .  

To u n d e r s t a n d  wha t  t h e  H u r s t  e f f e c t  i s ,  i m a g i n e  a n  a r b i t r a r i l y  

l a r g e  r e s e r v o i r  o f  r e c t a n g u l a r  s e c t i o n ,  whose i n i t i a l  c o n t e n t s  

d e f i n e  a  c o n v e n t i o n a l  z e r o  l e v e l .  Annual  i n f l o w s  x  I ,  x2 t  . . . ,  

x i n  t h e  a b s e n c e  o f  any  w i t h d r a w a l ,  would b r i n g  t h e  w a t e r  n '  
n  

- - 
c o n t e n t  a f t e r  n  y e a r s  t o  a  l e v e l  sn = ;xr - nxn.  A c o n s t a n t  

a n n u a l  w i t h d r a w a l  r a t e  o v e r  t h e  n  y e a r s ,  o f  magn i tude  zn, would 

l e a v e  t h e  s y s t e m  a t  t h e  same l e v e l .  a t  which  it s t a r t e d ,  ( T h i s  

s i m p l e  b u t  p o w e r f u l  c o n c e p t  i s  d u e  t o  a n  A u s t r i a n  e n g i n e e r  

a p p r o p r i a t e l y  named R i p p l  [ R i p p l  ( 1883)  ] . ) I n  t h e  j - t h  y e a r ,  

* 
j = 1 . n  t h e  q u a n t i t y  S = s - 

n  j j 

3 
j x n  (where  s = 2 x r )  

j 1 

r e p r e s e n t s  t h e  h e i g h t  o f  t h e  w a t e r  l e v e l  above  ( i f  p o s i t i v e )  

o r  below ( i f  n e g a t i v e )  t h e  c o n v e n t i o n a l  z e r o  mark. C o n s e q u e n t l y  

t h e  magn i tude  o f  

r e p r e s e n t s  t h e  l o w e s t  h e i g h t  o f  t h e  r e s e r v o i r  w a l l s  c o n s i s t e n t  

w i t h  t h e r e  b e i n g  no o v e r f l o w  d u r i n g  t h e  n -yea r  p e r i o d ,  and  



t h e  l e a s t  r e q u i r e d  d e p t h  be low t h e  c o n v e n t i o n a l  o r i g i n  c o n s i s t e n t  

w i t h  t h e  m a i n t e n a n c e  o f  t h e  d e s i r e d  a n n u a l  w i t h d r a w a l  r a t e .  

The s m a l l e s t  r e s e r v o i r  volume c o n s i s t e n t  w i t h  no o v e r f l o w  and  

no f a i l u r e  o f  y i e l d  d u r i n g  t h e  n  y e a r s  i n  

t h e  s o - c a l l e d  a d j u s t e d  H u r s t  r a n g e .  T h i s  may b e  e x p r e s s e d  i n  

non-d imens iona l  form b y  d i v i d i n g  by  t h e  s ample  s t a n d a r d  d e v i a t i o n  

d n  o f  t h e  i n f l o w s ,  l e a d i n g  f i n a l l y  t o  t h e  r e s c a l e d  a d j u s t e d  

H u r s t  r a n g e  

Al though  t h i s  q u a n t i t y  a r i s e s  i n  a  n a t u r a l  way i n  c o n n e c t i o n  
* * 

w i t h  r e s e r v o i r  d e s i g n ,  t h e  s a m p l i n g  d i s t r i b u t i o n  o f  rn , a s  a  

f u n c t i o n  o f  t h e  t i m e  d u r a t i o n  n ,  i s  of more g e n e r a l  i n t e r e s t .  

* * * * 
Deno t ing  b y  Rn t h e  random v a r i a b l e  o f  which  rn i s  a  r e a l i z a -  

t i o n ,  H u r s t ' s  e m p i r i c a l  l aw  may b e  i n t e r p r e t e d  as s t a t i n g  t h a t  

n  < c a ,  1000, 

where  t h e  " H u r s t  e x p o n e n t "  h  i s  a  c o n s t a n t  whose v a l u e  i s  about .  

0 . 7 3 .  E l e m e n t a r y  models  (see be low)  would s u g g e s t  a  l a w  o f  t h e  

form I I"~,  and  it i s  t h e  f a c t  t h a t  h  # 1/2 t h a t  c o n s t i t u t e s  

t h e  H u r s t  e f f e c t .  (The p o s s i b l y  m y s t e r i o u s  1000 i n  t h e  a b o v e  

fo rmula  refers  t o  t h e  f a c t  t h a t  H u r s t ' s  l o n g e s t  d a t a  r u n ,  

q i v i n g  t h e  h i s t o r y  o f  t h e  N i l e  i s  a b o u t  1000 y e a r s  l o n g . )  

The H u r s t  e x p o n e n t  was t a k e n  t o  b e  a  s i g n i f i c a n t  c h a r a c -  

t e r i s t i c  o f  g e o p h y s i c a l  t i m e  series i n  g e n e r a l ,  and  h y d r o l o g i s t s  

soon  e x p r e s s e d  a  d e s i r e  t o  b u i l d  t h i s  i n t o  t h e i r  s i m u l a t i o n  



mode l s .  M a t h e m a t i c i a n s  we re  a t t r a c t e d .  D i f f i c u l t i e s  c o n s e q u e n t  

o n  t h e  a p p a r e n t  m a t h e m a t i c a l  i n t r a c t a b i l i t y  o f  t h e  d i s t r i b u t i o n  
* *  

o f  Rn  we re  i n i t i a l l y  d i s p o s e d  o f  by t h e  f a m i l i a r  m a t h e m a t i c a l  

d e v i c e  o f  a t t a c k i n g  a s i m p l e r  r e l a t e d  p rob l em.  Thus ,  i n  1951,  

