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Foreword

In this paper the authors study time dependent Lyapunov functions for
nonatonomous systems described by differential inclusions. In particular it
is shown that Lyapunov functions are viscosity supersolutions of a Hamilton-
Jacobi equation. For this aim a new viability theorem for differential inclu-
sions with time dependent state constraints is proved:

z'(t) € F(t,z(t)), z(t) € P(t)

where t ~ P(t) is absolutely continuous and (t,z)~ F(t,z) is a Lebesgue-
Borel measurable set-valued map which is upper semicontinuous with respect
to z and has closed convex images. The viability conditions are formulated
both using contingent cones and in a dual way, using subnormal cones (neg-
ative polar of contingent cone).



1 Introduction

Consider two functions V : Ry x R? —» RU {400}, W : R; x R —» R and
a set-valued map F : R, x R? ~ R%. Our aim is to study necessary and
sufficient conditions for the existence of a solution z(:) to the differential
inclusion
z'(t) € F(t,z(t)) forae. t 21
— (1)
I(to) = Io

such that for every t > g
t
Vit,a(®)+ [ Wra(r)dr < Vto,z0)
to

for every choice of to > 0, zo € R%. This problem is important for the
investigation of stability in the sense of Lyapunov and the asymptotic sta-
bility. We refer to [4, Chapter 6] and [3, Chapter 9] for several applications
and the bibliography concerning this problem. In the difference with these
earlier works we allow F' to be only measurable with respect to the time.
In particular we show that a continuous function V : R, x R¢ — R such
that ¢t ~ Ep(V(t,-)) is absolutely continuous enjoys the following monotonic-
ity property: for every (to,z0) € Ry x R there exists a solution z of the
differential inclusion (1) such that ¢ — V(¢,z(t)) is nondecreasing if and
only if it is a (generalized) supersolution of the Hamilton-Jacobi-Bellman

equation 5 5
|4 |4
_W'*’H(t, Z, —6—2) =0

Furthermore, V is a viscosity supersolution whenever either F is upper semi-
continuous in both variables or when V is locally Lipschitz.

Our results are based on a new viability theorem for differential inclusions
with dynamics measurable with respect to time and the state constraints,
given by an absolutely continuous set-valued map P : [0,T] ~ R called
tube.

We investigate the existence of solutions to the constrained problem

z'(t) € F(t,z(t)) ae. in [to, T]
z(to) = %o (2)
z(t) € P(t) forall t € [to,T]

for every zo € P(t) and all ty € [0,T7.



The tube P is called viable if for every ¢, € [0,T[, zo € P(1) there exists
a solution to the above Cauchy problem. We refer to [3] for many results on
the viability problem, applications of the viability theory and the historical
comments. We prove here the following sufficient condition for viability:

3 A C [0,T] of full measure such that
Vi€ A, Vz e P(t) ({1} x F(t,2)) N T (Tgraph(p)(t:2)) # 0

where o stands for the closed convex hull and F has convex compact images,
F(t,-) is upper semicontinuous, F(-,-) is Lebesgue-Borel measurable and
has a linear growth. For upper semicontinuous in both variables F' similar
conditions can be found in [3], [4] (without the convex hull €6) and in [11] (see
also [3, Theorems 3.2.4, 3.3.4]) (with the convex hull €6). In the context of
tubes and measurable in time dynamics the above condition was first proved
in [9,10] under the additional hypothesis that F(,-) is locally Lipschitz. In
this way our result is a generalization of [10].

The outline of the paper is as follows. In section 2 we recall some basic
definitions. The viability theorem is given in section 3. Section 4 is devoted
to an application to the Lyapunov second method.

2 Preliminaries

Let K C R? be a nonempty subset and zo € K. The contingent cone to K
at zq is defined by

K- ZTo
T lim inf dist — =
v € Tk(z0) < Ln_l'(l)ri is (v, 5 ) 0
where dist(a, A) denotes the distance from a point a to a set A. See [5,
Chapter 4] for many properties of tangent cones.
The subnormal cone N (zo) to K at zo is the negative polar of the
contingent cone:

