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Lyapunov Exponents and
Transversality Conditions for an
Infinite Horizon Optimal Control

Problem

Georgi Smirnov

Introduction

The aim of this paper is to derive necessary conditions of optimality for an infinite horizon
optimal control problem. The Pontryagin maximum principle for this problem without
transversality condition at infinity was derived in Pontryagin et al. [1]. Transversality
conditions were derived for some dynamical optimization problems arising from mathe-
matical economics [2, 3]. The presence of an exponential factor in the integral functional
is a characteristic of these problems and facilitates consideration to a certain extent. In
this case the transversality conditions were formulated in terms of the asympotic behavior
of solutions to an adjoint equation. The problem without an exponential factor was con-
sidered by Gani and Wiese [4] under rather restrictive assumptions, and the transversality
conditions were given as initial conditions for the solution to the adjoint equation.

It seems quite natural to use stability theory [5, 6] to analyze infinite time optimal
control problems. Following this idea we derive the transversality condition at infinity in
terms of a Lyapunov exponent of the solution to the adjoint equation. The problem with
the exponential factor is considered as well as the problem without it.

The first section of this paper describes results from stability theory. A property
of regular linear differential equations is also established, which is important for further
consideration. Necessary conditions of optimality for a general infinite horizon optimal
control problem are stated and proved in Section 2. Section 3 investigates of a linear
quadratic optimal control problem arising from regulator design theory [7]. The case
when the set of controls is a closed convex cone is considered.

1 Regular linear differential equations

In this section results from the stability theory developed by Lyapunov in his famous
monograph [5] are recalled.

Let f: R — R be a continuous function. The Lyapunov exponent of the function f
is defined by

XUf()] = = limsup 71 |£(0).
The Lyapunov exponents possess the following properties
L x[(f + ¢)(-)] 2 min{x[f(")], x[6()]},
2. x[(f&)()] 2 x[F()] + x[8()],



3. x[(f+1/N)()] £0,
4. x[J o f(-)] 2 x[f(-)], where

_ ) [T f(s)ds if x[f()] >0,
Jo flt) = { Iy f(s)ds otherwise

5. x[(f6)(-)] = x[f(-)], where 0 < a < ¢(t) < b < oo.

If f: R— R"™is a vector function, then the Lyapunov exponent is defined as the
minimal value of the Lyapunov exponents of the components x[f*(-)].
Let us consider the linear differential equation

z(t) = C()=(), (1)

where n x n matrix C(t) has measurable bounded components. Lyapunov proved that the
exponent is finite for any nonzero solution of (1). Moreover, the set of all possible numbers
that are Lyapunov exponents of some nonzero solution of (1) is finite, with cardinality
less than or equal to n. Lyapunov exponents of nonzero solutions to a linear differential
equation with constant matrix C coincide with the real parts of the eigenvalues of C taken
with the opposite sign.

A fundamental system of solutions of (1) z,(-),...,z, is said to be normal if for all
ay,...,a, € R

X[(Q_ iz ()] = max{x[z:()] | i : e; # 0}.
=1
Lyapunov proved that a normal system of solutions always exists. Lyapunov exponents
A1,...,A, of a normal system of solutions (there may be equal quantities among them)
are called the Lyapunov spectrum of (1).

Let Aj,..., A, be the Lyapunov spectrum of (1). Then the value S = A} +--- + A,
does not exceed x[é(-)] where

i) = exp/ot trC(s)ds.

From this fact we obtain the following consequence. If z(:),...,2,(-) is a fundamen-
tal system of solutions of (1), v;,...,v, are corresponding Lyapunov exponents, and
1+ -+ ve = x[€(*)], then the system is normal. Equation (1) is called regular if
S = —x[(1/€)(*)]. In this case, obviously,

§ = x[()] = =x[(1/&)(")]-

As a consequense we derive that the limit

1 rt
lim — [ trC(s)dt
0

t—oo ¢

exists. All linear differential equations with constant or periodic coefficients are regular.
Let us consider along with (1) the adjoint equation

2*(t) = =C*()z"(1), (2)

where C*(t) represents a transposed matrix. An important property of regular equations
was established by Perron (see [6], e.g.). If \; < ... < ), is the Lyapunov spectrum of
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(1) and gy > ... > pyn is the Lyapunov spectrum of (2), then equation (1) is regular if
andonly if \; + i =0,2=1,...,n.

