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Foreword

The minimum variance resource allocation problem asks to allocate a given amount
of discrete resource to a given set of activities so that the variance of the profits among
activities is minimized. The author presents a fully polynomial time approximation

scheme for this problem.
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Chairman
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An e-Approximation Scheme for Minimum Variance Resource Allocation
Problems

Naok: Katoh

1. Introduction

The problem of allocating a limited resource to relevant activities in a fair manner
on the basis of a certain general objective function has recently been considered by Katoh,
Ibaraki and Mine [13]. Fujishige, Katoh and Ichimori [5] extended this result to the one

with submodular constraints. The problem considered by [13] is written as follows.

FAIR: minimize g(lréljz_a%(nj}-(zj), lrSr;irslnfj(zj)) (1.1)
n

subject to Y;z; = N , (1.2)
1=1

;€ {0,1,2,..,u;}, 5 =1,.,n (1.3)

where ¢ is a function from R? to R such that g(x,v) is monotone nondecreasing in u and
monotone nonincreasing in v, and fj»3 = 1,2,...,n, are nondecreasing functions from [0, uJ-]
to R. fj(zj) denotes the profit resulting from allocating z; amount of resource to activity

7. N and v, J=1,..,n, are positive integers satisfying

n
j=1
v, <N, j=1L.n . (1.5)

If (1.4) is not satisfied, the problem is infeasible or has a trivial solution. If (1.5) is not
satisfied for some j, replacing it by v, < N does not change the feasible set. Therefore as-

sumptions of (1.4) and (1.5) do not lose the generality.
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This problem arises whenever the distribution of a given amount of integer resource
to a given set of activities is required so that the profit differences among activities are
minimized. The fairness of the allocation is measured by the function g in problem FAIR.
Zeitlin [18] and Burt and Harris [1] considered the special case of FAIR such as
g(u,v) = v — v, and gave a finite algorithm. [13] and [5] gave polynomial time algorithms
for the general case.

The fairness of the allocation can be measured alternatively by the variance among
the profits resulting from the allocation. Letting z = (z;,z,,...,z,) be a feasible allocation,

the variance among profits is defined by
_1 & 1 & 2
var(z) = - E ]J(:: - ;E ]J-(zj)) ) (1.6)
j=1 1=1

The minimum variance resource allocation problem is then described as follows
P : minimize var(z) (1.7)
subject to the constraints of (1.2) and (1.3)

We assume that all ]J»,j = 1,...,n, are nondecreasing, or all ]j,j = 1,...,n, are nonincreas-
ing. Notice that all ]J-,j =1,...,n, can be assumed to be nonnegative valued without loss
of generality. Let us consider the case in which all f; are nondecreasing (the case in which

all f; are nonincreasing can be similarly treated). Let

= min f;(0
e lrsnjlgnf,( )
and define for each j with 1<j<n
gJ(:J) = ]J(:J) -a , :J' S [O,UJ]

Let P’ denote problem P with all f; replaced by g;. It is easy to see from (1.6) that a
solution is optimal to P’ if and only if it is optimal to P, and that the objective value of

P for a solution z is equivalent to that of P’ for z. This proves the above claim.

We first give a parametric characterization stating that an optimal solution of the
following parametric problem P()) defined below provides an optimal solution of P, if an

appropriate number X is chosen.
n
i=1

Thus, solving P is reduced to find a A = A* with which an optimal solution to P()¥) is
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also optimal to P. Such characterizations can be obtained in the same manner as was
done by Katoh [11] (Sniedovich [16, 17| and Katoh and Ibaraki [12] treat the more general

cases). [14] also gave the similar result for variance constrained markov decision process.

This characterization, however, does not tell how to find such A*. The straightfor-
ward approach for finding A * is to compute optimal solutions of P()) over the entire
range of A\. Based on this idea, we shall present a pseudopolynomial algorithm for P (see
[7] for the definition of a “pseudopolynomial algorithm”). We assume throughout this pa-

per that the evaluation of f;(z;) for each integer z; can be done in constant time.

