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Abstract

In this paper we formulate and study a minimax control problem for a class of parabolic
systems with controlled Dirichlet boundary conditions and uncertain distributed pertur-
bations under pointwise control and state constraints. We prove an existence theorem
for minimax solutions and develop effective penalized procedures to approximate state
constraints. Based on a careful variational analysis, we establish convergence results and
optimality conditions for approximating problems that allow us to characterize subopti-
mal solutions to the original minimax problem with hard constraints. Then passing to
the limit in approximations, we prove necessary optimality conditions for the minimax
problem considered under proper constraint qualification conditions.

Keywords: Parabolic equations, uncertain disturbances, Dirichlet boundary controls,
minimax criterion, state constraints, approximations, constraint qualification, and
variational inequalities.
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Minimax Control of Constrained
Parabolic Systems

Boris S. Mordukhovich and Kaixia Zhang

1 Introduction

This paper is devoted to the study of a minimaz optimal control problem for a class of
distributed-parameter parabolic systems with uncertain disturbances (perturbations) and
boundary controls. Our motivations partially come from applications to robust control of
constrained parabolic systems with uncertainty conditions; see [18-20, 22]. It is natural
that uncertain disturbances frequently occur in many control systems operating in real-life
settings, although we are not familiar with any results in the literature directly related to
the minimax control problem under consideration.

From a mathematical viewpoint, we consider a control problem for linear parabolic
systems with uncertain disturbances, state constraints, and bounded controllers in the
Dirichlet boundary conditions. The objective is to compensate undesirable effects of sys-
tem disturbances through boundary control actions such that a nonlinear cost functional
achieves its minimum for the worst (maximal) disturbances. The optimization problem
under consideration appears to be essentially nonsmooth and requires special methods for
its variational analysis. To provide such an analysis in this paper we systematically use
smooth approzimation procedures.

The main results of the paper include an existence theorem and necessary conditions
for evaluating both the worst distributed perturbations and optimal boundary controllers
under pointwise (“hard”) control and state constraints. Actually we split the original min-
imax problem into two interrelated optimal control problems for distributed perturbations
and boundary controllers with moving state constraints. Then we approximate state con-
straints in each of these problems by effective penalizations involving C'**-approximations
of maximal monotone operators. We establish strong convergence results for such pro-
cesses and obtain characterizations of optimal solutions to the approximating problems.
Finally imposing proper constraint qualifications, we come up to necessary optimality con-
ditions for the worst perturbations and optimal controllers in the original state-constrained
minimax problem. Some results and special cases have been presented in [21, 23].

This paper is organized as follows. In Section 2 we formulate the minimax control
problem for our study taking into account a semigroup model for parabolic equations
with the Dirichlet boundary conditions. We define an optimal solution to the minimax
problem as a saddle point for a certain integral functional. To obtain necessary optimality
conditions for the minimax problem we split it into two separate (but interconnected)
optimization problems for disturbance and control functions. The first one involves a
system with uncertain disturbances and homogeneous boundary conditions. The second
problem deals with optimization of boundary controllers in the absence of disturbances.
Both systems are subject to moving state constraints that depend on space and time
variables and reflect the nature of the minimax problem.




In Section 3 we present some important properties of mild solutions to parabolic
systems with the Dirichlet boundary conditions and related continuity/regularity results
that are crucial in our approach. Using these properties, we prove an ezristence theorem
for optimal solutions (saddle points) to the minimax control problem under consideration.

In Section 4 we treat uncertain disturbances as distributed controllers in an auxil-
lary optimal control problem with bounded control functions and pointwise state con-
straints. To remove the latter constraints we use a penalization procedure involving C'*°-
approximations of multivalued maximal monotone operators with nonregular functions in
approximating cost functionals. Empoying such a procedure and a detailed variational
analysis of the approximating problems, we obtain strong convergence results and nec-
essary suboptimality conditions to characterize the worst perturbations in the original
minimax problem. Some constructions and results of this section are related to those in
Barbu [2], Bonnans and Tiba [7], Friedman [11], He [12], and Neittaanmaki and Tiba [24,
25] in the framework of parabolic variational inequalities with bounded operators.

In Section 5 we study the Dirichlet boundary control problem with control and state
constraints corresponding to the second subsystem under the worst disturbances. There
are many publications devoted to various boundary control problems for parabolic sys-
tems; see, e.g., Balakrishnan [1], Barbu [2], Fattorini and Murphy [9, 10}, Lasiecka and
Triggiani [13, 14], Lions [15], Mackenroth [17], Tréltzsch [28], Washburn [29], and refer-
ences therein. The main complications in our case arise from the presence of pointwise
state constraints simultaneously with hard constraints on measurable (L*°) control func-
tions acting within the Dirichlet boundary conditions. It is well known that the latter
conditions provide the lowest regularity properties of solutions and are related to un-
bounded operators in the framework of variational inequalities. The Dirichlet boundary
control case turns out to be the most challenging and less developed; cf. [2, 9, 13, 14]
and references therein. Variational analysis of such problems is more difficult in compar-
ison with the case of control functions acting through the Neumann boundary conditions
which ensure higher regularity properties of the corresponding solutions.

To develop such an analysis in the case of nonregular Dirichlet boundary controllers
we use properties of mild solutions studied in Section 3 and effective smooth approxima-
tion procedures. In Section 5 we prove the strong convergence of approximations ensuring
suboptimality of optimal controllers to the approximating problems in the original prob-
lem with state constraints. Then we provide a variational analysis of the approximating
problems with hard constraints only on Dirichlet boundary controllers. In this line we ob-
tain necessary optimality conditions for the approximating problems that can be written
in the form of bang-bang principle.

In the final Section 6 we impose proper constraint qualifications that allow us to
pass to the limit in the necessary optimality conditions for the approximating problems
and characterize both worst disturbances and optimal controllers to the original minimax
control problem with state constraints. These constraint qualifications fit the nature of the
minimax problem under consideration being different from the classical Slater interiority
condition. Developing the limiting procedure, we obtain necessary optimality conditions
for the original state-constrained problem that involve measure-type Lagrange multipliers.

Our notation is basically standard; cf. [2, 15, 26]. Recall that L* always denotes the
dual (adjoint) operator to a linear operator L between Banach spaces.




2 Problem Formulation and Splitting

We consider the following system

%+Ay:Bw+f a.e. in @ :=(0,T) x 0,

y(0,2) = vo(a), z € O, 1)
y(t,€) =u(t,§), (1L, e :=(0,7] xT
under the pointwise constraints:
a<y(t,2) <b ae (L2) €Q, )
c<w(t,z)<d ae. (t,7) € Q, 2.3
p<u(t,é) <v ae (t,) €D

where 2 C R" is a bounded open set with sufficiently smooth boundary I' and each of
the intervals [a, 8], [c,d], and [y, v] contains 0.

Let X := L*(Q;R), U := L*T;R), and W := L*(Q;R) be, respectively, spaces of
states, controls, and disturbances. (In what follows we remove R from the latter and
similar space notation for real-valued functions). Denote by

Usa i= {u € LP(0,T;U) | 4 < u(t,€) < v ae. (t,€) € B,u(0,€) = 0}

the set of admissible controls where L?(0,T;U) is the space of U-valued functions u(-) =

u(-,€) on [0,T] with the norm

T P an\1/p T 2 74\P/2 31\1/p
lullzroron = ([ Iu@lBa!’” = ([ ([ lu(t, ) 2dey"*dey.
Similarly we define the set of admissible disturbances
Waa:={w € L*(0,T; W) | c < w(t,z) < d ae. (t,z) € Q}.

A pair (u,w) € Uy X W,y is called a feasible solution to system (2.1) if the corresponding
trajectory y satisfies the state constraints (2.2). We always assume that problem (2.1)-
(2.4) admits at least one feasible pair (u,w).

Although W,y C L*®°(Q) and U,y C L™®(X), we prefer to use the standard norms of
the spaces L*(0,7; W) and L?(0,T;U) for finite p sufficiently big; see Section 3 for more
detials. The reason is that we would like to take advantages of the differentiability of the
latter norms away from the origin to perform our variational analysis.

Throughout the paper we impose the following hypotheses:

Nod
(HI) A=-> %(aij(x)a%) + ao(z) is a strongly uniformly symmetric elliptic
fy=1 " J

operator on ) with real-valued smooth coefficients a;;(z) = a;i(z) and

ao(z) > 0 satisfying

N N
> aij(2)8l; > Bo D &F, Bo >0, Yz € Q and (&1, -+, €n) € RY.
1,7=1 1=1

(H2)  f e L™(Q) and yo(z) € HY(Q) N HY(N) with a < yo(z) < bae. z €N,
(H3) B :I*0,T;W) -» L*0,T; X) is a bounded linear operator
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One can always assume that the operator — A generates a strongly continuous analytic
semigroup S(-) on X satisfying the exponential estimate

IS@I < Mye™ (2.5)

for some constants w > 0 and M; > 0 where ||-|| denotes the standard operator norm from
X to X. Otherwise one can introduce the stable translation A = A + @I that possesses
these properties; see, e.g., [26].

Note that since w € L*(0,T; W) and u € L?(0,T;U), system (2.1) may not have strong
or classical solutions for some (u,w) € U,y x W,y; cf., [2, 15, 26]. In this case, principal
difficulties come from discontinuous boundary controls in the Dirichlet conditions. Taking
advantages of the semigroup approach to parabolic equations, we are going to use for our
analysis a concept of mild solutions to Dirichlet boundary problems.

Let us consider the Dirichlet map D defined by y = Du where y satisfies

{Ay =0 in @,
y(4,§) = u(t,§), (t,£) € L.

It is well known (see, e.g., [13-15]) that the operator
D : L*(I') — D(AY*%) = H'*7%(Q), 0 < § < 1/4, (2.6)
1s linear and continuous.

2.1. Definition. A continuous function y : [0,T] — X is said to be a mild solution of
system (2.1) corresponding to (u,w) € LP(0,T;U) x L*(0,T; W) if for all t € [0,T] one
has

y(t) = S(t)yo + /Ot S(t —1)(Bw(r)+ f(r))dr — /Ot AS(t — 7)Du(r)dr =
S(t)yo + /0 " S(t = 1)(Bw(r) + f(r))dr — /0 " A1 — 1) AV Du(r)dr (2.7)
where D is the Dirichlet operator defined in (2.6) with § € (0,1/4].

