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Preface

A central concern of the Human Settlements and Services
research group at I.I.A.S.A. has been the analysis of the
dynamics of multiregional population growth and distribution.
Recently this activity has stimulated a concerted effort to
extend and expand the applicability of mathematical demographic
models in the study of such dynamics. This paper, the sixth,
of a series addressing the general topic of spatial population
dynamics, develops a family of model migration schedules and
illustrates their potential application in studies of model
multiregional stable populations. (This working paper is a
preliminary draft of a forthcoming Research Report and is being
reproduced to elicit comments and suggestions for possible in-
corporation into the final version.)
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Abstract

This paper focuses on the construction of hypothetical
"model" migration schedules and multiregional stable popula-
tions. It begins by identifying the persistent regularities
that are exhibited by observed migration schedules and then
summarizes these regularities by means of regression equations
to establish a family of hypothetical migration schedules.
These schedules are then combined with model fertility and
mortality schedules to generate hypothetical stable popula-
tions which offer valuable insights into the dynamics of
spatial population growth and change.

Summarz

Model schedules have two important applications: 1l.) they
may be used to infer empirical schedules of populations for
which the requisite data are lacking and 2.) they can be applied
in analytical studies of human population dynamics.

The development of model fertility and mortality schedules
and their use in studies of the evolution of human populations
have received considerable attention. The construction of
model migration schedules and their application in studies of
the spatial evolution of human populations have not. This paper
addresses the latter question and demonstrates how techniques
that have been successfully applied to treat the former problem
can be readily extended to deal with the latter.

Migration rates vary substantially by age. They are rela-
tively high for the young but decline sharply with age. The
basic age profiles of migration schedules may be summarized by
means of regression equations that relate age-specific migration
rates to indices of migration levels. These equations, together
with comparable ones for mortality schedules, may be used to
construct "model" multiregional life tables which describe the
mortality-migration patterns of a multiregional population.

Such tables, in turn, may be combined with model fertility
schedules to create hypothetical "model"” multiregional stable
populations.

Model multiregional stable populations reveal the long-run

consequences of particular changes in fertility, mortality, and
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migration levels. They show, for example, that the stable shares
of regional populations exposed to identical schedules of fertil-
ity and mortality will vary inversely with the ratio of their
respective migration levels. They demonstrate that higher rates
of growth lead to stable populations that taper more rapidly
with age. And they reveal that regional age compositions and
birth rates are relatively insensitive to changes in migration
levels.

Model migration schedules and model multiregional stable
populations illuminate important aspects of spatial population
dynamics. To the extent that a workable understanding of spatial
population dynamics is an important ingredient of informed human
settlement policymaking, they constitute a useful and necessary

component of the spatial planner's analytical apparatus.
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Model Multiregional Life Tables and Stable Populations

Andrei Rogers and Luis J. Castro

1. Introduction

The evolution of a human population undisturbed by
emigration or immigration is determined by the fertility
and mortality schedules to which it has been subject. If
such a "closed" population system is disaggregated by region
of residence, then its spatial evolution is largely determ-
ined by the prevailing schedules of internal migration.

The age~specific fertility, mortality, and migration
schedules of most human multiregional populations exhibit
remarkably persistent regularities. The age profiles of
such schedules seem to be repeated, with only minor dif-
ferences, in virtually all developed and developing nations
of the globe. Consequently, demographers have found it
possible to summarize and codify such regularities by means
of hypothetical schedules called model schedules.

Model schedules have two important applications: 1.)
they may be used to infer (or "smooth") empirical schedules
of populations for which the requisite data are lacking (or
inaccurate) and 2.) they can be applied in analytical mathe-~
matical examinations of population dynamics.

Countries that lack accurate vital registration data
with which to compute age-specific fertility and mortality
rates have had to rely on schedules developed on the basis
of census data alone.

"Suppose that a closed population is ‘enumerated
in two censuses at an interval of exactly ten years,
and that each census contains tabulations of males
and females by age, in five-year intervals.... A
sequence of life table values can be based on the
sequence of calculated census survival ratios, and
by well-tested actuarial procedures, a life table
can be constructed for ages above five-~-provided that
the two censuses achieved accurate coverage of the
population, and that ages were accurately recorded."
(Coale and Demeny, 1967, p. 7).



Census survival ratios derived from census-~enumerated
age distributions distorted by age-misreporting must be
adjusted after calculation in order to "smooth" out those
that are unreasonably low or that exceed unity. Model
life tables offer a convenient solution to such problems
of data smoothing.

Compare, for example, the empirical and model survival
ratios in Figure 1. The female survival ratios calculated
from Indian and Turkish censuses illustrate the highly
erratic pattern that can be introduced by age misreporting.
The survival ratios derived from the Korean censuses, how-
ever, generally fall inside of the range defined by model
life tables with expectations of l1life at birth of 35 and
45 years, respectively. This is an indication that no
serious misreporting of age probably occurred in thosé
censuses.

The growth dynamics of empirical populations are often
obscured by the influences that particular initial condi~
tons have on future population size and composition. More~
over, the vast quantities of data and parameters that go
into a description of such empirical dynamics make it some-
what difficult to maintain a focus on the broad general
outlines of the underlying demographic process and instead
often encourage a consideration of its more peculiar details.
Finally, studies of empirical growth dynamics are constrained
in scope to population dynamics that have been experienced
and recorded; they cannot be extended readily to studies of
population dynamics that have been experienced but not re~
corded or that have not yet been experienced at all. 1In
consequence, demographers frequently have resorted to
examinations of the dynamics exhibited by hypothetical
model populations that have been exposed to hypothetical
model schedules of growth and change. An illustration of
such an approach appears in the work of Ansley Coale, from
whose recent book (Coale, 1972) we have extracted Figure 2

below.
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Figure 2 describes the age compositions of stable
populations that have evolved from a very long exposure
to the same constant mortality schedule and one of several
different levels of unchanging fertility. Inherent in the
interaction of every such pair of human fertility and
mortality schedules is a unique age composition, called
the stable population, that ultimately grows at a constant
"intrinsic" rate of growth, r, and assumes a stable con-
stant age composition, c(x). If r is zero, for example,

the age composition is that of the stationary zero-growth

population. In Figure 2 the shape of a stationary popu-
lation is contrasted with those of growing and declining
populations. Observe that higher values of r create stable
age compositions that taper more rapidly with age, thereby
causing such populations to have a lower mean age than low
fertility populations.

The development of model fertility and model mortal-
ity schedules and their use in studies of the evolution of
human populations have received a considerable amount of
attention (Arriaga, 1970; Coale and Demeny, 1966 and 1967;
Coale, 1972; Rele, 1967). The construction of model mi-
gration schedules and their application to studies of the
spatial evolution of human populations disaggregated by
region of residence, however, have not. This paper addres~
ses the latter question and shows how techniques, that have
been successfully applied to treat the former problem can
readily be extended to deal with the latter. We begin, in
Section 2, by considering the regularities and dynamics
exhibited by a specific empirical population disaggregated
into four regions of residence and observed at two points
in time. We then follow this study of the regularities
and dynamics of an empirical population with an examination,
in Sections 3 and 4, respectively, of the regularities and
dynamics of hypothetical model populations. The paper
concludes with a brief consideration of directions for

further research.



2. Regularities and Dynamics in Empirical Multiregional

Populations

Our examination of the regularities and dynamics of
an empirical population will focus on the evolution, over
a decade, of the U.S. total population resident in the
four Census Regions that collectively exhaust the national
territory: 1.) the Northeast Region, 2.) the North
Central Region, 3.) the South Region, and 4.) the West
Region. Figure 3 illustrates this particular geographical
division of the U.S. and also exhibits the finer spatial
disaggregation of the four regions into the corresponding
nine Census Divisions. Although most of this paper deals
with the four-region system, we will briefly refer to the

nine-region system in Section 3.4,

2.1 Regularities in Empirical Demographic Schedules of

Growth and Change

The shape, or profile, of an age-specific schedule of
fertility, mortality, or migration is a feature that use-
fully may be studied independently of its intensity, or
level. This is because there is considerable evidence
that although the latter tends to vary significantly from
place to place, the former very often remains relatively
constant between localities. We now shall consider the
regularities in the profiles of such schedules in turn,

starting with fertility.

Fertility. Age-specific rates of childbearing exhibit
a fundamental pattern that persists over a remarkably
wide range of human populations.

"...age schedules of fertility in human
populations have a number of general features
in common. All rise smoothly from zero at an
age in the teens to a single peak in the twenties
or thirties, and then fall continuously to near
zero in the forties and to zero not much above
age 50." (Coale, 1972, p. 5.)
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Figure 4 presents several schedules of fertility, all
of which follow the general profile described above. 1In
Figure 4A are outlined the fertility schedules of the U.S.
total population in 1958 and 1968, respectively. Figure
4B gives the fertility schedules of Hungary in 1970, Japan
in 1964 and Sweden in 1891-1900. All of the schedules
exhibit the same general age profile but vary substantially
in the mean age of this profile and its standard deviation.
According to Coale and Trussell (1974), the age schedules
in Figure 4B had the lowest and highest mean ages (Hungary
and Sweden) and the lowest standard deviation (Japan) among
those that they examined in their recent study of model
fertility schedules.

Mortality. Observed schedules of mortality vary in a
predictable way with age. They normally follow a U-shaped
pattern in which rates are moderately high during infancy
decrease thereafter to a low in the very early teens, and
then rise monotonically to the last years of life.

