
NOT FOR QUOTATION 
WITHOUT PERMISSION 
OF THE AUTHOR 

PRICES ON INFORMATION AND 
STOCHASTIC INSURANCE MODELS 

I . V .  Evs t igneev  

April 1 9 8 5  
CP-85-23 

CoZZaborative Papers r e p o r t  work which h a s  n o t  been 
performed s o l e l y  a t  t h e  I n t e r n a t i o n a l  I n s t i t u t e  f o r  
Applied Systems Ana lys i s  and which h a s  r e c e i v e d  o n l y  
l i m i t e d  review. V i e w s  o r  op in ions  exp re s sed  h e r e i n  
do n o t  n e c e s s a r i l y  r e p r e s e n t  t h o s e  of  t h e  I n s t i t u t e ,  
i t s  Na t iona l  Member Organ i za t i ons ,  or  o t h e r  o rgan i -  
z a t i o n s  s u p p o r t i n g  t h e  work. 

INTERNATIONAL INSTITUTE FOR APPLIED SYSTEMS ANALYSIS 
A-2361 Laxenburg, A u s t r i a  





FOREWORD 

This paper  i s  c l o s e l y  connected wi th  t h e  s t u d i e s  on 
dec i s ion  making under u n c e r t a i n t y ,  p a r t i c u l a r l y  w i th  t h e  
s t o c h a s t i c  op t imiza t ion  problems t h a t  a r e  i n v e s t i g a t e d  i n  
t h e  Adaptat ion and Opt imizat ion P r o j e c t  of t h e  System and 
Decision Sciences  Program. 

The paper d e a l s  w i th  some economic models i n  which 
it appears  p o s s i b l e  t o  fo rma l i ze  t h e  no t ion  of t h e  p r i c e  
on in format ion  concerning t h e  problem parameters .  In -  
surance  models under u n c e r t a i n t y  are s t u d i e d  h e r e  w i th  
more d e t a i l .  
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PRICES ON INFORMATION AND 
STOCHASTIC INSURANCE MODELS 

I . V .  Evst igneev 

The aim o f  t h i s  work i s  t o  s tudy t h e  in format ion  c o n s t r a i n t s  

i n  economic problems of  d e c i s i o n  making under u n c e r t a i n t y .  

The informat ion  c o n s t r a i n t s ,  as w e l l  a s  t h e  r e sources  con- 

s t r a i n t s ,  p l ay  an impor tan t  r o l e  i n  an economic system. However, 

u n t i l  r e c e n t l y ,  on ly  t h e  c o n s t r a i n t s  of t h e  l a t t e r  type  have been 

s y s t e m a t i c a l l y  s t u d i e d .  

It i s  w e l l  known t h a t  t h e  Lagrangian m u l t i p l i e r s  which 

remove t h e  resources  c o n s t r a i n t s  i n  an economic op t imiza t ion  

problem can be regarded as p r i c e s  of  t h e  r e sources .  I t  t u r n s  o u t  

t h a t  t h e  Lagrangian m u l t i p l i e r s  a s s o c i a t e d  with  t h e  informat ion 

c o n s t r a i n t s - c a n  a l s o  be i n t e r p r e t e d  as p r i c e s ,  namely, p r i c e s  

which c h a r a c t e r i z e  t h e  e f f e c t i v e n e s s  of  in format ion .  Moreover, 

it can be shown t h a t  t h e r e  are r e l a t i o n s  between t h e  p r i c e s  under 

cons ide ra t ion  and such an impor tan t  economic phenomenon a s  insurance .  

This work w a s  s t i m u l a t e d  by a series of  papers  by R.T. 

Rocka fe l l a r  and R.J .B .  Wets (see, e .g . ,  [ I  , 2 1 )  devoted t o  a 

profound mathematical  i n v e s t i g a t i o n  of  s t o c h a s t i c  extremum 

problems. An e s s e n t i a l  r o l e  w a s  a l s o  played by some comments of 

economic na tu re  t h a t  w e r e  made i n  t h e  course  of t h e  d i s c u s s i o n  of 

R.T. R o c k a f e l l a r ' s  l e c t u r e  i n  t h e  Cen t r a l  Economic and Mathematical 

I n s t i t u t e  (Moscow, 1 9 7 4 )  . 