We denote by A,(6) the subspace consisting of all points g € R™ such that a solution
of (1) with the initial condition z(7) = z¢ has a Lyapunov exponent greater than —é and
by A}(8) the subspace consisting of all points g € R" such that a solution of (2) with
the initial condition z(7) = zo has a Lyapunov exponent greater than or equal to 6.

Lemma 1.1. If equation (1) is regular, then

AL(6) = A*(6).

T

Proof. We first establish the inclusion
AH(8) € AL(6). 3)

Assume that zo € A, (6),z5 € A¥(6) and that z(-),z*(-) are solutions of equations (1)
and (2), respectively. Then

(@(0),2"(1)) = (@0, 75) + [ -(a(s), ="(s))ds =

(w0,28) + [ ((C(s)a(s),27(5)) + (a(s), ~C™(s)a"(5)))ds = (z0,23).

Taking into account properties of the Lyapunov exponents, we obtain x[(z,z*)(:)] > 0.
Thus, lim; e (z(t),z*(t)) = 0 and (zo,z5) = 0. The inclusion (3) is proved.

To prove the equality we consider matrices ®(¢,7) and ®*(¢,7) of fundamental so-
lutions of equations (1) and (2). Assume that their columns form normal systems of
solutions. The subspace A,(6) is spanned by column vectors of the matrix ®(r,7), which
correspond to solutions that have Lyapunov exponents greater than —§, and the subspace
A} (6) is spanned by column vectors of the matrix ®* (7, 7), which correspond to solutions
that have Lyapunov exponents greater than or equal to 6. Let dimA,(§) = k. Since equa-
tion (1) is regular,the Perron theorem implies that the Lyapunov spectra A; < ... < A,
and gy > ... > p, of (1) and (2) satisfy the equalities A\; + g; = 0,z = 1,...,n. Thus
dimA}(6) = n — k. If we combine this with (3), we reach A}(6) = A?(6) and the end of
the proof.

I conclude this section with two theorems concerning an analogy of solutions of differ-
ential equations. These theorems are special cases of more general results which are given
in Bylov et al. [6] (Theorems 29.3.1 and 26.1.2).

Let us consider the differential equation

(t) = C()z(t) + f(t, z(1)), (4)

which is obtained from (1) by adding a nonlinear function f : R x R® — R™ to the
right-hand side.
Assume that the following conditions hold true:

1. f(t,0) = 0 for all ¢,
2. the function t — f(1, z) is measurable for all z,

3. the function * — f(¢,z) is continuously differentiable for almost all t,
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4. | vz f(t,z)| = O(|z|*) where € > 0.

Under these assumptions we have the following resulit:

Theorem 1.2. Let 7 > 0,8 < 0. Suppose that equation (1) is regular and that A, <
... < A is its Lyapunov spectrum. Then there exists a homeomorphism ®¢ defined in
some neighborhood of the origin U¢ and satisfying the following conditions:

1. ®(z) = 2 + O(|a|'*+),

2. if zo € A,(8) N UL, yo = ®%(zq), then there exist solutions of the equations (1)
and (4) with initial conditions zo and yq, respectively, and with identical Lyapunov
exponents.

To give a geometrical interpretation of this theorem we need the definition of a tent
introduced by Boltyanski [8].

A convex cone K C R" is called a tent of a set M C R™ at a point ¢ € M if there
exist a neighborhood of the origin ) and a continuous map ¢ : ! — R" such that

l.z+v+¢(v)E Mforallve KNQ,

2. limy—o |v|™'¢(v) = 0.

Theorem 1.2 implies that any solution of equation (4) with the initial condition z(7) €
M = ®¢(A.(6)NU?) has a Lyapunov exponent greater than —§. Moreover, the subspace
A,(8) is a tent of the set M at zero. This statement combined with Lemma 1.1 is of
crucial importance for the proof of transversality conditions which is discussed in the next
section.

It should be mentiond also that Theorem 1.2 fails to be true when é > 0.

Example 1.3. Consider the system

z =z,
y=y.
Obviously, Ag(2) = R?. The system
zr=z+yaz,
y=y

has, however, a solution that has a Lyapunov exponent —oco when initial conditions satisfy
zo # 0, yo > 0. Hence, Ag(2) is not a tent of M2.

