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PREFACE

In this paper, the author develops a dual forest iteration method for
the stochastic transportation problem.

The algorithm described in this paper iterates from one dual forest
to another with the values of the dual objective function strictly increas-
ing. At most two one-dimensional monotonic equations have to be solved
at each step. In this sense it is simple compared with the primal forest
iteration method, which may require the solution of more than two such
equations at each step. The use of the algorithm is illustrated by appli-
cation to a numerical example.

This research was undertaken as part of the Adaptation and Optimi-
zation Project in the System and Decision Sciences Program.
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ABSTRACT

This paper presents a dual forest iteration algorithm for solving the
stochastic transportation problem. The algorithm iterates from one dual
forest to another with the values of the dual objective function strictly
increasing in the nondegenerate case. It therefore converges in a finite
number of steps. At each step it is necessary to solve at most two one-
dimensional monotone equations. If the computation is interrupted
before completion, a primal feasible solution, and upper and lower
bounds to the optimal value of the objective function can be obtained. A
numerical example is also presented.
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1. INTRODUCTION

The forest iteration method for solving the stochastic transportation prob-
lem (STP) was first presented in [12]. The major advantage of this method, and
one which distinguishes it from other approaches (see [1.4,5,6,7.8,10,11,15,
16,18,19,20,21,22,23]), is its finite convergence.

The forest iteration method iterates from one base forest triple to another
with the values of the objective function strictly decreasing. At each step it is

necessary to solve a small number of one-dimensional monotone equations.

It is interesting to consider whether it is possible to construct a
polynomial-time algorithm capable of solving the STP. Looking at the deter-
ministic case, we see that there is still no known polynomial-time primal sim-
plex method for the transportation problem (TP), but that a polynomial-time
dual simplex algorithm for the transportation problem has been given by Ikura
and Nemhauser [9], and some of the special properties of dual transportation
polyhedra have been explored by Balinski [2,3]. A first step in the direction of a
polynomial-time algorithm for solving the STP would therefore seem to be to
establish a finitely convergent dual forest iteration method for solving this

problem.

This paper presents such a method for solving the STP. It iterates from
one dual forest to another with the values of the dual objective function strictly
increasing. At most two one-dimensional monotone equations must be solved at
each step. In this sense it is simple compared with the primal forest iteration
method, which may require the solution of more than two one-dimensional

monotone equations at each step.

Since the graph of a basic optimal solution of an STP is a forest [12], it is
clear that there are at least three possible iteration techniques: splitting, pivot-

ing and connecting. However, they are gquite different from their primal
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counterparts. The primal forest iteration method uses some primally infeasible
points and a technique called cutting to pull these infeasible points back into
the feasible region. In our dual algorithm we keep the whole process in the

dual feasible region, and it is therefore also more direct.

Section 2 presents the dual form of the STP. The dual forest and the basic
dual forest solution are defined in Section 3. We prove that the values of the
dual objective function corresponding to all basic dual forest solutions associ-
ated with a particular dual forest are the same. In Section 4 we define the
almost basic dual forest solution, a generalization of the basic dual forest solu-
tion which allows us to change the implicit prices in order to increase the value
of the dual objective function. The iteration techniques used in three different
cases are described in Sections 5, 8 and 7. Section B is concerned with the dual
forest iteration algorithm and the associated finite convergence theorem. In
Section 9, we illustrate the use of the algorithm by applying it to an example
first considered in [12].

If the computation is interrupted, we have a lower bound to the optimal
value of the objective function but no primal feasible solutions. However, we
have an approximation of the certainty equivalent, which in turn yields a pri-
mal feasible approximation solution and an upper bound to the optimal value of

the objective function. This is discussed in Section 10.

The concept of forests is not simply a convenient computational tool; it is

inherent in the structure of the STP. We go into this more deeply in Section 11.