The number of optimal solutions of P()) generated over the entire range of A is not
polynomially bounded in most cases (see Chapter 10 of Ibaraki and Katoh [10]). In addi-
tion, solving P()) for a given A cannot be done in polynomial time in general unless
{fj(:r:j)}2 — Af;(z;) is convex. Notice that {fj(zj)}z — Afj(z;) is not convex in general
even if fj(z]-) is convex. Therefore it seems to be difficult to develop polynomial time al-
gorithms, and we then focus on approximation schemes in this paper. A solution is said
to be an e-approzimate solution if its relative error is bounded above by €. An approzima-
tion scheme is an algorithm containing ¢ > 0 as a parameter such that, for any given ¢, it
can provide an ¢-approximate solution. If it runs in time polynomial in the input size of
each problem instance, and 1/¢, the scheme is called a fully polynomial time approzimation

scheme (FPAS) [7,15].

We shall show that, if P()) for each nonnegative A can be solved in polynomial
time, we can develop an FPAS for P. The idea is to solve P()) only for a polynomially
bounded number of A’s, which are systematically generated so that the relative error of
the achieved objective value is within €. We shall then show that if all f]-(z]-),j =1,...,n,

are convex, we can develop an FPAS for P.

We should mention here relationships between this paper and related papers [11, 12].
Recently, Katoh |11] studied the minimum variance combinatorial problems and gave an
FPAS under the assumption that the corresponding minimum sum problem can be solved
in polynomial time. [11] is based on the parametric characterization which is the same as
this paper and the scaling technique. Notice that the scaling technique cannot be applied
to our problem since fj are nonlinear in general. An FPAS for the problems similar to P
of (1.7) has been proposed by Katoh and Ibaraki [12]. Though the techniques employed
therein are similar to those developed here, our problem P does not belong to the class of
problems for which they developed an FPAS (especially the condition (A5) given in Sec-
tion 5 of [12] does not hold for P).
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This paper is organized as follows. Section 2 gives the relationship between P and
P(}), and shows that P can be solved in pseudopolynomial time. Section 3 gives an out-
line of an FPAS for P, assuming that P()) for any nonnegative A can be solved in polyno-
mial time. Section 4 describes the FPAS for P. Section 5 shows that if all
fi(z;),5 = 1,...,n, are convex, the procedure of Section 4 with slight modifications becomes

an FPAS.

2. Relationship between P and P())
Katoh and Ibaraki [12] and Sniedovich |16, 17] considered the following problem Q.

Q:mil;ier}ize h(q1(z), g2(2)) (2.1)

where z denotes an n-dimensional decision .vector and X denotes a feasible region.
g;»t = 1,2, are real-valued functions and h(u,u,) is quasiconcave over an appropriate re-

gion and differentiable in u;, 1 = 1,2. They proved the following lemma.

Lemma 2.1 [12, 16, 17] Let z* be optimal to Q and let u*; = ¢;(z¥), i = 1,2. Define X*
by

Oh(u*, u* Sh{u* ,u*
o [P e )
a‘U2 aul
Then an optimal solution of the following problem Q(A) with A = A* is optimal to Q.

QX)) :migér}ize q1(z) + Agy(z) . O

The following lemma is obtained by specializing Lemma 2.1 to problem P. Let z*

and z()) be optimal to P and P() respectively.

Theorem 2.1 Let A * be defined by
Then z(X*) is optimal to P.