F e l l e r  deemed e x p r e s s i o n s  f o r  t h e  a s y m p t 0 t . i ~  e x p e c t a t i o n  o f  

t h e  " c r u d e  H u r s t  r a n g e "  R n r  d e f i n e d  as  

* 
a n d  o f  t h e  " u n r e s c a l e d "  a d j u s t e d  r a n g e  R n ,  a f t e r  r e p l a c i n g  t h e  

i n p u t  s e q u e n c e  I X  1 by a n .  a p p r o x i m a t i n g  d i f f u s i o n  p r o c e s s .  N o t  
E 

s u r p r i s i n g l y  h e  showed [ F e l l e r  ( 1951 ) 1 , f o r  b o t h  t h e  c r u d e  and 

t h e  a d j u s t e d  r a n g e ,  t h a t  t h e  a s y m p t o t i c  e x p e c t e d  v a l u e  was 

p r o p o r t i o n a l  t o  n l / * .  The e x a c t  v a l u e  o f  t h e  e x p e c t e d  c r u d e  

r a n g e  E ( R  ) o f  a s e q u e n c e  o f  i . i . d .  N o r m a l s  was  n e x t .  [ A n i s  n  n  
a n d  L l o y d  ( 1 9 5 3 ) l  d i s c o v e r e d  t o  b e  p r o p o r t i o n a l  t o  C r  -1/2 

r 
1  

a  q u a n t i t y  wh ich  i s  a s y m p t o t i c  t o  n 1 / 2 ,  and  t h i s  work w a s .  
* 

l a t e r  e x t e n d e d ,  t o  t h e  a d j u s t e d  r a n g e  E ( R n ) ,  [ S o l a r i  and  A n i s  

( 1  957)  1 , a g a i n  o f  c o u r s e  a s y m p t o t i c a l l y  n 2  , t h e  c o r r e s p o n d i n g  

r e s u l t  f o r  t h e  r e s c a l e d  a d j u s t e d  r a n g e  o f  i. i . d .  N o r m a l  i n c r e -  

m e n t s ,  t h e  r e s u l t  r e q u i r e d  f o r  d i r e c t  c o m p a r i s o n  w i t h  H u r s t ' s  

e m p i r i c a l  l aw,  d e f i e d  a t t a c k  u n t i l  1976,  when it was shown 

[ A n i s  and  L loyd  (1976 )  1 t h a t  

* * I'{ 112 (n -1 )  1 n- 1 n - r  1/2 
E(Rn = -- 1 (-1 

1 2 n  r = l  r 

T h i s  shows H u r s t - l i k e  b e h a v i o u r  f o r  q u i t e  s m a l l  v a l u e s  o f  n  
* * 

o n l y ,  t h e  l o c a l  H u r s t  e x p o n e n t  d  l o g  E(Rn ) / d  l o g  n  d e c r e a s i n g  

f * i r l y  r a p i d l y  f rom 0 . 6 5  a t  n  = 5  t o  0 .54  a t  n  = 100 ,  f a l l i n g  

o f f  t h e r e a f t e r  t o  t h e  a s y m p t o t i c  v a l u e  o f  0 . 5 .  



T h i s  work p u t  p a i d  t o  a n y  l i n g e r i n g  i d e a s  t h a t  i n d e p e n d e n t  

Normal summands would d i s p l a y  H u r s t - l i k e  b e h a v i o u r .  Could  t h e  

e x p l a n a t i o n  o f  t h e  H u r s t  e f f e c t  l i e  i n  t h e  s h a p e  o f  t h e  d i s t r i b u -  

t i o n  o f  t h e  summands? I n  p r i n c i p l e ,  y e s .  Moran (1964)  p o i n t e d  

o u t  t h a t ,  f o r  t h e  c r u d e  r a n g e  a t  l e a s t ,  H u r s t - l i k e  b e h a v i o u r  

would be d i s p l a y e d  by i n d e p e n d e n t  summands h a v i n g  a  s t a b l e  

d i s t r i b u t i o n .  ( T h i s  p r o p e r t y  depends  o n  t h e  r e s u l t  t h a t  i f ,  

f o r  example ,  t h e  summands Xr a r e  i n d e p e n d e n t l y  d i s t r i b u t e d  i n  
k  

t h e  s y m m e t r i c a l  s t a b l e  fo rm w i t h  i n d e x  y ,  t h e  sum Sk = EXr 1 
h a s ,  f o r  k  = I ,  2 , .  . . , t h e  same d i s t r i b u t i o n  a s  kas i ,  w i t h  

a  = l / y ,  so t h a t  t h e  d i s t r i b u t i o n  o f  k - d ~ k  i s  i n d e p e n d e n t  o f  

k . )  The e x t e n s i o n  o f  t h i s  H u r s t - l i k e  b e h a v i o u r  t o  t h e  a d j u s t e d  

r a n g e  was e s t a b l i s h e d  by Boes and  Sa la s -La  Cruz ( 1 9 7 3 ) .  

I n t e r e s t i n g  though t h i s  w a s ,  it d i d  n o t  p e r s u a d e  h y d r o l o g i s t s  

t h a t  t h e y  o u g h t  t o  model t h e i r  f l o w s  i n  terms o f  s t a b l e  v a r i a b l e s .  

Moran (1964)  had p o i n t e d  o u t  t h a t  gamma v a r i a b l e s  o f  s u f f i c i e n t l y  

h i g h  skewness  would have  t o  some d e g r e e  t h e  h e a v y - t a i l  p r o p e r t y  

t o  which t h e  H u r s t - l i k e  b e h a v i o u r  o f  t h e  s t a b l e s  seemed i n t u i -  

t i v e l y  t o  b e  a t t r i b u t a b l e  and c o u l d  b e  e x p e c t e d  t o  e x h i b i t  t h e  

H u r s t - e f f e c t  o v e r  a n  a c c e p t a b l y  l o n g  p r e - a s y m p t o t i c  i n t e r v a l ,  

b u t  t h e  d e g r e e  o f  skewness  r e q u i r e d  t u r n e d  o u t  t o  b e  u n r e a l i s -  

t i c a l l y  h i g h  [An i s  and Lloyd (1975)  ] . 
So o n e  t u r n s  t o  t h e  a u t o c o r r e l a t i o n  s t r u c t u r e .  A t  t h i s  

p o i n t  a n  e l e m e n t  o f  f a n t a s y  e n t e r s  t h e  s t o r y .  Mande lb ro t  (1965)  

i n t r o d u c e d  a  b r i l l i a n t l y  c o n s t r u c t e d  G a u s s i a n  p r o c e s s  t h a t  

e x h i b i t e d  t h e  H u r s t  e f f e c t ,  t h e  s o - c a l l e d  " f r a c t i o n a l  Gauss i an  

n o i s e . "  T h i s  i s  a  c o n t i n u o u s - t i m e  p r o c e s s  S ( t )  which h a s  t h e  