2. THE DUAL FORM OF THE STP

The standard formulation of the stochastic transportation problem with a
dummy node is as follows [4,12,15,19,20,21,22]:

m n
min 2 2 €4 Tyj + -21 9°j(wj)
J:

+1
s.t. "2 I =g, i=1,..m (2.1)
j=1
m
2 z;; = w; . j=1l..n+1
i=1



where n +1 is the dummy node and

piw) =7 [ (wy—¢)am(e;) +ait [ (6 —w;)aF(e) . (2.2)
€ <wy €>wy

The variables and parameters are defined in the following way:

a; — total number of items available at 1, a; >0

c;j — cost of shipping one item from i to j, ¢i; =0
z;; — number of items shipped from i to j
w; — total number of items supplied to j (to be determined)

£; — observed value of £;

Ej — random variable reflecting demand at j

F; — marginal distribution function of EJ— (known)
g~ — salvage cost per unit excess at j, 9 = 0

+_

q; penalty cost per unit shortage at j, qj‘" =0

Assume that F; is continuous for all j. We know from [10,18] that @; is

continuously differentable and convex and that
+ —_ +
¢J-('wj) = —q," +g; Fj(w;) . (2.3)

where g; = qJ-‘" +q5-
Since the feasible region is compact and the objective function is continu-
ous, (2.1) always has a solution.

In the general case some arcs (routes between points) may not be available
(see the numerical example given in Section 9). This may be overcome by con-

sidering such arcs to be available, but with very large cost coefficients.

From convex programming theory [13,14] and the duality theory of sto-

chastic programming [17], the dual form of (2.1) is:

m (3 n
max ), au; + 3, wiv; + ), ¢i(wy)
wuv = i=1 i=1

st.ow +v; <cy5, Vi,j (2.4)
—‘Uj = ¢;(wj) N j = 1....,'"-

'u,H,]:O .
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where ¢; 49 =0fori = 1,..,m. Our aim in this paper is to solve (2.4). Once we

have done this, we also have the solution of (2.1).

If F; is not continuous, we can use O¢; instead of ;an. as in [12]. We shall

not consider this case any further here.

3. BASIC DUAL FOREST SOLUTIONS

It is shown in [12] that (2.1) has an optimal forest solution (z,w) with mul-

tiplier (»,v) such that

n+l
Ty =0, i=1..m
=1
m
2 z.‘j =wJ' , j = 1,...,n+1
=] '
z; =0, ij)ers
z; =0, (i) e f (3.1)
Uy +'UJ-=CiJ'- (7'-.1)€f
1li+'UJ-$Cij. (1'J)zf
—v; = ¢J’_(wj) . j=1l..n
Up+1 =0,

where f is a forest. This is also a sufficient condition. In [12] we defined a
forest as a union of trees in the transportation tableau, where the trees con-
cerned are not connected to each other and the row index set of the forest is
{1,...m]}. The properties of the forest are described in some detail in [12]. The
duality theory of stochastic programming [17] implies that the optimal forest

solution of (2.1) is also an optimal solution of (2.4).

We divide (3.1) into three hierarchical levels:

Dual forest feasibility condition (DFF):

ui+'U‘=C

J Yy

—v; = ¢}(wj) '

Un4 < 0

(i.j)ef
(@i e f

j=l.mn
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2. Primal forest feasibility condition and complementary condition (PFC):

n+l
2 Ty =4, i=1,...m
j=1
m
Y Ty =W j=1..n+1
t=1
z; =0, (ig) % f

3. Primal non-negativity condition (PNN):

z; =0, (ij)erf

Definition 3.1. Suppose that we have a forest f on the m x{n +1) transportation
tableau and a vector (z,w,u,v) € RPXA+D+@+1)+m+(n+1) gych that the DFF and
the PFC are satisfied. Then we call f a dual forest of (2.1) and (z,w.u,v) a
basic dual forest solution of (2.1). =

Clearly, the optimal forest is a dual forest and the optimal forest solution

(together with its multiplier) is a basic dual forest solution of {2.1).

Theorem 3.1. The values of the dual objective function corresponding to basic

dual forest solulions associaled with a given dual forest f are the same. =

Proof. Assume that (z,w,u,v) is a basic dual forest solution associated with f.