"In almost every accurately recorded schedule
of death rates by age, mortality declines sharply
during the first year from a high value immediately
after birth, falls more moderately after age 1 to a
minimum between age 10 and 15, increases gradually
until about age 50, then increases ever more steeply
until the highest age for which a rate is given."
(Coale, 1972, p. 8.)

Figure 5 presents mortality schedules for the U.S.,
Japan, the U.S.S.R., and Poland. The fundamental age
profile of mortality is evident in all. Mortality is
high during infancy, ranging anywhere from 5 to 8 per
thousand live births; it achieves its minimum between ages
10 and 15, dropping to a value between 0.3 to 0.5 per
thousand; it then rises to values that in the late sixties

vary between 16 to 38 per thousand.

Migration. Rates of migration vary substantially by age.
They tend to be highest for people in their early twenties,
after which time they generally decline sharply with age.
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'...research on migration generally corroborates
the proposition that persons in their late teens,
twenties, and early thirties are more migratory than
their counterparts. The interpretation is that the
young are able to adapt more easily to new situations.
Also,...they are envisioned as being more readily
disposed to taking advantage of new opportunities,..."
(Shaw, 1975, p. 18.)

Figure 5 sets out several migration schedules for the
U.S. total population. Those in Figure 6A refer to migra-
tion between Census Regions in 1958 and 1968, respectively.
The age schedules in Figure 6B describe the geographical
mobility of the population with respect to finer spatial
disaggregations. From this graph we see, for example,
that rates of residential mobility exceed those of intra-
country and inter-county movements which, in turn, are
greater than migration rates for between-state moves. Yet
the same fundamental age profile is repeated in all of the
schedules.

2.2 Dynamics of Empirical Multiregional Populations

The growth, spatial distribution, and regional age

compositions of a "closed" multiregional population are

completely determined by the recent history of fertility,
mortality, and internal migration to which it has been
subject. Its current crude regional birth, death, migra-
tion, and growth rates are all governed by the interaction
of the prevailing regime of growth with the current region-
al age compositions and regional shares of the total popu-
lation. The dynamics of such growth and change are clearly
illustrated, for example, by the four-region population
system exhibited in Figure 3. Holding the prevailing
regime of growth constant, one may derive the two sets of
spatial population projections summarized in Appendix A

and graphed in Figures 7 through 10 below. These offer

interesting insights into the growth rates, regional shares,
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and regional age compositions that evolve out of a projec-
tion of current trends into the indefinite future, taking
1958 and 1968 as alternative base years from which to

initiate the projections.

Regional Growth Rates. Table 1 in Appendix A, shows that

between the two base years (1958 and 1968) the regional growth
rates of the South and West regions were higher than the

national average whereas those of the Northeast and North
Central regions were lower. By virtue of the assumption

of a linear model and a constant regime of growth, all four
regional growth rates ultimately converge to the same in-
trinsic rate of increase: 0.021810 in the case of the 1958
regime of growth and 0.005699 in the case of the 1968 growth
regime. However, what is interesting is that the trajec-
tories converging toward these two intrinsic rates are quite
different. Only in the case of the West region is a decline
in the long-run growth rate projected under either of the
two observed growth regimes. Also of interest is the sub-
stantial difference between the two intrinsic growth rates
themselves. This difference clearly documents the dramatic
drop in feriility levels that occurred during the decade in

question.

Regional Shares. Both in 1958 and in 1968 approximately 31

percent of the U.S. population resided in the South. This
regional share remains relatively unchanged in the projec-
tion under the 1958 regime of growth but increases to over
34 percent under the 1968 growth regime. Thus the ultimate
spatial allocation of the national population changed in
favor of the South during the decade between 1958 and 1968.
According to Figure 8, a large part of this change came at
the expense of the West's regional share, which declined
from roughly 30 percent to about 22 percent. Note, however,
that despite this decline the West's projected share of the
national population nonetheless shows a substantial increase

over the base year allocation. This increase and that of



the South's matches the decrease in the regional shares of
the Northeast and North Central regions. Thus, under either
projection, the "North's" share of the U.S. population is
headed for a decline while that of the "Southwest" is due

to increase.

Regional Age Compositions. Figure 9 vividly illustrates

the impact that a high growth rate has oh age composition.
The age compositions in the four regional graphs depict
both the age compositions observed at the time of the base
year and those projected 50 years forward on the assumption
of an unchanging regime of growth. Since the regional
growth regimes in 1958 produced a relatively high time
series of growth rates after a period of 50 years, the age
compositions on the left-hand side of the age composition
in Figure 9 show a relatively steep slope. Because the
1968 growth regimes, on the other hand, produced relatively
low regional growth rates after 50 years, the regional age
compositions on the right-hand side of the graphs show . a .
relatively shallow slope. This contrast is perhaps more
readily apparent in Figure 10 which exhibits the age com-
positions that would arise at stability, These in fact do
not differ much those that evolve after 50 years and are
drawn here in continuous form for ease of comprehension.
The age compositions in Figure 10 suggest a comparison
with those of Figure 2. Although the latter describe pop-
ulations exposed to much higher levels of mortality, . the
general outlines of the high growth rate and low growth
rate age compositions are remarkably similar. We shall
consider such age profiles in greater detail in Section
4 of this paper, after first examining the regularities
that are exhibited by observed schedules of migration in

Section 3 below.



3. Model Multiregional Life Tables

3.1 Life Tables

Conventional life tables describe the evolution of a
hypothetical cohort of babies born at a given moment and
exposed to an unchanging age-specific schedule of mortality.
For this cohort of babies, they exhibit a number of pro-
babilities of dying and surviving and develop the corre-
sponding expectations of life at various ages.

Life table calculations normally are initiated by
estimating a set of age-specific probabilities of dying
within each interval of age, g(x) say, from observed data
on age-specific death rates, M(x) say. The conventional
calculation that is made for an age interval five years

wide, is (Rogers, 1975, p. 12):

5M(x)
1 + %M(x)

g(x) =

or, alternatively,

p(x) =1 - g(x) = [1 + %M(x)]'1[1 - %M(x)] , (1)

where p(x) is the age-specific probability of surviving from

exact age x to exact age x + 5. These latter probabilities,

in turn, may be used to define the corresponding probabili-
ties of survival from one age group to the next (Rogers, 1975,
pp. 16 and 85):

s(x) = [1 + p(x + 5] px)[1+px1"1 . (2)

To avoid any possible confusion between the two sets of
probabilities, we shall hereafter refer to s(x) as a sur-~

vivorship proportion, i.e., the proportion of individuals



surviving from age group x to x + 5 to age group X + 5 to

X + 10. A common alternative designation for this demo-
graphic measure is survival ratio (see for example, Section
1).

One of the most useful statistics provided by a life
table is the average expectation of life at age x, e(x) say.
Such expectations of life are calculated by applying the
probabilities of survival p(x) to a hypothetical cchort of
babies and then observing their average length of life
beyond each age. Expectations of life at birth [e(0)] are
particularly useful as indicators of the level of mortality
in various regions and countries of the world. By way of
example, Table 1 presents such expectations for several
developing and developed countries in the 1960s.

A wide range of variation in mortality levels is
illustrated in Table 1. At one extreme are Cameroon and
Togo, with average expectations of life at birth of about
40 years; at the other extreme is Sweden, whose baby girls
born in 1967 could expect to live over 76 years on the
average. In between are Guatemala and Mexico, with average
life expectancies of about 50 years.

Conventional life tables deal with mortality, focus on
a single regional population, and ignore the effects of
migration. To incorporate the latter and, at the same time,
to extend the life table concept to a spatial population
comprised of several regions requires the notion of a multi-
regional life table (Rogers, 1973). Such life tables
describe the evolution of several regional cohorts of babies,
all born at a given moment and exposed to an unchanging

multiregional age-specific schedule of mortality and migra-

tion. For each regional birth cohort, they provide various
probabilities of dying, surviving, and migrating, while
simultaneously deriving regional expectations of life at
various ages. These expectations of life are disaggregated
both by place of birth and by place of residence and will be
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TABLE 1

Expectations of Life at Birth for Six Countries

Stage in the Expectation of Life at Birth, e(0)
Demographic Country
Transition
Males Females
High birth rate Cameroon (1964) 34.27 38.09
High death rate Togo (1961) 33.57 40.27
High birth rate Guatemala (196U4) 49.25 50.87
Low death rate Mexico {1966) b6.26 50.43
Low birth rate Sweden (1967) 71.87 76.58
Low death rate USSR (1959) 67.73 72.87

Source:

pp. 60-123.

Keyfitz and Flieger, 1971, Part II:
Tables,

Summary




denoted by iej(x), where i is the region of birth and j is
the region of residence.

Multiregional life table calculations are greatly
facilitated by the adoption of matrix algebra. This leads
to a compact notation and an efficient computational pro-
cedure; it also very clearly demonstrates a simple corre-
spondence between the single-region and the multiregional
formulas. For example, Equations 1 and 2 may be shown to
have the following multiregional counterparts (Rogers and
Ledent, 1976; Rogers, 1975, p. 85):

1

P(x) = [T+ 2 M) I~

N[

M(x)]

and

1

S(x) = [T+ P(x+ 5] PxI[I+Px] .

The diagonal elements of g(x) and S(x) are probabilities of

survival and survivorship proportions, respectively; the
off-diagonal elements will be called probabilities of
migrating and migration proportions, respectively.
Expectations of life in the multiregional life table
reflect the influences of mortality and migration. Thus
they may be used as indicators of levels of internal
migration, in addition to carrying out their traditional
role as indicators of levels of mortality. For example,
consider the regional expectations of life at birth that
are set out in Table 2 below for the U.S. population with
both sexes combined. A baby born in the West, and exposed
to the multiregional schedule of mortality and migration
that prevailed in 1958, could expect to live an average\of
69.94 years, out of which total an average of 8.95 years
would be lived in the South. Taking the latter as a frac~

tion of the former, we have in 485 = 0.1273 an indicator

(3)

(4)
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TABLE 2

Expectations of Life at Birth and Migration Levels by Region
of Residence and Region of Birth: Total United States

Population, 1958 and 1968.