We refer the reader to [1, 13, 14, 29] for various properties and applications of mild
solutions. It is essential for this paper that the assumptions made ensure the existence
and uniqueness of a mild solution to (2.1) for any w € L*(0,T; W) and u € L?(0,T;U)
with big p.

Let us observe that while the X-valued function y(¢) in (2.7) is continuous by def-
inition, the real-valued function y(¢,z) of two variables is merely measurable (due to
X = L*(Q)) that distinguishes mild solutions from other concepts of solutions to parabolic
equations. The mild solution approach allows us to deal with nonregular (measurable)
data of parabolic equations and the Dirichlet boundary conditions considered in the pa-
per. On the other hand, the absence of continuity creates substantial difficulties that we
are going to overcome in what follows.

We also note that 6 in Definition 2.1 may be any fixed number from the interval (0, 1/4]
(usually 8 < 1/4). Although the first equality in representation (2.7) does not depend on
6 at all, this number explicitely appears in some estimations below that are the better
the closer ¢ is to zero.

Now let us introduce the cost functional

J(u, w) = //Qg(t,:c,y(t,:c))dtdw—i—//Q olt, 7, w(t, o)) dIde + //F B(t, €, ult, £))didé(2.8)
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where y is a trajectory (mild solution) for system (2.1) generated by u and w. We always
suppose that functional (2.8) is well defined and finite for all admissible processes in (2.1)-
(2.4). Some additional assumptions on integrands g, ¢, and h will be imposed in Sections
3-5.

In this paper we study a minimax control problem as follows:
(P)  find an admissible control @ € U,q and a disturbance @ € W4 such that
(u, ) is a saddle point for the functional J(u,w) subject to system (2.1)

and state constraints (2.2).
This means that
J(ﬁ,w) < J(ﬂ,ﬁ)) < J(u,zI)) Yu € Upg, Vw € Wyy (29)

under relations (2.1) and (2.2). Such a pair (4, w) is called an optimal solution to (P).
For studying optimal solutions to problem (P) we are going to use the following splitting
procedure based on the linearity of system (2.1).
Let us split the original system (2.1) into two subsystems with separated disturbances
and boundary controls. The first system

i}
%-{—Ayl:Bw—I—f ae. in Q,

y1(07$) = yo(x)’ S Qa
yl(taé.) = 0’ (taﬁ) € 2

has zero (homogeneous) boundary conditions and depends only on disturbances. The
second one

(2.10)

0
%—I—Ayz:() a.e. in @,

¥2(0,2) =0, z € 0,
is generated by boundary controls and does not involve disturbances. It is easy to see
that for any (u,w) € Usq x W,4 one has

y(t,2) = 9t z) + et 2) V(i 2) €Q (2.12)

for the corresponding trajectories of systems (2.1), (2.10), and (2.11).
Let y; and g, be, respectively, the (unique) trajectories of systems (2.10) and (2.11)
corresponding to @ and u%. Consider the cost functionals

Ji(w,y1) := //Q[g(t,:t,yl(t,x) + 92(t, 2)) + o(t, z, w(t, z))]dtdz (2.13)

(2.11)

for disturbances w and
J2(u,yz) := //Q g(t,z,9:1(t,2) + y2(t, 2))dtdz +//): h(t, &, u(t,€))dtdé (2.14)

for boundary controls u.
Let us define two optimization problems corresponding to the cost functionals intro-
duced. The first one is:

(Py) maximize Ji(w, y1) in (2.13) over w € W,4 subject to system (2.10) and
the state constraints
a—gt,x) <yt z) < b—g(t,z) ae. (t,z) € Q. (2.15)
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The second problem is:

(P2) minimize J2(u,y2) in (2.14) over u € U, subject to system (2.11) and
the state constraints
a—ii(t,z) <yat,z) <b-—yi(t,z) ae. (t,z) € Q. (2.16)

The following assertion shows that the original minimax problem (P) can be splitted
into two optimization problems (P1) and (P;) separated on disturbances and controls.

2.2. Proposition. Let (u,w) be an optimal solution to problem (P), and let §; and g, be
the corresponding trajectories of systems (2.10) and (2.11). Then w solves problem (P;)
and @ solves problem (P,).

Proof. Using (2.12), one can immediately conclude that w is a feasible solution to (P;),
i.e., the corresponding trajectory g, of (2.10) satisfies the state constraints (2.15). Now
the left-hand side of (2.9) implies, due to (2.8) and (2.13), that w is an optimal solution
to (P1). Arguments for @ are similar. O

Therefore, to obtain necessary conditions for a given optimal solution (@, w) to the
minimax problem (P), we can consider the separate problems (P;) for w and (P;) for
% with the connecting state constraints (2.15) and (2.16). Note that these constraints
depend on (¢, z), i.e., turn out to be moving. The latter property is essential for studying
the minimax problem under consideration.

3 Properties of Mild Solutions and Existence
Theorem for Minimax Problem

In this section we present some important properties of mild solutions to system (2.1)
and prove an existence theorem for the minimax control problem under consideration.

Let S(t) be an analytic semigroup on X generated by the operator —A and satisfying
the exponential extimate (2.5), and let D be the Dirichlet operator with the continuity
property (2.6). In what follows we use the important estimates

\ M;
|A°D|| < My, |A3**eS()|| < ays for any 6 € (0,1/4] (3.1)
where ||-|| represents the corresponding operator norms. These estimates were established

by Balakrishnan and Washburn [1, 29]; see also Lasiecka and Triggiani [13, 14] for related
considerations.

Looking at representation (2.7) of mild solutions, one can observe that the main com-
plications are created by the last term reflecting the Dirichlet boundary conditions. To
study this term we consider an operator £ from LP(0,T;U) into L"(0,T; H'/?*=¢(Q)) de-
fined by the formula

t t
Lu = (Lu)(t) := —A/ S(t — 7)Du(r)dr = —/ AYAS(t — YAV Du(T)dr  (3.2)

0 0
where p, r € [1,00], § € (0,1/4], and € € (0,1/2]. Here H'/?5(Q) C L*(Q) = X is
the Sobolev space whose norm ||y|l1/2-., being stronger than ||y|i», ~an be defined by

|yll1j2—e := [|AY4=*/2y[ix; cf. {15, p. 21]. Note that H°(Q) = L*(Q).
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It is well known that the operator £ in (3.2) may be unbounded for some p and r.
However, this operator enjoys nice regularity /continuity properties for p sufficiently big,
as one can see from the following assertion. Similar but somewhat different results are
proved in [14, Theorem 2.5]; see also references therein.

3.1. Proposition. Let p > 4/¢ for some € € (0,1/2]. Then Lu € C([0,T]; HY/?7¢(Q))
for any u € LP(0,T;U). Moreover, the operator £ : LP(0,T;U) — C([0,T]; H/*~¢(2)) is

linear and continuous.

Proof. Obviously £ is linear. To show that £ is continuous we should prove its bounded-
ness; that is,

||Lu“C([0,T];H1/2“(Q)) S I(Ilu'le(o'T;U) for some K > 0. (33)
It follows from (3.1) and (3.2) that for any ¢ € [0, T] one has
t
IEW@llyja-e = Il [ AV*/245(t = ) Du(r)dr |x =
t t
||/ A AS (8 — ) AMA A Du(r)dr || x < M2M3/ (t — )=V |u|pdr <
0 0

t

M2M3(A (t _ T)_(1‘5/4)qd7)1/q||u||Lp(o,T;U)

where 1/p 4+ 1/q = 1. Since p > 4/¢ infers ¢ < %, we get

1 1/q 1-(1—¢c/4)q
t ). 3.4
ey © 7 IMeery (3.4)

Let us prove that Lu € C([0,T]; H/*5(Q)), i.e., (Lu)(t) is continuous at any point
to € [0,T] in the norm of H'/?=5(Q). Indeed, taking for definiteness t > ¢o, one has

(Cu) @) a/a-c < MaMa(y—

(Lu)(t) — (Lu)(to) = — t: AS(t  7)Du(r)dr—

to
(S(t = to) — ) / AS(t — 7)Du(t)dr.
0
The latter implies that
1(Cw)(t) = (Cu)(to)lljame — 0 as £ = to

by virtue of estimate (3.4) and the strong continuity of S(-). Moreover, from (3.4) and the
definition of the norm in C([0, T]; H'/2~%()) we immediately get inequality (3.3) with

1 )l/qu—!l;c/‘lq
1—(1-¢/4)q

that ensures the required continuity of £. This ends the proof of the proposition. O

K = M2M3(

3.2. Corollary. Let € and p satisfy the assumptions in Proposition 3.1. Then the opera-
tor L in (3.2) acting from LP(0,T;U) into C ([0, T]; H/*~5(Q)) is weakly continuous. This
implies that for any sequence u, — u weakly in LP(0,T;U) one has Lu, — Lu weakly in

C([0,T); H'?7¢(Q)) as n — oo.

Proof. It is well known from standard functional analysis that any linear continuous op-
erator between normed spaces is automatically weakly continuous. Therefore, the results
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in this corollary follow directly from Proposition 3.1. O

3.3. Remark. Taking into account the results obtained above and Definition 2.1 of mild
solutions to system (2.1), we can conclude that the strong (respectively, weak) conver-
gence of boundary controls in LP(0,T;U) implies the strong (weak) convergence of the
corresponding trajectories (2.7) in C([0,T]; H'/?=5(?)) if p is sufficiently big. Observe
that if there is no boundary term in (2.7), then any mild solution to (2.1) turns out to be
a solution to (2.1) in the usual (strong) sense; see, e.g., [2, p. 26]. In the latter case, the
weak convergence of disturbances w, — w in L?(0,7; W) implies the strong convergence
of the corresponding trajectories y, — y in C([0,7]; X) as n — oo for any p > 1; see [2,
11].