From (2.3), we know that

—v; =g (w;) = —g;" + q; F;(w;) . (3.2)
We also know that the value of (u,v) is determined by

U + U = cyj (i.j)ef
together with a parameter a; on each component tree £ of f, i.e.,

v; zvl + j €N, ' (3.3)

J J t: t

0

‘u.i='u.‘- =& lEMt ’

where M; and N; are the row index set and the column index set of ¢, respec-
tively, and (uo,'uo) is uniquely determined by f. We can use the fact that
VU, +1 = 0 to evaluate the parameter on the tree with the dummy node n+1. For

other component trees, we know from (3.2) and (3.3) that w; is a strictly
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decreasing function of «a;, since F; is a nondecreasing function. However, the

PFC implies that

“

2 w; = 2 a; (3.4)
JeN, tel,
for each component tree t. This determines a;. Therefore, (z,v) is uniquely
determined on f. Now suppose that (Z,w,u,v) is another basic dual forest solu-
tion associated with f. From (3.2) and the fact that F; is nondecreasing, we

have
Vi = ?;-(’wj + {(13] -—‘wj))

for 0<¢=<1 The difference between the dual objective function values

corresponding to (Zz,w,u,v) and (z,w,u,v) is given by (2.4) as

TN

: [(; —w;)vj + ¢;(W;) — ¢j(w;)]

J

-

o

1
[(‘I_U} —‘wj)'Uj + (1—5]‘ "wj){%-(wj + f(‘mj —wj))d(‘] =0 ,

i=1

thus proving the theorem. =

We can therefore talk about the dual objective function value of a dual
forest f, and shall denote it by S(f).

4. ALMOST BASIC DUAL FOREST SOLUTIONS

Assume that we have a dual forest f with a basic dual forest solution
(z,w,u,v). Assume also that it is not optimal, i.e., there exists a pair of
indices (k,l) such that z,; <0, (k.!) e f. Is it possible to find another dual
forest f with a basic dual forest solution (£, 1, %, #) such that S(f) > S(F)?

If this can be done then we can develop an algorithm which iterates from
one dual forest to another with strictly increasing dual objective function
values; this algorithm converges in finitely many steps since the number of

dual forests is finite.
The following definition generalizes the above question:

Definition 4.1. Suppose that we have a forest f on the m x(n +1) transportation
tableau and a vector (z,w,u,v) € R X(n+1)+(n+1)+m +(n+1) g,ch that the PFC is
satisfled and the DFF is partially satisfied, i.e.,
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u; +u; =gy, (ij)ef (i) = (k1)
u; + U5 <cy s all other (i,j)
~v; = ;aJ’.(wJ-). j=1..n
Vps1 =0

where (k,l) € f and z,; <0. Then we call f an almost dual forest of (2.1),
(z,w,u,v) an almost basic dual forest solution of (2.1), and (k,l) the singular

agrcof f. =

We see that a dual forest is also an almost dual forest. Notice that there

are many almost basic dual forest solutions associated with f.

Suppose that f is an almost dual forest of (2.1) with an almost basic dual
forest solution (Z,,u,%) and singular arc (k,!). Suppose that (k.l) €,
where ¢ is a component tree of f. After deleting arc (k,l) from ¢, we get two
trees t, and t,. Let M, M, and M, be the row index sets of £, ¢, and f,, and N,
N, and N, be the column index sets of £, £, and £, (see Figure 1).

Let

A:=min[cij—17j-17j "iEMz,]EN]
B'=m1n[cu—171—!71|'i€ﬂ—1.J€N1]
C:=min[cij—1—£—j—'ljj |'i€Mz,j€N1] ,

where ¥ = {1,...m]\ M, N = {1,..n +1]\ N.
If one of A4, B, or C is zero, then we have a degenerate situation.
Suppose that

Cpg ~Up “Vg =A =0,
wherep € My, q € N. Then we simply let arc (p,q) enter the basis, i.e., we have
a new almost dual forest f = f U {(p.q)] with an almost basic dual forest solu-
tion (z, w, u, ¥) and singular arc (k,l). We have thus carried out a degenarate
connecting operation (see Figure 2). The number of trees in f is one less than

the number of trees in f. This means that the sets M, and N are now different,
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Figure 1. Almost basic dual forest solutions

so that the value of A may also have changed. 1If not, i.e., if 4 is still zero, we
can have another degenerate connecting process. Since the number of trees in

a forest is no more than n, we must have a positive 4 after at most (n~1) such

operations.

We obtain similar results if B is zero.
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Figure 2. Connecting

However, the situation with € =0 is more complicated, and results in

degenerate pivoting. We avoid this by assumption:
Nondegeneracy assumption. ¥We shall not encounter the case C =0. =

Thus, in general, we can suppose that 4, B, C > 0. We now discuss the
methods used to remove the singular arc from the basis. There are three

cases, which will be treated separately.
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5.CASEL n+lcN,

In this case, we decrease v; by a positive quantity a, and modify the other
components of (Z, w, Z, ¥) in such a way that it is still an almost basic dual
forest solution associated with f and the value of the dual objective function is

strictly increased.

