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Foreword

The “optimization under uncertainty” project within IIASA has the goal to study structure and
solution techniques of stochastic programs. The present paper studies the asymptotic behaviour
of solutions of “empirical stochastic programs” that are programs where the unknown expecta-
tion functional is replaced by a Monte Carlo estimate. The notion of asymptotic dominance is
introduced and its usefulness is indicated.
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Asymptotic dominance and confidence for solutions
of stochastic programs

G.Ch. Pflug
Institute of Statistics and Computer Science of
University of Vienna and IIASA, Laxenburg, Austria

Abstract

For closed—set valued random processes we introduce a stochastic order relation (dom-
inance) and show that the argmins of a sequence of random processes, which are epi-
convergent in distribution satisfy this order relation in an asymptotic sense. The result
may be used for the construction of confidence regions for the argmin.

1 Introduction.
Consider the stochastic program

F(z) = [ H(z,w) dp(w) = min!
o P = )

where H(z,w) is a random lower semicontinuous function, i.e. a real function defined on
S x ), where S is a closed subset of IR™ and (2, A4, ) is a probability space. H satisfies

(i) z,wwr H(z,w) is jointly measurable
(ii) =+ H(z,w) is lower semicontinuous for every w €

(ii) [|H(z,w)| dp(w) < oo for every z € S.

(see Rockefellar (1976), Castaing and Valadier (1977)). By introducing the characteristic
function of a set S
{ 0 z€S§
s =

oo ¢S

we may equivalently write

(P) 1| 2(2) = [ H(z,w) dps(w) + ds(z) = min!



In cases where the expectation function z — [ H(z,w) du(w) is not known in its analytic
form, a widely used technique approximates (P) by using a sample (&)i=1,..n of i.i.d
random variables with distribution u. The approximative (random) problem is

(P) || Za(a) i= 5 3 H(, &) + 9s(2) = min

By the law of large numbers Z,(z) — Z(z) as n — oo for all x.

Motivated by this example, we study the following problem in this paper:
Main problem. If a stochastic process Z,, converges to a limit

Za() = Z()
in an appropriate sense, what can be said about
argmin Z,(-) in relation to argmin Z(-)?

The main problem arises in many variations: Not only in stochastic optimization but
also in the asymptotic theory of statistical estimates, which are defined as minimizers
or maximizers of a criterion function such as the least sqares estimate, the maximum
likelihood estimate, the M-estimate, the Bayes estimate the minimum distance and the
R-estimate.

As the ”appropriate sense” mentioned in the statement of the Main Problem, we consider
in this paper the notion of epi-convergence in distribution. For a thorough treatment of
this kind of convergence for stochastic processes see Salinetti and Wets (1986). We repeat
here only some basic facts, the proofs can be found in there.

A sequence of lower semicontinuous functions (f,) : IR™ — IR' U {oco} epi-converges to a
l.s.c. function f, if the following properties hold:

(i) for all sequences z,, — z,

liminf fn(z.) 2 f(z);
(i) there is a sequence y, — z such that

limﬂsup falyn) < f(2).

The following properties are equivalent to (i) resp. (ii):

(i) for all closed rectangles I in IR™

liminf inf f,(z) > inf f(z)
n zel zel

(i’) for all open rectangles I° in IR™

hrnnsup zlglfo fa(z) < zléllfo f(z).



The epigraph of a function f is
epi f = {(z,a): f(z) < a} € R™.

epi f is closed if and only if f is L.s.c.
The family C' of all closed sets in /R (including the empty set @) can be metrizised by
the following metric:

_ | 4=, Ch) d(zi, C2)
6(01,02) = 2 1+ d((l!i,cl) 1+ d(fL'i, 02)

=1

where (z;) is a countable dense set in JR' and d(z,C) = inf{||z — y|| : y € C}. d(z,0) is
defined as oo and 135 = 0. The topology induced by this metric is called the Painlevé-
Kuratowski topology. (C',6) is a compact metric space. For a sequence (C,) of closed
sets define the limes superior (Is) and the limes inferior (li) as

Is (Cn) = {z: Jzn, € Cy, st To, — T}

i (Ch) = {z:3z, € Cp s.t. T, = z}.

It is known that §(C,,C) — 0 iff C = 1s (Cy) = li (Cr). Moreover, f, epi-converges to
f it 6( epi fa, epi f) = 0.
If Z is a m-dimensional l.s.c. random process, then epi Z induces a probability measure on
the Borel sets of the compact metric space (C™*1,§). A sequence of random Ls.c. processes
(Z,) epi-converges in distribution to Z (in symbol: Z, PSP Z), if the probability
distributions induced by epi Z on (C™*!,§) weakly converge to that induced by epi Z.
For an arbitrary set A € IR introduce the "missing family” M, and the "hitting family”
Ha:
MAZ{CECIZCOAZQ}

Ha={Ce€C:CNA#P} =M

( © denotes the complement). A basis of the Painlevé-Kuratowksi topology is given by

the families
MgNOHg N...0Hg,

where K is compact, G4, ... Gy are open and k is arbitrary.