A. 1958

Region of Region of Residence
Birth Total

1 2 3 4
1. Northeast 50.90 4.49 8.88 5.50 69.76
(0.7295) (0.0643) (0.1273) (0.0788) (1.00)
2. North Central 3.18 48.45 9.10 9.60 70.32
(0.0452) (0.6889) (0.1294) (0.1365) (1.00)
3. South 4.58 7.52 49.21 7.67 68.98
(0.0664) (0.1091) (0.7134) (0.1111) (1.00)
4. West 3.18 6.60 8.95 51.22 69.94
(0.0454) (0.0944) (0.1279) (0.7322) (1.00)

B. 1968

Region of Region of Residence
Birth Total

1 2 3 4
1. Northeast 50.61 5.06 10.00 5.15 70.83
(0.7146) (0.0714) (0.1412) (0.0738) (1.00)
2. North Central 3.69 49.19 10.37 7.75 70.99
(0.0519) (0.6929) (0.1460) (0.1092) (1.00)
3. South 4.81 7.45 51.39 6.63 70.28
(0.0685) (0.1060) (0.7313) (0.0942) (1.00)
4. West 3.87 7.71 11.20 48.53 71.31
(0.0543) (0.1081) (0.1570) (0.6806) (1.00)




of the (lifetime) migration level from the West to the South
that is implied by the 1958 multiregional schedule. Note,
however, that as a consequence of changing socioeconomic
conditions, this same indicator increases to 0.1570 a

decade 1later.

We have noted earlier that single-region life tables
normally are computed using observed data on age-specific
death rates. 1In countries lacking reliable data on death
rates, however, recourse is often made to inferential
methods that rely on model life tables such as those pub~
lished by the United Nations {(Coale and Demeny, 1967).

These tables are entered with empirically determined sur-
vivorship proportions to obtain the particular expectation
of life at birth (and corresponding life table) that best
matches the levels of mortality implied by the observed
proportions.

The inferential procedures of the single~region model
may be extended to the multiregional case (Rogers, 1975, Ch.

6). Such an extension begins with the notion of model multi-

regional life tables and uses a set of initial estimates

of survivorship and migration proportions to identify the
particular combination of regional expectations of life,
disaggregated by region of birth and region of residence,
that best match the levels of mortality and migration
implied by these observed proportions.

Model multiregional life tables approximate the mor-
tality and migration schedules of a multiregional population
system by drawing on the regularities observed in the mor-
tality and migration experiences of comparable populations.
That is, regularities exhibited by mortality and migration
data collected in regions where these data are accurate
and available are used to systematically approximate the
mortality and migration patterns of populations lacking such
data. We now turn to an examination of some of the requ-~-

larities in observed migration schedules.



3.2 Regularities in Migration Schedules

Demographers have long recognized that persisting
regularities appear in empirical age-specific migration
schedules (e.g., Lowry, 1966; Long, 1973) . Migration,
viewed as an event, 1is highly selective with regard to
age, with young adults generally being the most mobile
group in any population. Levels of migration also are
high among children, varying from a peak during the first
year of age (the initial peak) to a low point around age

16. The migration age profile then turns sharply upward
until it reaches a second peak (the high peak) in the
neighborhood of 22 years, after which it declines regularly
with age, except for a slight hump (the retirement peak),
around ages 62 through 65.

The regularities in observed migration schedules are
not surprising:

"Young adults exhibit the highest migration rates
because they are less constrained by ties to their
community. Their children generally are not in school,
they are more likely to be renters rather than home
owners, and job seniority is not yet an important
consideration. Since children move only as members
of a family, their migration pattern mirrors that of
their parents. Consequently, because younger children
generally have younger parents, the geographical
mobility of infants is higher than that of adolescents.
Finally, the small hump in the age profile between
ages 62 to 65 describes migration after retirement and
reflects, for example, moves made to the sunnier and
milder climates of states such as Arizona, California,
and Florida." (Rogers, 1975, pp. l46-147),

Figures 11 and 12 illustrate the fundamental age pro-
file of most migration schedules but focus on probabilities
instead of rates and deal with five-year age groups instead
of one-year age intervals]. The aggregation into broader
age groups consolidates the low migration level at age 16
with the significantly higher levels that follow it, shift~

ing the low point among teenagers to a lower age group.

1No loss of generality is incurred by focusing on prob-

abilities instead of rates since the former are simply linear
transformations of the latter (see, for example, Equation 3).
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- The rest of the distribution, however, remains essentially
unchanged, with peaks occurring in the 0-4, the 20-24, and
the 60-~64 year old age groups. Note that in some instances,
the consolidation into broader age groups produces a younger
than normal -high peak.

Figure 11 indicates that the relative ordering of
migration levels between Census regions in the U.S. did not
change over the decade between 1958 and 1968. Migration
out of the North Central region was highest to the South
and lowest to the North East at both times (though in
1958 the flows to the West were virtually at the same
level as those to the South). Migration out of the
South was highest to the North Central region and
lowest to the North East region both in 1958 and in
1968. The same finding also was observed for migration
out of the other two regions: the North East and the
West (not illustrated).

The age profiles set out in Figure 11 tend to vary
more than the relative levels. Nevertheless one can readily
identify a temporally unchanging fundamental difference be-

tween the retirement profiles of migration flows to the

South and West and the labor force profiles of migration
out of the South and to the North East. The two sets of

fundamental profiles are distinguishable by the presence
of a high retirement peak in the former and its virtual
absence in the latter.

A well known migration differential, affirmed in
numerous demographic studies, is that males migrate more
than females. Figure 12 adds further support to this con~
tention, but suggests that the difference is no longer as
great as it once was and indicates that important ager~
specific variations do exist. 1In general, the high peak

for males is considerably higher than that for females and
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occasionally comes at an older agez. A significant
reversal in migration levels takes place in the senior age
groups (i.e., those beyond age 50) at which point women
tend to migrate at a higher rate than men.

Two other idiosyncracies exhibited by the age profiles
of Figures 11 and 12 should be noted. These relate to the
behaviors of the initial peak, pij(O)’ and of the low point.
The former tends to be higher in 1963 than in 1958 and seems
to move in the same direction as the level of migration,
subject to variations occasioned by the changing behaéior
of the peak (and, of course, to sudden changes in fertility
levels). The low point varies between the 5-9 and 10-14
age groups among males, but always occurs at the latter age
group among females. When disaggregated by sex, the low
point appears to vary in a predictable way with respect to the
high peak: the female high peak tends to immediately follow
the low point, whereas the male high peak generally occurs
ten years after the low point.

Some of the regularities identified above are illu-
strated in Figures 13, 14, and 15, respectively. We focus
only on the total population but consider data for all
four Census regions and for both points in time. Figure 13
shows that a strong and positive association exists be-
tween the height of the initial peak, pij(O), and the
level of migration as measured by, for example, iej, the
fraction of the expected lifetime of an individual born

in region i that is expected to be lived in region j.

21n age-specific migration schedules disaggregated by
single years of age, the high peak for women migrants almost
always lies to the left of the corresponding peak for male
migrants because, on the average, women tend to marry men
who are several years older. However, a consolidation into
five~year age groups often masks this fundamental regularity.
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Figure 14 indicates that a similarly strong and positive
relationship exists between the height of the low peak
and the height of the initial peak. Finally, Figure 15
describes the positive association between the heights

of the high peak and the low point. Thus a direct line
of correlation appears to connect the general migration
level between two regions to the values assumed by the cor-
responding age-specific probabilities of migrating.

This suggests that a simple linear regression equation
may be used to associate a set of probabilities of mi-
grating at each age x, pij(x), with a single indicator

of migration level, say .8. We explore this possibility

l ].
in the next section.

3.3 Summarizing the Regularities

The migration risks experienced by different age
and sex groups of a given population are strongly inter-
related, and higher (or lower) than average migration rates
among one segment of a particular population normally imply
higher (or lower) than average migration rates for other
segments of the same population. This association stems
in part from the fact that if socioeconomic conditions
at a location are good or poor for one group in the
population, they are also likely to be good or poor for
other groups in the same population. Since migration is
widely held to be a response to spatial variations in
socioeconomic conditions, these high intercorrelations
between age-specific migration risks are not surprising.

Figures 13, 14, and 15 support the above conjecture
and, moreover, suggest a way of summarizing the observed
regularities in migration probabilities. They indicate
that a relatively accurate accounting of the variation
of the initial peak (and through it in the rest of the
migration schedule) may be obtained by means of a

straight line fitted to the scatter of points in Figure
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13, Thus a linear regression of the form

pij(O) =a + 8 iej

would seem to be appropriateB.- But pij(O) cannot take on
negative values; a convenient way of ensuring that this
possibility never arises is to force the line through the
origin by adopting the zero-intercept simple linear re-~
gression model

pij(O) = B iej . (5)
The least-squares fit of such an equation to the data

illustrated in Figqure 13 gives

pj;(0) = 0.17392 .8,

for the 1958 observations, and

pj5(0) = 0.22002 ;8,

for the 1968 data points. The fit in each instance is
guite satisfactory, yielding coefficients of determination
(r2) of 0.94 and 0.84, respectively.