N%(zo) := {p € R? |V v € Tx(zo), (p,v) < o}

Consider an extended function ¢ : R? = R U {+00}. The domain of
¢, Dom(¢), is the set of all zo such that ¢(zo) # +00. The subdifferential
of ¢ at zo € Dom(p) is given by

d-p(z0) = {pe RY| liminf 2B =¥ = (2= 20) 0}
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The contingent epiderivative of ¢ at zo € Dom(y) in the direction u € R?
is defined by

e zo + hu') — o(z
Dig(zo)(w) = , liminf (2o h) (o)

Let 7 be a metric space and {A,},e7 be a family of subsets of a metric
space X. The upper limit Limsup of A, at 7o € T is the closed set

Limsup ,_,, Ar = {veE X | li"p_lj,%lfdist (v, 4;) = 0}
For a set-valued map F : [0,7] x R? ~» R the graph Graph(F) is given by
Graph(F) = {(t,2,9)| (t,2) € [0,T]x R?, y € F(t,2)}
We associate to it the differential inclusion
' € F(tz) (3)

Recall that an absolutely continuous function z : [tg, T] — R? is a solution
of (3) if z/(t) € F(t,z(t)) almost everywhere in [to, 7.

Proposition 2.1 ([10]) Assume that Graph(F(t,-)) are closed for almost
allt € [0,T] and

F(t,z) is closed and convex for almost all ¢t € [0,T] and all z € R? (4)

I pu e LY0,T), ||F(t,z)|| < p(t) for ae.t € [0,T] and all z € R?, (5)

where ||F(t,z)|| = sup{||yl| |y € F(¢,z)}.
Then there ezists a set A C [0,T] of full measure such that for every
T € A and for every solution z to (8) defined on [0,T] we have

 # Limsup ,_,o, {Z(T + h’Z — Z(T)} C F(r,z(1))

Remark — The conclusion of Proposition 2.1 remains true if we replace
(5) by the following linear growth assumption

Jpue L, ||F(t,z)|| < p(t)(1 + ||z|) for a.e. t € [0,T] and all z € R? (6)



Indeed, if F satisfies (6) and z(-) is a solution to (3) on [0,T], then there
exists an integer k such that ||z(t)|| < k for t € [0,T]. Let Ax C [0,T] be a
set of full measure given by Proposition 2.1 for the right hand side

F;:[0,T] x R¢ ~ R?
defined by

_ [ F@o) for —all < k
Fi(t,z) = { p)1+k)B  for |z|| >k

where B is the closed unit ball in R?. It is enough to take A = N2, Ax. O

Let P : [0,T] ~ R be a set-valued map with closed values. In this paper
we call it a tube (of constraints). We say that P is absolutely continuous on
[0, T] if the following property holds true:

Ve>0,Vcompact K CR?,36>0,V0<t; < <.e.<tpy <™ < T,
2(ri-t)<é = Ymax{e(P(t:)N K, P(ri)), e(P(r) N K, P(t;))} < ¢

where e(U,V) =inf{e > 0|U C V + ¢B}.
We get the definition of left absolute continuity by replacing

max{e(P(t) N K, P(r)), e(P(ri) N K, P(t))}

by e(P(t;) N K, P(r;)). For a tube P : [0,00[~ R? with closed images
we say that it is locally absolutely continuous (respectively locally left abso-
lutely continuous) if the restriction of P to any finite time interval [0,T] is
absolutely continuous (respectively left absolutely continuous).

The Hamiltonian H : [0,T] x R? x R? = R associated to F is given by

H(t,z,p) = sup (p,v)
veF(1,z)



3 Viability Theorem

In this section we obtain a new viability theorem for unbounded set-valued
maps. Consider the viability problem (2).

Theorem 3.1 Let p € L'(0,T) be a nonnegative function. Assume that
a closed valued map P : [0,T] ~» R4 is absolutely continuous, that F :
[0,T] x R? ~ R? has nonempty closed convez values and

z ~ F(t,z) is upper semicontinuous for almost all t ; (7)
F(-,:) is L x B (Lebesgue-Borel) measurable ; (8)
Then the following statements are equivalent:

i) There ezists C C [0,T] of full measure such that for allt € C, z € P(t)

({1} x F(t,2) 0 p(8)(1 + [12]))B) N2 (TG raphe(t: 2)) # 0

it) For all ty € [0,T[ and zo € P(to) there ezists a solution z(-) of (2)
satisfying ||z’ (t)|| < #(t)(1 + ||z(2)]]) almost everywhere in [to, T).