We emphasize t h a t  no pure ly  mathematical aims a r e  pursued 

i n  t h i s  work. On t h e  con t ra ry ,  examples a r e  considered t h a t  a r e  

most simple from t h e  mathematical po in t  of view, and t h e  main 

a t t e n t i o n  i s  pa id  t o  t h e  c l a r i f i c a t i o n  of t h e  economic sense of 

mathematical i d e a s .  

W e  s t a r t  wi th  a  d e s c r i p t i o n  of  t h e  model. L e t  f  (s , x )  be a  

func t ion  of a  random parameter s E S  (S i s  a  f i n i t e  se t )  and of  

a  vec to r  x  E X ( X  i s  a  s u b s e t  of R") .  Suppose t h a t  f  ( s , x )  i s  

continuous and concave i n  x ,  and t h e  set X is  convex and compact 

with  i n t  X # g .  

Problem A .  Find a  p lan  (dec i s ion )  x  i n  t h e  set  X such t h a t  

t h e  mathematical expec ta t ion  Ef ( s ,  x) . is  a  maximum. I n  symbols, 

E f ( s , x )  + max (1 

L e t  us cons ider  t o g e t h e r  wi th  t h e  problem A t h e  fol lowing 

problem B.  

Problem B .  

E f ( s , x ( s ) )  + max 

I n  problem B one has  t o  f i n d  a  func t ion  ( s t r a t e g y )  x ( - )  

which maximizes t h e  f u n c t i o n a l  (3 )  under t h e  c o n s t r a i n t  ( 4 )  . 
Note t h a t  i n  t h e  problem A t h e  maximum i s  taken over  t h e  set of 

d e t e r m i n i s t i c  v e c t o r s  ( r a t h e r  than vec to r  func t ions  x ( s )  of  t h e  

random parameter s )  . 
The problem A can be obta ined  from t h e  problem B by adding 

t h e  fol lowing c o n s t r a i n t :  

x (s)  does n o t  depend on s ,  

which can be a l s o  r e w r i t t e n  a s  



This form o f  t h e  in format ion  c o n s t a i n t  has  been s t u d i e d  ( i n  a 

much more genera l  s e t t i n g )  by Rockafe l la r  and Wets [ I  , 2 ]  ( see  

a l s o  [31). 

Thus t h e  informat ion c o n s t r a i n t  (5) i s  r ep resen ted  i n  t h e  

form 

where 

i s  a l i n e a r  o p e r a t o r .  By applying an a p p r o p r i a t e  v a r i a n t  o f  t h e  

Kuhn - Tucker theorem, w e  o b t a i n  t h a t  t h e  c o n s t r a i n t  (5 )  can 

be removed by a Lagrangian m u l t i p l i e r  p ( ) . Namely, t h e r e  e x i s t s  

a func t ion  p ( s )  such t h a t  

( x ( s )  E X, s E S )  , where 2 i s  a s o l u t i o n  of  t h e  problem A. I t  

i s  e s t a b l i s h e d  by a s t anda rd  argument t h a t  ( 7 )  i s  e q u i v a l e n t  

t o  t h e  fo l lowing  i n e q u a l i t y  

where 

It has  been demonstrated i n  [4] t h a t  6 and p ( s )  s a t i s f y i n g  

(8 )  and (9 )  can be i n t e r p r e t e d  as insurance  p r i c e s  (p  (s)  x i s  

t h e  compensation and e x  i s  t h e  premium). I n  t h e  p r e s e n t  no te  w e  

b r i e f l y  ske t ch  t h i s  i n t e r p r e t a t i o n .  

The i n e q u a l i t y  ( 8 )  means t h a t ,  by paying gx (premium) and 

g e t t i n g  p ( s )  x (compensation) , we guaran tee ,  t h a t  t h e  p l an  

becomes opt imal  i n  each random s i t u a t i o n .  I n  t h i s  sense ,  t h e  

insurance  system based on t h e  p r i c e s  p and p ( s )  makes it p o s s i b l e  

t o  e l i m i n a t e  t h e  f u t u r e  u n c e r t a i n t y .  The r e l a t i o n  (9) r e f l e c t s  

t h e  f a c t  t h a t  t h e  premium should be (approximately) equa l  t o  t h e  

expected value of  t h e  compensation. * 

" v a r i a n t s  of t h e  above model a r e  cons idered ,  i n  which t h e  premium 
p r i c e  6 i s  g r e a t e r ,  than  E p ( s ) .  