Now we are going to show that in the general case of mild solutions corresponding to
the Dirichlet boundary conditions, the weak convergence of controls u, — u in L?(0,T;U)
for big p implies the pointwise convergence of a subsequence of solutions y,(t,z) — y(t, z)
a.e. in Q. This fact follows from the next proposition and turns out to be crucial for
proving the main results of the paper.

3.4. Proposition. Let € and p satisfy the assumptions in Proposition 3.1 and let £
be defined in (3.2). Then the weak convergence of up, — u in LP(0,T;U) implies

Lu, — Lu strongly in L*(Q) as n — oo. (3.5)

Moreover, there is a subsequence of {(Luy,)(t,z)} which converges to (Lu)(t,z) a.e. in Q.

Proof. 1t follows from Corollary 3.2 that
Lu, — Lu weakly in C([0,T]; H/*~5(Q)).

This infers that (Lu,)(t,- — (Lu)(t,-) weakly in H'/2=¢(Q) for each t and also that the
sequence {Lu,} is bounded in C([0, T]; H/?7¢(2)). Moreover, from [16, Theorem 16.1, p.
99] we know that the embedding of H/2-5(Q) into X is compact. So the weak convergence
of (Lun)(t,-) = (Lu)(t,-) in HY?=5(Q) for each ¢ and the property of compact operators
(see, e.g., [30, Theorem 10.7.1, p. 226]) yield that (Lu,)(t,-) — (Lu)(t,-) strongly in X
for each t. Hence we obtain the following results:

(i) (Lun)(t,-) are uniformly bounded in X, i.e., there exists M > 0 such that

[(Lun)(@t)||x <M Vte[0,T]andn =1, 2,...;

(i1) ||(Lun)(t) — (Lu)(t)||x — O for every t € [0,T] as n — oo.
Let us consider a sequence of real-valued nonnegative functions ¢, on [0,T] defined

by
6a(t) o= [ |(Lun)(t,2) = (Lu)(t,2)de ¥t € [0,T],
Then (i) and (ii) imply, respectively, that ¢, are uniformly bounded on [0, 7] and ¢, () —

0 pointwisely in [0,7] as n — oo.
Now using the Lebesgue dominated convergence theorem, we arrive at

T
/ én(t)dt = 0 as n — oo.
0




This means that (3.5) holds. Therefore, {(Lu,)(t,z)} contains a subsequence that con-
verges to (Lu)(t,z) for ae. (t,z) € Q. O

The convergence/continuity results presented above are crucial to justify approxima-
tions and limiting procedures developed in this paper. Hereafter we always assume that
p is sufficiently big to ensure the convergence property in Proposition 3.4.

To go ahead we need to impose proper assumptions on the integrands in the cost func-
tional (2.8) that ensure semicontinuity properties of (2.8) in the corresponding topologies.
The main assumptions are as follows:

(H4a)  g¢(t, z,y) satisfies the Carathéodory condition, i.e., g(¢,z,y) is measurable in
(t,z) € Q for all y € R and continuous in y € R for almost all (¢,z) € Q.
Moreover, there exist a nonnegative function 5(-) € L!'(Q) and a constant
¢ > 0 such that
lg(t, z, )| < n(t,z) + Clyl* ae (t,2) €Q, Vy € R. (3.6)

(H5a) ©(t, T, w) is measurable in (¢, ) € Q, continuous and concave in w € [c, d],
and for some function £(-) € L'(Q) one has

o(t,z,w) < k(t,z) ae (t,z) € Q, Yw € [¢,d].
(H6a) h(t,£,u) is measurable in (¢,£) € X, continuous and convez in u € [y, ], and

for some function (-) € L*(X) one has

h(t, & u) > v(t,€) ae. (t,€) € B, Vu € [u,v].

Let us discuss hypotheses (H4a)—-(H6a). The meaning of (H4a) becomes apparent
through the following result by Polyak [27, Theorem 2] that is frequently used in the
sequel for furnishing limiting processes.

3.5. Proposition. Let g(t,z,y) satisfy the Carathéodory condition in (H4a). Then the
growth condition (3.6) is necessary and sufficient for the continuity of the functional

6w) = [[ att,z,v)dtde
in the strong topology of L*(Q).

Further, let us consider hypothesis (H5a) in connection with the second integral term
in (2.8) depending on w(-) € L*(Q) with w(¢,z) € [¢,d] a.e. in Q. It is well known that
(H5a) ensures the upper semicontinuity of this functional in the weak topology of L?(Q)
and, moreover, the concavity of ¢(t,z,-) is a necessary condition for the weak upper
semicontinuity; see, e.g., [27]. Symmetrically, the assumptions in (H6a) ensure the lower
semicontinuity of the third integral functional in (2.8) in the weak topology of L*(%) with
u(t, €) € [pu,v] a.e. in X.

Now we are ready to prove an existence theorem of optimal solutions in the minimax
problem (P).

3.6. Theorem. Let hypotheses (H1)-(H3) and (H4a)-(H6a) hold and let, in addition,
the integrand g be linear in y. Then the cost functional J(u,w) in (2.8) has a saddle point
(u,w) on Usg x Wyy subject to system (2.1). Moreover, if the corresponding trajectory of
(2.1) satisfies the state constraints (2.2), then (4, w) is an optimal solution to the original
minimaz problem (P).



Proof. Let us consider the functional J(u,w) defined on the set U,q x W,q C LP(0,T;U) x
L*(0,T; W) for big p. It is easy to conclude that both U,; and W, are convex and weakly
compact in LP(0,T;U) and L*(0,T;W), respectively. Moreover, one can always use the
sequential weak topologies on these spaces by virtue of their reflexivity.

Furthermore, let us check that J is convex-concave on U,y x W4 by the convexity of
h in u, concavity of ¢ in w, and linearity of g in y that implies the linear dependence of
g in (u,w). First we show that J is weakly lower semicontinuous with respect to u in the
space LP(0,T;U) for any fixed w € L*(0,T; W).

Indeed, let u, — @ weakly in LP(0,T;U) as n — oo. According to the classical Mazur
theorem, there is a sequence of convex combinations of u, that converges to @ strongly in
L?(0,T;U). It follows from the norm definitions in L?(0,T;U) and U = L%*(X) that the
latter sequence also converges to @ strongly in L?*(¥). Now employing the convexity of h
in u and the arguments similar to [27, Theorem 1], we obtain

//z h(t,€, @(t,€))dtdé < liminf / /E h(t,€, un(t, €))dtdé. (3.7)

Let us consider the trajectories (mild solutions) y, and § of system (2.1) generated,
respectively, by u, and @ for any fixed w. Using Propositions 3.4 and 3.5, we conclude
that

//Q g(t,z,g(t, z))dtde = lim // (t,z,yn(t, z))dtds (3.8)

along a subsequence of {n}. Now relationships (3.7) and (3.8) ensure that the functional
J(-,w) in (2.8) is weakly lower semicontinuous on U,4 for any fixed w.

To prove the weak upper semicontinuity of J(u,-) on W,, for any fixed u, we use the
same (symmetric) arguments taking into account that the weak convergence w, — @
in L*(0,T; W) implies even the strong convergence in C([0,T]; X) of the corresponding
trajectories y, — ¥; see Remark 3.3.

Therefore, the functional J(u,w) in (2.8) is convex and weakly lower semicontinuous in
u on the convex and weakly compact set U,q C LP(0,T;U) as well as concave and weakly
upper semicontinuous in w on the convex and weakly compact set W,y C L%(0,T; W).
Now the existence of a saddle point (@,w) for J on U,y x W4 subject to system (2.1)
follows from the classical (von Neumann) minimax theorem in infinite dimensions (see,

g., [3, Theorem 3.6 on p. 162]). Obviously, (4,w) is an optimal solution to the original
minimax problem (P) if the corresponding trajectory § satisfies the state constraints (2.2).
This ends the proof of the theorem. O

3.7. Remark. Hypotheses (H4a)-(H6a) on the integrands in (2.8) are required through-
out the paper and play a substantial role in the subsequent sections to obtain the main
results on the convergence of approximations and their variational analysis. On the con-
trary, a restrictive assumption about the linearity of ¢ in y is made only in Theorem 3.6 to
ensure the existence of a saddle point. This assumption can be removed if one considers
saddle points in the framework of “mixed (relaxed) strategies”; cf., e.g., Berkovitz [5] in
the context of ODE differential games.

4 Suboptimality Conditions for Worst
Perturbations

This section is concerned with the first subproblem (P;) formulated in Section 2.
We can treat (P;) as an optimal control problem with controls acting in the right-hand
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side of the parabolic equation. So one might employ optimal control theory for linear
parabolic systems with distributed controls to find necessary optimality conditions for
the maximal perturbations in (P). Note that the moving state constraints (2.15) involve
the nonregular (measurable) function %,(¢,z), a mild solutions to the Dirichlet problem
(2.11), that creates additional complications in the problem under consideration. Now we
are going to use an approzrimation method to remove the latter constraints that allows us to
obtain strong convergence results; cf. [2, 25]. After that we provide a detailed variational
analysis of the approximating problems to derive necessary suboptimality conditions for
the worst perturbations.
Let o : R = R be a multivalued maximal monotone operator of the form

[0,00) if =0,
) (—00,0] if r=a,
o(r) = 0 if a<r<hb,
0 if either r < aorr > b.

(4.1)

Using the Yosida approximation
el(r—(1+ex)'r), r€Rand €>0,

of a(-) and then a C§°—mollifier in R, one can get a smooth approximation a.(-) of the
mulitivalued operator (4.1). As noted in [2, p. 322], we may choose a.(r) of the following
form:

e‘l(r—b)——l/Q if r>b+c¢,
(2¢3)~1(r — b)? if 6<r<b+e,

a(ry=< el(r—a)+1/2 if r<a-—ce, (4.2)
—(268)(r—a)®? if a—e<r<a,
0 if a<r<b.

Then it is easy to check that

1 if r>b+e,
e(r —b) if 6<r<b+e,
e (ry=141 if r<a-e, (4.3)
—e(r—a) if a—e<r<a,
0 if a<r<b

with |ecl(r)| < 1for allr € R.