Corollary 3.2 Let P, F be as in Theorem 3.1 and assume that (6) holds
true. Then the following statements are equivalent:

i) There ezists C C [0,T] of full measure such that for allt € C, z € P(t)

({1} x F(t,2)) % (Tgraph(p)(t:2)) # 0

ii) For all to € [0,T[ and zo € P(to) there ezists a solution z(-) of (2).
i11) There ezists D C [0,T] of full measure such that for allt € D, z €
P(t) .
V (Pt,P::) € NGraph(P)(t’z)’ —Dt + H(t,z, —P::) 2 0

Proof of Theorem 3.1 - By Proposition 2.1 applied to the map
(t,2)~ F(t,z) np(t)(1 +||2]))B

and the Remark following it, i¢) = i). To prove the converse, without
any loss of generality, we may restrict our attention to the case t; = 0
and zo € P(0). By the Gronwall inequality, there exists r > 0 such that
if an absolutely continuous function z : [0,2;] — R satisfies ||z'(¢)|| <

7



p(?)(1 + [|z(2)]) a-e. in [0,t1] and z(0) = zg, then ||z]|lc < r. Hence it is
sufficient to prove the existence of a solution to the problem

z;((;!)) € F(t,z(t)) a.e. in [0,T)
z(t) € P?t) for every t € [0,T]

where P(t) = P(t)U{z € R : ||z|| > r} and

_ Fit,z) ()1 + [lz])B if =]l <7
F(t,z) =
W)L +7)B it ol >+

In the same time, z(-) is a solution to the differential inclusion (2). Further-
more, F' is integrably bounded, because for almost all t > 0

VzeRY, [IF(t )] < u(t)(1+7) = (1)

and the viability condition holds true for almost all t > 0 and all z € R%:

({1} x F(t,2)) N @ (Tgrapnes(t: 7)) # 0

To simplify the presentation of the proof we shall rather use the initial
notations, i.e. F' for F' and P for P, and u for ji.

Step 1. — Using [12, Theorem 2.4], we construct an increasing sequence
{K} of closed subsets of [0, T] such that | J{° K is of full measure, for every
k, the restriction F' |k, g« is upper semicontinuous and the function

V.= 2 Sup{[l(t)l te Kk} X(Ke\Kk-1)
k=1

is integrable, where x(x) denotes the characteristic function of K C [0, 7).

Step 2. — Fix k. By [4, Theorem 1.13.1] there exists a sequence {FX}%_,
of convex compact valued maps from Kj x R? into R? such that

a)Vte€ K, Vz € R, Vm, FE_ (t,z)C Fi(t,z),
b)Vte Ky, Vz € R4, F(t,z) = N2, FE(t,2),
¢)Vm, F¥ islocally Lipschitz,



d)Vte Ky, Vz € R?, Vm, Fk(t,z) CeF(KixR?) C sup,ek, p(t) B
We define the set-valued map Fy : [0,T] x R? ~ R? by:

_ ] v(t)B if t¢ Ky
Fi(t,z) = { F‘:"(t,:l:) if te K, \Kn_andm € {1,2,....k}

and denote by Si the set of all solutions to the following viability problem

:z:'((t)) € Fi(t,z(t)) a.e. in [0,T]
z(0) = g
z(t) € P(t) for all t€[0,T]

It is easy to check that Fj satisfies all the assumptions of Theorem 4.7 from
[10]. Thus the set Si is nonempty and compact.
It follows directly from the construction that

Fiy1(t,z) C Fi(t,z), Yt €[0,T],Vz € R?
F(t,z) = Nizy Fr(t,z), VI €UrZ, Kk, Yz € R?

Thus Sk41 C Sk, for every k, which in turn implies that & = N2, Sk is
nonempty, where S denote the set of solutions to (2) with tg = 0 defined on
[0,7]. O

Using the same construction as in the above proof we obtain the following
generalization of [10, Theorem 4.2]:

Theorem 3.3 Assume that a closed valued map P : [0,T] ~ R? is left
absolutely continuous, that F : [0, T]x R ~ R? has nonempty closed convez
values and satisfies (7), (8). Let u € L'(0,T) be a nonnegative function.
Then the following statements are equivalent:
i) There exists C C [0, T] of full measure such that for allt € C, z € P(t)

({1} x F(t,z) n p(t)(1 + [|z]))B) N DP(t,)(1) # 0

i) For all tg € [0,T[ and zo € P(ty) there ezists a solution z(-) to (2)
satisfying ||z’ (t)|| < u(t)(1+ ||z(t)||) almost everywhere in [to, T].