Let  us i l l u s t r a t e  t h e  above idea  by t h e  fol lowing example. 

Consider a model f o r  insurance  of a good t r a n s p o r t e d  by a s h i p .  

A s h i p  t r a n s p o r t s  x u n i t s  of a good from one p o r t  t o  ano the r .  

There a r e  two p o s s i b i l i t i e s :  s u c c e s s f u l  t r a n s p o r t a t i o n  and 

c a t a s t r o p h e .  I n  t h i s  example, t h e  random parameter  s t a k e s  two 

values:  s = s l  ( c a t a s t r o p h e )  and s = s2 ( s u c c e s s ) .  The capac i ty  

of t h e  s h i p  equa l s  xo. Thus, t h e  s e t  X o f  p o s s i b l e  p l ans  i s  as 

follows: X = Ix: 0 - < x - < xo). 

Suppose t h a t  t h e  income ( p r o f i t )  ob ta ined  from a s u c c e s s f u l  

t r a n s p o r t a t i o n  equa l s  f ( s 2 , x )  = q2x,  and l o s s e s  which we have 

i n  case  of a ca t a s t rophe  equa l  f  (s l ,  x )  = -q l x .  Denote by Xi 
t h e  p r o b a b i l i t y  P { s  = s i }  (i = 1 , 2 )  and assume t h a t  h l q l  < h2q2. 

Then t h e  optimal p l a n  x co inc ides  wi th  xo. 

Le t  us cons ide r  t h e  fol lowing t a s k .  Find a l l  t h e  p r i c e s  5 
and p ( s )  possess ing  t h e  p r o p e r t i e s  (8) , (9) and t h e  a d d i t i o n a l  

p rope r ty  p (s2) = 0. The l a s t  equa t ion  means t h a t ,  i n  case  o f  

success ,  t h e  compensation equa l s  ze ro .  

It can be shown t h a t  t h e  s o l u t i o n  of  t h e  problem i s  given 

by t h e  formulae: 

Thus, t h e r e  a r e  two bounds f o r  6 ,  .and p ( s l )  i s  a l i n e a r  func t ion  
of F .  

The i n e q u a l i t i e s  i n  (10 have an obvious economic sense.  

1 The l n e q u a l i t y  - q1 < 6 i s  equ iva len t  t o  t h e  fo l lowing  one 
h2 

- 

which means t h a t  t h e  compensation is  n o t  l e s s  than  t h e  sum of  

t h e  l o s s e s  and o f  t h e  premium. 

Some v a r i a n t s  o f  t h e  above model a r e  considered i n  which 

t h e  p r o f i t  f ( s 2 , x )  = q2 (x )  i s  a non l inea r  func t ion  (d imin ish ing  

r e t u r n s  t o  s c a l e ) .  It t u r n s  o u t  t h a t  t h e  p r i c e  6 i s  unique i n  

t h e s e  models and 5 co inc ides  wi th  t h e  l e f t  bound i n  (10) . 
L e t  us now d i s c u s s  t h e  r e l a t i o n  between t h e  p r i c e s  considered 

and t h e  problem of  e f f e c t i v e n e s s  of informat ion.  



It i s  n a t u r a l  t o  expec t  t h a t  t h e  Lagrangian m u l t i p l i e r  which 

removes t h e  information c o n s t r a i n t  g ives  an  economic eva lua t ion  

of information j u s t  a s  t h e  Lagrangian m u l t i p l i e r s  which remove 
t h e  resources  c o n s t r a i n t s  eva lua te  t h e s e  resources .  

I n  o r d e r  t o  d i s c u s s  t h i s  i d e a  i n  r igorous  terms, w e  have t o  

be a b l e  t o  measure t h e  q u a n t i t y  of information.  I t  i s  w e l l  known 

t h a t  an  important  r o l e  i s  played i n  t h e  technology and d i s c r e t e  

mathematics by Shannon's method of information measuring. Simple 

argumentation shows t h a t  t h i s  method i s  n o t  q u i t e  appropr i a t e  

f o r  our  aims. * 

In  o r d e r  t o  o u t l i n e  an a l t e r n a t i v e  approach, l e t  us imagine 

t h e  fol lowing s i t u a t i o n  (which i s  formalized i n  ou r  model) .  A t  

t h e  beginning of  t h e  planning pe r iod ,  we have t o  make a dec i s ion  

x without  any information about s. Generally speaking,  t h e  value 

of s i s  observed on ly  a t  t h e  end of  t h e  planning per iod .  Then 

only,we l e a r n ,  whether t h e  i n i t i a l  dec i s ion  x i s  good o r  bad. 