The second theorem concerning an analogy of solutions of differential equations deals
with the linear equations

#(t) = C(t), (5)
y(t) = (C + B(1))y(1), (6)

where C is a constant matrix and B(t) is a bounded matrix with measurable coefficients.

Theorem 1.4. Let A\; < ... < A, be the Lyapunov spectrum of equation (5). Assume
that

/°° e*!| B(¢)|dt < oo
0

for some a > 0. Then there exists a homeomorphism ® : R* — R™ such that solutions
z(-) and y(-) of the differential equations (5) and (6), respectively, with corresponding
initial conditions y(0) = ®(x(0)) have identical Lyapunov exponents. Moreover, if z(:)
and y(-) have a Lyapunov exponent A, then x[(z — y)(-)] > Ak + a/2.
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2 Necessary conditions of optimality for an infinite
horizon optimal control problem

Consider the problem

/0°° $(z(t), u(t))dt —> inf (1)
2(t) = f(z(t),u(t)), (2)
u(t) € U C RF, (3)

z(0) = zg, limy_o z(t) = 0. (4)

Let f: R*xU — R", ¢: R*xU — R be continuous functions that are continuously
differentiable with respect to z. Arbitrary bounded measurable functions u : [0, 00— U
are considered admissible controls.

Let 4(-) be an optimal control for (1)-(4), and let Z(-) be the corresponding trajectory
of equation (2).

Denote

C(t) = v=f(&(t), u(t)),
b(t) = V=(2(t), u(t)).
Suppose that the differential equation

is regular and that
| V= f(2(t) + z,4(t) = C(O)] + | V= 6(2(t) + z,4(t)) — b(t)| = O(|2[°),
where € > 0. Under these assumptions we obtain the following result:

Theorem 2.1. There exist a number A < 0 and a function p : [0, 00— R" such that

L. p(t) = —C*(1)p(t) — Ab(t),

2.
max((p(t), f(2(6),)) + AB(&(2), w)] = (p(2), F(2(2), 2(1))) + AB((1), (1),
3. xp(-)] 2 0,

4. A+ [p(0)] > 0.

Proof. Denote



Obviously, 4(-) solves the problem

Y 0)_—» inf (6)

z(t) = f(z(t),u(?)), (7)

u(t) e U, (8)

2(0) = (y(0), zo), limi—o Z(t) = 0, (9)

and z(-) is the corresponding trajectory.
We claim that the differential equation

z(t) = C(t)z(1) (10)

is regular. Indeed, if Z(-) = (y(-),z(+)) is a solution to (10) then z(-) solves (5) and

M0=ywy[w@yugw&

Let z;(+),...,2.(-) be a normal system of solutions of (5) and let Ay,..., A, be the cor-
responding Lyapunov exponents and also A\ < ... < Apop €0 < A £ ... < A, Since
the function b(-) is bounded we have x[b(-)] > 0 and, consequently, x[(b,z)(-)] > x[z(")]-
Consider the collection of n + 1 functions

([ 4(s), 21()ds, a1 (0), o [ (6(5)snoa(5)) s, 2e-1(6)), (1,0),
(= [ (), an(e)ds, 2Oy (= [ ((5),2n(s))ds, 2n(s). (11)

We derive from the inequalities
x[J o (b,2)(1)] 2 x[(b, z)(-)] 2 x[z(")]

(see Section 1) that the functions (11) possess the Lyapunov exponents

B1= A1yeeny ko1 = Akony ik = 0, kg1 = Aky - ooy i1 = An.

The equalities
n+1

ST =X, trC(t) = trC(t)
=1 i=1

imply that the functions (11) form a normal system of solutions of (10) and that this
equation is regular.

Denote by A,(0) C R"*! the subspace consisting of all points zo € R™*! such that a
solution of (10) with the initial condition Z(7) = Z, has a positive Lyapunov exponent.
Let P, C R™t! be the convex cone consisting of all points Zo such that there exists a
solution to the differential inclusion

z € C()z(t) + K(¢),
satisfying the boundary conditions
z(0) = zo, z(71) € A,(0).
Obviously, we have P,, C P,, if 1, > 7. Denote
p=JP.