When P does not satisfy the viability condition 1) of Theorem 3.3, then
we may look for the largest subtube of P, which is viable under F. In the
stationary case such subset was introduced and studied by Aubin in [2].



Definition 3.4 Consider a tube P : [0,T] ~ R?, t; > 0 and a left abso-
lutely continuous set-valued map P : [t;,T] ~» R? with closed images such
that for every t € [t1,T], P(t) C P(t). P is called a viability subtube of P
with respect to F if there ezists A C [ty,T] with m([t,,T]\ A) = 0 such that

Vte A, VzeP(t), F(t,z)NnDP(t,z)(1)# 0

The largest viability subtube of P with respect to F is called the viability
kernel of P with respect to F.

Theorem 3.5 Let P : [0,T] ~ R? be closed valued and F : [0,T] x R4 ~»
R? satisfy (4), (6), (7) and (8). Then the set of all initial conditions
(to,z0) € Graph(P) such that the constrained Cauchy problem (2) has a
solution is the closed viability kernel of P with respect to F.

Proof — For every to € [0,T], consider the set K(tg) of all initial con-
ditions zo € P(tp) such that the constrained Cauchy problem (2) has a
solution. From our assumptions, using the same arguments as in the con-
vergence theorem [5, p.271], we deduce that the set {(¢,z) | z € K()} is
closed. From (6) we deduce that K is left absolutely continuous. Theorem
3.3 implies that every viability subtube P of P is smaller than K.

10



4 Lyapunov Functions

Consider a lower semicontinuous function V : Ry x R — R U {+oc},
an £ x B measurable function W : Ry x R? — R and a set-valued map
F:R, xR%~ R% Let tg > 0, 7o € R% A function z : [to,c0[— R
is called locally absolutely continuous if its restriction to any finite time
interval is absolutely continuous. A locally absolutely continuous function
z : [to,00[— RY is a solution to (1) if z'(¢) € F(t,z(t)) almost everywhere
in [to, 0o[ and z(to) = zo.
Throughout the whole section we impose the following assumptions:

e For almost all t > 0, W(t,-) is lower semicontinuous and for some
ke L} (Ry,Ry) we have

|W(t,z)| < k(t)(1+ ||z])) for a.e. >0 and all z € R?

e F has nonempty convex compact values, satisfies (7), (8), (6), where
> 0 is a locally integrable function.

Definition 4.1 V : Ry x R? —» R U {+00} is called a Lyapunov
function for F with respect to W if there erists a set D C Ry of full
measure such that

V (t,z) € Dom(V)n D x RY, EiFn(it’ )D,V(t,z)(l,v) < -W(t,z)

Theorem 4.2 If the set-valued map t ~ Ep(V(t,-)) is locally abso-
lutely continuous, then the following three statements are equivalent:

i) V (to, z0) € Ry x RY there erists a solution z(-) to (1) such that

t
Vi>to, V(t,z(t))+ / W(r,z(r))dr < V(to, o)
to
ii) V is a Lyapunov function for F with respect to W
i) 3 C C R of full measure such that for all (t,z) € Dom(V)NCxR?
V (pt,pa:’ Q) € ng(v)(t,I,V(t,I)), =Dt + H(i,.’t,—px) 2 qW(t’I)

If in addition V 1is locally Lipschitz, then iii) is equivalent to
#11)’3 C C Ry of full measure such that for all (t,z) € C x R?

v (pt,pa:) € a_V(t,I), —Dt + H(t,z’ _p:l:) 2 _W(tvz)

11



Theorem 4.3 Assume that F is upper semicontinuous in both vari-
ables and that at least one of the following two assumptions holds true:

H,) k = const and W is lower semicontinuous in both variables
Hy) W is continuous.

