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Some Problems on t h e  S t o c h a s t i c  Flood Con t ro l  

Y u r i  A .  Rosanov 

1. Let us c o n s i d e r  a  sys tem o f  n wa te r  r e s e r v o i r s  

Ria.. . > R n .  For  a  g e n e r a l i t y  l e t  us  assume t h e y  a r e  cori- 

n e c t e d  i n  such  a  way t h a t  we can t r a n s f e r  an amount o f  wa te r  

from Ri t o  R d u r i n g  t h e  t ime p e r i o d  [to,T] and an  amount 
j 

o f  w a t e r  

from Ri t o  o u t s i d e  where c o n t r o l  pa rame te r s  u i j ,  

i , j  = 1, ..., n  s a t i s f y  t o  c o n s t r a i n t s  

Therewi th  a i j , b i j  a r e  g i v e n  non-negative c o n s t a n t s - - f o r  

example,  aii  i s  de termined w i t h  r e s p e c t  t o  minim~lm demands 

and bii means t h e  l e v e l  under which exceed ing  i t  might 

cause  a  l o t  of damage. Thus, t h e  t o t a l  amount of  w a t e r  t h a t  

p a s s e s  through t h e  r e s e r v o i r  R i n  a  "normal way" d u r i n g  i 

t h e  t ime  p e r i o d  [ tO ,~ ]  i s  



where c o n v e n t i o n a l l y  u i j ( t )  = -u ( t )  < 0  i f  a c t u a l l y  a t  
j i 

t h e  moment t t h e  w a t e r  comes t o  t h e  r e s e r v o i r  Ri from t h e  

r e s e r v o i r  R 
j ' 

Suppose t h e  t a r g e t  i s  t o  accumula te  w a t e r  d u r i n g  some 

t ime  p e r i o d  [ t O , ~ ] .  I f  ~ ( t )  i s  a  c o r r e s p o n d i n g  i n f l o w  

( i n p u t )  f o r  R i ,  t h e n  up t o  t h e  moment T  t h e  amount o f  wa te r  

W .  (T) i n  t h e  r e s e r v o i r  Ri i s  
1 

Let  t h e  c a p a c i t y  o f  Ri be WI. Then t h e  n e g a t i v e  v a l u e  

Wi(T) - W T  means t h a t  we do n o t  have enough w a t e r  a t  t h e  end  

o f  t h e  c o n s i d e r e d  p e r i o d  [ tO,~]  and t h e  p o s i t i v e  v a l u e  

Wi(T) - W! means t h a t  we a c t u a l l y  have t h e  "over f low."  

The problem i s  t o  choose t h e  c o n t r o l  f u n c t i o n s  u  ( t ) ,  
i j 

< t < T  i n  such  a way a s  t o  minimize t h e  mean squa re  v a l u e  t o  - - 

o f  t h e  d e v i a t i o n  o f  t h e  random v e c t o r  

from t h e  v e c t o r  W* = IW;, . . . , W E ) .  



Of course the optimal control depends very much on the 

actual input S(t) = {C1(t) ,. . . ,Cn(t)l, to 2 t - < T. We suggest 

t ,o  assume that 

where 

is a multi-dimensional, Gamma-distributed stationary random 

process of the Markov type;' and w(t) = {wl(t) ,. . .,wn(t)l 
is a "big wave" (because of melting snow or rainfall) with 

components wi(t) = w.(zI,t) which are solutions of the corre- 
1 

sponding hydrodynamic partial equationz of the St. Venant 

type for discharges wi(t,z) along "bed-streams' z p  5 z 5 zI 

with "initial conditions" of the type 

Herewith ~ 

l ~ o r  example, 

where nl(t), ..., nn(t) are independent Gaussian stationary 

Markov processes with corresponding parameters. 

2 ~ e e  J. Stoker [l] . 