It is clear that we must modify the components of (z, v) as follows:
u, = +a, i€ M, (5.1)

V; SU; @, j€Nz

The components of (Z, w) should also be altered using

—v; = ‘P;-(‘wj) ' j €N

W41 = Wpyp ~ 'ZN (wj —w;)
JEN

and the PFC.

To retain dual feasibility, we must have

a<A asC . (5.2)

It is easy to see that

N L (5.3)

JEN, ieM,

We know from (3.2), (5.1) and (5.3) that z,; is a function of « and increases with

increasing a.

The following lemma states that whenever z;; is negative, an increase in a

results in an increase in the value of the dual objective function.

Lemma 5.1. Let G denote the value of the objective function in problem (2.4)

and consider G as a function of a. Then

G(a) = G(0) -z (a)a . =

Proof.

From Definition 4.1 and the convexity of ¢; we have

S"j(‘wj) = ¢j(‘mj) _ij(wj "E,')
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for all j € N5. Now we have

G(a) — G(0)

Z (ayu; — o) + Z (’wj‘Uj -‘mjgj) + 2 (‘Pj(wj) '"%‘(’mj))
ieM, JEN, . JENg

- ) ((wjv; —w;v;) — v;(w; - w;))
ieM, JEN,

-z (x)a . .

Assume that D = min (4,C), and let

17.‘- =u; +D, 1€ M,
B; = N (g - 95)79;5) . JEN;

We can then determine £; using (5.3).
If £; <0, then the value of the dual objective function is strictly increas-
ing. We have

Bpey = 2 45— ¥ Wy . (5.5)
ieM JEN?

where N* = N\ {n+1].

When D = A, we carry out a connecting operation. This is as described in
Section 4 except that it is nondegenerate in the sense that we have modified

(w,u,v) (see also Figure 2).

When D = C, we carry out a pivoting operation, which is again nondegen-

erate. Suppose that
Crs —Up —Us =C =0,

where 7 € M5, s € N;. Then we let arc (r.s) enter the basis and arc (k,l) leave
the basis, i.e., we have a new dual forest f = {f u {(r.s)}J\{(k.l)} with £, =0
(see Figure 3).

In both cases, the other components of Z can be determined using the PFC.
In fact, only the components of z in £, are changed in the connecting process;

in the pivoting process we also modify components in the cycle consisting of

(r,s) and members of ¢.
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Figure 3. Pivoting

If Ekl > 0, then we have increased the value too much. We should rather
stop at Z; = 0 to ensure that the value of the dual objective function is strictly

increasing. Then (3.2), (5.1), {(5.3) and
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form a one-dimensional monotone equation in a. Suppose the solution is &.
Replacing D in (5.4) by & yields the value of (£,%,%,0). Let f = F\{(k.l)}. We
now have a splitting process with arc (k,l) leaving the basis (see Figure 4).
According to Lemma 5.1, we have a strict increase in the value of the dual

objective function.

In a pivoting or splitting process, we remove the negative flow arc (k,l) and
increase the value of the dual objective function. Therefore, f and (£,%,%.,7)
are, respectively, the new dual forest f and the new basic dual forest solution

(Z.1,42,7) which we sought at the beginning of Section 4.

If only connecting occurs, we may repeat the procedure. Since the
number of the trees in f is one less than in _f_ when we have a connecting pro-
cess, we should have either a pivoting or a splitting process after at most (n-1)
connecting processes. We then have a dual forest with an increased dual objec-

tive function value.

Notice that we need to solve a one-dimensional monotone eguation only

when splitting occurs.

6. CASEILn+l €N,

This is similar to Case I, so we shall not go into so much detail here.

In this case, we decrease u, by a positive quantity 8, and modify the other
components of (Z, w, ¥, v) in such a way that it is still an almost basic dual
forest solution associated with f and the value of the dual objective function is

strictly increased.

We have
'UJ' ='l7] +ﬂ. ] EN1

To retain dual feasibility, we require
B<B, B=<C . (6.2)
We have

T = Y 0= ) W (8.3)
ieM, JEN,
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Figure 4. Splitting

and know that z;; is a function of 8 and increases with increasing §.