However, i f  it i s  p o s s i b l e  t o  make some s p e c i a l  e f f o r t s  which 

r e s u l t  i n  l e a r n i n g  s e a r l i e r ,  then we can make a c o r r e c t i o n ,  i . e .  

r ep lace  x by x + h (s ) (h ( ) i s  t h e  c o r r e c t i o n )  . 
For example, suppose t h a t ,  bas ing  on unce r t a in  d a t a ,  we 

have decided t o  work o u t  a p r o j e c t .  Suppose f u r t h e r  t h a t  a f t e r  

some t i m e  we have g o t  a r e l i a b l e  p r e d i c t i o n  t h a t  t h e  p r o j e c t  i s  

doomed t o  f a i l u r e .  Then t h i s  information makes it p o s s i b l e  t o  

s t o p  payments ( o r  supply)  and thus  spend t h e  sum of money 

r a t h e r  than  t h e  sum x i n i t i a l l y  planned. The s t r a t e g y  used here  

i s  a s  follows: 

x ( s , )  = x - u ( f a i l u r e )  , 

( s u c c e s s ) .  

The e a r l i e r  we g e t  t h e  information about f a i l u r e ,  t h e  more essen- 

t i a l  i s  t h e  c o r r e c t i o n ,  and, consequently,  t h e  more f l e x i b l e  

 ow ow ever, some connections can be found between t h e  Shannon theory  
and t h e  p o i n t  of view on information which i s  considered he re  
(see t h e  l a s t  pages of  t h e  p r e s e n t  p a p e r ) .  



s t r a t e g y  i s  used. (The f l e x i b i l i t y  of a  s t r a t e g y  means here  t h e  

d i f f e r e n c e  between our  a c t i o n s  i n  t h e  cases  s = s l  and s = s2.)  

Thus, t h e  earl ier  we g e t  t h e  information about  s t  t h e  more 

freedom f o r  c o r r e c t i o n s  we have. It fol lows t h a t  t h e  value of 

information ( i n  t h e  example considered)  depends on t h e  t ime when 

t h e  information i s  obta ined .  The va lue  equa l s  zero i f  t h e  i n f o r -  

mation comes so  l a t e  t h a t  it is  impossible  t o  make any c o r r e c t i o n  

of t h e  dec i s ion  i n i t i a l l y  made. The value i s  maximal, i f  w e  g e t  

t h e  information s o  e a r l y  t h a t  t h e  i n i t i a l  program can be completely 

r ev i sed .  

The above argumentation shows t h a t  t h e  c e n t r a l  r o l e  i n  ou r  

problem i s  played by t h e  c l a s s  H o f  t h e  c o r r e c t i o n s  which can be 

c a r r i e d  o u t  given t h e  information about s .  The c l a s s  H charac- 

terises t h e  u s e f u l ,  e f f e c t i v e  information contained i n  t h e  com- 

munication of s .  I n  o t h e r  words, t h e  proper ty  of information 

t h a t  i s  e s s e n t i a l  he re  i s  i t s  proper ty  t o  improve t h e  a d a p t i v i t y  

of  economic system, i .e .  t h e  a b i l i t y  of t h e  system t o  r e a c t  i n  

a  f l e x i b l e  way t o  a  changing s i t u a t i o n .  It t u r n s  o u t  t h a t  t h e  - 
approach o u t l i n e d  he re  makes it p o s s i b l e  t o  regard  m ( s )  = p - p ( s )  

as an information p r i c e .  