Let (@,w) be the given optimal solution to the minimax problem (P), and let 3,
and y, be the corresponding trajectories of systems (2.10) and (2.11), respectively. We
consider the following parametric family of control problems with no state constraints that
approximate the first subproblem (P;) in Section 2 and depends on the given trajectory
Y2 of the Dirichlet system (2.11):

(P1)  maximize Ji(w, ) := //Q[g(t, z,y:1(t,2) + G2(t, ) + p(t, 2, w(t, 2))]dtdz —

llw — @|720,7w) — €llee(yr + g2l 2 0,7:%)
over w € W,y subject to

9
%—{—Ayl:Buw}f ae. in Q,

y1(0,2) = yo(z), z € Q,

1 (4.4)
yi(6,8) =0, (¢,€) € L.
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Note that w € W,4 and f € L*(Q). The classical results ensure that system (4.4) has
a unique strong solution y; € W'?([0, T]; X) satisfying the estimate

Oy
1=l z2ox) + Auillz20,7:x) < Clllwollmy@ynmegy + 1Bw + fllzzo7:x))

ot
(cf. Theorem 4.6 in [2, p. 27]). Let {w,} C W,4 and {y1,} be the corresponding sequence
of strong solutions to system (4.4). Standard arguments show that if w, —» w € W,y
weakly in L%(0,T; W), then y1, — y; strongly in C([0,7]; X) as n — oo and y, is also a
strong solution of (4.4) corresponding to w; cf. Remark 3.3 above.

To justify the approximation procedure in (4.2) and (4.4), first we have to show that
the maximization problem (P;.) admits at least one optimal solution. To prove the
existence theorem stated below we will follow the line of the classical Weierstrass theorem
in infinite dimensions involving properness and upper semicontinuity of a cost functional
on a compact feasible set. The main compications in our case are connected with the
perturbation term of the cost functional that depends on the (nonregular) mild solution
g of the Dirichlet system (2.11).

4.1. Proposition. For each yo satisfying (H2) and each ¢ > 0 problem (P1.) has at least
one optimal solution (we,y1c) € Wag x WH([0, TT]; X).

Proof. First we observe that the set of feasible solutions to problem (P;) is nonempty
because the pair (w,¥1) is a feasible solution to (Py) for any ¢ > 0. Let us show that
the cost functional Jy. in (Py) is proper, i.e., Ji(w,y1) < oo for any w € W,y and the
corresponding trajectory y1 € W'2([0, T]; X) of system (4.4). Clearly

// a(t,z,3:(4,2) + Galt, 2))dtde + //Q o(t, ¢, w(t, z))dtdz < oo (4.5)
Q
for all such (w,y;) due to assumptions (H4a) and (H5a). Furthermore,

||w — LD”L?(O,T;W) < oo Yw € W

Now let us analyse the last term in J;, depending on ¥,. Due to (2.7) and (3.1) one has

4 My M3 max ,viy/mes(I’) ,_,
i l{lﬂéllé ) ( )t ©° for any fixed § € (0,1/4). (4.6)

152Dl x <
To estimate ||ae(y1 + 72)||22(0,7:x) let us consider the sets

A, ={z€Q|a—-e<ultz)+g(tz) <al
Q= {zeQ|nltz)+5tc)<a—cl

b=z €<yt 2)+ 5t z) <b+el; (4.7)
Q= {z € Q[ nlt,z)+ 72(t,z) > b+ €}

that are Lebesgue measurable with Q@ = Qf U Q5 U QL U QY for ae. t € [0,T]. Now
taking into account the structure of c(-) in (4.2), we obtain the following estimates:

T
lelys + 8)llorn = [ [ 026n(t,2) +galt, 2))dtde] 2 =

4,

(262) 2 (31 (¢, ) + Ga(t, 2) — a)*de + /ﬂ (€ (t,2) + Ga(t, 2) — @) + 1/2)%dz +

t
la
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/“‘ ) e o)+ falts ) = b + / "(y1(t,2) + Falt, ) — b) — 1/2)%dz)dt]'/* <
[/ _mes(m“) i mes s i)' + [/ / Yyi(t z) + Galt, z) — a) +1/2)%dzdt]'/? +
[/ /Q (w1t 2) + g2(t2) — 8) - 1/2) d:cdt]m

Z mes( 1[/ /Q “(y1(t,2) + fa(t, 2) — a)’dzdt]'/? +

_1[/ /Q Yya(t, z) + Gat, ©) — b)*dzdt]/* <

5 mes(Q) + €' (|a| + b)\/mes(Q) + 267! ||y1 + §2/|2(0,7:x)-

Combining this with (4.6) and the fact that y; € W2({0, T]; X), we arrive at
lae(yr + 92) | L2 0,15x) < 00 Ve > 0. (4.8)

So (4.5) and (4.8) yield
Jid(w,y1) < 00 Yw € Wy

that ensures the properness of the cost functional in (P;.) for any € > 0. Therefore, there
exists a real number j;. such that

J1e = sup Ji(w,y1).
weEW,y

For each problem (Py.) let us consider a maximizing sequence {w,,y1,} Where € is
omitted for simplicity. ;From the definition of supremum one has

) 1 .
J1e — - < Jie(wn, y1n) < J1e VR € N. (4.9)

Recall that Wy, is bounded, closed, and convex in L?(0,T; W). Thus one can extract a
subsequence of {w,} (without relabelling) that converges weakly in L?(0,7; W) to some
function @ € Wyq4. Let §; be a (strong) solution to (4.4) corresponding to . According
to the previous discussions we have

Y1n — 91 strongly in C([0,T]; X) as n — oo. (4.10)

Furthermore, taking into account assumptions (H4a) and (H5a) as well as concavity and
continuity of the function —|| - [|32¢o 7,w), we conclude (cf. the proof of Theorem 3.4) that

timsup( [ lo(t,2,v1a(t,2) + 7a(t,2)) + (1,2, wi)ldtde — e~ Do rim) <

n—00

/ [ [9(t,2,3:(8,2) + 3a(t, 2)) + ot 7, W)dtedz — 10— 0T vy (4.11)
Then it follows from (4.10) and the continuity of (4.2) that
11m o (yln + 42) = &*(§1 + 72) a-e. in Q. (4.12)

n—

By virtue of (4.9) relationships (4.11) and (4.12) ensure the equality ji. = J1(0, %) that
ends the proof of the proposition. O
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Next we need the following technical lemma that is important to justify the required
convergence of approximation procedures in this and the subsequent sections.

4.2. Lemma. Let y,(t,z), n = 1,2,..., and y(¢,z) be nonnegative functions belonging
to the space L'(Q). Given ¢ > 0, consider the sets

Qn={(t,z) € Q | yn(t,z) > c + 1/n}
defined for each n = 1,2,.... Assume that y,(t,z) — y(t,z) a.e. in Q and

//Q Yn(t,z)dtde — 0 as n — oo. (4.13)

Then one has 0 < y(t,z) < c a.e. in Q.

Proof. Proving by contradiction, let us suppose that the conclusion of the lemma does
not hold. Then for each small p > 0 there exists a measurable set ), C @ such that
mes(@,) > 0 and

y(t,z) > ¢+ p whenever (t,z) € Q,. (4.14)

Now taking into account the convergence y,(¢,z) — y(t,z) a.e. in @ and using the classi-
cal Egorov theorem, we conclude that for each € > 0 and p > 0 there exist a measurable
set Q. C @ and an integer K > 0 independent of (¢,z) such that p —1/n > p/2 >
0, mes(@ \ Q.) < ¢, and

lyn(t,z) — y(t,z)] < p/2 < p—1/n whenevern > K and (¢,z) € Q..
Let us choose &€ > 0 provided that mes(Q, N Q.) # 0. It follows from (4.14) that
yu(t,z) > y(t,z)—p+1/n>c+p—p+1/n=c+1/n whenevern > K

for any (¢,z) € Q, N Q., 1.e., (@, N Q) C Q, for all n > K. Then from (4.13) and
Yn(t,z) > 0 one has

// yn(t,z)dtdz — 0 as n — oo.
QoNQ.

The latter implies that

// y(t,z)dtdz =0
QpNQe

by virtue of the uniform convergence y,(t,z) — y(¢,z) in @, N Q. as n — co. Due to the
nonnegativity of y we arrive at the conclusion y(¢,z) = 0 a.e. in ),N Q. that constradicts
(2.14). Therefore, we get 0 < y(¢,z) < c a.e. in ) and complete the proof of the lemma.
|

The next theorem ensures the strong convergence of the approximation procedure in
this section and justifies suboptimality of optimal solutions to the approximating problems
(Pyc) in the state-constrained problem (P;) for the worst perturbations.

4.3. Theorem. Let (w,31) be the given optimal solution to problem (P;) and let
{(we,y1¢)} be a sequence of optimal solutions to problems (Pi.). Then there ezists a
subsequence of {€} along which

we — w strongly in L*(0,T; W), y;c — 41 strongly in C([0,T); X), and
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ch(ws,ylc) - J1(1D,ﬂl) as € — 0.

Proof. Using the same weak-compactness arguments as in the proof of Proposition 4.1,
we find a function @ € W,4 and a subsequence of {w,} (without relabelling) along which

w, — 1w weakly in L*(0,T; W) as € — 0. (4.15)
Moreover, there exists §; € W12([0, T]; X) satisfying (4.4) with w = @ such that
Y1e — 1 strongly in C([0,T]; X) as € — 0. (4.16)

Let us show that the pair (W, ;) is a feasible solution to problem (P;) in Section 2. To
furnish this, it remains to show that §; satisfies the state constraints (2.15), i.e.,

a < 51(t,z) + ga(t,z) < b ae. in Q. (4.17)

First we note that (w,71) is feasible to (Py.) with a (71 + 72) = 0 a.e. in @ for all ¢ > 0.
Due to the optimality of (we,y1) in this problem one has

']l(u_],gl) = ‘]lc(u_),?jl) < JIC(wCaylc) Ve > 0. (4'18)

Using (4.18) and taking into account the structure of the cost functional in (P;.) as well as
assumptions (H4a) and (H5a), we conclude that the sequence (/%] ac(y1c + 92)||22(0,1;%) }
is bounded. The latter yields

ellae(yie + §2)llr20mx) = 0 as e — 0. (4.19)

Due to constructions (4.2) and (4.7) we obtain from (4.19) the limiting relationship
T
/ /Q (26)*(y1e(t, 2) + §a(t, ) — a)*dtdz +
0 Jay,

/oT /Q' ((y1e(t, 2) + §a2(t, €) — a) + €/2)*dtdz +

2a

/OT /Q (26) 2 (y1e(t, 2) + Ga(t, 2) — b)*dtdz + (4.20)
/OT /nt (y1c(2, ) + Ha(t, ) — b) — €/2)%dtdz — 0 as e — 0.