Given estimates of B and iej we can obtain an estimate
of pij(O). Figures 14 and 15 suggest that with the value
of pij(O) fixed, we can find the corresponding value of
the low point and use that, in turn, to estimate the value

of the high point. Generalizing this argument to all age

3Since changes in fertility also affect the height of
the initial peak, a possible further refinement of the
model would be to include a variable describing the level
of fertility, for example, the reproduction rate.
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groups beyond the first, we may adopt the simple model

pij(x + 5) = a(x) pij(x) , (6)

where pij(O) is estimated by Equation 5. Thus

(0)

Il
Il

pP.:. {5)

ij a(0) Py

3 a(O)BiQj = B(S)iej , say,

and, in general,

pij (x) B (x) iej ’ (7)

in which the B in (5) now is designated by B(0). Note that

as a consequence of our definitions

= B(x + 5)
T T B(x) '

o(x)

and

B (x) _ B(x + 5)
A Psa (0) = ———B—(-(T)_—pij (0) (8)

from which we conclude that the probability of migration at
age x, pij(x), is directly proportional to the corresponding

regression coefficient B (x).

Equation 7 may be treated as a simple (zero-intercept)
linear regression equation, and its coefficient B(x) may be
estimated using the conventional least-squares procedure.
Table 3 presents two sets of such coefficients for the U.S.

total population. The first set was obtained using 1958



TABLE 3

Regression Coefficients for Obtaining Model
Probabilities of Migration

AGE Total (1958) Total (1968)
4 r2 B r2

0 0.17392  0.94 0.22002  0.84

5 0.13460  0.95 0.15553  0.89
10 0.15736  0.86 0.15040  0.94
15 0.30757  0.93 0.29195  0.85
20 0.32271  0.72 0.26370  0.72
25 0.23251  0.96 0.20037  0.90
30 0.17897  0.95 0.17907  0.94
35 0.12912  0.95 0.14392  0.96
40 0.09790  0.93 0.10397  0.95
45 0.07522  0.86 0.07378  0.91
50 0.06838  0.73 0.06352  0.76
55 0.07347  0.63 0.07362  0.54
60 0.08254  0.47 0.08320  0.43
65 0.06086  0.50 0.06425  0.47
70 0.04488  0.58 0.04919  0.64
75 0.03019  0.67 0.03951  0.64
80 0.01342  0.18 0.02058  0.63




data, the second set was estimated on the basis of 1968 data.
In both instances the observed migration flows were those
between the four U.S. Census regions.

The regression coefficients in Table 3 may be used in
the following way. First, starting with a complete set of
multiregional migration levels iej one calculates the matrix
of migration probabilities P(x) for every age, using Equa-
tion 7 and one of the two sets of regression coefficients
in Table 3. (Figure 16 illustrates a range of such pro-
babilities by way of example.) With P(x) established, one
then may compute the usual life table statistics such as the
survivorship proportions defined in Equation 4 and the
various region-specific expectations of life at each age.
The collective results of these computations constitute a

model multiregional life table.

Migration, like fertility, is a potentially repetitive
event, and its level therefore can be expressed in terms of
an expected number of events per person. However, like
mortality, migration also can be measured in terms of an
expected duration time, for example, the fraction of a
lifetime that is expected to be lived at a particular loca-
tion. The latter led to the development of a regression
approach similar to one used by Coale and Demeny (1966) to
summarize regularities in mortality schedules; the former
suggests an alternative procedure-~one which is analogous
to that used by Coale and Demeny (1966, p.30) to summarize
fertility schedules.

Consider, once again, the two migration schedules M(Xx)
set out earlier in Figure 6A. Observe that the higher of
the two schedules (the one illustrating the 1958 rates)
describes a higher level of migration since its migration
rates are greater at most ages. A convenient summary
measure of migration level, then, is the total area

under the curve, i.e., the sum of all age-specific
rates. Working by direct analogy with a similar measure
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used in fertility analysis, we multiply this sum by five,
to transform its point of reference from an annual to a

five-year interval, and call it the gross migraproduction

rate, GMR. Thus, recalling that
z
GRR = 5 Y F(x)
x=0

is the conventional formula for the gross reproducﬁion rate

of fertility analysis, we define

z
GMR = 5 » M(x)
x=0

to be the corresponding migraproduction rate of migration
analysis. By way of illustration, the GMR of the 1958
migration schedule in Figure 6A is 0.6488; the GMR of the

corresponding 1968 schedule is 0.6546.
The GMR of a migration schedule is a summary measure

of migration level. But we have seen that such schedules

also vary in age profile. Thus we need to develop an ad-
itional indicator with which to differentiate the age pro-
files of various migration schedules. Once again resorting

to the analogy with fertility analysis, we define

z z
n= D (x+ 2.5 M(x)/ 3 M(x)
x=0 x=0

to be the mean age of the migration schedule M(x). The
mean ages of the 1958 and 1968 migration schedules in
Figure 6A, for example, are 29.23 and 29.73 years,
respectively.

Figure 17 illustrates several basic model migration

schedules with a mean age of 29 years. It is the "fertility
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approach" counterpart to Figure 16, which showed several
basic model migration schedules obtained using the "mortality
approach". The latter schedules focused on P(x), whereas the
former are expressed in terms of M(x). This, however, is
simply a matter of convention and convenience inasmuch as
either set of model schedules may be expressed as a linear
transformation of the other by means of Equation 3.

Figures 18 and 19 plot the gross migraproduction rate
against the mean age for the migration schedules of our
four-region U.S. population system. (The detailed data
are included in Appendix C.) Figure 18 treats the total
population in 1958 and 1968; Figure 19 considers only the
1968 data but disaggregates it by sex. In both figures we
find evidence of a division of the schedules into four
groups: ’

1. high GMR - high n;

2. high GMR ~ low n;

3. 1low GMR ~ high n;

4. low GMR - low n.
Migration flows from the North Central region to the South,
for example, exhibit an "o0ld" profile and a mean age of
about 32.5 years. The reverse migration flows, on the
other hand, takes on the shape of a "young" profile and
shows a mean age that is about five years younger. This
suggests that it may be useful to develop a family of basic
model migration schedules in order to more accurately capture
and summarize the various age profiles that are exhibited by

empirical migration schedules.

3.4 A Family of Model Migration Schedules

In this section we consider the effects on the migra-
tion age profile of various disaggregations of our data on
the U.S. population system. Specifically, we examine how
the regression coefficients set out earlier in Table 3, and
now illustrated in Figure 20 below, respond to various dis-

aggregations of the empirical population on the basis of
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Figure 20: Regression Coefficients For Model Migration
Schedules: Total Populations, 1958 and 1968



which they were estimated. First, we disaggregate the total
population by sex. Next, we introduce a further disaggrega-
tion according to mean age. Then we consider a spatial dis=
aggregation of the four Census Regions into their constituent
nine Census Divisions. Finally, we explore the impact of an
even finer deconsolidation by mean age.

The two regression coefficient profiles in Figure 20
mirror the fundamental age profile of migrants that has
been analyzed earlier in this paper. The principal dif-
ferences between the two coefficient profiles are the higher and
older high peak in the 1958 migration schedule and the
higher and older low point of the corresponding 1968
schedule. Beyond the mid-thirties the two profiles are
quite similar, with both showing a retirement peak in the

60-64 year old age group.

Profile Differences by Sex, A disaggregation of the 1968

regression coefficient profile introduces important var-
iations by sex, according to Figure 21, The male coef-
ficients are higher from the very early teens to the mid~
forties and are lower at all other ages. The locations
of the high peak and the retirement peak are the same in
both profiles, but the low point among males comes at a
younger age than in females. Also, the retirement peak

among females is broader and starts at an earlier age.

Profile Differences by Mean Aée. Our earlier division of

migration schedules into "young" and "old" categories in
Figures 18 and 19 suggests that such a classification
might be a useful way of disaggregating the regression
coefficients illustrated in Figures 20 and 21. Figure

22 indicates that this is indeed the case. It shows two
basic age profiles which are distinguishable by the
presence of a high retirement peak in one profile and

its virtual absence in the other., We have earlier desig-

nated the former profile as a retirement profile and the
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Figure 21: Regression Coefficients For Model Migration
Schedules: Male and Female Populations, 1968
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latter as a labor force profile. An alternative designation

is "old" and "young" profile, respectively.
A disaggregation of these two basic profiles by sex
reveals an important further difference (Figure 23). Whereas
a clear division into young and old categories may be made for
males, in the case of females the two basic profiles are remarkably

alike and, moreover, both show a retirement;peak.'AAlso, the

retirement peak of the "younger" profile is for some reason
higher than that of the "old" profile. However, in light
of the very small sample sizes used to estimate the regres-
sion coefficients defining the "young" and "old" profiles,
little significance can be attributed to this particular
featureq.

Profile Differences by Size of Areal Unit. Because migra-

tion normally is defined as a crossing of a regional boun-
dary, it is clear that reducing the size of a spatial unit
should increase the level of outmigration from that unit,
since some of the moves that previously did not cross over
the o0ld borders now will be recorded as migrations over the
new borders. But what of the age profile in each case?
Should not this feature of the observed migration flows
remain essentially unchanged, at least for the relatively
large areal units? Figure 24 (like Figure 5B before it)
gives some evidence that this conjecture is valid., The

two regression coefficient profiles that it illustrates
were estimated on the basis of the same data set, using
first a nine~ and then a four-region spatial delineation

of the total 1958 U.S. population. The fact that the

former is always higher than the latter is perhaps a

4According to Table C.4 in the Appendix, the mean age
of the female migration schedule from the South to the North-
east was 28.33 years, and therefore is an "o0ld" schedule. Yet
the corresponding male and total schedules are "young" schedules.
To maintain consistency we therefore treated the female schedule
as a "young" schedule. An analogous argument led to the in~
clusion of the male schedule of migration from the West to the
North Central Region in the class of "o0ld" schedules.
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consequence of some confounding between profile and level

introduced by aggregation bias.