Proof. First note that for any n-dimensional vector z = (zy,25,...,2,),

var(z) = L 35 (5()) - 1

=1 J

:lfj(zj))2



= U - (B4 (24)

Let X be the set of all n-dimensional vectors satisfying (1.2) and (1.3), and let

n

ﬂmEéwm%qmﬁzmm (25)
P

j=1

and

1 1 2
h = — - =
(uy,uy) n(“l n(“z) )
Then it is easy to see that for any z € X

1

var(z) = ;[ql(:c) - %{‘12(1)}2]

Therefore P can be rewritten into

N | 1 2
minimize 21g,(2) - L {g(2))%
Since h(u;,u;) is clearly quasiconcave, it turns out that P is a special case of Q. As a
result, by dh(u,,uy)/0uy = 1/n and dh(u;,u,)/dus = —2u,/n?, the theorem follows from
Lemma 2.1. ]

Notice that A* is nonnegative since all fj are assumed to be nonnegative valued.
Although this theorem states that P(A) for an appropriate A can solve P, such X is not
known unless P is solved. A straightforward approach to resolve this dilemma is to solve
P(X) for all A; the one with the minimum var(z) is an optimal solution. This idea leads

to a pseudopolynomial algorithm for P. For this, we shall give basic properties.

It is well known in the theory for parametric programming (see for example (2, 6, 8,
9]) that z(A) (the optimal objective value of P())) is a piecewise linear concave function
as illustrated in Fig. 1, with a finite number of joint points ’\[1)>’\[2)’-~"’\[M) with
0< /\(1) < /\(2) < e /\[M). Here M denotes the number of total joint points, and let
/\(0) =0 and z\(MJrl) = oo by convention. In what follows, for two real numbers a,b with
a <b,(a,b) and [a,b] stand for the open interval {z]le < z < b} and the closed interval
{z]a < z < b} respectively. The fbllowing two lemmas are also known in the parametric
combinatorial programming. Let X be the one as defined in the proof of Theorem 2.1.

Lemma 2.2 [8, 9] For any X" € (’\(k—l)”\(k))’ k=1,.,M+1,z()) is optimal to P(})

for all X € [’\(k—l)?’\(k)]'
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Figure 1 Nlustration of z(A).

Letfork=1,.. . M+1

X*; = {z € X|z is optimal to P(}) for all A € [A(x_y),A(g)]}
Lemma 2.3 (8, 9] (i) Forany twoz,2’€ X", with1 <k < M+1,
YUY = Y AS(z;)) and Y fi(z)) = X Silz5)
=1 1=1 7=1 i=1

hold.

(ii) For any z € X*,_; and any z’ € X*, with 2 < k < M +1,
n n ,
1z < $4,(2))
1=1 1=1

holds.

Lemmas 2.2 and 2.3(i) imply that in order to determine z(A) for all A >0, it is
sufficient to compute z()\’) for an arbitrary A" € (’\(k—l)”\(k)) for each k =1,2,.. M +1.
We shall use the notation z* to stand for any z € X*,.

Eisner and Severence [3]| proposed an algorithm that determines z()) for all A >0
and zk,k =1,...,M+ 1, for a large class of combinatorial parametric problems including

P()) as a special case. They showed the following result.
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Lemma 2.4 [3] Let 7(n,N) denote the time required to solve P()) for any fixed
XA > 0. Then z()) for all A > 0 and z¥,k = 1,...,M + 1, can be determined in O(M - 7(n,N))

time.
Lemma 2.5 (Chapter 10 of [10])

M < 2nVn N

Since P(X) for a fixed A can be viewed as the resource allocation problem with a
separable objective function, it can be solved in 0(nN?) time by applying the dynamic
programming technique (see Chapter 3 of [10] for the details). Thus, by Lemmas 2.4 and

2.5, we have the following theorem.

Theorem 2.2 Problem P can be solved in 0(n2vn N3) time.

Notice that this running time is not polynomial in the input size but pseudopolynomial.

3. The Outline of an FPAS for P

We assume in this section that P()) for any given A > 0 can be solved in polynomial
time. Based on this assumption, we shall develop an FPAS for P. Consider the following
two problems MINIMAX and MAXIMIN associated with the original problem P. Let X

be as defined in Section 2.