Indeed, l e t  us f i x  a  func t ion  h (s) ( c o r r e c t i o n )  and compare 

t h e  maximal value of t h e  o b j e c t i v e  f u n c t i o n a l  on t h e  s e t  of 

s t r a t e g i e s  of t h e  form x+h (s )  

$ ( h ( * ) )  = max ~f ( s , x ( s ) )  
X ( S )  = x+h(s )  

wi th  t h e  maximal value of t h e  o b j e c t i v e  f u n c t i o n a l  on t h e  set 

of s t r a t e g i e s  x  independent of  s 

$ ( 0 )  = max E f ( s , x ) .  
X 

We have 

where m ( s )  = fj - p ( s )  and 1 1  1 )  i s  an a r b i t r a r y  norm i n  t h e  

( f in i te -d imens iona l )  space of func t ions  h  ( * )  . The formula ( 1  1 ) 

i s  deduced from t h e  fol lowing r e l a t i o n  



which, i n  t u r n ,  i s  a  consequence o f  (7) . I n  o r d e r  t o  make t h i s  

argumentation r i g o r o u s ,  it i s  s u f f i c i e n t  t o  assume t h a t  4 i s  

d i f f e r e n t i a b l e  a t  0 and t h a t  0 belongs t o  t h e  i n t e r i o r  o f  t h e  

domain o f  @. 
Thus, w e  have e s t a b l i s h e d  t h e  (marginal)  p rope r ty  ( 1  1 ) of  

t h e  p r i c e  m ( s )  which shows t h a t  t h e  number E m ( s ) h  (s)  g ives  an 

e v a l u a t i o n  of  t h e  economic e f f e c t i v e n e s s  o f  in format ion  about  s 

used i n  the c o r r e c t i o n  h ( = ) .  The c o r r e c t i o n  h e r e  i s  s p e c i f i e d  

by a  f u n c t i o n  h ( * )  o r ,  e q u i v a l e n t l y  ( s i n c e  S i s  a  f i n i t e  s e t ) ,  

by a  f i n i t e -d imens iona l  v e c t o r .  Hence, t h e  " q u a n t i t y  o f  i n f o r -  

mation" i s  a vec to r .  This  i s  t h e  approach t h a t  f i t s  t h e  s t r u c -  

t u r e  o f  our  problem. 

On t h e  o t h e r  hand, it i s  = r e  convenient  t o  use s c a l a r -  

valued ( r a t h e r  t h a n  vector-valued)  c h a r a c t e r i s t i c s  f o r  measuring 

t h e  e f f e c t i v e n e s s  o f  in format ion .  One of t h e  p o s s i b l e  ways t o  

f i n d  such c h a r a c t e r i s t i c s  i s  based on t h e  concept  of  f l e x i b i l i t y  

( a d a p t i v i t y )  o f  t h e  c o r r e c t i o n  h  ( ) ( o r  o f  . t he  s t r a t e g y  x  ( ) = 

x + h ( = ) ) .  

Le t  us  compare t h e  problems A and B.  I n  t h e  f i r s t  problem, 

we use s t r a t e g i e s  o f  t h e  form x ( s )  = c o n s t ,  i . e .  s t r a t e g i e s  t h a t  

do n o t  r e a c t  t o  a  p o s s i b l e  d i f f e r e n c e  i n  t h e  va lues  of  s .  The 

second problem corresponds t o  t h e  o t h e r  extreme case:  we can 

employ a r b i t r a r y  s t r a t e g i e s  x ( ) . I n  t h e  l a t t e r  c a s e ,  t h e  r e a c t i o n  

t o  a  change i n  t h e  s i t u a t i o n  s i s  maximally f l e x i b l e .  

Our a i m  i s  now a s  fo l lows .  We would l i k e  t o  d e f i n e  a number 

which measures t h e  f l e x i b i l i t y  ( a d a p t i v i t y )  o f  a  s t r a t e g y  and 

makes it p o s s i b l e  t o  cons ide r  problems t h a t  are " in t e rmed ia t e "  

between A and B. This  number w i l l  a t  t h e  same t i m e  c h a r a c t e r i z e  

t h e  " q u a n t i t y  o f  in format ion"  about  s used i n  t h e  s t r a t e g y  x ( s ) .  

Indeed,  t h e  f l e x i b i l i t y  o f  t h e  s t r a t e g y  x ( s )  ( t h e  degree  o f  

dependence of  t h e  f u n c t i o n  x  (s)  on s )  r e f l e c t s  a l s o  t h e  degree  

o f  u t i l i z a t i o n  of t h e  in format ion  about  s i n  t h e  p roces s  o f  

making t h e  d e c i s i o n  x  (s)  . 
A s s u m e  t h a t  such a c h a r a c t e r i s t i c  o f  t h e  f l e x i b i l i t y  o f  a 

s t r a t e g y  (= o f  t h e  q u a n t i t y  o f  i n fo rma t ion )  i s  e s t a b l i s h e d .  Then 

we cons ide r  t h e  c l a s s  K r  o f  t h e  s t r a t e g i e s  x (  . )  with  t h e  f l e x i -  

b i l i t y  n o t  g r e a t e r  t han  a real number r. The ze ro  v a l u e  of  t h e  



f l e x i b i l i t y  and t h e  c l a s s  KO correspond t o  t h e  problem A. The * * 
maximal value of t h e  f l e x i b i l i t y  r and t h e  c l a s s  Kr  conta in ing  

a l l  s t r a t e g i e s  correspond t o  t h e  problem B.  