>0
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Consider the ray L = {(a,0) € R X R"|a < 0}. We claim that the ray L and the
cone P are separable. Indeed, if L NintP # @, then (—1,0) € intP; for some 7 > 0. We
can apply Theorem 1.2, which states the existence of a set M, satisfying the following
conditions:

1. 0€ M,,
2. A,(0) is a tent of M, at 0,

3. for all § € M, + Z(t) any solution of the Cauchy problem
z(t) = f(2(1), u(t)),
Z(r)=y
has a positive Lyapunov exponent.

Define M, as a set of all points Zy such that there exist some admissible control u(-)
and a corresponding trajectory satisfying

#(0) = %o, z(7) € M, + (7).

Using standard methods developed to prove the maximum principle given in Pontryagin
et al. [1] and Boltyanski [8] or applying differential inclusions technique discussed in
Smirnov [9], we conclude that P, is a tent of M, at 2(0) = (f;° ¢(2(s), @(s))ds, zo). Since
(-1,0) € intP,, we obtain

(/‘Ow ¢(2(s),0(s))ds + a, 20) € M,

for some a < 0 (see [1, 8]). This contradicts the optimality of 4(:). Thus L and P are
separable.

Applying the separation theorem, we find a vector pp = (A,po) € R x R" such that
Aa 2 (po,Zo) for all @ < 0,7 = (y,z) € P. Setting £ = 0, we conclude that A < 0.
Allowing o to tend to zero, we obtain 0 > (po,z) for all £ € P. The last expression
implies that (po, Z(0)) < 0 for all Z(-) satisfying

z(t) € C(H)&(t) + K (1),

z(1) € A-(0), 7> 0.

The Lemma 1.1 means that a solution to the Cauchy problem
p(t) = =C™()(1),

p(0) = —po
satisfies

x[p(-)] >0,

p(l)) = .
wrél%i(t)(w,p( )) =0, t€[0,00]

Evidently we have p(-) = (—A, p(-)) where A = const < 0 and p(-) is such that



p(t) = =C™(1)p(t) — Ab(1),
p(0) = —po,
x[p(-)] 2 0,
max[(p(t), £(2(1), u)) + Aé(2(1), u)] = [(p(t), f(£(1), 4(t))) + A(£(t), u(1))].

The theorem is proved.
The most restrictive assumption of Theorem 2.1 is regularity of the differential equa-
tion (2). However, this assumption is essential as we can see from the following example:

Example 2.2. Consider the problem

/°° 2dt — inf
0

(1) = a(t)a(t) + u(t),
u(t) >0,
z(0) =1, tlirgloz(t) =0,
where a(t) = cosInt—1. Obviously, #(t) = 0 is an optimal control and Z(t) = exp f§ a(s)ds

is the corresponding trajectory. We claim that the statement of Theorem 2.1 fails to be
true. Assume that there exist a number A < 0 and a function p(-) satisfying

p = —a(t)p(t) - A,

x[p(-)] 2 0,
p(t) <0.
Since x[p(-)] 2 0, we conclude that A # 0. Let A = —1. Then

p(t) = () (po + [ #(s)ds)

Observe that x[(1/2)(-)] < 0. Consequently, lim;—.co f; #(s)ds = —po. Thus we have p(t) =
(2(¢))" (= [ 2(s)ds). The inequality

x[P()] < X[(1/2) ()] + x[J 0 2()] < X((1/2)()] + x[2()] = V2

leads to a contradiction.
Now we consider an optimal control problem with the functional

/oo e % (x, u)dt,
0

where 6 > 0. Since we can consider trajectories with negative Lyapunov exponents as
possible variations, it is natural to expect that, for an optimal control problem without
restrictions at infinity under suitable growth assumptions on the function ¢, a transver-
sality condition will be x[p(-)] 2 a > 0. According to Example 1.3 we know that such
variations cannot be used for nonlinear controlled system. Therefore we shall investigate
the linear case only.



Consider the following problem

/0°° =5 g(z(1), u(t))dt —> inf (12)
z(t) = C(t)z(t) + u(t), (13)
u(t) e U C R", (14)

z(0) = zo, (15)

where § > 0. Let ¢ : R* x U — R be a continuous function that is continuously
differentiable with respect to z and satisfies the growth conditions

ligglf|x|"“ 116111} d(z,u) >0, a>1 (16)

| V= ¢(z,u)| < (1 4 |2|°), B2 0. (17)

Suppose that C(t) is 2 matrix with bounded measurable components and that the differ-
entional equation

#(t) = C()z(t) (18)

is regular. Arbitrary bounded measurable functions u : [0,00[— U are considered as
admissible controls.
Denote

_Jé/(1+8) ifa>p+1
1 (1 — B/a) otherwise.