MINIMAX: inimi (z;) , 3.1
muznergl(lzelrél?énf](z]) (3.1)
MAXIMIN: maximize min fi(z;) . (3.2)

zeX 1<j3<n

Let vpgnimax and vpgaxminv denote the optimal objective values of MINIMAX and
MAXIMIN respectively. Since all f;,7 = 1,...,n, are assumed to be nondecreasing or non-
decreasing, problems MINIMAX and MAXIMIN can be reduced to problems of minimiz-
ing certain separable convex functions over X (see Chapter 5 of [10] for the reduction),
and hence these problems can be solved in polynomial time. If we apply the Frederickson
and Johnson algorithm [4] to solve MINIMAX and MAXIMIN, we have the following lem-

ma.

Lemma 3.1 (Chapter 5 of [10]) vygnvmax and vpaxmy can be computed in
O(max{n,nlog (N/n)}) time.

Lemma 3.2
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UMAXIMIN < VMINIMAX - (3.3)

Now let us consider problem FAIR with g(u,v) = u — v. Let d(z) denote the objec-
tive value of this problem for an z € X, and let z° denote its optimal solution. Though [5]
and [13] treated only the nondecreasing case of f;» the nonincreasing case can be treated in
the same manner, since replacing all f; by —f; does not change the problem. Therefore,

we have the following lemma.
Lemma 3.3 [5,13] z° can be computed in O(max{nlog n, nlog(N/n)}) time.

Lemma 3.4 For any z € X, we have

22D (d(2))? < var(s) < L (@) 3.4
n
Proof. Assume without loss of generality that fi(z;) < fo(zg) < --+ < fu(z,) holds.
First notice that
1 — n
var(z) = —22 E ~ fi(z,))? (3.5)
1=1 :1

holds. By fi(z;) — fi(z;) < fu(zs) — fi(zy) for 1,7 with 1 < ¢ < j < n, the second inequal-

ity of (3.4) immediately follows. By the well known inequality qi a? > (i ak)2 for

k=1 k=1
nonnegative numbers ay,8,...,84,
1 n—-1 n 2 n-1 n 2
3 E E — fi(z)? > 3——l > 2 Ulzg) - fi(%‘))’ (3.6)
Py Wt n?(n—1) [i=17=741
holds. Since
) 3B U4 = () = (0= D) = i) + (=) U-1(5-1) = o)
+
2 (n - 1)(fn(zn) - fl(zl))
= (n-1)d(z) ,
the first inequality of (3.4) follows from (3.5) and (3.6). |

Lemma 3.5
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2

ﬂ';_;ll.{d((z")}z < var(z*) < n-nl -{d(z°))?

(3.7)

Proof. Since d(z°) < d(z*) holds by the optimality of z° to FAIR with g(u,v) =u—wv,

the first inequality of (3.7) follows from the first inequality of (3.4).

Since

var(z*) < var(z") holds by the optimality of z* to P, the second inequality of (3.7) fol-

lows from the second inequality of (3.4). O

Lemma 3.6 For any optimal solution z* of P, we have

(r*¥) < LA °
lrgn?gxnf"(z i) < vmaxivin + 5 - d(z7)

i (z2*) > L °
lg’;gnf,(l §) 2 vminimax — 5 - d(2)

Proof. Let

*

v¥ = max [

1<j<nj(z*j) and v+« =

1 . *.
Irsnj!gnfj(z ])

By the minimality of vpgnas4x and the maximality of vpgg xiasins

*
vT 2 YMINIMAX

and

v+ < A4 XIMIN

follow. If (3.8) does not hold,
d(z¥) = v* — v+ > % d(z°)
follows from (3.8) and (3.12). By the first inequality of (3.4),

ﬂl'n—;ﬁ-{d(z*m < var(z?)

holds. Then it follows that

var(z*) < n-l -{d(z°)}? (by the second inequality of (3.7))

2n

<2l 4 {a(z")? (by (3.13))

2n g

— E(L:l;_ll.{d(x*)}z < var(z*) . (by (3.14))

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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This is a contradiction. Hence (3.8) is derived. (3.9) can be similarly proved. O

Lemma 3.7 For ) * defined in (2.3),

max{2vpnimax — n- 4(2°),0} < AF < 2opaxppy + - d(2) (3.15)

holds.