Lemma B.1. Let G denote the value of the objective function in problem (2.4)

and consider G as a function of 8. Then

G(8) = G(0) -z, (B)B
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Assume that £ = min (B,C). Let

ﬂ'i:‘lIi—E, 'I:EMI
¥; =v; + E, j EN, (6.4)
175]- = F}_l((’Ij+ "77]')/ ‘Ij) . JEN,

and determine Z;; using (6.3).

If Z,;, <0, then we get a strict increase in the value of the dual objective
function. When F = B, we carry out a connecting operation; when E = C, we
carry out a pivoting operation.

If Z;; > 0, then we have a splitting process.

In this case (3.2), (8.1), (6.3) and

Bt =2 =0 (6.5)

form a one-dimensional monotone equation in f. Suppose the solution is B
Replacing E in (6.4) by & yields the value of (£,%,4,9). The additional com-

ments made in Section 5 also hold in this case.

7. CASEIILn+1 € N
In this case, we add arc (k,n+1) to f: f' = f U {(k,n+1)}.

This is then the same as Case I except that we have two singular arcs: (k,l)
and (k,n+1) (see Figure 5). However, all the remarks made in Section 5 still
hold here since (k,n+1) is only a dummy arc, with a flow which does not affect

the value of the dual objective function. The flow balance is given by
Bene1 =T — 2y

Thus, .'r."',‘:',H_1 is negative after the process outlined in Section 5. We then have
an almost dual forest with a singular arc (k,n+1), i.e., Case II. Applying the
approach described in Section 6, we obtain a dual forest with an increased

objective function value.

Therefore, we have to solve at most two one-dimensional monotone equa-

tions in Case III.
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auxiliary arc

Figure 5. Case !l
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8. THE DUAL FOREST ITERATION METHOD
We can now outline the dual forest iteration algorithm.
Algorithm B.1.

1. Start from a dual forest f% with a basic dual forest solution
(9 w0, u v9).

2. Having obtained a dual forest f" with a basic dual forest solution
(z®, w*, uk, v¥), check its optimality. If the PNN is satisfled, then it is
optimal and we stop. Otherwise, go to Step 3.

3. Using the iteration techniques discussed in Sections 4-7, find a new dual
forest f%¥*+! with a basic dual forest solution (zF+1, wk*l, gk+1 yk+1)

k+1 k. GotoStep?2. .

Theorem B.1. Under the nondegeneracy assumplion given in Seciion 4, Algo-

rithm 8.1 converges in finitely many steps. =

Proof. Since the value of the dual objective function is strictly increasing at

each step and the number of dual forests is finite, the theorem is proved. =

We shall now give one way of initiating a run of this algorithm. Note that if
we have qJ-*' < miny icijf for some j, then we do not send any goods to j becﬁuse
the shipping cost is not less than the penalty cost. We can delete all such
demands. Now let 'u,-o =0 for all i and "ujo = min; fc;;] for all j. Since
—g; < Os'ujos Qj+' we can solve 'wjo using (3.2), where j = 1,....,n. We obtain

'w,?ﬂ by subtracting the sum of the other 'wj's from the sum of the a;'s. The
value of z0 can be found from the PFC. Clearly, (z%w%x%29) is a basic dual

forest solution.

In Cases I and 1II it is only necessary to solve a one-dimensional monotone
equation if we have splitting at that iteration. In Case IIl it may be necessary to

solve two one-dimensional monotone equations.

9. A NUMERICAL EXAMPLE

We illustrate the use of the dual forest iteration algorithm by applying it to

an example first considered in [12].

In this example m = 4, n = 5, and cells (2,1), (3,1) and (3,3) are not avail-
able. We take column O rather than column 6 as our dummy node column. The

other data are given in Table 1.