Theorem 2.3. Let 4(-) be an optimal control for the problem (12)-(15) and let (-)
be the corresponding trajectory. Then there exist a number A < 0 and a function
p:[0,00[— R" such that

L p(t) = =C*(t)p(t) — X~ vz ¢(2(t), u(t)),

2. maxuev((p(t), u) + e~ @(2(t),u)] = (p(t), i(t)) + Xe~*(2(t), u(t)),
3. x[p()] 2 7,

4. |\l + [p(0)]| > 0.

Proof. This proof is similar to the proof of Theorem 2.1 except for a variation of the
optimal trajectory at infinity. The presence of an exponential factor permits us to extend
the set of variations. To this end consider the subspace A,(y) C R™ consisting of all
points o € R™ such that a solution of (18) with the initial condition z(7) = z¢ has a
Lyapunov exponent greater than —v. We prove first that the integral

/,w e~ B (2(t) + z(t), u(t))dt

exists when z(:) is a solution to (18) satisfying z(7) € A,(y). Observe that existence of
the integral

| e o), ae))at



together with (16) imply that

/°° e |3(1)]dt < oo.
0
Since |C(t)| < b,|a(t)| < bfor all t > 0, we obtain

d

T (2@ < e (812U + abl2 (1) + ab

£(t)|"7) <

e 5 ((6 4 ab)|E(t)|* + abmax{1, |Z(t)|*}).

°d _g
L gt

exists. This implies that the function e™%*|2(¢)|* tends to zero as t — co. Thus, x[z(+)] >
—é/a.
By condition (17)

|6(2(2) + 2(8), &(t)] < |(£(1), a()] + (1 + (|1£(D)] + |=()])*)(®)]-

Since x[z(-)] > —~, the Lyapunov exponent of the second term is greater than —é. Thus,
the integral

Therefore the integral

(1)|%)dt

/foo ™" B(2(t) + (1), a(1))dt

does exist. .
Consider the set M, C R x R consisting of all points

(#(r) + 20, [ e B(E(1) + 2(t), 4())dt),

where z, € A.(v) and z(-) is a solution to (18) with the initial condition z(r) = z,. Using
estimates similar to those obtained above, it is not difficult to show that the subspace A,
consisting of points

(er, [ € H(T20(2(0), a(0), 2(1))dt)
is a tent of the set M, at the point

@(r), [ e p(a(t), i(t))de).

Then following the proof of Theorem 2.1 we achieve the result.

There is no end-point constraint at infinity in the problem (12)-(15), but, as we can
see from the example below, the Lagrange multiplier A can be equal to zero. This is a
payment for the transversality condition.

Example 2.4. Consider the problem
/°° e72(zy (1) + 22(1) + 22(1))dt —> inf
0

z1(1) = z2(1),
T(t) = z1(¢) + u(t),
u(t) 2 0,
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1'1(0) = 1'2(0) = 0.

Here all assumptions of Theorem 2.3 are satisfied. Obviously, @(t) = 0 is an optimal
control and #,(t) = Z2(t) = 0 is the corresponding trajectory. Growth conditions (16)
and (17) are satisfied when a@ = 2 and § =1, e.g. By Theorem 2.3 there exist a number
A <0 and a function (pi(-), p2(+)) such that

pr(t) = —pa(t) — Ae™*/2,
P2(t) = —pl(t)a
p2(t) <0,

X[(p1, p2) ()] 2 1/4,

Al + 1(p1(0), p2(0))] > 0.

Suppose that A = —1. Then p5(t) = p2(t) — e7*/%. Therefore p,(t) = ae' + be™" + Se'/2.
Since x[p2(:)] > 1/4, we obtain a = 0. Then for ¢ sufficiently large p,(t) > 0. This
contradicts to the inequality p2(¢) < 0. Thus, A = 0.