" s e l f - s i m i l a r "  p r o p e r t y  t h a t ,  f o r  s p e c i f i e d  a ,  0 < a - < 1/2,  t h e  



p r o c e s s  t-"S ( a t )  i s  t ime- independent .  (Compare t h e  S t a b l e s  . ) 
I n  t h i s  s e n s e  t h e  Brownian movement B ( t )  i s  s e l f - s i m i l a r  w i t h  

pa ramete r  a = 1 / 2 :  f o r  B ( a t )  i s  Normal ( 0 , a t )  , whence ( a t ) - 1 / 2 ~  ( a t )  

i s  Normal ( 0 , 1 ) ,  and s o  independen t  of  t ,  w i t h  exponent  a  = 1 / 2 .  

M a n d e l b r o t ' s  p r o c e s s  h a s  t h e  advantage  o f  p o s s e s s i n g  t h i s  

p r o p e r t y  f o r  a r b i t r a r y  a ,  0  < a  - < = 1/2, f o r  a r b i t r a r i l y  l a r g e  

v a l u e s  of  t .  E x p l i c i t l y  t h i s  p r o c e s s ,  B k ( t ) ,  s a y ,  i s  d e f i n e d  

a s  a n  a d d i t i v e  one w i t h  independen t  i n c r e m e n t s  g i v e n  by 

T h i s  may be  r e g a r d e d  a s  having been d e r i v e d  by t h e  u s u a l  l i m i t i n g  

p r o c e s s  from a  d i s c r e t e  moving a v e r a q e  scheme. I t  i s  a  mathe- 

m a t i c a l  e n t i t y  o f  t h e  h i g h e s t  i n t e r e s t ,  b u t ,  a s  was remarked by 

t h e  p r e s e n t  a u t h o r  [Lloyd ( 1 9 7 4 ) l  " a s  a n  a l g o r i t h m  f o r  computing 

r e a l i z a t i o n s  o f  H u r s t - l i k e  sequences  t h i s  p r o c e s s  h a s  t h e  s e r i o u s  

d i s a d v a n t a g e  ( a  consequence o f  i t s  slow convergence)  o f  r e q u i r i n g  

e x t r e m e l y  l a r g e  computer c a p a c i t y  .... There a r e  t h o s e  i n  t h e  

h y d r o l o g i c a l  world who p r o f e s s  t o  f i n d  d i f f i c u l t i e s  i n  v i s u a l i z i n g  

a p h y s i c a l  p r o c e s s  t h a t  c o u l d  i n  f a c t  p l a u s i b l y  b e  d e s c r i b e d  a s  

f r a c t i o n a l  Gauss ian ,  and from t h i s  f a c t  a  c e r t a i n  amount o f  

c o n t r o v e r s y  h a s  a r i s e n . "  Mandelbrot  and W a l l i s  (1969) a s c r i b e  

t h e  H u r s t - l i k e  behav iour  o f  t h e  p r o c e s s  t o  i t s  " long  memory", 

and t h e  e lement  o f  f a n t a s y  r e f e r r e d  t o  e a r l i e r  l i e s  ( i n  t h e  

w r i t e r ' s  o p i n i o n )  i n  t h e  b e l i e f  t h a t  r emote ly  d i s t a n t  r e a l i z a -  

t i o n s  o f  a  g e o p h y s i c a l  t i m e  series cou ld  p e r c e p t a b l y  i n f l u e n c e  

i t s  p r e s e n t  f l u c t u a t i o n s .  

T r u l y  amazing q u a n t i t i e s  o f  computer t i m e  have been devo ted  

t o  t h i s  p r o c e s s  and a p p r o x i m a t i o n s  t h e r e t o  [ e - g .  Mandelbrot  and 

W a l l i s  ( 1 9 6 9 ) 1 ,  i t s  r e l a t i o n  t o  r e a l i s t i c  hydrology becoming a  



l i t t l e  d i f f u s e .  I t  i s  presumably t h i s  k ind  o f  d e h y d r a t e d  

hydrology t h a t  h a s  induced r e s p e c t e d  p i o n e e r s  o f  s t o c h a s t i c  

hydrology t o  v o i c e  t h e i r  d i s q u i e t  a t  what t h e y  r e g a r d  a s  

numerology [Nash ( 1 9 7 8 ) l  and a t  what t h e y  see a s  t h e  e x c e s s i v e  

z e a l  o f  desk- top  t h e o r e t i c i a n s .  Thus F i e r i n g  (1  976) s a y s :  

" F a s c i n a t i o n  w i t h  a u t o m a t i c  computa t ion  h a s  encouraged a  new 

set  o f  ma themat ica l  formal isms s imply  because  t h e y  can  now b e  

computed; ... f low s y n t h e s i s  and sys tems  s i m u l a t i o n  have become 

common methodologies  i n  w a t e r - r e s o u r c e  d e s i g n .  N e i t h e r  i s  used 

t o  g e n e r a l i z e  r e s u l t s  b u t  r a t h e r  t o  make h i g h l y  s p e c i f i c  e s t i m a t e s  

of  sys tem performance  when a l t e r n a t i v e  sys tems  a r e  d e f i n e d  and 

t e s t e d .  ... But  it i s  well-known t h a t  d a t a  i s  n o t  a v a i l a b l e  

a t  p r e c i s e l y  t h e  l o c a t i o n s  where t h e  s i m u l a t i o n  needs  t o  t es t  

sys tem performance.  Thus it must b e  t r a n s f e r r e d  ... from 

gauged t o  ungauged l o c a t i o n s  ...." H e  goes  on  t o  p o i n t  o u t  t h a t  

t h e  model e r r o r  a s s o c i a t e d  w i t h  t h e  t r a n s f e r  o f  i n f o r m a t i o n  t o  

ungauged s i tes  i s  o f t e n  s o  g r e a t  a s  t o  c a s t  s e v e r e  d o u b t  on t h e  

v a l i d i t y  o f  t h e  r e s u l t s ,  which t e n d  n e v e r t h e l e s s  t o  be  

u n c r i t i c a l l y  c a l c u l a t e d  t o  s e v e r a l  s i g n i f i c a n t  f i g u r e s .  