1.1 Definition. Let P and Q be Borel measures on (C',6§). We say that P dominates
Q, if
P(Mg, U...UMkg,) < Q(Mk, U ... UMkg,)

for all k and arbitrary compact sets Ki,..., Kj.

1.2 Definition. Let P,(P,),en be Borel probability measures on (C',6). We say that
P asymptotically dominates (P,), if

P(Mg, U... UMK,‘) < lirr;iann(MKl U ...UMKk)
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for all £ and arbitrary compact sets Ki,..., K.

The reader may easily verify that P asymptotically dominates (P,) iff P dominates all
cluster points of (Py).

Now, we are ready to state the main theorem.

1.3 Theorem. Let Z,(z,w) be a stochastic process in JR™ which is epi-convergent in
distribution to Z(z,w). Let P resp. P, be the distribution induced on (C™,§) by argmin
Z resp. argmin Z,. Then P asymptotically dominates (FP,).

The proof is contained in section 3.

As an application of this theorem we may determine confidence sets for the argmin as is
stated in the following theorem.

1.4 Theorem. Suppose that the assumptions of the theorem 1.3 are fulfilled. Assume
further that there is a compact set K such that

lirnnian( argmin Z, C K) 21— /2

and an open D with P( argmin Z C D) > 1 — /2. Then D is an asymptotic confidence
set for argmin Z, in the sense that

lim inf P( argmin Z, C D) >1-q.

The proof is also contained in section 3.

2 Weak convergence in C'.

Let V be a collection of compact sets in IR' such that
(a) V is closed under finite union and intersection

(b) each compact set K is representable as the intersection of a decreasing sequence in

V, i.e.
K=V Vi € V5 VieV

(in symbol V; | K)

(c) each open set G is representable as the union of an increasing sequence in V, i.e.
G=UV.'; Vin 2 Vis VieVv

( in symbol V; T G)



Typical examples for V are the family of compact rectangles or the family of compact
rectangles with rational endpoints.

2.1 Lemma. The Borel o-algebra on (C',6) is generated by the sets
{My :V eV}
Proof. It is sufficient to show that each basic open set
MgNHg N...NHg,

is contained in the o-algebra generated by {My : V € V}. Let V,-(O) € V such that
V9 | K and V,¥) € V such that V¥ 1 Gj; 1 < j < k. We claim that Mg = UR, M.
Obviously Mg D U2, M. Suppose that C € Mg\U2; M. Then CN K = 0§,

but C' N V,-(O) #0. Let z; € CN V;(O). The sequence (z;) has a cluster point z*, which is
in N2, V{9, a contradiction.
Since V,-(J) 1 Gj, 'HV‘(,') T Hg; for 1 <3 < k. Consequently, by Hvi(j) = M;_(,-),

MV.‘(O) ﬂM“:,i(l) ﬂ...ﬂM;_(k) TMrgNHg_1N...NHg,

as 7 — 00. O

2.2 Lemma. Let P be a probability measure on (C!,8). Then P is determined by its
values on My;V €V, ie. by
{P(Mv) :VeV}h

Proof. Let Sy be the family
Sy = {MVOOM‘{/I ﬂ...ﬂM‘{/k Vo, W,... Ve € V]
Sy is a semi-ring: It is closed under intersection, since

My, M, 00 ME, 0 My 0 MS, 0.0 M,
ZMVOUVO'OM‘{/Iﬂ...ﬂMi/kﬂM‘{/{ﬂ...nMi/k:

and the complement of each set from Sy is representable as a finite union of sets from Sy.
P is uniquely determined on Sy by

P( %’1):1_P(MV1)

P(MVO N M“:’l) = P(MVO) - P(MVouvl)

and — by induction -

P(My, N My 0 ...0OM3, )
= P(My, N M§ N AMS) — P(Myuv,, N M5 0.0 M),
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Consequently, P is uniquely determined on the generated algebra (which consists of finite
unions of sets from Sy) and hence also on the generated o—algebra. O

2.3 Theorem. A sequence of Borel probability measures (P,) on (C', §) weakly converges
to a limit P, if and only if for all V € V

P(My) < liminf P,(My) < lim sup Pa(Mye) < P(Mys), (1)

where V° is the open interior of V.

Proof. Suppose that P, = P weakly. It is not difficult to show that the closure of My
is My.. Thus My is open and Myo. is closed and (??) follows from the well known
Portmanteau theorem ([2]).