(where Pi i s  a  polynomia l ,  c  i s  a  p o s i t i v e  c o n s t a n t ) ;  t h e  i 

v a r i a b l e  T~ i s  assumed t o  be random wi th  t h e  e x p o n e n t i a l  

d i s t r i b u t i o n  and means t h e  moment a t  which t h e  wave w i ( t )  

r i s e s .  

I n  o r d e r  t o  d e a l  w i th  t h e  problem on t h e  o p t i m a l  c o n t r o l  

i n  a n  a n a l y t i c a l  way, we s u g g e s t  t o  assume t h a t  

2 .  Suppose now t h e  t a r g e t  i s  " t o  ca t ch"  t h e  wave w ( t )  

i n  o r d e r  t o  p r o t e c t  t h e  ove r f low,  and a l l  r e s e r v o i r s  R1, ... 
3 Rn 

a r e  some k i n d  o f  a  " t r a p "  f o r  t h i s  wave. 

Le t  u s  assume f o r  s i m p l i c i t y  t h a t  R1, ..., Rn a r e  no t  

connec t ed  s o  we c a n  pose  a  problem f o r  R = R1 when we 

d e a l  w i t h  t h e  u n i v a r i a t e  random p r o c e s s  c ( t )  = 5 ( t )  
1 

d e s c r i b e d  above.  

Suppose t h a t  d u r i n g  a  t ime  p e r i o d  to  2 t 5 T ,  where T 

i s  some unobse rvab le  c r u c i a l  m ~ r n e n t , ~  we wish t o  o p e r a t e  i n  

such  a  way t h a t  t h e  whole i n f l o w  c ( t )  goes  t h rough4  s o  t h e  

r e s e r v o i r  h a s  a  c o n s t a n t  volume ( f o r  example,  i t  is  empty ) ;  

b u t  a f t e r  t h e  c r u c i a l  moment T ,  we wish t o  s t o p  t h e  o u t f l o w  

(iae. u ( t )  = 0 )  s o  t h e  who1.e i n f l o w  goes i n  t h e  r e s e r v o i r .  

 or example,  r = T i s  t h e  moment a t  which t h e  wave 
1 

w ( t )  = w l ( t )  comes t o  t h e  sys tem,  o r  T d i f f e r s  from t h i s  

moment on a  p r o p e r  t i m e  d e l a y .  

4 ~ t  means e s s e n t i a l l y  t h a t  t h e r e  a r e  no c o n s t r a i n t s  on 

o u t p u t s  u (  t )  = Ull( t )  . 



Because t h e  random moment  say w i t h  t h e  e x p o n e n t i a l  d i s -  

t r i b u t i o n )  i s  unobservable ,  we have t o  u se  some e s t i m a t e  T * .  

If T*  > T ,  t h e n  some p a r t  o f  t h e  u n d e s i r a b l e  i n f l o w  goes 

t h rough  t h e  system--the co r r e spond ing  amount o f  w a t e r  w i l l  be 

i f  T* < T ,  t h e n  some p a r t  o f  t h e  u n d e s i r a b l e  i n f l o w  goes i n  

t h e  r e s e r v o i r - - t h e  co r r e spond ing  amount o f  w a t e r  w i l l  be 

The problem i s  t o  choose t h e  c o n t r o l  pa rame te r  T* i n  

such  a  way t o  minimize-- in a  p r o p e r  sense--W(T*),  e . g .  t o  

minimize t h e  e x p e c t a t i o n  EW(T*) o r  t h e  p r o b a b i l i t y ,  

where W* i s  some c r u c i a l  l e v e l  ( o r  t o  minimize s i m i l a r  

p r o b a b i l i t i e s  under  c o n d i t i o n s  T*  < T ,  T*  > T ) .  

5 ~ h i s  w a t e r  occup ie s  some p a r t  o f  t h e  r e s e r v o i r  and i t  
l e a v e s  space  f o r  t h e  "wave" w ( t )  i t s e l f .  
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