Note that for almost all t € [0,T] one has (y1c(¢,z) + g2(t,z) — a)* < € a.e. in O, and
(y1e(t, ) + §2(t, ) — b)* < €* a.e. in ;. This implies that the first and third integrals in
(4.20) vanish when ¢ — 0. Now applying Lemma 4.2 to the second and fourth integrals
in (4.20), we arrive at (4.17) and conclude that the pair (¥, ;) is feasible to (Py). This
yields

J1(, 1) < Jo(, 1) (4.21)

Using this fact, let us prove the desired strong convergence results of the theorem.
First we rewrite (4.18) in the form

Ji(@, 51) + €llac(yre + F2) 1 T20,r:x) + lwe — B[ 7200wy < J1(we, y1) (4.22)

and take the upper limit in the both side of (4.22). Remember that under the assumptions
made the functional J;(w,y) in (2.13) is upper semicontinuous in the weak topology of
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L*(0,T; W) and the norm topology of C([0,T];X); cf. the proof of Proposition 4.1.
Empoying this fact together with (4.15), (4.16) and (4.21), we obtain

J1(@, §1) + lim sup(el|ae(y1e + G2)lI720,7:x) + lwe — DI F207w)) <

[l

limsup Ji (we, y1¢) < J1(0,%1) < Ji(w, §1).

-0

The latter yields
lim el| e (y1e + §2) |E2(0.7:x) = 0 and lim [lwe — @|72 0,r0) = 0, (4.23)

i.e., w, — w strongly in L?(0,T; W) and, therefore, y;. — §; strongly in C[0,7]; X) as
e — 0. Finally, the value convergence in the theorem follows from (4.23) and Proposition
3.5 due to assumptions (H4a) and (H5a). This ends the proof of the theorem. O

Now let us conduct a variational analysis of the approximating problems (Pi) to
obtain necessary conditions for their optimal solutions (we, y1c). Due to Theorem 4.3 and
the splitting procedure the results obtained in this way can be treated as suboptimality
conditions for the worst perturbations in the original problem.

To furnish such an analysis let us impose the following additional assumptions:

(H4b)  g(t,z,y) is continuously differentiable in y for almost all (¢,z) € @ and

g—z(t, z,y) is measurable in (¢,z) for any y € R. Moreover, there is a nonnegative
function n; € L*(Q) and a constant ¢; > 0 such that
]%(t,x,y)! <m(tz)+ Gly| ae (t,2)in @, Vy € R.
(H5b) ©(t,z,w) is continuously differentiable in w for almost all (¢,z) € Q with
g—i(t, z.w) measurable in (¢, z) for all w € [¢,d]. Moreover, there is a nonnegative

function x; € L1(Q) such that
0 . .
Ia—f)(t,x,w” < ki(t,z) ae. (t,2)in @, Yw € [c,d].
Let us consider the following adjoint parabolic equation with homogeneous terminal-
boundary conditions:
Y

3} .
E_ - A’l/)l = —é(ta L, Y1e + ?j2) + 26a,c(ylc + gZ)ac(ylc + ?72) a.€. 1n Q,

1 (T,z) =0, z € clQ,
hi(t,6) =0, (t,§) €X

where ¢l 2 := QUT and the elliptic operator A in (H1) is self-adjoint. Clearly, (H4b) im-

0
plies that %(t, z,y1(t, 2)+i(t, ) € L*(Q) for all y; € C([0,T]; X). Then it follows from
Theorem 4.6 in [2, p. 27] that (4.24) has a unique strong solution ¥1. € W12([0, T]; X)

satisfying 1. € C([0,T]; X) N L3(0, T; H(Q) N H?(Q)).

(4.24)

4.4. Theorem. Let (we,yic) be an optimal solution to problem (Pi.) and let 1 be the
corresponding strong solution to system (4.24). Then for any w € L*(0,T; W) such that
we + 0w € W,y for all § € [0,00] with some 6y > 0, one has

. dy _ .
//Q(B P1e + %—(t,x,wc) —2(we — w))wdtdz < 0. (4.25)
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Proof. Let y;¢, be the strong solution of (4.4) corresponding to we + w. Then one can
easily check that gy, — y1e strongly in C([0,T]; X) as 6§ — 0 and

ylcw(t7 '7:) - ylf(t7 .’1))

7 = z1¢(t,z) VO >0, ae. (t,z) € Q (4.26)
where z,, is a strong solution to
% + Az; = Bw a.e. in Q,

21(0,z) =0, z € Q,
Zl(tvé.) = O’ (taf) € X.

Define the limits

Al -— lim sup // g(tamaylcw(ta :E) + y?(ta CE)) _ g(t3 $7ylc(taz) + yz(t’z))dtddf,
—0 Q 0
2 — 2 _
As :=limsup //Q ca(Wreu(t,2) + yg(t,:l:))a et 2) + 5a(t, x))dtdm.
8—0

Applying the classical mean value theorem to the integrands above, one gets

. 6 cw t) - € t’
A1 = hmsup//Q %(t’xaylc'*' g2 + ol(ylcw - yIC))yl ( m)e 2 ( m)dtdmv

8—0

A, = elimsup //Q(ac(ylcw + 92) + @e(y1e + ¥2)) X

-0
Yew(t, 2) — p1et ) o,
0
where 6, = 0,(t,z), 0, = 02(¢,z) € [0,1] a.e. in Q. Then using (4.26), (H4b), and the

Lebesgue dominated convergence theorem, we obtain

& (y1e + U2 + 02(Y1ew — Y1)

dg

a _ cw € —
| //Q(éi(tamaylc + Y2 + gl(ylcw - ylc))%_0£ — b—?;(t,x,ylc + y2)21()dtd$| S

6 _ 6 —
//Q |6_gg/(t’ T, Y1e + Y2 + O1(Y1ew — Y1) — 6—Z(t,$, Yie + Y2)

- |z1¢|dtdz — 0 as 8 — 0.
Thus one has
0
Ay = //Q 6—Z(t,$,y1€(t,x) + 7a2(t, ) 21(2, 7) dtdz. (4.27)

Note that o!(-) is continuous by (4.3) with |ec!(-)] <1 and ae(y1cw + §2) + @c(y1e + 72) €
L*(0,T; X) by (4.8). Then (4.26) infers

Ap = 2 / /Q & (y1e(t, 2) + a(t, 2))ee(yic(t, 2) + Ga(t, 2))zre(t, 2)dtdz.  (4.28)

Apparently w,+0w — w, strongly in L*(Q) as § — 0 for all w satisfying the conditions
of the theorem. Due to assumption (H5b) and the classical mean value theorem one has

|L,9(t, T, we + 0w) - p(t, z, we)

d .
7 | = |5§(t, T, we + 030w)w| < k1(, z)|w(t, )],

5,
(t,z,we + O30w)w — —(a(t, T,w)w a.e. inQasfd —0

ge
ow ow
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where 0; = 03(t,z) € [0,1] a.e. in Q. So the Lebesgue dominated convergence theorem
yields

0y Oy
//Q %(t,m,wC + 030w)wdtdx — //Q a—w(t,x,wc)wdtdx as 6 — 0. (4.29)

Employing the optimality of (w.,y1¢) in problem (P,.), we get

ch(we + Hw,ylew) - Jle(wc,ylc) >

0 > limsup

8—0 0 -

limsup // [g(tax,ylcw + y?) - g(taxaylc + y2) + ‘-p(ta T, We + 0w) - @(t,l’, wC)]dtdeI i

—0 0 0

_ a2 __ _ )2

lim sup / (we + 6w — )" — (w, =~ @) dtdz —

6—0 9
lim sup c// (Wi + 5a) — o (9 + yz)dtdz.

8—0 0

By virtue of (4.27)-(4.29) we arrive at the inequality
02 / L G2, v4 52) = 2l + B + )t +

/ / (24, 2,we) — 2w, — ))wdtdz. (4.30)

Now substituting the solution ;. of (4.24) into (4.30) and integrating the latter inequality
by parts, one obtains (4.25). This ends the proof of the theorem. O

4.5. Corollary. For each ¢ > 0 the mazimal perturbation w, in problem (Py.) satisfies
the following bang-bang relations:

%;’%(t,x,we) — 2(w(t,z) — w(t,z)) < 0},

g—:(t,x,we) — 2(we(t,z) — w(t,z)) > 0}

where . is the corresponding solution to the adjoint system (4.24).

we(t,z) = ¢ a.e. {(t,2) € Q| (B )(t,2) +
we(t,z) =d ae. {(t,z) € Q| (B "1 )(t,z)+

Proof. Taking w = w — w, for any w € W4, one has w, + 00 = (1 — 0)w, + 0w € W,y for
each 4 € [0,1]. Due to (4.25) with w = @ we obtain

// (B + t 2,we) — 2(we — B))(w — we)dtdzr < 0 Yw € Wy (4.31)

that implies the bang-bang relations. O

5 Suboptimal Control under Worst Perturbations

In this section we study the boundary optimal control problem (P3) stated in Section 2.
According to the splitting procedure, the optimal solutions of (P;) allow us to find optimal
boundary controls to the original minimax problem (P) under the worst perturbations.

One can see that problem (P;) considered is a boundary optimal control problem for
parabolic systems with hard control constraints acting in “he Dirichlet boundary con-
ditions and moving state constraints generated by the spliiiing procedure. To remove
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(approximate) the latter constraints we are going to develop a penalization technique
that provides a useful suboptimality information for the original minimax problem.