Profile Differences by Several Mean Age GrOUpfhgs. The

v

spatial disaggregation of our data from four to nine areal

units increases the number of observations from 12 to 72
and thereby affords us an opportunity to examine the impact
of a finer classification by mean age. Specifically, we
now consider the disaggregation of the 1958 regression
coefficient profile into four instead of two mean age
categories: —"very'young" (Hij < 26); "young" (26 £ ﬁij < 28);
"old" (28 < nij < 30); and "very old" (ﬁij > 30).

Except for variations with respect to the retirement
peak, the principal impact of the finer disaggregation by
mean age appears not so much in the age profile as in the
relative height of that profile for a given value of the
migration level iej' Thus, for example, the age curve of
the "very old" profile in Figure 25 is almost everywhere
higher than the corresponding curve of the "very young"

profile, for the same level of migration, The reason

for this is not immediately apparent and merits further

study. A possible explanation may lie in the fact that

i
pattern with a specific (life-table) age composition. This

.Gj is an index which combines an age-specific migration

particular confounding of schedule and composition could
perhaps generate the variations in profile heights that
appear in Figure 25, although the underlying dynamics of
this are by no means selfr-evident. Consequently, it may
well be the case that the "fertility approach" with its
focus on the GMR as an index of migration level has a built~
in advantage over the "mortality approach" that we have
been following in this section. This possibility is con-
sidered further in the conclusion of this paper.

The regression coefficients set out in Tables D.1

through D.5 of Appendix D, and illustrated above in Figures
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20 through 25, may be said to form a famiix of model migra-
tion probabilities or schedules. Those associated with
different categories of mean age give "young"” and "old" pro-
files; those that do not consider mean age as an index give
"average" profiles. We next illustrate an application of
the female "average" profile by constructing a specimen
model multiregional life table and then comparing some of
its characteristics with those of the corresponding empiri-
cal life table.

3.5 A Specimen Model Multiregional Life Table

Table B.4 in Appendix B gives the four regional expec-

tations of life at birth and the dozen migration levels that
together characterize the patterns of regional mortality and in-

terregional mobility of U.S. females in 1968. Interpolating
in the "West" family of model life tables developed by Coale
and Demeny (1966), we first obtain the_apprOPriate set of
model probabilities of dying at each age for each of our
four Census Regions. Inserting, in turn, each of the

dozen values of iej into Equation 7, with B8(x) taking on
the column of "average" values set out for females in Table
D.2 of Appendix D, we next derive initial approximations

for pij(x). Theée probabilities of migration then may be
used in conjunction with the associated interpolated model
probabilities of dying to obtain the matrix of survivorship
proportions defined in Equation 4. By appropriately manip-
ulating Equation 3, we also can find the associated model
migration rates. And then, following the normal computa-
tional procedures of multiregional life table construction
(Rogers, 1975, Ch. 3), we may derive, for example, the
corresponding matrix of expectations of life at birth,
appropriately disaggregated by region of birth and region
of residence. Unfortunately this latter matrix usually will
not yield the same migration levels that were used to

generate the P(x) matrix. Such inconsistencies occasionally



occur in model life table construction and appear, for example,
in the model life tables of Coale and Demeny (1966). To elim-
inate them one must resort to iterations. Only in this way
can one obtain a model multiregional life table whose sta-
tistics and parameters are internally consistent.

Figures 26, 27, and 28 illustrate several of the model
probabilities, proportions, and rates that were generated in
the course of constructing our specimen model multiregional
life table for U.S. females. Adjoining each of the model
schedules is the corresponding observed empirical schedule.

A comparison of the two sets of schedules suggests that,
although the degree of correspondence is fairly close, further
improvement would be highly desirable.

Because migration, like mortality, affects all age groups,
it is likely that (as with mortality) minor shifts in migration
patterns will have a negligible impact én population projection6.
This will be explored further in the next part of this paper,
where we examine population projections carried out to stabil-

ity using model schedules of fertility, mortality, and migration.

5The particular iteration problem that is involved in
the multiregional case is a subtle and difficult one because
variations in the regional levels of mortality combine in a
perverse way with the mathematical model's basic assumption |,
that migrants immediately assume the characteristics of the
growth regime operating at their region of destination. The
net result is that the convergence of the iteration procedure
is not assured. However, such purely technical problems are
beyond the scope of this particular paper and are therefore
not examined here.

6In contrast, small changes in fertility patterns,
because they immediately affect the first age group, can
produce a significant and immediate shift in the projected
age structure.
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4, Model Multiregional Stable Populations

A particularly useful way of understanding the evolution
of the regional age compositions and regional shares of a
closed multiregional population is to imagine them as describ-
ing a population that has been subjected to fertility, mor-
tality, and migration schedules which have remained unchanged
for a relatively long period of time. Such a population may
be said to have been subjected to a fixed regime of growth and

is called a multiregional stable population. Its principal

characteristics are: unchanging regional age compositions and
regional shares; constant regional annual rates of birth,

death, and migration; and a fixed multiregional annual rate of

growth that is everywhere the same (Rogers, 1975).

In this section of our paper we examine the multiregional
stable populations that evolve out of particular histories of
fertility, mortality, and internal migration, Such a tracing
through of the ultimate consequences of alternative fixed re~
gimes of growth, gives one a fuller understanding of the
spatial dynamics of the hypothetical populations that they

describe.

4.1 Alternative Representations of Model Multiregional Stable

Populations

The most common mathematical representation of a (single-
sex) multiregional population growth process focuses on a
population disaggregated into 18 five~year age groups, start-
ing with the 0-4 year age group and extending through the
open-ended terminal age interval of 85 years and over. If
only the ages 10 through 50 are assumed to be capable of
childbearing, then such a representation involves 8 age-
specific birth rates, 18 age-specific death rates, and 18 (m-1)
age- and destination-specific migration rates for each of the
m regions comprising the multiregional system. However, be-
cause such rates exhibit persistent regularities, a remark-

ably accurate description of spatial population dynamics can
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be realized by means of models that adopt "model” schedules
of growth which have been generated on the basis of a rela-
tively small number of indices of variation.

The study of population dynamics by means of model
schedules of growth and model stable populations has been
pioneered by Ansley Coale. In a series of articles and
books published during the past decade, he and his collabor-
ators have established a paradigm that has become the
standard approach of most mathematical demographers. This
paradigm is developed in an early study in which Coale and
Demeny (1966) present two sets of model (single-region)
stable populations that evolve after a long and continued
exposure to particular combinations of unchanging schedules
of growth. Each population is identified by two nonredundant
indices of variation relating to fertility and mortality,
respectively, and evolves out of a particular combination of
a model life table and an intrinsic rate of growth or gross

reproduction rate. The former are referred to as the "growth
rate" stable populations; the latter are called the "GRR"
stable populations and rely on a model fertility schedule
with a given mean age of childbearing m, which is assumed to
be 29 years. Symbolically, the two sets of model stable
populations may be expressed as:

1. Growth Rate Stable Populations: £(e(0),r)

2. GRR Stable Populations : g(e(0), CRR) ’
where e(0) is the expectation of life at birth, r is the
intrinsic annual rate of growth, and GRR is the gross
reproduction rate.

The paradigm introduced by Coale and Demeny may be
extended to multiregional populations. In such an'extension,

a particular model multiregional life table is linked with an

intrinsic rate of growth or set of gross reproduction rates.
In the former case one must also specify a set of additional
indices that relate to spatial distribution, for éxample,
the spatial distribution of births or of people (Rogers,
1975, and Rogers and Willekens, 1975). Symbolically, the



two sets of model multiregional stable populations may be
expressed as: s . L
1. Growth Rate Multiregional Stable Populations :
f (EXP,r,SRR,8) or h(EXP,r,SHA,8); '

2. GRR Multiregional Stable Populations : g(EXP,GRR,8),
where EXP is a diagonal matrix of regional expectations of
life at birth ie(O), SBB is a matrix of stable radix ratios
SRR.

jif

SHAi; 8 is a matrix of migration levels jei; and GRR is a

diagonal matrix of regional gross reproduction rates GRRj; .

SHA is a diagoﬁéi matrix of stable regional Shares

(Alternatively, we could instead have adopted gross migra-
production rates GMRji in place of the migration levels jei.
In this event the matrix 8 would be replaced by the matrix
GMR. )

Coale and Demeny point out that growth rate stable
populations are more useful. for analyzing the consequences
of various observed intercensal rates of growth, whereas GRR
stable populations are more suitable for studies of the im-
pacts of different fertility and mortality levels. An anal-
ogous observation may be made with respect to multiregional
populations. Growth rate multiregional stable populations
are more useful for examining the implications of various
observed intercensal rates of growth and regional allocations
of total births or people, whereas GRR multiregional stable
populations are more convenient for assessing the impacts of
different combinations of regional levels of fertility,
mortality, and migration.