R e a l i s t i c  e n g i n e e r s  have  s i n c e  developed s i m p l e  ARMA models 

f o r  g e n e r a t i n g  sequences  hav ing  H u r s t - l i k e  behav iour  [O 'Connel l  

(1971) 1 .  

The l i k e l y  p h y s i c a l  e x p l a n a t i o n  o f  t h e  H u r s t  e f f e c t  

i s  now however t h o u g h t  t o  l i e  i n  t h e  unavo idab le  h e t e r o g e n e i t y  

imposed on h i s t o r i c a l  d a t a  by o c c a s i o n a l  s h i f t s  o f  o r i g i n  ( a s  

must c e r t a i n l y  have o c c u r r e d  d u r i n g  t h e  1000-years  o f  t h e  

Ni lometer  r e c o r d )  o r  d i s p l a c e m e n t s  o f  t h e  measur ing  equipment  

( a s  i n  o c c a s i o n a l  r e d e s i g n i n g  o f  r a in -gauge  n e t w o r k s ) .  Such 

an e x p l a n a t i o n  i s  c o n s i s t e n t  w i t h  H u r s t ' s  own s u g g e s t e d  model 

[Hurs t  ( 1 9 5 7 ) ] ,  which v i s u a l i z e s  a  p r o c e s s  i n  which t h e  



summands a r e  i n d e p e n d e n t l y  d i s t r i b u t e d  a b o u t  a  mean which i s  

i t s e l f  s u b j e c t e d  t o  jumps o f  random magni tudes  a t  random t i m e s .  

T h i s  h a s  been shown by extended computer e x p e r i m e n t s  by Klemes 

(1974) and o t h e r s  t o  have t h e  r e q u i r e d  p r o p e r t i e s .  [For  a  

r e c e n t  r e v i e w ,  see Boes and S a l a s  (1978) . ]  A n a l y s i s  o f  s u c h  

m e t e o r o l o g i c a l  t i m e  s e r i e s  showing pronounced H u r s t - l i k e  

behav iour  h a s  r e c e n t l y  shown t h a t  t h e  r e l e v a n t  d a t a  were indeed  

con tamina ted  i n  t h i s  way [ P o t t e r  ( 1 9 7 0 ) l .  I n  a  s i m i l a r  view o f  

s c e p t i c i s m ,  K l e m e s  and Bulu (1979) have  poured some r e f r e s h i n g l y  

c o l d  h y d r o l o g i c a l  f l u i d  on t h e  w i l d e r  f l i g h t s  o f  s t o c h a s t i c  

f ancy .  

3 . 2  Short-Term Run-Off Models 

Of e q u a l  impor tance  w i t h  t h e  long- te rm p a t t e r n  o f  a n n u a l ,  

s e a s o n a l  o r  monthly f l o w s  i s  t h e  problem o f  p r e d i c t i n g  t h e  

immediate  and s h o r t - t e r m  run-o f f  g e n e r a t e d  by a  s i n g l e  r a i n -  

s t o r m  i n  a  g i v e n  ca tchment ,  and t h e  a s s o c i a t e d  problem o f  

" r o u t i n g "  t h e  e n s u i n g  w a t e r  t h r o u g h  t h e  c h a n n e l s  and o t h e r  

s t o r a g e  and a l t e r n a t i n g  d e v i c e s  a v a i l a b l e .  The t i m e  l a g s  

d i f f e r e n t i a l l y  imposed on  t h e  r a i n - i n d u c e d  r u n - o f f  by t h e  

n a t u r e  o f  t h e  s u r f a c e  and s u b s u r f a c e  s o i l  and i t s  p e r c o l a t i o n  

p r o p e r t i e s  i n v i t e  t h e  u s e  o f  g e o p h y s i c a l l y  based  models i n  

c o n j u n c t i o n  w i t h  t h e  r e s o u r c e s  o f  c l a s s i c a l  h y d r a u l i c s .  Given 

t h a t  t h e  r a i n f a l l  i n c i d e n c e  i s  s t o c h a s t i c ,  t h e  working  t e c h n i q u e s  

i n  s t a n d a r d  u s e  t e n d  t o  b e  l a r g e l y  e m p i r i c a l  models o f  a  p a r t l y  

d e t e r m i n i s t i c  and p a r t l y  p r o b a b i l i s t i c  n a t u r e .  One i n t e r e s t i n g  

model [Nash ( 1 9 5 7 ) ,  (1958)  , (1960) 1 t r e a t s  t h e  ca tchment  a s  a  

sequence  ( " c a s c a d e " )  o f  l i n e a r  r e s e r v o i r s ,  t h e  o u t f l o w  from 

e a c h  c o n s t i t u t i n g  t h e  i n f l o w  t o  t h e  n e x t .  ( A  " l i n e a r  r e s e r v o i r "  

i s  a  c o n c e p t u a l  s t o r a g e  sys tem,  from which t h e  o u t f l o w  i s  a  

l i n e a r  f u n c t i o n  o f  t h e  q u a n t i t y  o f  w a t e r  c o n t a i n e d  i n  i t .) 



S t o c h a s t i c  l i n e a r  r e s e r v o i r s  have been s t u d i e d  by Moran (1967) 

and by Anis ,  Lloyd and Saleem (1979) and o t h e r s .  

S t o c h a s t i c  models o f  r a i n f a l l  g e n e r a t i o n  [Amorocho and 

Lloyd (1978) 1 and run-of f  [Weiss (1973) 1 a r e  now b e g i n n i n g  t o  

appear .  I n  t h e  Amorocho model, r a i n  i s  produced by p r e c i p i t a t i o n  

ce l l s  which come i n t o  e x i s t e n c e  a t  random epochs  on  a  s p a t i a l l y  

t h r e e - d i m e n s i o n a l  P o i s s o n  p r o c e s s  ( i t s e l f  moving a t  un i fo rm 

speed r e l a t i v e  t o  t h e  g r o u n d ) ,  e a c h  c e l l ' s  r a i n - p r o d u c i n g  

c a p a c i t y  growing s p a t i a l l y  and i n  i n t e n s i t y  and t h e n  d y i n g  away. 