3 The linear quadratic problem

In this section we deal with the linear quadratic optimal control problem

/0°°(x2(t) +u2(t))dt — inf (1)
i(t) = Cz(t) + u(t), (2)
u(t) € K, (3)

z(0) = z,, (4)

where C is a constant (n X n) matrix and K is a closed convex cone. We shall derive
necessary and sufficient conditions of optimality for the problem under the following
hypothesis

(H) for any zo € R" there exists a solution to the controlled system (2) and (3), with the
initial condition (4) satisfying
lim z(t) = 0.

t—o00

To test this hypothesis one can use the following result [10].
We denote by K* the polar cone of K, the closed convex cone defined by

K* = {z"|Vz € K, (z",z) > 0}.

Theorem 3.1. The following conditions are equivalent:
1. the hypothesis (H) holds true,

2. the matrix C* has neither eigenvectors corresponding to nonnegative eigenvalues
contained in K™ nor proper invariant subspaces corresponding to eigenvalues with
nonnegative real parts contained in K™,

11



3. the differential equation p(t) = —C*p(t) does not have nontrivial solutions that have
nonnegative Lyapunov exponents contained in K.

Now, we derive from (H) the solvability of the problem (1)-(4) for any initial condition.

Theorem 3.2. Assume that hypothesis (H) holds true. Then the problem (1)-(4) has a
unique solution %(-), Z(-). Moreover, Z(t) — 0 as t — oco.

Proof. We prove first that there exist numbers ¥ > 0,a > 0,b > 0 such that for any
zo € R" one can find an admissible control u(-) and a corresponding solution z(-) of the
Cauchy problem (2) and (4) satisfying

|z(t)] < alzole™", |u(t)| < blzole™", ¢ > 0. ()

Consider a simplex o®*! C R" a containing unit ball centered at zero. Let zx,k =0,...,n
be its vertices. By hypothesis (H) there exist admissible controls u,(-) such that solutions
of the Cauchy problems

zk(t) = Czi(t) + ur(t),

lk(O) = 2

tend to zero as ¢ becomes infinite. There exists 7 > 0 satisfying |zx(7)| < 1/e,k =0,...,n.
Without loss of generality |ux(t)| < 5 for all t € [0,7],k=0,...,n. Let y € R*,|y| = 1.
Then y = 3 7_o Ak2k for some Ay > 0,k = 0,...,n satisfying 37_o Ax = 1. Obviously,
the trajectory z(-,y) of the controlled system (2) with z(0,y) = y corresponding to the
control u(-,y) = Y r_o Akuk(-) satisfies |z(7,y)| < 1/e, |u(t,y)] < n, t € [0,7]. We define
for zo € R®
uzo(t) = |olu(t, zo/|zol), ¢ € [0,7].

Let z,,(t) be the corresponding trajectory with z,,(0) = zo. Then |z,,(7)| < |zo|/e,
|uzo(t)| < n|zo| when ¢ € [0,7]. For t > 0, we set

_ [ ) te 0l
uh) = { Us(mr)(t = m7) t €lm7, (m +1)r].

This control and the corresponding trajectory z(-) satisfy (5) with y = 1/7, b = en, and
a = emax{|zk(t)| |t € [0,7], k= 0,...,n}.

By (5) the functional (1) in the problem (1)-(4) is finite for any zo. Using standard
reasoning based upon weak compactness of a unit ball in Hilbert space and Mazur lemma,
we obtain existence of an optimal control.

To prove uniqueness suppose the opposite. Let u(-) and w(-) be optimal controls, and
let z(-) and y(-) be the corresponding trajectories. Then

1= [T+ = [ A0 + v

The inequality



(2(t) = y(1))* + 2(u?(t) + w*(1) — (u(t) —w(t))*)dt < T

contradicts optimality of u(-) and w(-).

We prove now that the optimal trajectory Z(¢) tends to zero as ¢t becomes infinite. Since
2(:),2(+) € Lo([0, 00, R*), the function £12(1)|* = 2(2(t), 2(t)) belongs to Li([0,00[, R).
Therefore, lim,_, |Z(t)|? exists and is equal to zero. This ends the proof.

We denote by mx(p) the point z € K such that |z — p| = inf{|y — p| |y € K}.