Then the following three statements are equivalent:

i) V (ta, z0) € Ry x R? there ezists a solution z(-) to (1) such that

Vi>te, V(t,z(t)+ /t ‘W, a(r))dr < V(to, z0)

ii) ¥ (t,2) € Dom(V), infyepz D1V (L 2)(1,v) < ~W(t,7)

'") v (taz) € Dom(V), V(Pt,Pz) € B_V(t,:c), —Dt + H(taza —p:c) Z
~W(t,z), i.e. V is a viscosity supersolution to the Hamilton-Jacobi
equation —%—‘: + H(t,z, —%%) + W(t,z) = 0.

Proof of Theorem 4.2 — We first show that ii) = 1¢). Let D
be as in the Definition 4.1. By [5, p.226,228] for every (t,z,2) € Ep(V)
such that t € D

({1} x F(t,2) x {-W(t,2)) @B Tepv)(t,2,2) #0 (9)

Applying the separation theorem we deduce iii).

To prove that ii1) == 1) it is enough to consider (tg,z¢) € Dom(V).
Using the time translation, we may restrict our attention to the case
to = 0. Consider the set-valued map F : Ry x R% x R ~ R%+! with
nonempty convex compact images defined by

F(t,z,y) = F(t,2) x [-k(t)(1 + |l2]l), -W (2, 2)]
Then
a) for almost every ¢ > 0, F(t,-) is upper semicontinuous
b) F is £ x B measurable ;
c)Fora.e. tand all (z,y) € R™!, || F(t, 2, v)|| < (n(2)+2k(2))(1+]|z]|)
By iii), (9) holds true for all (¢, z, 2) € £p(V)N(CxR?xR). According
to Theorem 3.1 there exist (z,,¥s) : [0, 2] — R solving the problem

' € F(t,z) , z(0)==zo
v € [k +|l=zlD),-W(t,z)] , ¥(0) =V(0,20)

12



such that y,(t) > V(t,z.(t)) for allt € [0,n]. Hence for every t € [0, n],

V(t,:z:,,(t))+/ot W(r,zn(7))dr < V(0,20)

We extend z,, on R by setting Vit > n, z,(t) = z,(n). We can find
a subsequence z,, : [0,n;] — R? and a locally absolutely continuous
z : R, — R such that z,,, — z uniformly on compact sets and for
every r > 0, zj,, restricted to [0,r] converge weakly in L'(0,r;R?)
to z’. Exactly in the same way as in [5, p.271] we check that z is a
solution to (1) with ¢5 = 0. Finally {) yields ii) in view of Proposition
2.1 applied to F'. When in addition V is locally Lipschitz, we deduce
the equivalence of iit) and iii)’ using [7]. O

Proof of Theorem 4.3 — By the Mean Value Theorem [4, p.21],
if F is upper semicontinuous and W is lower semicontinuous, then
i) yields ii). By [7], it) = ii7). Conversely, if iit) is satisfied, then,
exactly as in [8], the upper semicontinuity of the Hamiltonian H imply

v (ptvpz:v q) € ng(V)(t’ z,V(t,I)), —Dt + H(t,.’t, —pz:) Z qW(t,z)

for all (¢,z) € Dom(V'). From the separation theorem we deduce (9)
at every (t,z,z) € £p(V). If the assumption H,) is verified, then
consider the upper semicontinuous set-valued map F as in the proof
of Theorem 4.2. By [3, Theorem 3.3.6] the viability problem

() =1, t0)=0

z'(s) € F(s,z(s)) , z(0)==zo

y(s) € [-k(1+|lz(s)l[),-W(s,z(s))] , y(0)=V(0,z0)
(t,2(),¥(1)) € Ep(V)

has a solution defined on [0, oo[. This yields i) and completes the proof
in this case. If H;) is verified then the viability problem

() =1, t0)=0

z'(s) € F(s,z(s)) , z(0)=zo

v(s) = -W(s,z(s)) , y(0)=V(0,z0)
(t,z(1),y(t)) € &p(V)

has a solution defined on [0, oo[, which again implies i). O

Theorem 4.2 allows, using an approximation procedure, to prove

13



Theorem 4.4 In Theorem 4.2 assume in addition that V is continu-
ous. Then the equivalent statements i) — iif) are equivalent to

iv) For all (to,z0) € Ry x R there ezists a solution z(-) to (1) such
that for allt > s > 1o,

V(t2@)+ [ Wra(r)ir < Vs,2(s) (10)

In particular, if W > 0, then V(t,z(t)) < V(s,z(8)) for allt > s > tp,
i.e., V 1s strictly decreasing along the trajectory z.