I n  i t s  s i m p l e s t  form t h e  Weiss run-off  model i s  an a p p l i c a t i o n  

o f  a  f i l t e r e d  Po i s son  p r o c e s s  t o  t h e  problem o f  s i m u l a t i n g  

t h e  hydrograph ( v i z .  t h e  run-off  a s  a  f u n c t i o n  of  t i m e )  g e n e r a t e d  

by a  b r i e f  c o n c e n t r a t e d  r a i n s t o r m .  The hydrograph t y p i c a l l y  

l o o k s  l i k e  a  p o s i t i v e l y  skewed p r o b a b i l i t y  d e n s i t y  f u n c t i o n  

superimposed on a  more o r  less c o n s t a n t  "base  f l o w , "  t h e  skew 

shape  r e s u l t i n g  from a  r a p i d  i n i t i a l  i n c r e a s e  i n  run-of f  

fo l lowed by a  s lower  r e c e s s i o n .  A c o n t i n u e d  r e c o r d  o f  r e a l  

f lows w i l l  show a  s u c c e s s i o n  o f  such  shapes ,  w i t h  maxima o f  

v a r y i n g  h e i g h t s  o c c u r r i n g  a t  a p p a r e n t l y  random epochs.  Weiss's 

" s h o t - n o i s e "  model g i v e s  t h e  flow a t  t i m e  t a s  t h e  s u m  o f  

p u l s e s  o f  t h e  form 6 ( t , T m )  Ym-exp-b ( t -Tm)  , t h e  jumps Ym b e i n g  

i. i. d.  e x p o n e n t i a l  v a r i a b l e s  and t h e i r  epochs o f  o c c u r r e n c e  

Tm b e i n g  g e n e r a t e d  a s  a  Po i s son  p r o c e s s .  (Here t h e  6 > f u n c t i o n  

e q u a l s  u n i t y  i f  t > TmI and e q u a l s  z e r o  o t h e r w i s e . )  E l a b o r a t i o n  

o f  t h e  model i n v o l v e  t h e  s u p e r p o s i t i o n  o f  s e v e r a l  independen t  

s h o t - n o i s e  p r o c e s s e s  hav ing  d i f f e r i n g  Po i s son  r a t e s  and r e c e s -  

s i o n  c o n s t a n t s .  [For  a  b r i e f  r ev iew,  see O'Connell  ( 1 9 7 7 ) l .  



3.3  S t o c h a s t i c  R e s e r v o i r  Theory 

The t h i r d  and f i n a l  example o f  s t o c h a s t i c  modeling t o  b e  

touched upon i n  t h i s  b r i e f  s u r v e y  c o n c e r n s  w a t e r  s t o r a g e .  

S t o c h a s t i c  r e s e r v o i r  t h e o r y  owes i t s  e x i s t e n c e  t o  Moran [ ( 1 9 5 4 ) ,  

( 1 9 5 5 ) ,  (1959) 1 .  The model i s  b a s i c a l l y  o n e  i n  which a  sequence  

o f  random v a r i a b l e s  i s  f e d  i n t o  a  f i n i t e  r e s e r v o i r  from which 

w a t e r  i s  r e l e a s e d  i n  accordance  w i t h  a  "wi thdrawal  p o l i c y "  which 

may depend on c u r r e n t  and p a s t  i n f l o w s  and s t o r a g e  v a l u e s .  I n  

t h e  Moran r e s e r v o i r  t h e s e  i n f l o w s  a r e  i . i . d ,  o r  independen t  b u t  

s e a s o n a l l y  d i s t r i b u t e d .  For  i . i . d .  i n f l o w s  and c o n s t a n t  wi th-  

d r a w a l s  t h e  sequence  o f  s t o r a g e  v a l u e s  i s  a  l ag -1  Markov Chain.  

The model t u r n e d  o u t  t o  b e  t h e  a n c e s t o r  o f  a  b r a n c h i n g  

p r o c e s s  w i t h  markedly n o n - i d e n t i c a l  o f f s p r i n g .  One s u c h  d e s -  

cendan t  was t h e  i n f l u e n t i a l  R.S.S. symposium on s t o r a g e  sys tems  

i n  which Gani (1957) summarized t h e  f i n d i n g s  o f  Moran 's  s c h o o l  

and D . G .  Kendal l  ( 1  957) i n t r o d u c e d  t o  a  d e l i g h t e d  mathemat ica l  

world t h e  charms o f  dam t h e o r y  ( e f f e c t i v e l y  i n f i n i t e  r e s e r v o i r s  

w i t h  i n f l o w s  c o n s i s t i n g  o f  con t inuous - t ime  p r o c e s s e s  w i t h  

independent  i n c r e m e n t s ,  w i t h  u n i t  wi thdrawal  p o l i c y ) ,  i n  a  

paper  which was i t s e l f  t h e  h i g h l y  fecund p a r e n t  of  a  l a r g e  

progeny o f  r e s e a r c h  a c t i v i t y .  Other  e v o l u t i o n a r y l i n e s  have 

concerned t h e m s e l v e s  less  w i t h  mathemat ica l  e l e g a n c e  and more 

w i t h  a t t e m p t s  a t  e n g i n e e r i n g  r e a l i s m ,  i n  p a r t i c u l a r  t h e  adap ta -  

t i o n  o f  Moran 's  o r i g i n a l  model t o  t h e  c a s e  o f  a u t o c o r r e l a t e d  

i n f l o w s .  Lloyd (1963)  f o r  example produced a  m o d i f i c a t i o n  

a l l o w i n g  Markovian i n f l o w s ,  i n  which t h e  j o i n t  d i s t r i b u t i o n  o f  

i n f l o w s  and s t o r a g e  v a l u e s  i s  b i v a r i a t e  f i r s t - o r d e r  Markov. 