L e t  us cons ider  t h e  maximal va lue  of  t h e  o b j e c t i v e  func t iona l  

on t h e  c l a s s  Kr  

t (r) = max E f ( s , x ( s ) )  
x ( ' )  E X r  

Denote by B r  t h e  p r i n c i p a l  l i n e a r  p a r t  of t h e  func t ion  R ( r )  a t  

t h e  p o i n t  r = o. Then t h e  c o e f f i c i e n t  x can be  regarded a s  a 

(shadow) p r i c e  which g ives  an eva lua t ion  of  t h e  f l e x i b i l i t y  of  

a s t r a t e g y ,  and thus  an eva lua t ion  of t h e  amount of  information 

used i n  t h i s  s t r a t e g y .  Roughly speaking,  it i s  worth paying Br 
i n  o rde r  t o  have a p o s s i b i l i t y  t o  use s t r a t e g i e s  wi th  t h e  f l e x i -  

b i l i t y  no t  g r e a t e r  than r. In  o t h e r  words, i f  we have an economic 

mechanism t h a t  makes it p o s s i b l e  t o  use s t r a t e g i e s  w i t h  f l e x i b i l i t y  

< r ,  then  t h e  (shadow) c o s t  of such a mechanism i s  equal  t o  Br - 
The s imples t  and t h e  most common way t o  measure t h e  s c a t t e r i n g  

of va lues  of a random v a r i a b l e  i s  t o  cons ider  i t s  s t anda rd  devia- 

t i o n .  The s t anda rd  d e v i a t i o n  of  x ( s )  is  def ined  by 

We s h a l l  use ox ( ) i n  o r d e r  t o  measure t h e  f l e x i b i l i t y  of a 

s t r a t e g y  x ( ) . 
Let  us c a l c u l a t e  t h e  shadow p r i c e  corresponding t o  t h e  measure 

of  f l e x i b i l i t y  j u s t  def ined .  

Consider t h e  func t ion  

where Kr  = { x ( * ) :  o x ( . )  - < r 1 i s  t h e  c l a s s  of s t r a t e g i e s  w i t h  

f l e x i b i l i t y  - < r. We s h a l l  f i n d  @ '  (0) and express  t h i s  value i n  

terms of  p ( * ) .  

I t  i s  e a s i l y  seen t h a t  

t (r) = max E f ( s , x ( s )  
x ( s )  = x + h ( s )  E X 

E h ( s )  = 0 



BY v i r t u e  of ( 1 1 , we have 

where 1 1 . )  1 i s  any norm i n  t h e  f i n i t e -d imens iona l  space  of func- 

t i o n s  h ( * ) ,  e .g . ,  t h e  norm 1 1 -  I I . Consequently,  f o r  s u f f i c i e n t l y  

s m a l l  r ' s ,  
L2 

R ( r )  - R(0) = max [ @ ( h ( * ) )  - @ ( 0 ) 1  = 
E h ( * )  = 0 

- - max E m ( s ) h ( s )  + o ( r )  = MX E m ( s ) h ( s )  + o ( r )  = 
E h ( * )  = 0 E h ( * )  = 0 

1 

a < r 
h ( * )  - 

The l a s t  i n e q u a l i t y  becomes obvious ,  i f  we r e g a r d  h  ( * )  and 6 - p ( - 1  
a s  e lements  o f  t h e  H i l b e r t  space 

wi th  t h e  usua l  scalar produc t .  The above argumentat ion i s  based 

on t h e  f a c t  t h a t  h ( * )  = 0 i s  an i n t e r i o r  p o i n t  of  t h e  domain o f  

t h e  f u n c t i o n a l  @ (h  ( ) . 
Thus, t h e  fo l lowing  r e s u l t  i s  ob ta ined :  