Tables 4 and 5 set out several specimen model multi-
regional stable populations which were generated by means
of specific combinations of model schedules of fertility,
mortality, and migration. The model fertility schedules
were obtained by applying Coale and Demeny's (1966) basic
age profile, for a mean age of childbearing of 29 years,
to different values of GRRj model mortality schedules wefe

taken from their "WEST" family; and the model migration
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schedules were calculated using our own "AVERAGE" regression
equations set out in Appendix Table D.2. Each of the popu-
lations in the two tables may be expressed symbolically by
any one of the three forms listed earlier. For example,

the first multiregional stable population in Table 5 may be

expressed as a function of

70 0] 11 7/10 3/10
EXP = r = -0.0022 SRR = 0
0 70 11 3/10 7/10

[s2)
Il
-

SHA

Alternatively, the same population also may be described as
a function of the same EXP and 8§ matrices but with r and SRR

(or SHA) replaced by

4.2 Dynamics of Model Multiregional Stable Populations

Model multiregional stable populations readily reveal
the long-run consequences of particular changes in fertility,
mortality, and migration levels. For example, consider
several of the more interesting aspects of population
dynamics that are manifested in the stable populations
presented in Tables 4 and 5 and illustrated in Figures 29
and 30 below. First, identical schedules of regional fer-
tility and mortality produce identical stable regional age
compositions. The stable regional shares of such populations,
however, will vary inversely with the ratio of their respec-

tive migration levels. Second, higher values of the
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intrinsic growth rate lead to stable (regional) populations
that taper more rapidly with age and, in consequence, include
a higher proportion of the population below every age. Third,
fertility affects not only the rate of growth of a stable
regional distribution. Fourth, mortality and migration
schedules affect the form of the stable regional age compo-
sitions and the stable regional shares in an obvious way,

and any idiosyncracies in the age patterns of such schedules
will be reflected in the age patterns of the corresponding
regional populations.

Somewhat surprising is the relative insensitivity of
regional age compositions and birth rates to changes in
migration levels. For example, consider the case of unequal
migration levels with GRR, = 1, GRR, = 3 and with GRR, = 3,
GRR2 = 1, respectively. 1In the first case the region with
the larger (by a factor of 2) outmigration has the higher
fertility level; in the second case the situation is re-
versed. Yet in both instances the population of the region
with the higher fertility level has an average age of approx-
imately 23 years and exhibits a birth rate of approximately
41 per 1000. This insensitivity to migration behavior does
not extend to aggregate systemwide measures, however. For
the same example, the intrinsic growth rate and systemwide
birth rate are considerably lower in the first case than in
the second; the higher fertility region, however, assumes a
stable regional share of only 54 percent in the first case
but receives 80 percent in the second.

Finally, it is important to underscore the powerful
influence that past patterns of fertility, mortality, and
migration play in the determination of present regional age
compositions and shares, inasmuch as the latter arise out
of a history of regional births, deaths, and internal mi-
gration. For example, a region experiencing high levels of
fertility will have a relatively younger population, but if
this region also is the origin of high levels of outmigration,



a large proportion of its young adults will move to other
regions, producing a higher growth rate in the destination
regions while lowering the average age of its own population.
This suggests that inferences made about fertility, say, on
the basis of a model that ignores internal migration may be
seriously in error. ror example, Figure 30A illustrates the
significant impact on the ultimate stable age composition and
regional share of region 2 that is occasioned by a doubling
and tripling of fertility levels in region 1 while holding
everything else constant. The mean age of the population

in region 2 declines by 5.1 and 8.9 years, respectively,
while its regional share decreases by 24 percent in the first

instance and by 36 percent in the second.
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5. Conclusion

It has been said that models are always based on assump-
tions which are known to be false, and that this is what dif-
ferentiates them from the phenomena they purport to describe.
Demographic models are no exception to this dictum and all
population projections, for example, and generated on the
basis of assumptions that are almost certain to be violated.
Yet mere mortals cannot foresee the future, and important
insights about the dynamics of human populations are revealed
by relatively simple linear models which are based on rather
restrictive assumptions. Such models can be used to struc-
ture data collection efforts; they often generate hypotheses
for empirical confirmation; they can suggest potential policy
problems and issues; and they provide indices useful for com-
parative studies (Keyfitz, 1971).

This study has examined regularities in empirical migra-
tion schedules and has applied model schedules in combination
with demographic growth models to develop model multiregional
stable populations that illuminate important aspects of
spatial population dynamics. Much of the analysis has been
exploratory and most of the results are tentative. Substan-
tial further research appears to be both warranted and neces-
sary. A particularly rewarding direction for such research
lies in the development of alternative methods for summari-
zing the regularities exhibited by empirical migration
schedules.

This study has focused on what might be called the
"mortality" approach toward the construction of model mi~
gration schedules. It may well be true that the "fertility"
approach, with its focus on gross migraproduction rates
classified by various mean ages of migration, may be a more
robust alternative.

Consider, for example, the decomposition of a typical
migration profile into three broad sets of age groups: 1.)

the pre-labor force migrants (0-14 years old, say), 2.) the
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labor force migrants (15~-64 years old), and 3.) the post-
labor force migrants (65 years and over). Migration by the
first group may be related to levels of fertility, in ad-
dition to the usual association with the migration levels
of parental age groups. Migration by the labor force age
groups may be related to indices such as labor force par-
ticipation rates and ages of entry and exit from the labor
force. Finally, retirement migration may be expressed as
a function of variables such as climate and the general
quality and quantity of social services. Such a partition-
ing suggests an approach that in many respects is analogous
to the one adopted by Coale and Trussell (1974) for the
development of model fertility schedules. It will be devel-

oped further in a forthcoming paper.
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APPENDIX

Contents

Projected Annual Regional Rates of Growth [r;(t)]: Total
United States Population

Observed and Projected Regional Shares [SHA;(t)]: Total
United States Population

Observed and Projected Regional Age Compositions [Ci(x,t)]:
Total United States Population

Expectations of Life at Birth and Migration Levels by
Region of Residence and Region of Birth: Total
United States Population, 1958

Expectations of Life at Birth and Migration Levels by
Region of Residence and Region of Birth: Total
United States Population, 1968

Expectations of Life at Birth and Migration Levels by
Region of Residence and Region of Birth: Male
United States Population, 1968

Expectations of Life at Birth and Migration Levels by
Region of Residence and Region of Birth: Female
United States Population, 1968

Expectations of Life at Birth and Migration Levels by
Division of Residence and Division of Birth:
Total United States Population, 1958

Gross Migraproduction Rate and Mean Age of Migration,
by Region of Origin and Region of Destination:
Total United States Population, 1958

Gross Migraproduction Rate and Mean Age of Migration,
by Region of Origin and Region of Destination:
Total United States Population, 1968

Gross Migraproduction Rate and Mean Age of Migration,
by Region of Origin and Region of Destination:
Male United States Population, 1968
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Gross Migraproduction Rate and Mean Age of Migration,
by Region of Origin and Region of Destination:
Female United States Population, 1968

Gross Migraproduction Rate and Mean Age of Migration,
by Division of Origin and Division of Destination:
Total United States Population, 1958

Regression Coefficients for Obtaining Model Probabilities
of Migration: Four Region Total Population, 1958

Regression Coefficients for Obtaining Model Probabilities
of Migration: Four Region Total Population, 1968

Regression Coefficients for Obtaining Model Probabilities
of Migration: Four Region Male Population, 1968

Regression Coefficients for Obtaining Model Probabilities
of Migration: Four Region Female Population, 1968

Regression Coefficients for Obtaining Model Probabilities
of Migration: Four Region and Nine Division Total
Population, 1958 ‘

Regression Coefficients for Obtaining Model Probabilities
of Migration: Nine Division Total Population, 1958
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TABLE A.1l

Projected Annual Regional Rates of
Growth [ri(t)]:

Total United States Population

A. Base Year: 1958
Region i 5
. North
Time 1. Northeast Central 3. South b. West Total
1958 0.008u484 |0.011421 |0.016831 10.027227 0.014777
1968 0.009335 [0.013217 |0.017296 [ 0.026612 0.015896
1878 0.012085 {0.015817 |(0.018111 | 0.026624 0.017776
1988 0.014067 ]0.017446 ]0.019041 ] 0.026256 0.019060
1989 0.016221 }0.019284 |0.020158 |0.026261 0.020u483
2008 0.018264 [0.020653 [0.021190 [0.025739 0.021574
Stability 0.021810
B. Base Year: 1968
Region i 2. North E
1. Northeast .Caﬁjal i3. South 4, West Total
Time t : E
1968 0.003808 ]0.006633 {0.011606 |]0.014698 0.008890
1978 0.005500 [(0.008549 10.011317 ]0.014101 0.009734
1988 0.004323 [0.006853 | 0.008900 |0.011126 0.007756
1998 0.004663 {0.007056 | 0.008621 |0.010408 0.007703
2008 0.005085 |0.006953 10.008088 |0.009466 0.007435
2018 0.004555 10.006175 10.007204 |0.008380 0.006630
Stability 0.005769




Shares [SHAi(t)]:

- 86 -

TABLE A.2

Observed and Projected Regional

Total United States Population

A. Base Year: 1958

_ fegton 2 1. Northeast Z'ngiés_ 3. South 4. West Total
Time t

1958 0.2503 0.2955 0.3061 i 0.1481 1.0000

1968 0.2347 0.2861 0.3122 0.1670 1.0000

1978 0.2202 0.2792 0.3157 0.1850 1.0000

1988 0.2084 0.2740 0.3164 0.2012 1.0000

1998 0.1986 0.2699 0.3161 : 0.2154 1.0000

2008 0.1907 0.2668 0.3150 0.2275 1.0000
Stability 0.1443 0.2525 0.3061 0.2971 1.0000

|

B. Base Year: 1968

. ceon & 1. ﬁoﬂ%st 2. Cllggﬁ 3.i South | 4. West Total
Time t } %

1968 0.2413 0.2784 0.3090 ? 0.1713 1.0000

1978 0.2306 0.2728 0.3198 ? 0.1768 1.0000

1988 0.2216 0.2699 0.3243 : 0.1841 1.0000

1998 0.2143 0.2676 0.3280 ( 0.1901 1.0000

2008 0.2082 0.2660 0.3307 0.1950 1.0000

2018 0.2035 0.2647 0.3328 0.1989 1.0000
Stability 0.1764 0.2617 0.3425 0.2194 1.0000
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TABLE B.1l