[See a l s o  Langbein ( 1 9 5 8 ) ,  P h a t a r f o d  and Mardia ( 1 9 7 3 ) ,  

P h a t a r f o d  ( 1 9 7 6 ) .  1 



A t  t h e  t ime of w r i t i n g ,  however, no s a t i s f a c t - o r y  s t o c h a s t i c  

model has  appeared capab le  o f  d e a l i n g  wi th  i n t e r connec ted  

systems of  mul t ipurpose (flood-prevention/over-year s t o r a g e /  

s ea sona l  storage/power g e n e r a t i o n )  r e s e r v o i r ;  much work remains 

t o  be done. 

4 .  APOLOGIES 

The foregoing  i s  a b r i e f ,  p a r t i a l  and incomplete  p i c t u r e  

of  some a s p e c t s  of  s t o c h a s t i c  hydrology, w r i t t e n  f o r  s t a t i s -  

t i c i a n s  who have no t  y e t  go t  t h e i r  f e e t  i n t o  t h e  wate r .  I t  

was w r i t t e n  i n  t h e  hope o f  conveying t o  them some i d e a  o f  t h e  

a t t r a c t i v e n e s s  o f  s t o c h a s t i c  hydrology: s o  - s t a t i s t i c i a n s  and 

app l i ed  p r o b a b i l i s t s ,  i f  you a r e  s igh ing  f o r  f r e s h  worlds  t o  

conquer - come on i n !  Hydrology i s  w a i t i n g  f o r  you! 

5. ACKNOWLEDGEMENT 

The au tho r  wishes  t o  exp res s  h i s  a p p r e c i a t i o n  t o  I I A S A ,  

whose h o s p i t a l i t y  made p o s s i b l e  t h e  w r i t i n g  o f  t h i s  ' p a p e r ' .  



REFERENCES 

Ad Hoc P a n e l  o n  Hydro logy  ( 1962) . " S c i e n t i f i c  Hydro logy .  " 
U.S. C o u n c i l  f o r  S c i e n c e  and Techno logy ,  Wash ing ton ,  D.C. 

Amorocho, J . ,  and  E.H. L loyd  ( 1 9 7 8 ) .  "A S t o c h a s t i c  Model f o r  
R a i n f a l l  G e n e r a t i o n . ' '  I n t e r n a l  R e p o r t ,  Dept .  o f  C i v i l  
Engg. ,  U . C .  D a v i s ,  D a v i s ,  C a l i f o r n i a .  

A n i s ,  A . A . ,  a n d  E.H. L loyd  ( 1 9 5 3 ) .  "On t h e  r a n g e  o f  p a r t i a l  
sums o f  a f i n i t e  number o f  i n d e p e n d e n t  Normal v a r i a b l e s . "  
B i o m e t r i k a ,  - 40,  35. 

A n i s ,  A . A . ,  and  E.H. L loyd  ( 1 9 7 5 ) .  "Skew i n p u t s  a n d  t h e  H u r s t  
e f f e c t .  " J o u r n a l  o f  H y d r o l . ,  - 26 ,  39. 

A n i s ,  A . A . ,  and  E.H. L l o y d  ( 1 9 7 6 ) .  "The e x p e c t e d  v a l u e  o f  t h e  
r e s c a l e d  a d j u s t e d  H u r s t  r a n g e  o f  i n d e p e n d e n t  Normal 
summands. " B i o m e t r i k a ,  63 ,  111. - 

A n i s ,  A . A . ,  E.H. L l o y d  a n d  S.D. Sa l eem ( 1 9 7 9 ) .  "The l i n e a r  
r e s e r v o i r  w i t h  Markovian  i n f l o w s . "  Water  R e s o u r c e s .  
R e s . ,  15 ,  1623. - 

Boes, D.C., and  J . D .  S a l a s - L a  Cruz  ( 1 9 7 3 ) .  "On t h e  e x p e c t e d  
r a n g e  o f  p a r t i a l  sums o f  e x c h a n g e a b l e  random v a r i a b l e s . "  
J. Appl .  P r o b . ,  - 10,  671 .  

Boes ,  D.C., a n d  J . D .  S a l a s  (1978)  . " N o n s t a t i o n a r i t y  o f  t h e  
mean and  t h e  H u r s t  e f f e c t . "  Water  R e s o u r c e s  R e s . ,  14 ,  135. - 

B o l z e r n ,  P . ,  M. F e r r a r i o ,  and  G.  F r o n z a  ( 1 9 8 0 ) .  " A d a p t i v e  
r e a l -  t i m e  f o r e c a s t  o f  r i v e r  f  l o w - r a t e s  f rom r a i n f a l l  
d a t a . "  J o u r n a l  o f  H y d r o l . ,  47 ,  251. - 



C o r i a n i ,  T.A. ,  U .  Maron i ,  and J . R .  W a l l i s  ( 1977)  ( E d i t o r s ) .  
M a t h e m a t i c a l  Models  f o r  S u r f a c e  Water Hydro logy .  
(Wi.ley, New York)  . 

F e l l e r ,  W . ,  ( 1 9 5 1 ) .  "The a s y m p t o t i c  d i s t r i b u t i o n  o f  t h e  r a n g e  
o f  sums o f  i n d e p e n d e n t  random v a r i a b l e s .  " A n n a l s  o f  
Math. S t a t . ,  22,  427. - 

F i e r i n g ,  M .  B (1967)  . S t r e a m f l o w  S y n t h e s i s .  Ha rva rd  U n i v e r s i t y  
P r e s s ,  Cambr idge ,  Mass. 

F i e r i n g ,  M.B ( 1 9 7 6 ) .  " R e s e r v o i r  p l a n n i n g  and  o p e r a t i o n . "  
C h a p t e r  17 o f  Approaches  t o  Water R e s o u r c e s  ( 2  v o l s .  ) 
e d i t e d  by  H.W.  Shen ,  F o r t  C o l l i n s ,  C o l o r a d o ,  USA 80521. 