Table 1
c.u
1 o
j=1 j=2 j=3 Jj=4 j=5

1 18 21 18 16 10 10
2 15 18 14 9 19
3 10 9 6 25
4 17 16 17 15 10 15
D; 22 20 12 10 13

The j-th random demand is uniformly distributed on [O,DJ-] and qJ-‘ = SDJ-.

g;* = 0. Therefore

30,'2 —6D;w; if w; < 0

v; (w;) =13(D; — w;)? if w; € [0, D;] (9.1)
and
¢J’.(wj) = B(wj -D;) ifw;e (o, D;] (9.2)

for j =1,2,3,4.5.
0. Mitial Step

To obtain an initial dual forest and an initial starting basic dual forest solu-

tion, we let
u, =0, Y1

v; =min {c;; |1 =L..m}, WVj

The corresponding values of (u; + v; - cij) are given in Table 2.

We have f =§(1,0).(2,0),(2,3).(3.0),(3,2),(3.4),(3,5),(4.0).(4.1)}. From (3.1)
and (9.2), we deduce that

‘UJJ = 'DJ —'UJ/ B8 N j = 1,2.3,4:,5 . (93)

Solving the PFC, we obtain the values of z given in Table 3 (see also Figure 6).
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J v w
Y 0 12
o 17 19-‘1‘-
0 10 181
1
0 16 93-
9 8-;—
6 12
Figure 6. Initial dual forest
Table 2
U + vJ' -~ CU
i U
j=0 i=1 j=2 j=3 ji=4 i=5
1 0 -1 -11 -2 -7 —4 0
2 0 -5 0 -5 -3 0
3 0 ¢ 0 0 0
4 0 o -6 -1 -8 -4 0
vj 0 17 10 16 9 6
Table 3
%ij
i a
j=0 Jj=1 ji=2 j=3 j=4 j=5
1 10 10
2 9:— 9%— 18
3 —13-3— 18-;- 8L 12 25
4 —4%— 19%— 15
o 12 191 181 8l BL 12
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We see that (z,w,u,v) is a basic dual forest solution. The value of the dual

objective function is 870.5.
1. Step 1: Pivoting

From Table 3, we see that either (3,0) or (4,0) can be taken as the singular

arc. We choose arc (3,0).

We now have (k,l) = (3,0), ¥, = {3}, M, = {1,2.4}, N, = {2,4,5}, Ny = {0,1,3].
From Table 2, we know that c,5 ~u,; —vg = C = 8.

We then decrease {ug] from {0} to {~3}, and increase {vy,v,.,vs} from
£10,9,8} to {13,12,9]. This decreases {w,, w,, w4} to {172,8,114. From (6.3),
we now have zg5 = =124

We therefore have a pivoting process: arc (3,0) leaves the basis and arc
(2,5) enters the basis (see Figure 7). The new values of (z,w,u,v) and
(4; +v; —c;;) are given in Tables 4 and 5.

The corresponding value of the dual objective function is 909.75.

2. Step &: Pivoting

We choose arc (4,0) as the singular arc (see Table 5).

We now have (k,l) = (4,0), M, = {4}, M, = {1,2,3}, N, = {1}, N, = {0,2,3,4,5},
and ¢y —u, -—v;=C=1

We then decrease {u,} from {0} to {—1}, and increase {v,} from {17} to {18].

This decreases {w,} to {19}. From (6.3), we now have z,, = ~4.

We therefore have a pivoting process: arc (4,0) leaves the basis and arc
(1,1) enters the basis (see Figure 8). The new values of (z,w,u,v) and

(w; + v; —cy;) are given in Tables 8 and 7.
The corresponding value of the dual objective function is 9134
3. Step 3: Pivoting
Following the same procedure as before, we choose (k,l) = (2,0). We now
have M, = {2,3}, My = {1,4], N, = {2,3,4,5}, N = {0,1}, and ¢ ;g —u; —v5=C = 1.
We then decrease f{up,us} from {0,-3] to {-1,-4], and increase

fvp,v3,v4.v5) from {13,16,12,9) to {14,17,13,10]. This decreases

fw,, wa, w,, w5} to §17§, 9%. 7L, 11%-;. From (6.3), we now have z,;, = —2.

We therefore have a pivoting process: arc (2,0) leaves the basis and arc
(1,5) enters the basis (see Figure 9). The new values of (z,w,u,v) and

(uy + v; = ci;) are given in Tables 8 and 9.