Suppose conversely that the condition (??) is fulfilled. If V = UL, [af?, 8] x -+ x
[al?, 8] then V¢ is defined as

k » - - »
Ve=UlY — 6,89 + ¢ x - x [0l —¢, 89 + ¢

i=1

for € near 0. The function € — P(My«) is monotonically decreasing and right—continuous.
There are only denumerably many jumps and the set of all €, for which

P(Mvc) = 11{1’1 P(Mvrl)
nte
is dense. Let V, be the family of subsets of V which are P-continuous, i.e. for which

P(My) = lim P(My-).

V, has the same properties (a) — (c) as V and the assertion of Lemma 2.1 and 2.2 are
valid also for V,.
Suppose that 4 is an open set in (C',8). We know that A is of the form

A= Mg, 0 My NN M.
i=1 [ 1

for compact K; and open G,(j). Since every set Mg, N MZ:(.’) Nn...N Mz;(ka) may be

approximated from below by sets from Sy and even by sets from Sy, we may write

(o]
A= U MVJ-(O) N M;(l) n...N Mcv(nj),
=1 ! J

where VJ-(') € V,. Let € be arbitrary small and J such large that

J
P(U MV(O) M M“:/_(l) N...N M‘;/(",') Z P(.A) — €,
j=1 7 7 3



Since, by assumption (cf. Lemma 2.2),
P,(My) = P(My) forall Ve,
ans V, is closed w.r.t. intersection, we have
J
Pn,( U MV.(O) n M;(l) ﬂ RN ﬂ M;(,.j)) —
j:] J 7 j

J
P(U MVJ.(O) n M;Q) Nn...N M;(nj))
J J

i=1

and therefore
J
lim inf P, (A) > lim P (|J My N M N...N M: ) = P(A) — €.
n n j:l J J J

Since € was arbitrary, lim inf,, P,(A) > P(.A) which is equivalent to P, = P weakly.
0O

2.4 Corollary. Let Z,(z,-) be a ls.c. process. Then Z, epi—converges in distribution

(Z, PP Z) if and only if for all k, all collections of closed rectangles Ry, ..., R; and
all reals ay,. .., o

P(zlé’llgl Z(z,-) >y, - ,zlelllgk Z(z,-) > ax)

IA

lim inf P(zlenlgl Z(z,:) > a1, - ,zlenlgk Zn(z,-) > )

IN

i i N> ayeee. i 3>
llrnnsup P(xléll% Zn(z,) 2 ay, ,11611}%‘: Zn(z,°) > ak)

IN

P(zigl% Z(z,") > g, - ,xienlgz Z(z,) > o).
Proof. The corollary is a direct consequence of Theorem 2.3, since

{zléllgl Z(‘Ta ) > Qg 3zlen}£k Z(.’IJ, ) > ak}

k
= {epi Z(--) € ﬂ MR;x[a.',a.'—ll}'

i=1

3 Proofs of the main theorems

3.1 Proof of Theorem 1.3. Suppose that Z,(-,-) PP Z(-,-). By the well-known
Skorohod-Dudley-Wichura theorem one may construct a probability space ({2, A, P')
and random l.s.c. functions Z, resp. Z’ on () such that
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(i) Zn and Z] resp. Z and Z’ coincide in distribution,
(i) 6(epi Z!, epi Z2') -0  P' —a.s.

Let A, = argmin Z,, A’ = argmin Z/, A = argmin Z, A’ = argmin Z’. Clearly A,
and A!, resp. A and A’ coincide in distribution. By (ii)

Is AL C A P’ —a.s.
since f, it f implies that 1s argmin f, C argmin f. Let K be a compact set and

suppose that A'(w) N K = . Then Al (w) N K # @ only for finitely many n. Otherwise
this would be a contradiction to 1s Al (w) C A'(w). Consequently

Laemyy < lirrhinf LA ems) P' - a.s.

where 1 denotes the indicator function. Let Kj,..., K be a collection of compact sets.
By Fatou’s Lemma

P(AEMK,U...UMK,‘):P'(AIEMKIU...UMKk)
Epl(rn?x ]I{A’GMKI-}) S EP:(m?X lm}llnf ]I{A:,GMK,-})

IA

IEp/(lim inf max ]l{A,GMKi}) < lirr%linf Ep:(max ]I{A'eMK'.})
1in}1ian'(A:1 € Mg, U...UMkg,)
liminf P(An € Mk, U... UMk,).

O
3.2 Proof of Theorem 1.4.
We continue with the notation of the previous proof. Since D C K it follows that
MDC = MKnDc\M;(:.
Therefore, by Theorem 1.3,
lirrhian( argmin Z, C D) = lirrhian(Aﬂ € Mpec)
> liminf[P(An € Mgnp) — P(An € Mj )]
> P(A € Mgnape) + lirr}1ian( argmin Z, C K) —1
> P(A € Mpe)+af2
= 1—Plargmin ZC D)+ af2=1—-qa.
]
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