Consequently, i f  t h e  q u a n t i t y  o f  in format ion  used i n  t h e  s t r a t e g y  

x ( * )  i s  measured by t h e  s t a n d a r d  d e v i a t i o n  ox  ( .  ) , t h e n  t h e  p r i c e  

of  in format ion  e q u a l s  t h e  s t a n d a r d  d e v i a t i o n  a p ( * )  
of  t h e  f u n c t i o n  

p ( s ) .  This  means t h a t  t h e  d i f f e r e n c e  between R - ( r )  [ t h e  maximal 

income f o r  t h e  s t r a t e g i e s  u s ing  t h e  amount o f  in format ion  2 rl 
and R (0 )  [ t h e  maximal income f o r  t h e  s t r a t e g i e s  u s ing  t h e  ze ro  

amount o f  i n fo rma t ion ]  i s  approximately equa l  t o  a 
P ( * )  

r. I n  

o t h e r  words, it i s  worth paying approximately a 
p ( * )  

r u n i t s  o f  

money f o r  a  smal l  amount r o f  in format ion .  



Let  us r e t u r n  f o r  a  minute t o  t h e  insurance  model. The 

above r e s u l t  shows t h a t  t h e  in format ion  p r i c e  i s  equa l  t o  t h e  

s t anda rd  d e v i a t i o n  a 
p ( * )  

of t h e  i n su rance  p r i c e  p ( s ) .  Thus, 

t h e  l a r g e r  i s  t h e  d i s p e r s i o n  of va lues  o f  p ( s ) ,  t h e  more impor- 

t a n t  i s  t h e  in format ion .  Consequently, t h e  more e s s e n t i a l  i s  

t h e  d i f f e r e n c e  between t h e  f a i l u r e  and s u c c e s s ,  t h e  l a r g e r  i s  

t h e  in format ion  p r i c e  a 
p ( * )  ' 

We o u t l i n e  now t h e  r e l a t i o n s  between t h e  above approach and 

t h e  Shannon in format ion  theory .  

Le t  us f i r s t  recall t h e  d e f i n i t i o n  o f  Shannon's in format ion .  

A s s u m e  t h a t  t h e r e  i s  a  random v a r i a b l e  A which t a k e s  m va lues  

A l  , . . . , Am wi th  t h e  p r o b a b i l i t i e s  n , ,  . . . , TIm. The en t ropy  o f  

A i s  de f ined  by 

- 
H (A)  = - c nilog ni = c r , ( n i )  , 

.I 

where n ( a )  = -a l o g  a. 

Suppose t h a t  B i s  ano the r  random v a r i a b l e  which t a k e s  t h e  

v a l u e s  B I I  ..., Bn. Denote by n i j  t h e  c o n d i t i o n a l  p r o b a b i l i t y  

The number 

i s  c a l l e d  t h e  c o n d i t i o n a l  en t ropy  o f  B given A ( " t h e  average 

u n c e r t a i n t y  of t h e  experiment B g iven t h e  result o f  t h e  experiment 

A") .  The Shannon in fo rma t ion  i s  de f ined  by t h e  formula 

This  d i f f e r e n c e  shows t o  what e x t e n t  t h e  knowledge of t h e  result 

of experiment A reduces  the u n c e r t a i n t y  o f  t h e  experiment B. 

The Shannon in format ion  theo ry  p l ays  an impor tan t  r o l e  i n  

va r ious  f i e l d s  of  a p p l i e d  mathematics. It works e s p e c i a l l y  good, 

when t h e r e  i s  no measure of  proximity  between t h e  d i f f e r e n t  out-  

come of  t h e  exper iment ,  i . e . ,  a l l  t h e  outcomes are i n  some sense  

e q u i v a l e n t .  



However, t h i s  approach i s  n o t  always conven ien t .  Imagine a 

random v a r i a b l e  A t h a t  t a k e s  n real va lue s  w i t h  e q u a l  ~ r o b a b i l i t i e s .  