Gan i ,  J . ,  ( 1 9 5 7 ) .  "P rob lems  i n  t h e  P r o b a b i l i t y  Theo ry  o f  
S t o r a g e  S y s t e m s " .  J . R .  S t a t i s t .  Soc .  B ,  19 ,  181 .  - 

Hazen, A . ,  ( 1 9 1 4 ) .  "STorage  t o  b e  p r o v i d e d  i n  impounding reser- 
v o i r s  f o r  m u n i c i p a l  w a t e r  s u p p l y . "  T r a n s .  A m e r .  Soc .  
C i v i l  E n g r s . ,  - 77 ,  1539. 

H u r s t ,  H .  E. ,  (1951)  . "Long-term s t o r a g e  c a p a c i t y  o f  r e s e r v o i r s "  
T r a n s .  A m e r .  Soc .  C i v i l  E n g r s . ,  116 ,  770. - 

H u r s t ,  H.E.,  ( 1 9 5 6 ) .  "Methods o f  u s i n g  l o n g - t e r m  s t o r a g e  i n  
r e s e r v o i r s . "  P r o c .  I n s t .  C i v i l  E n g r s . ,  5 ,  519.  - 

H u r s t ,  H.E., ( 1 9 5 7 ) .  "A s u g g e s t e d  s t a t i s t i c a l  model o f  some 
t i m e  series w h i c h  o c c u r  i n  n a t u r e . "  N a t u r e ,  180 ,  494.  - 

H u r s t ,  H.E. ,  R.P. B l a c k  and  Y . A .  S ima ika  ( 1 9 6 5 ) .  Long-term 
S t o r a g e .  C o n s t a b l e ,  London. - 

Kaczmarek,  Z .  , (1977)  . S t a t i s t i c a l  Methods i n  Hydro logy  a n d  
Me teo ro logy .   ransl slat ion i n t o  E n g l i s h  o f  t h e  1970 P o l i s h  
e d i t i o n . )  U.S. Dep t .  o f  Commerce, S p r i n g f i e l d ,  Va. 22161. 

K e n d a l l ,  D .  G .  , ( 19 57)  . "Some p rob lems  o n  t h e  t h e o r y  o f  dams. " 
J . R .  S t a t i s t .  Soc.  B ,  2, 207 

K a r t v e l i s h v i l i ,  N . A . ,  ( 1 9 6 9 ) .  Theory  o f  S t o c h a s t i c  P r o c e s s e s  i n  
Hydrology a n d  R i v e r  ~ u n o f f ~ e q u l a t i o n  ( t r a n s l a t e d  
yrom o r i g i n a l  R u s s i a n ) .  I s r a e l  Program f o r  S c i e n t i f i c  
T r a n s l a t i o n s .  J e r u s a l e m .  

K l e m e s ,  V . ,  ( 1 9 7 4 ) .  "The H u r s t  phenomenon: a  p u z z l e ? "  Water  
R e s o u r c e s  R e s . ,  10 ,  674.  - 

K l e m e s ,  V . ,  and  A .  B u l u  (1979)  . " L i m i t e d  c o n f i d e n c e  i n  c o n f i d e n c e  
l i m i t s  d e r i v e d  b y  o p e r a t i o n a l  s t o c h a s t i c  h y d r o l o g i c a l  
m o d e l s . "  J o u r n a l  o f  H y d r o l . ,  42 ,  9 .  - 

Langbe in ,  W . B . ,  ( 1 9 5 8 ) .  "Queu ing  t h e o r y  and  w a t e r  s t o r a g e . "  
P r o c .  A m e r .  Soc .  C i v i l  E n g r s . ,  J. Hydrau l .  D ivn . ,  84 - 
(No. 475,  p t .  1 )  1 .  

L l o y d ,  E.H.,  ( 1 9 6 3 )  . "A p r o b a b i l i t y  t h e o r y  o f  r e s e r v o i r s  w i t h  
s e r i a l l y  c o r r e l a t e d  i n p u t s . "  T e c h n o m e t r i c s  5 ,  8 5 .  



L l o y d ,  E.H., ( 1 9 7 4 )  . "Wet and d r y  w a t e r :  r e m a r k s  o n . .  . . tile 
h i s t o r y  o f  s t o c h a s t i c  r e s e r v o i r  t h e o r y . "  B u l l .  I n s t .  
Maths .  A p p l . ,  - 1 0 ,  348. 

Maass ,  A . ,  M.M.  H u f s c h m i d t ,  R .  Dorfman, H.A. Thomas, S.A. M a r g l e n  
and  G.M. F a i r  ( 1 9 6 2 ) .  D e s i g n  o f  Wa te r -Resou rce  S y s t e m s .  
N e w  T e c h n i q u e s  f o r  R e l a t i n g  Economic O b j e c t i v e s  E n g i n e e r i n g  
A n a l v s i s  a n d  Gove rnmen ta l  P l a n n i n s . "  H a r v a r d  u n i v e r s i t y  .' J A 

P r e s s ,  Cambr idge .  

M a n d e l b r o t ,  B.: ( 1 9 6 5 ) .  "Une classe d e  p r o c e s s e s  s t o c h a s t i q u e s  
h o m o t h e t  a so i ;  a p p l i c a t i o n  a l a  l o i  c l i m a t o l o g i q u e  
d e  H.E. H u r s t . "  C.R. Acad. S c i e . ,  P a r i s ,  - 260 ,  32. 

M a n d e l b r o t  a n d  Wallis ( 1 9 6 9 ) .  "Computer  e x p e r i m e n t s  w i t h  
f r a c t i o n a l  G u a s s i a n  n o i s e " ;  P a r t s  I ,  11, 111." Water 
R e s o u r c e s  R e s . ,  - 5 ,  228,  242 ,  260 .  

Moran, P.A.P., ( 1 9 5 4 ) .  "A p r o b a b i l i t y  t h e o r y  o f  dams a n d  s t o r a g e  
s y s t e m s . "  A u s t r .  J. A p p l . ,  S c i e . ,  - 5 ,  116 .  

Moran, P.A.P. ,  ( 1 9 5 5 ) .  "A p r o b a b i l i t y  t h e o r y  o f  dams a n d  s t o r a g e  
s y s t e m s :  m o d i f i c a t i o n s  o f  t h e  release r u l e . "  A u s t r .  J. 
A p p l . ,  S c i e . ,  - 6 ,  117.  