Proof. Immediate from (2.3), (3.8) and (3.9). 1

Now we shall describe the outline of FPAS for P. First note that if d(z°) =0, it is
obvious that var(z°) = 0 and thus z° is optimal to P. By Lemma 3.3, P can be solved in

polynomial time if d(z°) = 0. Therefore assume d(z°) > 0 in the following discussion.

Define
5= \/E(T;sr)f d(z") (3.16)
K =[(2upaxmmv + n-d(z°) — A0)/4 (3.17)
Ao = max{2opgnmax — n-d(z°),0) (3.18)
Ak = 2vpaxmy + ned(z?) (3.19)
A= Ag + L};'\") C k=1,.K-1 , (3.20)

where [a] denotes the smallest integer not less than a. Then solve P(A) for
A= Xp,A(,...,A . Among K + 1 solutions obtained, the one with minimum var(z(}A;)) is

output as an e-approximate solution of P. This is proved as follows.

Lemma 3.8 Let Ay,A,,..., g be as defined above, and let A+ satisfy

var(z(Ag+)) = OénkigKvar(z(/\k)) ) (3.21)

Then z(A+) is an e-approximate solution of P.
Proof. By Lemma 3.7 and (3.16)-(3.20), there exists [ with 0 < I < K such that
0< A —-2%<$ (3.22)

holds. Since var(z(}})) > var(z(A;+)) holds by (3.21), it is sufficient to show that z(})) is

an e-approximate solution. Define 6" by

5 =X - A*H<6) . (3.23)
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For the sake of simplicity, let

azﬁygmomv, = 3 1(z,(0)
£

=1
2= BUE 2= Nt
j=1 =1

2(z(A)) = £ — Nz < (2(z7) =)z% - A2y (3.24)

It then follows that

var(z(A)) = %'51 - '—12—~2 (by (2-4))4

1 A*+ 8 ’
< —z*f — * “Zy — — by (3.23 d (3.24
S n 2t T 222 (by (3.23) and (3.24))
D SN S o S
=5 % n Z2

n
e ”:5' ot R 6’
< %'2*1 - ;27'(2*2)2 —.%'2*2
+ —1? (2%)? + %-2*2 + %(6')2 (by substituting A * = 2‘:2 from (2.3))
= Lot - () (8]
= var(z*) + - (8)% (by (2.4))
< var(z*) + %52 (by (3.23)) (3.25)

Therefore

var(z(X;)) - var(z¥) 52

var(z¥) =~ 4-var(z¥)



- 12 -

n3. 82

<
~ 8(n—1)-{d((z"))?

(by the first inequality of (3.7))

=¢ . (by(3.16)

This implies that z();) is an e-approximate solution. 1

4. Description of FPAS for P

Based on the results given in the previous section, we shall describe an FPAS for P.
Procedure APPROX

Input: The minimum variance resource allocation problem P with n,N.f; and

Uj’ ] = 1,2,...,71..
Output: An e-approximate solution of P.

Step 1: Solve MINIMAX and MAXIMIN with n,N,f]v and u,3 =1,2,...,m, and let
vpmiNiMax and vpaxpgy be their optimum values, respectively. Solve FAIR with
g(u,v) =u—wv,n,N and f; and v; 7 = 1,2,...,n, and let z° and d(z°) be its optimal solu-

tion and optimum value, respectively.

Step 2: If d(z°) = 0, then output z° as an optimal solution of P and halt. Else go to
Step 3.

Step 3: Compute 6,Ay,A,...,Ax and K by (3.16)-(3.20).
Step 4: For each k =0,1,...,K, compute z(A;).
Step 5: Compute z(A;+) determined by
var(z(Ag+)) = OgnkigKvar(z(/\k))
and output z(A;+) as an e-approximate solution of P. Halt. O
Theorem 4.1 Procedure APPROX correctly computes an e-approximate solution of P in
O(r(n,N)n?/Ve + ma.x{r‘zlog n,nlog(N/n)}) (4.1)
time, where r(n,N) is the time required to compute an optimal solution z(A) of P(}).