Let a(-) be the maximal monotone operator defined in (4.1) and a.(-) be a smooth
approximation of a(-) of the form (4.2). For each € > 0 we consider a parametric family
of approximation problems for (P3) formulated as follows:

(P)  minimize Joo(u, y2) 1= //Qg(t,x,gjl(t,x)+y2(t,m))dtdz+//z h(t, €, u(t, €))dtde +

flu — ﬁ“’ip(o,T;U) + €l eve(y1 + y2)||22(0,T;X)
over u € Uy subject to the system

% + Ay, =0 a.e. in @,
¥2(0,2) =0, z € Q, :

y2(ta£) = u(t’é)a (t’ﬁ) € X.

Remember that solutions to (5.1) are considered in the mild sense, i.e., there exists a
(unique) function y, € C([0,T]; X) satisfying

y2(t) = Lu = —A/Ot S(t — 7)Du(r)dr Vt €[0,T]. (5.2)

The next result justifies the existence of optimal solutions to the approximating mini-
mization problem (P2.) for all e.

5.1. Proposition. For each € > 0 problem (P2.) has at least one optimal solution pair
(ue, y2¢) € Uaa x C([0,TT; X).

Proof. First we note that for any € > 0 problem (Pj.) has a feasible pair (,y2) that
generated by the given optimal solution (u,w) to the original minimax problem (P). Let
(u,y2) be an arbitrary feasible pair to (Py). It follows from assumptions (H4a) and (H6a)
that

//Q 9(t,z, 1(t,z) + zn(t,gc))dtd;u,//E h(t, €, u(t, €))dtde > —co. (5.3)

To estimate the given trajectory 7; for (2.10) we use (2.5) and (2.7) that easily infer

B|| max{|c|,d o0 )1/ mes(
RN (L Lo B[S

Then employing arguments similar to the proof of Proposition 4.1, we conclude that
lae(F1 + y2)|lL20,7:x) < o0 for each € > 0. (5.4)
Thus it follows from (5.3), (5.4) and the boundedness of U,q in LP(0,T;U) that
J2e(u,y2) > —00 Yu € Uy, €> 0,

i.e., the cost functional J;e is proper in the minimization problem (P,) for any € > 0.
Fixed € > 0 and taking into account the uniqueness of mild solutions (5.2) correspond-
ing to controls u, we consider the cost functional in (P;.) on the admissible control set U,4
equipped with the weak topology of L?(0,7;U). Now using Corollary 3.2, Propositions
3.4 and 3.5 as well as the convexity of h in u and the continuity of the operator a.(-)
in (4.2), we conclude that for big p the cost functional in (P3.) is weakly semicontinuous
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in LP(0,T;U) on the weakly compact set U,q; cf. the proof of Theorem 3.6. Thus the
existence of optimal solutions in (Pj) follows from the classical Weierstrass theorem. O

Next let us prove the strong convergence of optimal solutions for the approximating
problems (P5) to the given optimal solution (@, ;) of the state-constrained problem (P3).

5.2. Theorem. Let (@, g2) be the given optimal solution to problem (P,) and let {(uc, yac)}
be a sequence of optimal solutions to the approzimating problems (Pye). Then there is a
subsequence of {€} along which

u. — @ strongly in LP(0,T;U), yze — §o strongly in C([0,T]; X), and
J2e(Ue, y2c) — J2(@,52) as e — 0.

Proof. From the optimality of (ue,y2e) in (P2) and the feasibility of (@, §2) in this problem
one has

J2E(u67 y2c) S ch(ﬂ, gZ) = Jg(ﬂ, g?) VC > 0. (55)
This implies, in particular, that there is a constant M > 0 independent of € such that

CHCYc(g] + y25:|“21;2(0,T’.X) < M, i.e.,

el|ac(yy + yzf)HLz(oyT;x) —0 ase— 0. (5.6)

Due to the weak compactness of Uyq in LP(0,T;U) we can find a function @ € U,4 and
a subsequence of {u.} along which

u — @ weakly in LP(0,T;U) as € — 0. (5.7)

Denote by 7, the mild solution of (5.1) corresponding to 4. Now using Proposition 3.4,
we can find a subsequence of {€} such that

Yae(t, z) — Ja(t,z) ae. in Q (5.8)

along this subsequence for p sufficiently big. Then following the procedure in the proof
of Theorem 4.3 with the usage of (5.6) and Lemma 4.2, we conclude that

a <y (t,z)+ g2(t,z) < b ae. inQ,
i.e., (&,9,) is a feasible solution to the state-constrained problem (P,). Therefore,
J2(@, §2) > Jo(8, §2)- (5.9)

Now let us pass to the limit in (5.5) as € — 0 taking into account (5.7)-(5.9) and the
lower semicontinuity of the functional (2.14) on U,q in the weak topology of L?(0,T;U)
(see the proof of Theorem 3.6). This yields

lim lue = ullipor) =0 and lim e|ae(g1 + v2)llf207:x) = 0- (5.10)

The first equality in (5.10) means that ue — @ as € — 0 strongly in LP(0,T;U). For
big p the latter implies the strong convergence yse — @2 in C([0,T];X) by virtue of
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Proposition 3.1. The value convergence in Theorem 5.2 follows from the solution conver-
gence obtained and the second equality in (5.10). This ends the proof of the theorem. O

Next let us establish necessary optimality conditions for the approximating problems
(P2.) under the following additional assumptions on the integrand h:

(H6b) h(t,£,u) is continuously differentiable in u with the derivative measurable

in (t,€). Moreover, there is a nonnegative function v, € L?(¥) such that

h
P &) S (1,8 e (1,6) €5, Vor € (0]

where l/p+1/q=1.

Let (ue,y2¢) be an optimal solution to problem (P;.) for any fixed ¢ > 0. Consider
feasible variations of u, of the form u, + fu € U,q with u € L?(0,T;U) where 8 € [0, 6,
for some 6y > 0. Denote by ysc, the mild solution of (5.1) corresponding to u. + fu and
consider a function ¢ : [0,600] — R defined by

#(0) := Joc(ue + Ou, yacu). (5.11)

It follows from the definition that ¢ attains its minimum at § = 0. Moreover, it is easy
to see from (5.2) and (3.3) for big p that

Y2eu — Y2e StrOHgly in C([O, T], H1/2_5(Q)) as 8§ — 0 and

y2cu(tam)9_ y2e(t)‘r) = Lu V0> 0, a.e. (t,-’l)) c Q (512)

The following results provide necessary conditions for optimality of (uc,yq¢) in (Pae)
ensuring, due to Theorem 5.2, suboptimality conditions to the state-constrained problem

(P2).

5.3. Theorem. Let (u,y2) be an optimal solution to problem (Py.) and let L* :

(¢((o, T7]; X))

— L9(0,T;U) be the adjoint operator to the operator L in (3.2). Then one has

0< // [5 t T, 1+ Y2e) + 2eal(Gr + Y2 )@e(G1 + y2e)) + g—Z(t,é,ue)]udtdg +
2p /0 e — au;’; ([ (. — @yude)t (5.13)

where u € LP(0,T;U) such that ue + 0u € U,q for all § € [0, 6] with some 0y > 0.

Proof. Taking into account that the function ¢(-) in (5.11) has its minimum at § = 0 and
using the classical mean value theorem, we get

0< hrnme() =

liminf - // (t,z, 7 + y2cu) — 9(t, T, %1 + y2e))dtdz +

6—0
J (8, € e+ 0u) = h(t, €, u)dtde + (e + 0 = @00y — ke — il 7)) +
elllo(d + v a0y — et + p2a)lliz )] =
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oL 1 0 _
hm IIlf 5[//Q %(L T,y + Y2e + 01(?/2(14 - yZC))(y2cu - yZC)dtd‘T +

6—0
/ / Ok 1. ¢, u, + 0,0u)0udtde +
T Ju
T
/ (e + Ou — @72+ - + [fue — u“f;?)(/F Ou(2u. — 24 + Ou)d€)dt +
0
é/ Q(ac(y_l + yZeu) + ac(gl + y2€))a,g(gl + Yo + 93(?/2:11 - y2c))(?/25u - y2€)dtd$]

where 0; = 0;(¢,z) € [0,1] a.e. in @ for ¢ = 1,2,3. Observe that 8;(y2cu —y2.) — 0 strongly
in L2(Q) as § — 0 for i = 1,2,3 and that a.(§1 + y2eu) + @e(§1 + y2c) € L*(0,T; X). Then
similarly to Section 4, by using assumptions (H4b) and (H6b), Proposition 3.5, and the
Lebesgue dominated convergence theorem, we obtain

0< // t z,y + y2c) + 260 (yl + y26)ac(y1 + yzc))£Udtd$ +

// (£, €, uc)udtdé + 2p/ lue — alffr (/F(m — @)udé)dt. (5.14)
The latter implies (5.13) end ends the proof of the theorem. O

5.4. Corollary. For each ¢ > 0 the optimal control u, to (P3c) satisfies the following
bang-bang relations:

Jdg
u(t,f) = p ae {(t,§) €X| E*(ay(t 2,71 + Yac) + 2€a(G1 + yac ) (F1 + y2c)) +
dh _2 _
5_(t3£7u6) + 2p”u5 - ﬁ“’f} (uf - u) < 0}’
u(t,) = e. {(t,6) €L ﬁ*(gy(t T, + y2c) + 2€as(i1 + yae) e (1 + Yae)) +

oh = _
8_u(t’€3ue) + 2p||’u,€ - u”l[’] z(uf - U) > 0}

Proof. Let u = 4 — u in (5.13) for any & € U,g. Taking 0y = 1, one has u, 4+ fu =
(1 — O)u, + 04 € U, for all 6 € [0,6y]. Then the bang-bang relations follow directly from
(5.13). O

6 Necessary Optimality Conditions with State
Constraints

In the last part of this paper we furnish the limiting processes to derive necessary
optimality conditions for the original minimax control problem (P). They are based on
passing to the limit in the necessary optimality conditions for the approximating problems
(Py1) and (P2) by taking into account the splitting procedure and the strong convergence
results proved in the previous sections. First let us summarize the approximation and
suboptimality results obtained for the given optimal solution (%, w) to the original problem

(P).