Assume t h a t  n-1 va lue s  A l l  ..., An-l a r e  ve ry  c l o s e  t o  each o t h e r ,  

and t h e  n- th  va lue  An d i f f e r s  e s s e n t i a l l y  from A l l  ..., An-l : 

If we n e g l e c t  t h e  d i f f e r e n c e  between t h e  v a l u e s  A l l  ..., A n - l ,  

t h e n  t h e  u n c e r t a i n t y  of t h e  random v a r i a b l e  A shou ld  b e  approxi-  

mate ly  equa l  t o  the u n c e r t a i n t y  o f  t h e  random v a r i a b l e  A '  t a k i n g  
1 n- 1 two va lues  A1 and An w i t h  p r o b a b i l i t i e s  and - n . On t h e  o t h e r  

hand, t h e  en t ropy  o f  A i s  e q u a l ,  e . g . ,  t o  t h e  en t ropy  of a random 
which v a r i a b l e  A" t a k i n g  n v a l u e s  1 , 2 , .  . . , n w i t h  p r o b a b i l i t y  E, 

i s  "much more u n c e r t a i n " .  

The p o i n t  i s  t h a t  Shannon 's  d e f i n i t i o n  i s  p u r e l y  d i s c r e t e ;  

it does n o t  t a k e  i n t o  account ,  e . g . ,  t h e  l i n e a r  s t r u c t u r e  o f  t h e  

space .  Th is  i s  one o f  t h e  r e a s o n s ,  why t h e  Shannon's  t heo ry  as 

it is, cannot  be a p p l i e d  t o  o u r  problem, where t h e  l i n e a r i t y  and 

concav i ty  p l ay  c e n t r a l  r o l e s .  

W e  modify t h e  above d e f i n i t i o n  by i n t r o d u c i n g  a "measure o f  

i n d i f f e r e n c e "  between t h e  outcomes o f  t h e  exper iment  (i .e . between 

t h e  v a l u e s  o f  t h e  random v a r i a b l e ) .  It i s  assumed t h a t  t h i s  

measure o f  i n d i f f e r e n c e  i s  p r o p o r t i o n a l  t o  t h e  d i s t a n c e  between 

t h e  v a l u e s  o f  t h e  random v a r i a b l e .  I f  t h e  random v a r i a b l e s  t a k e s  

two va lues  x l  and x2 (xi E R) , t h e n ,  roughly  speak ing ,  w e  mix 
1 x1 and x2 up w i t h  p r o b a b i l i t y  7 + q ,  where q = 1 x l  - x 2 /  ( f o r  

sma l l  q ' s ) .  

This  i d e a  i s  fo rmula ted  i n  s t r i c t  terms as fo l l ows :  

Given a s t r a t e g y  

w i t h  q = 1 x l  - x 2 (  s u f f i c i e n t l y  sma l l ,  w e  i n t r o d u c e  an a u x i l i a r y  

random v a r i a b l e  2 which is  d e f i n e d  by t h e  fo l l owing  r u l e .  I f  

s = s l ,  t hen  f = x l  w i t h  p r o b a b i l i t y  1 - q '  and 2 = x2 w i t h  



p r o b a b i l i t y  q r  where 

I f  s = s2 ,  then P = x2 with  p r o b a b i l i t y  1 - q  and f = xl with  

p r o b a b i l i t y  q .  

Denote by I (q )  t h e  Shannon information about s given 8. 

W e  have 

I ( q )  = - X 1  l o g  hl - X 2  l o g  X2 + 

A simple computation shows t h a t  

Consequently, 

Let  us measure t h e  amount of  information used i n  t h e  s t r a t e g y  

x ( by t h e  q u a n t i t y  

Then w e  have 



where 

Indeed,  

s i n c e  

Furthermore, 

Ur) = max E f ( s , x ( s ) )  = L ( i ( r ) )  , 
x ( . )  < i ( r )  - 
- 1 

where i ( r)  = j ( r )  . Thus, 

I 1 I 

Since i (0) = l / j  ( O ) ,  it remains t o  compute j ( 0 ) .  This  

can be done as fo l lows  

I 

j ( 0 )  = l i m  j ( 0 )  = l i m  1 u2  + o ( u 2 )  = 
u+o 

( s e e  ( 1 2 ) ) .  Hence, 

i . e . ,  ; t h e  in format ion  p r i c e  (corresponding t o  in format ion  measure 

v'I(lxl - x21) equa l s  



where a 
p  ( - 1  i s  t h e  s t a n d a r d  d e v i a t i o n  of the f u n c t i o n  p  ( ) . 

' i s  u n i v e r s a l :  it does n o t  W e  n o t e  t h a t  t h e  c o n s t a n t  2 
depend on t h e  p r o b a b i l i t y  d i s t r i b u t i o n  { h l , X 2 } .  
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