Theorem 3.3. Suppose that hypothesis (H) holds true. Then the control 4(-) and the
corresponding trajectory Z(-) are optimal for the problem (1)-(4) if and only if x[Z(-)] > 0
and there exists a function p : [0, co[— R" satisfying

B(t) = —C"p(t) + £(2),

Proof. To begin with, note that by Theorem 3.2 optimal control exists and belongs to
L,. Since Theorem 2.1 was proved under the assumption of boundness of optimal control,
it is not applied directly. But because this problem has a linear quadratic form, following
the proof of Theorem 2.1, it is possible to derive that there exist a number A < 0 and a
function p : [0, 0o[— R" such that

p(t) = =Cp(t) — 2X2(1), (6)

maxuer [Au? + (p(t), u)] = Ai(t) + (p(t), (1)), (7)
x[p(1)] 2 0, (8)

Al + [p(0)] > 0. (9)

To show that A # 0 suppose the opposite. Then by (6)-(9) we have
p(t) € _I{‘,
x[p(-)] 20,

[p(0)] > 0.

This contradicts hypothesis (H) because of Theorem 3.1. Thus, we can set A = —1/2.
Using subdifferential calculus (see [11], e.g.) we obtain that (7) implies 0 € 4(¢) — p(t) —
K*n{a(t)}* or a(t) € KN(K*N{u(t)}* +p(t)). Therefore @(t) = mx(p(t)). Thus, if 4(-)
is an optimal control and Z(:) is a corresponding trajectory, then there exists a function
p: [0,00[— R™ satisfying

3(1) = C2(1) + mx(p(2)), (10)
p(1) = —C*p(t) + &(2), (11)
x[p(-)] > 0. (12)

We now prove that x[Z(-)] > 0. For this purpose consider the value function

V(z) = min/ (22(1) + u*(1))dt,

0
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where minimum is taken over all admissible controls and over all corresponding trajectories
with z(0) = z. By Theorem 3.2 there exists an optimal control @(-). Let Z(-) be a
corresponding trajectory with Z(0) = z. We observe that

V(EW) = [ (@) +d(s)ds.

Furthermore,
t+7
rWV(EE+ 7)) = V(E®)) = —T—I/t (£%(s) + 72(s))ds.

Hence, £V(#(t)) < —z*(t). Since the function [V(z)]'/? is a norm in R", we obtain
LV(#(t)) < —cV(&(t)), ¢ > 0. This implies that [V(£(2))]'/? < [V(£(0))]*/2e=*/2. Thus,
x[£(-)] > 0.

We claim that p(t) tends to zero as t becames infinite. If this is not the case there exist
a sequence t;y — 0 as k — oo and a number a > 0 such that |Z(¢]| < 1/k for all ¢ > ¢,
and |p(tk)| > a. We denote by z(-) a pair of functions (Z(-),p(-)) and consider a sequence
of solutions to differential equations (10) and (11), z(¢) = z(t + tx)/|p(tx)|, t > 0. Since
the sequence z4(0) is bounded, we conclude without loss of generality that z,(0) tends to
some zo. Obviously, zo = (0,p0), |po| = 1. There exists a solution z(+) to (10) and (11)
with z(0) = zo, which is a uniform limit of the sequence z(:) on finite intervals. Taking
the limit in (10) and (11) we obtain that zo(-) = (0, po(-)) where

po(t) = —C"po(t),

mx(po(t)) = 0.

The latter equality implies that po(t) € —K™*, t > 0. By Theorem 3.1 x[po(:)] < 0. To
obtain the contradiction we shall prove that po(-) is bounded.
Set p = (p°,p) € R x R™ and consider the differential equations

p(t) = Cp(1), (13)

g(t) = (C+B(1))q(1), (14)
where (n + 1) x (n 4+ 1) matrices C and B(t) are equal to

oot &) w0 (3 1)

The solution of the equation (14) ¢(t) = (1,p(¢)) has zero Lyapunov exponent. By Theo-
rem 1.4 the difference between g(-) and some solution of (13) is a function with a positive
Lyapunov exponent. The solution of (13) with zero Lyapunov exponent is a polynomial
with bounded functions as coefficients. Hence, the function limy_ |p(t + tx)|/|p(ts)| is
bounded. Thus, lim;_, p(t) = 0.

Applying Theorem 1.4 to the equations (13) and (14) once more we obtain x[p(-)] > 0.

The necessity of the theorem statement is proved. The sufficiency is a consequence of
the standard argument given in Lee and Markus [12].
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