6.1. Theorem ILet (u,w) be an optimal solution to the minimaz control problem (P) and
let y be the corresponding mild trajectory of system (2.1). Assume that all the hypotheses
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(H1)-(H6) are fulfilled and that p is sufficiently big. Then for each € > 0 there exist
optimal solutions {(we, y1e)} and {(uc, y2c)} to problems (P1c) and (Pi.), respectively, such
that

(e, Wey Ye) = (e, Wes Y1 + Yac) — (2,0, 9)
strongly in LP(0,T;U) x L*(0,T; W) x C([0,T]; X) as € — oo

and the necessary optimality conditions in Theorems 4.4 and 5.3 hold.

Analysing the necessary conditions of Theorems 4.4 and 5.3, we can observe that to
pass to the limit therein one needs to get a uniform bound for the term eal(:)a.(-). Such
a bound does not follow from the previous consideration without additional assumptions.
To furnish this, let us impose the following constrained qualification conditions for the
state constraints in the minimax problem (P) that take into account the nature of this
problem through the splitting procedure of Section 2. It what follows || - ||c denotes the
norm in L*®(Q).

There ezist W € Woq and g1 > 0 such that for all ( € L=(Q) with ||(]|e <1
(CQL) and the strong solution §; of (2.10) corresponding to W one has

a < ?jl(t’x) + gQ(tax) + 771(('5,3?) < b a.c.in Q

There ezist & € Uyq and my > 0 such that for all { € L®(Q) with ||(||e < 1
(CQ2) and the mild solution §; of (2.11) corresponding to i one has

a < it x)+ 920t z) + m2((t,2) < b ae.in Q.

Note that the qualification conditions imposed are different from the classical Slater
interiority condition in the corresponding spaces. In particular, they do not imply that the
sets of feasible trajectories y; and y, have nonempty interiority in the spaces W2([0, T[; X)
and C([0,T1; X), respectively. We refer the reader to [4] and [25] for more discussions
on the related qualification conditions for the case of parabolic systems with distributed
controls.

The next lemma provides desired uniform estimates that turn out to be crucial in the
limiting procedures developed below.

6.2. Lemma. Let (4,W,§), (We,Y1c), and (ue,y2.) satisfy the conditions in Theorem 6.1,
Assume, in addition, that the qualification conditions (CQ1) and (CQ2) hold. Then there

exists a constant C > 0 independent of € such that for any € > 0 one has the estimates

leae(yie + F2)e(yic + G2l < C, (6.1)
e (91 + yac)ae(tr + y2e)h £ C (6.2)
where || - ||1 denotes the norm in L'(Q).

Proof. First let us consider inequality (4.3) and put there w = W — w, where W satisfies
the qualification condition (CQ1). Employing the latter condition and the monotonicity
of a.(-) in (4.2), we have

a ~
02> //6; ‘a_i—(t’z’ylc + gz)(yl - y]c)dtd.’lt +
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//Q(S—Z(t, z,we) — 2w, — B))(@ — w,)dtdz —

2// e (Y1 + 2)ac(y1c + §2))(I1 — y1c)didz =

// 5o (bt + )0 — y)dtda + // (t, 2, we) — 2we — ))(@ — w,)dtdz +
2//@ e (Y1c + F2)(@c(y1c + F2) — ac(fr + G2 + m{))(y1e + §2 — §1 — 2 — m()dtde +
2// @ (y1e + G2)ac(yrc + Go)mdtdz >

// St et 320 — e + // (8, 2,w.) — 2(w, — )@ — w,)dtdz +
2 [ [ cotfune + Ba)e(vrc + GoImCdtda VC € L7(Q) with |l < 1.

Now it follows from assumptions (H4b), (H5b) and Theorem 4.3 that there is a constant
C' > 0 independent of € such that

//Q ea! (Y1 + T2) e (Y1e + F2)Cdtdz < C Ve > 0 and ¢ € L™(Q) with [|([|e < 1.

The latter obviously implies (6.1).

Next let us consider inequality (5.14) and put there v = & — u, where @ satisfies the
qualification condition (CQ2). Using this condition and the monotonicity of a.(-), we
obtain

dg ~ . oh _
0< //Q %(t,m,yl + y2c )L(U — uc)dtdz + //E a—u(t,f,ue)(u — u)dtdé +
T
2 [ flue(t) = 5O (ue - @)(@ - u)de)at +
2 [ /Q e (1 + Yae)o(F1 + o) (Lt — Lu)dtdz <
5 h
J [ G251+ 02 G - e+ [ [ St~ i +
T \ -2
2 [ lluet) = a5 [ (ue = 2)( — w)de)dt —
2//(3 ea, (g1 + Ya)(@e(F1 + y2c) — ae(§1 + Fo + 120))(G1 + Y2e — §1 — F2 — 72()dtdz —
20, ] el + vada(gi + vac)(dida <
0 h
// a—g(ta$»§1 + y2¢)(J2 — yac)dtdz + //): g_u(t’é’“f)(ﬁ — u)dtdé +
2p [ fhale) = A2 f (e = )3 = w )t -
2m, //Q e (71 + Yac)ae(§1 + y2)(dtdz V( € L®(Q) with I{]leo < 1.

It follows from (H4b), (H6b) and Theorem 5.2 that there is a constant C' > 0 independent
of € > 0 such that

S, @il + vacto o + ya)Gdtds < C Ve > 0and ¢ € L2(Q) with ¢l < 1.
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The latter estimate yields (6.2) and ends the proof of the lemma. O

Along the optimal trajectory 7(¢,z) to the minimax problem (P) we define the set

Qa = {(t,z) € Q| g(t,z) = a or y(t,z) = b}.

where the state constraints (2.2) are active. This set plays an essential role to characterize
limits of the functions in (6.1) and (6.2) that can be considered as elements of the space

(L2(Q))"

Recall [8, Theorem 16 on p. 298] that the space (L*°(Q))* can be identified with the
space ba(Q) of those bounded additive functions (generalized measures) on subsets of Q
that vanish on sets of the Lebesgue measure zero. This means that for any A € (L=(Q))*

there is a unique A € ba(Q) such that
A(B) = / /Q AA(dtdz) VB € L®(Q). (6.3)

It what follows we will not distinguish between (L*®(Q))* and ba(Q), i.e., we identify A
and A in (6.3). For any A € L*(Q))* we consider its support set supp A where A is not
zero. Recall that such a support set is defined to within subsets of the Lebesgue measure
zero on Q.

In what follows, convergence along a generalized sequence means the convergence of
a net in the weak™ topology of the space (L™(Q))* where the topological and sequential
limits are different.

6.3. Lemma. Let all the assumptions of Lemma 6.2 hold. Then there exist A\; € (L>(Q))*
with supp A; C Qap, ¢+ = 1,2, and a generalized sequence of {€} along which

2ea(y1c + J2)e(y1e + §2) — A1 weakly® in (L®(Q))" and (6.4)
2eci, (i1 + Yac) (1 + y2c) = A2 weakly™ in (L®(Q))" as € — 0.

Proof. We consider only the first relationship (6.4); the proof of the second one is similar.
For any € > 0 define a linear functional on L*°(Q) by the formula

Ma(B) =2 [ [ collure + )aclyre + a)Bitda W5 € L7(Q).
Due to Lemma 6.2 one has

[A1(B)] < CliBlloo VB € L7(Q)

that yields the boundedness of the set {A;.} in the space (L*°(Q))*. Employing the well-
known result on the weak* compactness of the unit ball in a dual space, we find an element
Ay € (L°(Q))* and a generalized sequence of {e} along which

lim Avc(8) = lim?2 | [ eal(vsc + F)aulyae + Go)Bitds = Ma(8) VB € L™(Q). (63

Now considering A, € ba(Q)) corresponding to A; by virtue of (6.3), we conclude from
(6.5) and the definition of the weak* convergence that (6.4) holds.

It remains to show that supp A\; C Qu. Note that due to the state constraints (2.2)
the set

{(t.z) € QI y(t,z) < a or y(t,z) > b}
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has measure zero. Thus assuming that supp A\; & Qap, we find a set Q such that

r?es(Q) >0, \(Q)#0, and (6.6)
QcC{t,zr)eQla< hi(t,z) + a(t, z) < b}.

The latter implies that
Q C Ur50Q, where Q. :={(t,z) € Q|a+r < Hi(t,z)+ G2(t,z) <b—r}.
Noting that Q,, C @, if 1y > 2, we get
mes(Q N Q,) # 0 for all small r > 0. (6.7)
Moreover, for any é > 0 one can find 7 > 0 such that

rnes(Q \ Q7) < mes(U,50Q: \ Q7) < 6. (6.8)

Now employing the convergence y;. — § in Theorem 4.3 and then using the Egorov
theorem, we find a set Q, C Q7 N Q with mes((Q; N Q) \ Q,) < p and a subsequence of
{y1c(t,z)} that converges to %,(t,z) uniformly in @,. When p > 0 is sufficiently small,
we have from (6.7) that mes(Q,) # 0 and

a < y1c(t, ) + §a(t, z) < b in Q,, for small .
Due to (4.2) the latter yields
eal(yie(t, z) + F2(t, z))ae(y1e(t, ) + §2(t,2)) = 0 in @, for small e. (6.9)
Observe in addition that
Q=(QnQHU@Q\Q) =Q,U((@NQ:)\Q,)U(Q\ Q).
Now let us consider any 8 € L®(Q) with supp # C Q. Denoting
Ye(t, z) = 2ea;(y1e(t, 7) + Ga(t, 7)) ae(y1e(t, @) + G2(t, 7)) B(¢, 7), (6.10)

we have

A (B // Ye(t, z)dtdz —{—//QnQ \Q (t,z)dtdz +// ((t,z)dtdz.  (6.11)

Since 7. € L'(Q) and ¢ is sufficiently small in (6.8), one gets

|// Ye(t, z)dtdz| < e Ve > 0.