Moran, P.A. P. , ( 1  959 )  . The  Theo ry  o f  S t o r a g e .  Methuen,  1,ondon.  

Moran,  P.A. P . ,  ( 1 9 6 4 ) .  "On t h e  r a n g e  o f  c u m u l a t i v e  sums.  " 
Ann. I n s t .  Ma ths .  Tokyo,  16 ,  109.  -. 

Moran, P.A. P . ,  ( 1 9 6 7 ) .  D a m s  i n s e r v i c e s  w i t h  c o n t i n u o u s  release. I' 

J. Appl .  P r o b . ,  - 4 ,  330.  

Mor in ,  G . ,  J . - P .  F o r t i n ,  W. S o c h a n s k a ,  a n d  J . -P .  L a r d e a n  ( 1 9 7 9 ) .  
" U s e  o f  p r i n c i p a l  component  a n a l y s i s  t o  i d e n t i f y  homogeneous  
p r e c i p i t a t i o n  s t a t i o n s  f o r  o p t i m a l  i n t e r p o l a t i o n . "  Water 
R e s o u r c e s  R e s . ,  15 ,  184 1. - 

Nash,  J.E.. , ( 1 9 5 7 ) .  !!The fo rm  o f  t h e  i n s t a n t a n e o u s  u n i t  
h y d r o g r a p h . "  I n t .  A s s .  S c i .  H y d r o l .  ( P a r t  4 5 ) ,  3 ,  114.  - 

Nash, J . E . ,  ( 1 9 5 8 ) .  " D e t e r m i n i n g  r u n o f f  f r o m  r a i n f a l l . "  
P r o c .  I n s t .  C i v i l  E n g r s . ,  1 0 ,  163.  - 

Nash,  J . E . ,  ( 1 9 6 0 ) .  "A u n i t  h y d r o g r a p h  s t u d y ,  w i t h  p a r t i c u l a r  
r e f e r e n c e  t o  B r i t i s h  c a t c h m e n t s . "  P r o c .  I n s t .  C i v i l  E n g r s . ,  
1 7 ,  249.  - 

Nash,  J . E . ,  ( 1 9 7 8 ) .  P r i v a t e  commun ica t i on .  

Neumann, J . ,  ( 1 9 8 0 ) .  " F i v e  l e t t e r s  f rom a n d  t o  Harnmuraki, 
King o f  Baby lon  (1792-1750 B.C.) o n  w a t e r  works  a n d  
i r r i g a t i o n .  " J o u r n a l  o f  Hydro l .  , - 47 ,  393.  

0' C o n n e l l ,  P. E . ,  ( 1 9 7 1 ) .  "A s i m p l e  s t o c h a s t i c  m o d e l l i n g  o f  
H u r s t ' s  l a w . "  P r o c .  I n t e r n a t i o n a l  Symp. Math. Mode ls  i n  
Hydro l  . , Warsaw, I. A. H. S.  



OIConne l l ,  P .E. ,  ( 1977 ) .  "Shot-noise  models i n  s y n t h e t i c  
hydroloqy."  Pages 19-26 o f  C i v i a n i  e t  a l . ,  ( 1977 ) .  

Peyram, G.G.S., ( 1980 ) .  "A con t i nuous  s t reamflow model ."  
J o u r n a l  o f  Hydrol . ,  - 47, 65. 

Pha t a r fod ,  R. M. , (1976) .  "Some a s p e c t s  o f  s t o c h a s t i c  r e s e r v o i r  
t h e o r y . "  J o u r n a l  o f  Hydrol . ,  - 30, 199. 

Pha t a r fod ,  R . M . ,  and K.V. Mardia (1973) .  "Some r e s u l t s  f o r  
dams w i t h  Markovian i n p u t s . "  J.  Appl. ,  P rob . ,  - 10,  166. 

P o t t e r ,  K .  W . ,  ( 1970 ) .  "Annual p r e c i p i t a t i o n  i n  t h e  N o r t h e a s t  
United S t a t e s :  l ong  memory, s h o r t  memory, o r  no memory?" 
Water Resources R e s . ,  15 ,  340. - 

R i p p l ,  W . ,  ( 1883 ) .  "The c a p a c i t y  o f  s t o r a g e  r e s e r v o i r s  f o r  
wa t e r  s u p p l y . "  Proc.  I n s t .  Civ.  Engrs . ,  - 71,  270. 

S u d l e r ,  c . E . ,  (1927) .  "S to r age  r e q u i r e d  f o r  t h e  r e g u l a t i o n  o f  
s t r eamf low."  Trans .  A m e r .  Soc. C i v i l  Engrs . ,  91,  622. - 

S o l a r i ,  M. , and A.A.  Anis  (1957) .  "The mean and v a r i a n c e  o f  
t h e  madimum o f  a d j u s t e d  p a r t i a l  sums o f  independen t  
normal v a r i a t e s .  " Annals  o f  Math. S t a t . ,  28,  706. - 

Tod in i ,  E . ,  (1980) .  "The p r e s e r v a t i o n  o f  skewness i n  l i n e a r  
d i s a g g r e g a t i o n  schemes." J o u r n a l  o f  Hydrol . ,  47, 199. - 

Ven T e  Chow (1964) .  ( E d i t o r ) .  Handbook o f  Applied Hydrology, 
McGraw-Hill. 

Weiss, G . ,  ( 1973) .  "Sho t -no i se  models f o r  s y n t h e t i c  g e n e r a t i o n  
o f  m u l t i - s i t e  d a i l y  s t reamflow d a t a . "  Proc .  I n t .  Symp. 
Design o f  Water Resources  P r o j e c t s  w i t h  Inadequa t e  Data. 
UNESCO/IAHS/WMO, Madrid. 

Winsler,  C . O . ,  and E.F. B r a t o r  ( 1 9 5 9 ) .  (Second e d i t o r )  
Hydrology. Wiley, N e w  York. 

Yevjevich , V . M . ,  ( 1972 ) .  S t o c h a s t i c  P roce s se s  i n  Hydrology. 
Water Resources  P u b l i c a t i o n s ,  F o r t  C o l l i n s ,  Colorado.  