Figure 7. Step 1: Pivoting
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Figuare 8. Step 2: Pivoting

Table 6

ot

W N -

-3
-1

=

.

w» W -

J =2 j=3
-8 -2
-2 ]

0

-4 -2

13 16

Table 7
z.v.
J=2 Jj=3

5%

173

10
19

25
15

£




-23.

u,
N
MZ
s
\*l\eaving arc
° l
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Table 8
U + 'UJ' - Cu
i Uy
i=0 j=1 j=2 j=3 j=4 j=5
1 0 0 ~7 -1 -3 0 0
2 -1 -2 0 -2 0 -1
3 -4 0 0 0 -4
4 -1 0 -3 -1 -3 o | -1
vy 0 18 14 17 13 10
Table 9
. zij
T a
j=0 j=1 i=2 j=3 1=4 j=5
1 4 - 2 10
2 9{- 9:— 18
3 17% 73 -i 25
4 15 15
. 3

w; 4 19 17§- 9-:- 7 ll-g-
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The corresponding value of the dual objective function is 916%.
4. Step 4: Splitting

We set (k,l) = (3,5). We now have M, = {3}, My = {1,2,4], N; = {2,4}, Ny =
i0.1.3.5;. and 022 _uz -'Uz = C = 2.

We then decrease {ug} from {—4] to {~6{, and increase {v,,v,} from {14,13}

to {16,15]. This decreases {wy, w,j to {171,714, From (6.3), we have zg5 = L

This shows that the value of T 45 has been increased too much. We have a
splitting process: arc (3,5) leaves the basis (see Figure 10). Relations (9.3),
(6.1), (6.3) and (6.4) now yield a one-dimensional equation in 8:

25=a3=w2+w4

v+ B Uga+B
BRI B -

=255- £
3

We have 8 = 1.5. The new values of (z,w,u,v) and (%; +v; —c;;) are given in

Tables 10 and 11.

The values of z given in Table 11 are non-negative, i.e., this is the optimal

solution. The value of the optimal (dual) objective function value is 916,:“—3, i.e.,

the same result as in [12].

In this example we had to solve only one one-dimensional monotone equa-

tion. In [12], we solved two such equations.

10. INTERRUPTING THE COMPUTATION

Suppose the computation is interrupted before completion. We then have a
lower bound to the optimal value of the objective function but no primal feasi-
ble solution of z. However, we have an approximation of w, i.e., an approxima-
tion of the certainty equivalent [11,18]. Fixing w and solving the deterministic
TP leads to a primal feasible solution and an upper bound to the optimal value

of the objective function.

For example, suppose that the computation in Section 9 is interrupted
after the first step. We have 909.75 as a lower bound to the optimal value of the
objective function. Fixing w and solving the TP, we obtain the primal feasible

solution given in Table 12.

The value of the objective function is 91B.25, which is an upper bound to

the optimal value of the objective function.
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Figure 10. Step 4: Splitting

Table 10
u; + 'Uj - C.,'.J' T
i o
j=0 Jj=1 Jj=2 Jj =3 j=4 j=95
1 0 0 -5.5 -1 -1.5 0 0
2 -1 -1.5 0 -0.5 0 -1
3 -5.5 0 0 -1.5 -5.5
4 -1 0 -1.5 -1 -1.5 -1 -1
v; 0 18 15.5 17 14.5 10
Table 11
. Fy
i o
3i=0 j=1 J=2 j=3 §j=4 j=5
1 1
1 4; 4 1? 10
2 9-&- 9% 19
3 7% 2z 25
12 12
4 15 15
. 1 T
w; 42 19 17-52- 9%— 1 11-;-
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Table 12
Ty

i ay

i=0 j=1 j=2 J=3 j=4 Jj=5

1 1 2
1 3t 4l 5 1 2§ 10
2 5 oL 83 19
3 17 8 25
4 15 15
1 5
w; 3t 181 175 gL 8 114
11. REMARKS

We have seen that the concept of forests is a convenient methodological
tool. However, this is not all: it is inherent in the structure of the problem. A
transportation problem will always have an optimal tree. In turn, this spanning
tree will always have u and v such that u; + v; = ¢y, even if there are some
zero flows. In the case of the STP, however, there is generally no such spanning
tree since this would require that —v; be a subgradient of ¢; at w;. For exam-
ple, we see from Table 10 that all the values of (u; +u; _Cij) outside the
optimal forest are strictly negative, which means that we cannot make an

optimal spanning tree.

Another interesting point is that lkura and Nemhauser also use the term

"forest” in their discussion of a polynomial-time dual simplex algorithm for the

TP. This may not be accidental.