Corollary 4.5 In Theorem 4.2 assume that V is nonnegative, locally
Lipschitz and that for some a > 0, W > aV. Then for every (1o, Zo) €
R, x R? there ezists a solution = of (1) such that

Vi 2t 210, V(tg,a(ts)) < e 27V(1y,2(ty))
If in addition V does not depend on time, i.e., V(t,z) = V(z),
Vz#£0, V(z)>0 & V(0)=0

and for some r > 0 the connected component ). of the level set
{z|V(z) < r} containing zero is compact, then z(t) — 0 whenever
zp € Q..

We next prove an existence theorem for the lower semicontinuous Lya-
punov functions.

Theorem 4.8 Consider a lower semicontinuous extended function
Vi : Ry x R4 RU{+0} and assume that for a.e. t >0, W(t,-) is
continuous and the set-valued map z ~ F(t,z) is continuous.

Then there erists the smallest lower semicontinuous Lyapunov func-
tion V of F with respect to W satisfyingt ~ Ep(V(t,-)) is locally left
absolutely continuous such that V > V; .

In particular there ezists the smallest nonnegative lower semicontin-

uous Lyapunov function V of F with respect to W satisfying t ~»
Ep(V(1,-)) is locally left absolutely continuous.

14



Remark — If there is no lower semicontinuous Lyapunov function
V of F with respect to W larger than V; satisfying t ~ Ep(V(¢,-)) is
left absolutely continuous, then V = 400. O

Proof — We consider the set-valued map t ~ P(t) := Ep(V4(t,-)).
For every to > 0, let K(g) be the set of all zg € P(tp) such that the
constrained Cauchy problem

z'(t) € F(t,z(t)) for ae. t 2> 1o
z(l) = zo
z(t) € P(t) forall t> 1

has a solution (defined on [ty, 00[). The graph of the set-valued map
K is closed and K is locally left absolutely continuous. Define V by

V(t,z) =inf{r e R |(z,7) € K(t)}

Then V is lower semicontinuous and t ~ Ep(V(t,-)) is left absolutely
continuous. From Theorem 4.2 we deduce that V is the smallest
Lyapunov function of F with respect to W such that V > V; and:
t~ Ep(V(t,-)) is locally left absolutely continuous.

5 Stabilizing Selections

We extend here the sufficiency part of [1, Theorem 3.1] to the time
dependent case.

Consider a continuously differentiable V : R, x R? — R such that
V(t0=0 & Vz#0, V(t,z)>0

Theorem 5.1 Assume that F' measurable with respect to t and sat-
isfies (4), (6) with T = 400 and p € L}(0,400), that for almost all
t > 0 the set-valued map z ~ F(t,z) is continuous, 0 € F(t,0) and

VzeRI\{0}, oft,z):

av A%
——a—t(t,z)+H (t,z,—a—z(t,z)) >0

For every r > 0 set v,(t) := infy>, a(t,z). If for all T >0,

Vt>o0, / vr(8)ds = oo
t

15



then there ezists a selection f(t,z) € F(t,z) which is Carathéodory on
R, x R¥\{0} such that V't > 0, f(t,0) = 0 and every solution z(-) to

z'(t) = f(t,z(t)) for ae. t (11)
converges to zero ast — +00.

Proof — Define a new set-valued map

G(t,z) = {y € Ft,2)| %—‘t/(t,z) + <Z—:(t,z),y> < -%a(t,z)}

Then G has convex compact images and is measurable with respect to
t. Furthermore, it is not difficult to realize (see for instance [1, Lemma
2.1]) that for almost all t > 0, G(t,-) is continuous on R?\{0}. By [5,
p-374] there exists a Carathéodory selection

R, x (R¥\ {0}) 3 (t,z) — f(t,z) € G(t,z)
We set f(t,0) =0, a(t,0) = 0. Clearly the growth of f is at most lin-

ear. Consider any solution z(-) of (11) on [0, oo[. Then, differentiating
V(t,z(t)), we prove that forallt > s> 0

t
Vitz@)+3 [ a(ra(n)dr < V(s,2(s)
8
From assumptions of theorem we deduce that for some t, — 400

z(t,) — 0. Since p € L! and ||f(t,z)| < p(t)(1 + ||z||), using the
Gronwall inequality, we end the proof.
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