Expectations of Life at Birth and Migration Levels by

Region of Residence and Region of Birth:

States Population, 1958

A. Expectations of Life at Birth: iej(O)

Total United

Region of

Region of Residence

Birth 1 { 2 ? 3 4 Total
1. Northeast 50.90 4.49 ; 8.88 5.50 g 69.76
t 2. North Centraly 3.18 48.45 E 9.10 9.60 70.32
3. South 4.58 7.52 i 49.21 | 7.67 . 68.98
¢ 4. West 3.18 6.60 l 8.95 51.22 ; 69.94
B. Migration Levels: iej
Region of Region of Residence
Birth 1 3 3 Iy Total
1. Northeast 0.7295! 0.0643 0.1273? 0.0788 1.00
. 2. North Central| 0.0452{ 0.6889 | 0.1294 ; 0.1365 1.00 |
3. South 0.06641] 0.1091 0.7134; 0.1111 1.00
4, West 0.0454 | 0.0944 | 0.1279 ' 0.7322 1.00
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TABLE B.2

Region of Residence and Region of Birth:
States Population, 1968

A. Expectations of Life at Birth:

iej(O)

Region of

Region of Residence

| Birth 1 ) 2 3 4 Total

|

| 1. Northeast 50.61 5.06 10.00 5.15 70.83
2. North Central 3.69 49.19 10.37 7.75 70.99
3. South 4.81 7.45 51.39 6.63 70.28
4. West 3.87 7.71 11.20 48 .53 71.31
B. Migration Levels: ie.
Region of Region of Residence

Birth 1 2 3 4 Total

1. Northeast 0.7146 0.0714 f 0.1412 0.0738 1.00
2. North Central; 0.0519 0.6929 | 0.1460 0.1092 1.00
3. South 0.0685 0.1060 | 0.7313 0.0942 1.00
4. West 0.0543 0.1081 }j 0.1570 0.6806 1.00




- 91 -

TABLE B.3

Expectations of Life at Birth and Migration Levels by
Region of Residence and Region of Birth:

States Population,

1968

A. Expectations of Life at Birth:

i%5(0)

Male United

Region of

Region of Residence

Birth 1 2 3 i} Total
1. Northeast 47.15 5.05 9.77 5.18 67.15
2. North Central 3.55 46.19 9.99 7.54 67.28
3. South 4.60 7.14 48.02 6.54 66.30
4. West 3.70 7.25 10.57 46.18 67.70
B. Migration Levels: iej
Region of Region of Residence

s ¥

Birth 1 2 3 4 Total
1. ©Northeast 0.7022 { 0.0752 1 0.1456 £ 0.0771 1.00
2. North Central 0.0528 | 0.6865 [ 0.1485 { 0.1121 1.00 3
3. South 0.0694 [ 0.1077 | 0.7243 { 0.0986 1.00 }
4., West 0.0547 | 0.1071 | 0.1562 } 0.6821 1.00
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TABLE B.4

Expectations of Life at Birth and
Region of Residence and Region of

States Population,

1968

A. Expectations of Life at Birth:

Migration Levels by

Birth:

i%5(0)

Female United

Region of

Region of Residence

Birth 1 2 3 4 Total
1. Northeast 54.13 5.08 110.11 5.25 74.56
2. North Central 3.76 {52.14 }{10.48 8.05 74 .44
3. South 5.06 7.88 |54.53 6.93 74.40
4. West 3.90 7.94 {11.32 |52.41 75.57
B. Migration Levels: iej
Region of Region of Residence

Birth 1 2 3 4 Total
1. Northeast 0.7260] 0.0681 1 0.1356 [ 0.0704 1.00
2. North Central j 0.0506| 0.7005] 0.1408 | 0.1081 1.00
3. South 0.0680) 0.1060 | 0.7328 § 0.0931 1.00
L. West 0.0516] 0.1051 ] 0.1497 | 0.6936 1.00




93

8661

‘uotjieIndod s93ev3ls polTUN TRIOL
pue 90USPTSaY JO UOTSTATQ A STOAS9T UOTIRIBTW PUR Y3xTg 3P 9ITT JO suoT3zeloadxy

S°d dTHY.L

]

ﬁMm.ON mmm.m: 6T'n | 9s°¢ | 80°T bzLe jss'z |see |or'z feo't STITORd *§
8L°69 mom.mH zz eel 82°S W LT°T 1 Lhe Y 6s°¢ !cr8'c [o00°z |L6°0 uTEImay * g
P 15769 M gn'8 | 6g£°¢ om.azm sz'z 186°¢€ |9T°¢ |S8°¢ | 9L°T |9L°0 | TeI3usD yanos 3seM °/L
£8°89 w sz'h | 82°T | I8°¢ w gh-Leloc 8 '89°1T | ne-s WPN.N LL*0 | TemusD ypnos 3sed °9
1889 M 9n-f | €2°T | T£°¢ m Ls°T {ec sh)8zT |zt mwﬁ.m 8S T OTIUETIV UINOS *C
sLToL W LS°6 | €T | 86°€ m 0z'T {st'e {95 6! zer9 Wmh.ﬂ | 6070 | TeT3US0 YaION IsOM 1
LT 0L M z8°s | s8°T | 80°¢ w S0°Z 9T'S ! T9°T | T Ly Wom.m 6870 | Teruwo w0 2sEE ¢
! 895769 w Lot | sott | TETT | L8'0 10L'9 {6870 wmm.m Wﬁn.w: | 0672 OTIURTIV STPPTH 2
c0-0L | 90°s | oT°T | zs°T |zs'o |on'e | horT L €0°¢€ woﬁ.o SLTh pueTbug MON T

Telor 6 8 L 9 S no € Z m T e
90UOpPISSY JO UOTSTATA JO UOTSTATd
onﬁmﬂ :Y3aITq 3I° 9ITT JO suoriezoadxdy vy

:U3ITd JO UOTSTAT]




9S4

00°T {62690 m:mao.o Nommo.o £9€0°0 | LLt0"0 L7T0"0 oTFToRd 6 A
00°T {6Lz2°0 W 89700 mnm:o.o 155070 155500 L 6£T0°0 uTeIUNON g
00°T wmama.o W:Nmo.o anmo.o 'hsh0°0 | 165070 meHo.o TeTIUs) YINOS 3S9M °L
00°T Whamo.o wmz:m.o Mmama.o | 112070 | 662T"0 Mmaﬂo.o Tex3uo) U3nos 3sed 9
00°T :8190°0 wmhmo.o mwmmo.o wwmao.o 0040°0 | 0£20°0 STIUETIY YINOS °§
00°T '€5€T°0 Monao.o Mmmdo.o Wmmmm.o £680° 0 MNHH0.0 TeTIUSD UIION 353 *f
00°T 162800 i 26200 {5070 |zL€0%0 | 8TL9"0 | 1270%0 |TemweD waxoN 3sed ¢
00°T m:mmo.o i 527070 Wmmmo.o Wmmao.o L 1TS0°0 LSE0"0 OTIUETIY STPPTH °Z
00°T £220°0 {11100 1£260°0 wmzao.o €10 0 £6£9°0 pueTBUz MON *T
oo G 2 m S " ¢ Y3zt

S0USPTISSY JO UOTSTATQ

JO UuOTSTATA

866T ‘uotr3ierndod sa3e3S pa3zTun Te3IoL

:STBADT UOTIBRIBTW 4

:y3axTg JO UOISTATQ

pue 20USPTISaY FO UOTSTATA AQ ST24A9T UOTIIBTIW pue Y3axtd 3e 93TT JO suoTie3zdadxy

panuTiuo) - ¢°d dTLVY.L




- 95 -

TABLE C.1

Gross Migraproduction Rate and Mean Age of Migration, by
Region of Origin and Region of Destination: Total United
States Population, 1958

A. Gross Migraproduction Rate: GMRij

Region of Region of Destination
| Origin ! 2 3 4 Total
g 1. Northeast f - 0.1202 ! 0.3168 | 0.1532 0.5902
2. North Centralj 0.0891 - ! 0.3201 f 0.3289 E 0.7381
3. South 5 0.1504 | 0.2511 g - » 0.2299 0.6314
4. West | 0.0887] 0.2167 | 0.2819 } -~ | 0.5873
| - | |
B. Mean Age of Migration: Hij
Region of Region of Destination
Origin 1 g 2 3 4
1. Northeast - ? 26.99 33.46 29.43
2. North Centralj 28.15 % - 32.16 |} 30.54
3. South : 28.59 | 27.77 - 27.27
4. West 27.73 l 30.03 27.61 -
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TABLE C.2

Gross Migraproduction Rate and Mean Age of Migration, by
Region of Origin and Region of Destination: Total United

States Population, 1968

A. Gross Migraproduction Rate: GMR,

ij
Region of Region of Destination _1
T N
Origin 1 2 3 4 Total s
1. Northeast b - . }0.1352 : 0.3524 | 0.1480 | 0.6356 :
, | :: \. :
2. North Central ; 0.1022 | - £ 0.3540 ! 0.2638 | 0.7200 ;
3. South L0.1486 | 0.2343 . - | 0.1948 | 0.5777 !
4. West 0.1082 ‘ 0.2504 | 0.3476 ~ 0.7062 |
| i

B. Mean Age of Migration: n,

ij
-y

Region of Region of Destination

Origin 1 5 g 3 4

1. Northeast ' - | 26.14 % 34.98 29.34

2, North Central 26.98 % - % 33.00 31.13

3. South 27.64 i 27.27 ﬁ - 26.52

4. West 26.64 ; 28.68 E 27.50 -

|
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TABLE C.3

Gross Migraproduction Rate and Mean Age of Migration, by
Region of Origin and Region of Destination: Male United
States Population, 1968

A,

Gross Migraproduction Rate:

GMRi.