Taking into account this fact, relationships (6.5), (6.9)-(6.11), mes((Q N Q;) \ Q,) <
p, B € L®(Q), and estimate (6.1), we conclude that there is a nonnegative function c(p)
such that ¢(p) — 0 as p — 0 and

|A1(B)| < ¢(p) for any B € L®(Q) with supp B C Q (6.12)

when p is sufficiently small. Therefore, A;(8) = 0 for all 8 in (6.12). This contradicts
assumption (6.6) and ends the proof of the lemma. DO
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Now we are ready to prove necessary optimality conditions for the original minimax
problem (P) with state constraints. First let us obtain results that characterize the worst
perturbations in (P). Given y € C([0,T); X) and A\, € (L*(Q))", we consider the adjoint
system

61/)1 99
B — Ay = 0y(t z,y)+ A ae in @,

vi(T,2) =0, z € cl Q,
d)l(t’é) = 0> (t’ﬁ) S

and define its solution z/Jl(t z) in the following sense:

(6.13)

1/)1 (t,z) + Av)dtdz = t z,y(t, z))vdtdr — v/\ (dtdz) (6.14)
8
W € Wyt °°(Q)

The next theorem shows that, along optimal processes to (P), there is a solution to
(6.13) belonging to the space BV (0,T; H1(Q)) of H~!(Q2)-valued finctions with bounded

variation on [0, 7] and satisfying some additional conditions.

6.4. Theorem. Let (u,w,y) be an optimal triple in problem (P) under assumptions
(H1)-(H5) and let the qualification condition (CQL) hold. Then there exist a measure Ay €
(L=(Q))* with supp A C Qu and a trajectory € BV(0,T; H1(Q))NL*(0,T; Hy(2)) N
L*=(0,T; X) of the adjoint system (6.13) such that

Oow

Proof. We prove this theorem by passing to the limit in the necessary optimality conditions
of Theorem 4.4 for the approximating problems (P;.). Let ;. be the strong solution to
the adjoint system (4.24) corresponding to (u,y1.) in Theorem 4.4. Multiplying (4.24)
by v € Wb (Q) and integrating the latter by parts, we get

/] e o+ Av) dtdx—// (t,2, y1e + §o)vdtde —

/ [ 260 (3 + B)eu (e + yz)vdtdx Vo € W2b(Q). (6.16)

//Q(B“¢1 + 224 4, @) (w — B)dtds < 0 Vaw € Wa (6.15)

The strong solution ;. to (4.24) can be represented in the form

T 0
Pie(t) = —/t S(r — t)(a—Z(r,z, Y1e + §2) — 2, (y1c + G2)ac(y1e + G2))dr Yt € [0, T(B.17)
where the semigroup S(-) generated by the operator —A has the contraction property in

L'(2); see [6]. Employing in (6.17) the latter property and estimate (6.1), we find a
constant M > 0 independent of € and ¢ such that

l|91e(t )HL!(Q) <
/ 1S (m = t)( (T z,y1e + §2) — 2ec(y1e + J2)e(y1e + J2)) |1 (@ydr <

/ ISt~ oll- 12 2+ ) = 26y + Bl + 52)) rmydr <

'},‘;Hl + 1|2 (yae + y2)ce(y1e + G2))l1 S M < oo Vte [0,T], e> 0.
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This means that {i1.} is bounded in C([0,T]; L}(2)). Moreover, it follows from (4.24)
and (6.1) that the sequences {2%< — A¢y.} is bounded in L!(Q). Employing the Sobolev
imbedding theorem, we conclude that agt“ is bounded in L'(0,7; H-*(2)). Further-
more, based on (4.24) and the previous estimates, one gets the boundedness of {11} in

L*0,T; H}(Q)) and L*®(0, T; X) similarly to [2, Section 5.1.2] and [25, Section 4.2.1]. Now
involving standard compactness arguments, we find a function ¥, € BV(0,T; H™'(Q)) N
L*(0,T; Hy())N L*>(0,T; X) and a subsequence of {1} (without relabelling) such that

Y1e(t) — 1 (t) strongly in H~1(Q),
hie — 1 strongly in L*(0,T; Hy(), and
Y1e — 1 weakly” in L*(0,T;X) as € — 0.

Passing to the limit in (6.16) as € — 0 and taking Lemma 6.3 into account, we conclude
that ¢, satisfies the adjoint system (6.13) in the sense of (6.14). Finally, to obtain (6.15)
we pass to the limit in condition (4.31) that immediately follows from (4.25). Using
Theorem 4.3, (H3), and the convergence 1 — ¥, in L*(0,T; X), we arrive at (6.15) and
end the proof of the theorem. O

6.5. Corollary. Under the assumptions of Theorem 6.4 the mazimal perturbation w in
problem (P) satisfies the following bang-bang principle:

w(t,z) =c a.e. {(t,z)€ Q| (B )(t,z)+ g—:(t,x,w(t, r)) < 0},
w(t,z)=d ae. {(t,z) € Q| (B"1)(t,z)+ g—;’:(t,z,@(t,z)) > 0} (6.18)

where (¢, ) is the corresponding solution to the adjoint system (6.13).
Proof. This follows directly from (6.15). O

Next we are going to obtain necessary optimality conditions for optimal boundary
controllers in the minimax problem (P) by passing to the limit in the necessary optimality
conditions for the approximating problems (P;.). To furnish this we need to show that
the Dirichlet operator £ in (3.2) is continuous from L*®(X) into L>°(f2). The following
theorem contains this property and provides the desired optimality conditions for the
original problem .

6.6. Theorem. Let (u,w,y) be an optimal triple in problem (P) under assumptions
(H1)-(H4), (H6) and let the qualification condition condition (CQ2) hold. Then there is
a measure Ay € (L°°(Q))* with support supp Ay C Qqp such that for any u € U,q one has

o< | / [z 7)) + (t &) (u— aydtde + [ / )(£\)(dEdEY6.19)

Proof. Let {(ue,yge)} be a sequence of optimal solutions to (P.) that strongly converges
to (4, yz) due to Theorem 5.2 and satisfies necessary optimality conditions in Theorem

5.3. It directly follows from (5.13) that

oh
0< // [E i T, Y1 + Y2e) + 2€a(§1 + yac)ae(F1 + yae)) + M

2% /0 e — uug: ( /F (ue — @)(u — u)dE)dt Yu € Usg: (6.20)

(¢, €, u)](u — ue)dtdé +
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cf. the proof of Corollary 4.5. We need to pass to the limit in (6.20) as ¢ — 0 (along
a generalized sequence, without relabelling). Due to Theorem 5.2 and the well-known

continuity of the operator £*: L?(0,T; L*(2)) — L*(0,T; L*(T)) (see, e.g., [14]) one has
Oh
// [E* t T, Y1+ Yo2e) + %—(t,f,uc)](u — uc)dtdé —
. 39 _ i i
S G 1,80 + 5.6, D - e Vo € U

and the last term in (6.20) converges to 0 as ¢ — 0. To get (6.19) from (6.20) it remains
to show that for any u € U, one has

/ / U — u)L* (26 (G1 + yao) e + yao))dtdE — / / 2)(L*\;)(dtde)(6.21)

as € — 0 along a generalized subsequence. Taking Lemma 6.3 into account, one can con-
clude that (6.21) follows from the continuity of the operator £*: (L=(Q))* — (L>(X))*
in the weak* topologies of the spaces. This weak* continuity of the adjoint operator is
a direct consequence of the strong continuity of the operator £ in (3.2) considered from
L>(%) into L*(Q). To justify the latter continuity we involve some results from the
theory of generalized solutions to parabolic equations along with previous considerations.

Let us consider a function v € L?(Z) in the Dirichlet boundary condition for (2.11).
Employing [15, Theorem 9.1], we know that there is a unique y(v) € L*(Q), called a
generalized solution to (2.11), such that

/ / 5+ Az)dtde = - [ / vaTdtdf (6.22)
VZE{ZEH“( z(t,€) =0, (t,6) € £, 2(T,z) = 0}.

Now let v € L*(X) and let y = Lv be the corresponding mild solution to (2.11). We
are going to show that such y satisfies (6.22), i.e., coincides with the generalized solution
to (2.11) in this case. Let us consider the given controller v as an element of the space

LP(0,T;U) for big p and then use the fact that the space D(X) is dense in L?(0,T;U),
i.e., there is a sequence {v,} C D(X) with

v, — v strongly in L?(0,T;U) as n — oo.

It is well known that for each v, € D(X) system (2.11) has a unique classical solution
yn that automatically is a mild solution and a generalized solution to (2.11). Therefore,
yn = L(v,) and y, satisfies (6.22) foralln = 1,2,.... Moreover, it follows from Proposition
3.1 that

1£v = ynlloqorrixy = I1£v — Lvn|lcqoyx) — 0 as n — oo.

Employing all these facts, one has
|// Cv(—%-{- Az) dtdx+// va—zdtdﬂ <
z

i// v = Yn)( +Az)dtdx|+|//v—vnaa—dtd£|<

0z
| Lv ~ yulleqo,x) - 1| — 5 + AZ||L2(0,T;X)T1/2 +

0z

lv = vallLe(o.1, U)H
l/

22070y 4,0 asn — oc

29




where § := 2%2. Thus we obtain

0z 0z
//Q Lo(—7 + Az)dtdz = —'//Ev%dtdg
Vze {z€ H"(Q) | 2(t,6) =0, (t,6) € I, 2(T,z) = 0}.

The latter means that the mild solution y = Lv is a generalized solution to (2.11) for any
v € L*°(X). Using the uniqueness of generalized solutions and the fact that the general-
ized solution operator is a continuous map of L®(X) — L*(Q) (see [15, pp. 205-206]),
we conclude that the linear operator £ is continuous from L*(X) into L*(Q). This allows
us to pass to the limit in (6.21) and finish the proof of the theorem. D

Summarizing the results obtained, we come up to the following theorem that contains
necessary optimality consitions for both worst disturbances and optimal controllers in the
original minimax problem.

6.7. Theorem. Let (u,w) be an optimal solution to the minimaz problem (P) and
let § be the corresponding trajectory of system (2.1). Assume that all the hypotheses
(H1)-(H6) and the constraint qualification conditions (CQ1), (CQ2) hold. Then there
are measures X\, € (L®(Q))* with supp \; C Qu, 1 = 1,2, an adjoint trajectory i, €
BV(0,T; H-Y(2)) N L*(0,T; Hy(R2)) N L*°(0, T; X) satisfying (6.14) such that conditions
(6.15) and (6.19) are fulfilled and the worst disturbance W obeys the bang-bang relations
(6.18).
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