Proof. The correctness follows from Lemma 3.8. The running time is analyzed as fol-
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lows. Step 1 requires O(maz{nlogn,nlog(N/n)}) time from Lemmas 3.1 and 3.3. Step 2

requires O(n) time to output an n-dimensional vector z°.
Since

Zopaximiv + n-d(2°) = Ao

< 2vpaximin — 2oMmiNiMax T 2n-d(2°) (by (3.17))

< 2n-d(z°), (by Lemma 3.2)

K < 2n%Vn [V8(n—1)e = 0(n?/Ve) (4.2)

follows. Thus , K is determined in O(log n —log¢) time by applying the binary search.
By (4.2), 0(7(n,N)-n2/~/€) time is required in Step 4. Step 5 requires O(n) time to out-
put z(A;+). The total time required by APPROX is therefore given by (4.1). O

Corollary 4.1 If 7(n,N) is polynomial in the input size of a problem instance P()), pro-
cedure APPROX is an FPAS. O

5. The Case Where All i:' are Convex

We shall discuss the case in which all f;,7 = 1,...,n, are convex. It should be men-
tioned that {j'j(:zrj)}2 — Afj(z;) may not be convex for some positive A. Therefore, P(})
cannot, in general, be solved in polynomial time. Recall that all f; are nondecreasing or

all f; are nonincreasing. First consider the case in which all J; are nondecreasing. Let

= (u, 5.1
o lrg?;nfj(u,) ; (5.1)

and let for each j with 1< j<n
9i(z;) = a—fi(z;), z;€[0,uy] . (5.2)

Notice that g; is nonincreasing and nonnegative valued. Then apply procedure APPROX
with all f; replaced by g;. We shall claim that this gives an e-approximate solution of P
and that its running time is polynomial in input size and 1/¢. Let P’ denote P with all J;
replaced by g;. It is easy to see from (1.6) that a solution is optimal to P if and only if it
is optimal to P’ and that the objective value of P for a solution z is equivalent to that of

P’ for z. This proves the first claim.
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To prove the second claim, note that 9,’(11') is concave and nonnegative valued over
[0,u;], and that ~gj(z;) is convex. With this observation it is easy to show that
{9,(z;)}? — Ag;(,) is convex. By the convexity of —¢,(z,) and the nonnegativity of A, it
is sufficient to show that {gj(:rj)}2 is convex. For any y and y” with 0 < y < y* < uj, we
have

{5,012 + {g;(00)? - 2{g,(2EL )

= (Jj(9) - @) + (f(y) - @)? - 2(f(LEL) - a2

= ((v) - - HEEL) +a)((y) e + (L) - o)

- (L) o - [+ (L) —a + f(y) - @)

= Ujlo) + [0 - 2(EEEN L) — e+ f(y) - @)
+U) — HEEDN ) - 1) (5.3)

By the convexity of fj,fj(y) + fi(y) - 2]1'(%) > 0 holds. By definition of a and the
nondecreasingness of f;, fJ(ﬁTy) — a+ fi(y) —a > 0 holds. Thus, the first term of (5.3)

is nonnegative. Since f; is nondecreasing, f;(y’) - fJ(y—;y—) >0 and fi(y’) - fj(y) >0

follow from y* > y. Hence, the second term of (5.3) is also nonnegative. This shows the

convexity of {gj(:rj)}z. Thus, the second claim is proved.

The case in which all f;,7 =1,...,n, are convex and nonincreasing can be similarly

treated after replacing f;(z;) by h;(z;) defined as follows.

hi(z;) = B fi(z}), =zj€[0u] , (5.4)
where
B = lrg;zsxnfj(o) (5.5)

An FPAS for the case where all fJ are convex 1s described as follows.

Procedure APPROXCONV

Input: The minimum variance resource allocation problem P with n,N,fj and
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u;,j = 1,2,...,n, where all J; are convex.
Output: An e-approximate solution of P.