'Region of

Region of Destination

Origin 1 ‘ 2 ; 3 g il Total
1. Northeast - | o0.1457 ; 0.3849 ! 0.1595 | 0.6901
| .
! s i ;
2. North Central ! 0.1063 J - l 0.3790 @ 0.2742 0.7595
) Tr’
3. South » 0.1534 1} 0.2434 - f 0.2077 0.60u45
4. West | 0.1106 | 0.2515 0.3607 i - 0.7228
B. Mean Age of Migration: ﬁij
Region of Region of Destination
Or ig in 1 2 3 u
)
1. Northeast - [ 25.44 34,75 ¢ 28.48
i
2. North Central 26.33 | - 32.71 | 30.13
3. South 26.78 £ 26.82 - 25.96
|
4. West 25.83 27.92 27.27 -
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TABLE C.4

Gross Migraproduction Rate and Mean Age of Migration, by
Region of Origin and Region of Destination: Female United

States Population, 1968

A. Gross Migraproduction Rate: GMR,.

1]

Region of

Region of Destination

. . J ¥
Origin 1 : 2 : 3 [ 4 - Total g
; : ;
1. Northeast - : 0.1258 © 0.3253 = 0.1377 | 0.5888 f
! ¢ ; |
[ i ! ! !
| 2. North Central 0.0978 | - : 0.3296 |~ 0.2526 0.6800 :
+ v
! E
3. South g 0.1462 0.2296 | - + 0.1853 | 0.5611
y : ; 4
4. West I 0.1005 0.2374 | 0.3186 | - § 0.6565
i l |
B. Mean Age of Migration: Hij

Region of

Region of Destination

Origin {7 1 2 3 y
4 g :
1. Northeast S { 26.80 | 35.53 30.28 ‘
' ; ‘
‘:
2. North Central ; 27.50 - : 33.46 g 32.12
i ; é
3. South } 28.33 27.60 : - ' 27.05
b, West | 27.37 29.31 ¢ 27.76 -
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TABLE D.1

Regression Coefficients for Obtaining Model Probabilities

of Migration: Four Region Total Population, 1958
Average Eij < 28 years _ij > 28 years
5 Age B8 2 B r2 8 r2
Z 0 0.17392 0.94 0.18272 0.96 0.16829 0.94
i 5 0.13460 0.95 0.13706 0.95 0.13303 0.95
% 10 0.15736 0.86 0.14784 0.95 0.16346 0.84
5 15 0.30757 0.93 0.29658 0.94 0.31461 0.93 ,
20 0.32271 0.72 0.35190 0.90 0.30404 0.61 F
25 0.23251 0.96 0.23452 0.99 0.23122 0.95 .
30 0.17897 0.95 0.18026 0.95 0.17814 0.95 ?
§ 35 0.12912 0.95 0.12616 0.95 0.13101 0.95
E 40 0.09790 0.93 0.09200 0.95 0.10166 0.94
E 45 0.07522 0.86 0.06447 0.93 0.08211 0.91 é
; 50 0.06838 0.73 0.05240 0.91 0.07860 0.82 E
E 55 0.07347 0.63 0.05181 0.89 0.08733 0.74 g
§ 60 0.08254 0.47 0.04473 0.87 0.10673 0.64 E
' 65 0.06086 0.50 0.03505 0.89 0.07737 0.69 |
f 70 0.04488 0.58 0.02899 0.86 0.05504 0.77
75 0.03019 0.67 0.02288 0.67 0.03487 0.84
80 0.01342 0.18 0.01305 0.37 0.01366 0.07
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TABLE D.2.A

Regression Coefficients for Obtaining Model Probabilities
Four Region Total Population, 1968

of Migration:

§ Average ﬁij < 28 years ﬁij > 28 years
Age 8 r? B r? 8 r?
0 0.22002 0.84 0.23718 0.95 0.20529 0.61
5 0.15553 0.89 0.16541 0.94 0.14705 0.78
10 0.15040 0.94 0.14760 0.95 0.15280 0.91
15 0.29195 0.85 0.27014 0.92 0.31068 0.76 |
20 0.26370 0.72 0.27326 0.79 0.25559 0.42
25 0.20037 0.90 0.21088 0.98 0.19135 0.66
30 0.17907 0.94 0.18563 0.96 0.17343 0.89
35 0.14392 0.96 0.14656 0.96 0.14165 0.96
40 0.10397 0.95 0.10180 0.94 0.10584 0.95 E
45 0.07378 0.91 0.06680 0.93 0.07977 0.94 i
50 0.06352 0.76 0.04949 0.92 0.07557 0.82 ;
55 0.07362 0.54 0.04426 0.82 0.09883 0.63 ;
60 0.08320 0.43 0.04008 0.87 0.12022 0.56 ?
65 0.06425 0.47 0.03469 0.89 0.08963 0.59
70 0.04919 0.64 0.03429 0.81 0.06198 0.80
75 0.03951 0.64 0.02817 0.77 0.04924 0.78
80 0.02058 0.63 0.01478 0.72 0.02557 0.75
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TABLE D.2.B

Regression Coefficients for Obtaining Model Probabilities
Four Region Male Population, 1968

of Migration:

Average ﬁij < 28 years ﬁij > 28 years

Age R r2 R r2 B r2
0 0.21391 0.82 0.23058 0.94 0.19981 0.54
5 0.15082 0.88 0.16105 0.93 0.14216 0.76
10 0.16065 0.90 0.15183 0.92 0.16811 0.85
15 0.32595 0.79 0.28818 0.94 0.35790 0.69
20 0.28574 0.57 0.30276 0.66 0.27134 0.34
25 0.20713 0.87 0.21991 0.97 0.19633 0.54
30 0.18954 0.94 0.19711 0.96 0.18313 0.86
35 0.15380 0.95 0.15796 0.95 0.15028 0.93
4o 0.10802 0.94 0.10764 0.93 0.10833 0.90
45 0.07439 0.92 0.07002 0.91 0.07809 0.94
50 0.05768 0.82 0.04774 0.89 0.06610 0.86
55 0.06393 0.54 0.03825 0.79 0.08567 0.63
60 0.08265 0.40 0.03545 0.78 0.12258 0.52
65 0.06310 0.40 0.02832 0.83 0.09253 0.52
70 0.04363 0.56 0.02724 0.81 0.05749 0.67
75 0.03643 0.56 0.02330 0.79 0.04753 0.65
80 0.02009 0.54 0.01290 0.75 0.02617 0.62
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TABLE D.2.C

Regression Coefficients for Obtaining Model Probabilities

of Migration:

Four Region Female Population, 1968

Average Hij < 28 years Ei17> 28 years !
Age | B r2 B r2 B r2 Z
0 ' 0.22609 0.86 0.22267 0.86 0.22843 0.86
5 0.16045 0.91 0.15787 0.93 0.16221 0.90
10 0.13985 0.95 0.13620 0.97 0.14234 0.95 :
15 0.25814 0.85 0.25799 0.90 0.25825 0.81 f
20 0.24275 0.86 0.24930 0.89 0.23826 0.84 %
25 0.19373 0.93 0.19471 0.94 0.19306 0.93 ;
30 0.16857 0.95 0.16835 0.98 0.16872 0.94 z
35 0.13404 0.97 0.13354 0.98 0.13439 0.96 i
40 0.10003 0.95 0.10144 0.94 0.09906 0.95 i
45 0.07344 0.87 0.07772 0.87 0.07051 0.89
50 0.06952 0.69 0.07537 0.77 0.06552 0.65
55 0.08356 0.53 0.09126 0.64 0.07828 0.45
60 0.08458 0.46 0.09524 0.66 0.07728 0.36
65 0.06615 0.54 0.07212 0.76 0.06207 0.43
70 0.05458 0.68 0.06186 0.84 0.04960 0.60
75 0.04258 0.68 0.04695 0.85 0.03959 0.58
80 0.02134 0.67 0.02315 0.86 0.02010 0.56
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TABLE D.3

Regression Coefficients for Obtaining Model Probabilities of
Migration: Four Region and Nine Division Total Population, 1968

Nine Divisions Four Regions

_Age Total (19582 Total (19582

8 r g r
0 0.19587 0.93 0.17392 0.94
5 0.15409 0.92 0.13460 0.95
10 0.18129 0.91 0.15736 0.86
15 0.34251 0.95 0.30757 0.93
20 0.35111 0.94 0.32271 0.72
25 0.26246 0.95 0.23251 0.96
30 0.20666 0.93 0.17897 0.95
35 0.15453 0.90 0.12912 0.95
4o 0.12148 0.87 0.09790 0.93
45 0.09493 0.84 0.07522 0.86
50 0.08231 0.81 0.06838 0.73
55 0.07948 0.77 0.07347 0.63
60 0.08150 0.61 0.08254 0.47
65 0.06208 0.67 0.06086 0.50
70 0.04859 0.75 0.04488 0.58
75 0.03565 0.81 0.03019 0.67
80 0.01827 0.74 0.01342 0.18
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