If w is fixed then the problem becomes a TP. In this case there is no split-
ting and the proposed method becomes the dual simplex method for the TP. In
this sense, the method may be seen as a stochastic extension of the dual sim-

plex method for the TP. This is different from the primal forest iteration
method for the STP.

ACKNOWLEDGEMENTS

I am grateful to Professor Roger Wets for inviting me to visit 1I1ASA in the
summer of 1984. During this visit 1 wrote the draft of this paper, benefiting
greatly from discussions with Professor Wets, Dr. Larry Nazareth and Mr. Alan
King. Ms. Helen Gasking assisted me with editing and text processing. 1 also
wish to thank Professor Korte and his colleagues for their help at the Vth Bonn

Combinatorial Optimization Workshop, where my interest in the dual method

was first aroused.



-27 -

REFERENCES

1.

2.

10.
11.

12.

13.

14.

15.

16.

17.

18.

18.

V. Balachandran. Generalized transportation networks with stochastic
demands: an operator theoretic approach. Networks 3(1979) 169—184.

M. L. Balinski. The Hirsch conjecture for dual transportation polyhedra.
Collaborative Paper CP-83-9, International Institute for Applied Systems
Analysis, Laxenburg, Austria, 1983. To appear in Mathematics of Operations
Research.

M.L. Balinski. Signatures des points extremes du polyédre dual du
probléme de transport. C. R Acad. Sci. Paris 296(1983)457—459.

L. Cooper and L.J. LeBlanc. Stochastic transportation problems and other
network related convex problems. ‘Naval Kesearch Logistics Quarterly
24(1977)327-336.

L. Cooper. The stochastic transportation—location problem. Computers &
Mathematics with Applications 4(1978)265-275.

G.B. Dantzig. Linear Programming and Ertensions. Princeton University
Press, Princeton, NJ, 1963.

S. Elmaghraby. Allocation under uncertainty when the demand has a con-
tinuous distribution function. Management Science 6{1960)270—294.

AR. Ferguson and G.B. Dantzig. The allocation of aircraft to routes.
Management Science 3(1957)45—73.

Y. lkura and G. Nemhauser. A polynomial-time dual simplex algorithm for
the transportation problem. Technical Report 602, School of Operations
Research and Industrial Engineering, Cornell University, [thaca, NY, 1983.

P. Kall. Stochastic Linear Programming. Springer-Verlag, Berlin, 1976.

L. Qi. An alternating method to solve stochastic programming with simple
recourse. Technical Report 515, Computer Sciences Department, Univer-
sity of Wisconsin—Madison, Madison, W1, 1983. To appear in Mathematical
Programming Study.

L. Qi. Forest iteration method for stochastic transportation problem.
Technical Report 522, Computer Sciences Department, University of
Wisconsin—Madison, Madison, WI, 1983. To appear in Mathematical Pro-
gramming Study. ‘

S.M. Robinson. Convex Programming. Unpublished notes, University of
Wisconsin—Madison, Madison, WI, 1981.

R.T. Rockafellar. Convez Analysis. Princeton University Press, Princeton,
NJ, 1981,

W. Szwarc. The transportation problem with stochastic demands. Manage-
ment Science 11(1964)33-50.

S.W. Wallace. On network structured stochastic optimization problems.
Unpublished manusecript, Chr. Michelsen Institute, Fantoft, Norway, 1984.

R.J.-B. Wets. Duality relations in stochastic programming. Symposia
Mathematica 19(1976)341-355.

R.J.-B. Wets. Solving stochastic programs with simple recourse. Stochas-
tics 10(1983)219-242.

A.C. VWilliams. A stochastic transportation problem. Operations Research
11(1983)759-770.



20.

21.

22.

23.

-28-

D. Wilson. An a priori bounded model for transportation problem with sto-
chastic demand and integer solutions. AIEE Tronsactions 4(1972)186—193.

D. Wilson. Tighter bounds for stochastic transportation problems. AIEE
Transactions 5(1973)180-185.

D. VWilson. A mean cost approximation for transportation problems with
stochastic demand. Naval Research Logistics Quarterly 22(1975)181—-187.

W.T. Ziemba. Computational algorithms for convex stochastic programs
with simple recourse. Operations Research 18(1970)414—431.