Step 1: If all f; are nondecreasing (resp. nondecreasing), replace f;(z;) by g,(z;) of (5.3)
(resp. hj(z,) of (5.4)), and call APPROX. Output z returned by APPROX as an e

approximate solution of P. o

Theorem 5.1 Procedure APPROXCONYV correctly computes an e-approximate solution

of P with convex fj,j =1,.,n,in
O(max{n,nlog(N/n)}-n%/~e+ max{nlogn,nlog(N/n)}) (5.6)
time.

Proof. The correctness is immediate from the discussion given prior to the description of
APPROXCONYV. Since {g;]j(:l:j)}2 — Ag;(z;) (resp. {hj(:lzj)}2 — Ahj(z;)) is convex as shown
above, P(}) with all f; replaced by g; (resp. hj) can be solved in O(max{n,nlog(N/n)})
time by applying the Frederickson and Johnson algorithm [4]. This and Theorem 4.1
prove that the running time of APPROXCONY is given by (5.6). O



- 16 -

References

1

2]

3]

4]

(5]

6]

7]

8]

9]

[10]

(1]

[12]

[13]

O.R. Burt and C.C. Harris, Jr., Apportionment of the U.S. House of Representa-
tives: A minimum range, integer solution, allocation problem, Operations Research,

11 (1963), 648-652.

P.J. Carstensen, The complexity of some problems in parametric linear and com-
binatorial programming, Ph.D. Thesis, Dept. of Mathematics, The University of
Michigan, MI (1983).

M.J. Eisner and D.G. Severence, Mathematical techniques for efficient record seg-

mentation in large shared databases, J. ACM, 23 (1976), 619-635.

G.N. Frederickson and D.B. Johnson, The complexity of selection and ranking in
X + Y and matrices with sorted columns, Journal of Computer and System Sciences,

24 (1982), 197-208.

S. Fujishige, N. Katoh and T. Ichimori, The fair resource allocation problem with

submodular constraints, to appear in Mathematics of Operations Research.

T. Gal, Linear parametric programming - a brief survey, Mathematical Programming

Study, 21 (1984), 43-68.

M.R. Garey and D.S. Johnson, Computers and Intractability: A Guide to the
Theory of NP-Completeness, Freeman, San Francisco, CA 1979.

D. Gusfield, Sensitivity analysis for combinatorial optimization, Memorandum No.
UCB/ERL M 80/22, Electronics Research Laboratory, College of Engineering,
University of California, Berkeley, 1980.

D. Gusfield, Parametric combinatorial computing and a problem of program module

distribution, J. ACM, 30 (1983), 551-563.

T. Ibaraki and N. Katoh, Resource Allocation Problems: Algorithmic Approaches,
MIT press, Cambridge, MA (in press).
N. Katoh, An ¢-approximation scheme for minimum variance combinatorial prob-

lems, Working Paper WP-87-117, International Institute for Applied Systems
Analysis, Laxenburg, Austria, 1987.

N. Katoh and T. Ibaraki, A parametric characterization and an ¢-approximation
scheme for the minimization of a quasiconcave program, Disc. Appl. Math., 17

(1987), 39-66.

N. Katoh and T. Ibaraki and H. Mine, An algorithm for the equipollent resource al-
location problem, Mathematics of Operations Research, 10 (1985), 44-53.



- 17 -

[14] H. Kawai and N. Katoh, Variance constrained markov decision process, J. Oper.

Res. Soc. Japan, 30 (1987), 88-100.

[15] C.H. Papadimitriou and K. Steiglitz, Combinatorial Optimization: Algorithms and
Complexity, Prentice-Hall, Englewood Cliffs, New Jersey, 1982.

[16] M. Sniedovich, C-programming problems: a class of nonlinear optimization prob-

lems, Disc. Appl. Math., 9 (1984), 301-305.

[17] M. Sniedovich, C-programming: an outline, Operations Research Letters, 4 (1985),
19-21.

(18] Z. Zeitlin, Minimization of maximum absolute deviation in integers, Disc. Appl.

Math., 3 (1981), 203-220.



