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Preface 

Interest in human settlement systems and policies has been 
a critical part of urban-related work at IIASA since its incep- 
tion. Recently this interest has given rise to a concentrated 
research effort focusing on migration dynamics and settlement 
patterns. Four sub-tasks form the core of this research effort: 

I. the study of spatial population dynamics; 

11. the definition and elaboration of a new research 
area called demometrics and its application to 
migration analysis and spatial population fore- 
casting; 

111. the analysis and design of migration and settle- 
ment policy; 

IV. a comparative study of national migration and 
settlement patterns and policies. 

This paper, the ninth in the dynamics series, explores some 
of the redistributional consequences of zero growth. It develops 
the concept of the spatial reproductive value and demonstrates 
how this measure can be used to assess the quantitative impacts 
of fertility reduction. 

Related papers in the dynamics series, and other publica- 
tions of the migration and settlement study, are listed on the 
back page of this report. 

Andrei Rogers 

December 1976 





Abstract 

This paper develops the concept of spatial reproduc- 
tive value and illustrates how such a notion may be used 
to trace out quantitatively the geographical impacts of 
a sudden reduction in fertility to bare replacement level. 
Such a reduction does not immediately produce zero popula- 
tion growth in populations that previously experienced 
high birth rates. The built-in momentum for continued 
growth and its spatial dimension may be assessed with the 
aid of spatial reproductive values. 
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The S ~ a t i a l  R e ~ r o d u c t i v e  Value and  t h e  S ~ a t i a l  

Momentum o f  Zero P o p u l a t i o n  Grcwth 

I f  a g e - s p e c i f i c  b i r t h  and d e a t h  r a t e s  remain f i x e d ,  a  

p o p u l a t i o n  t h a t  i s  u n d i s t u r b e d  by m i g r a t i o n  w i l l  u l t i m a t e l y  

e v o l v e  i n t o  a  s t a b l e  p o p u l a t i o n  t h a t  i n c r e a s e s  a t  a  f i x e d  a n n u a l  

r a t e ,  r s a y .  I f  t h e  b i r t h  r a t e s  a r e  f i x e d  a t  b a r e  r e p l a c e m e n t  

l e v e l ,  t h e n  s u c h  a  s t a b l e  p o p u l a t i o n  w i l l  be  a  s t a t i o n a r y  o r  z e r o -  

growth p o p u l a t i o n  w i t h  an  r o f  z e r o .  I n  what f o l l o w s ,  we 

e x p l o r e  some o f  t h e  s p a t i a l  consecuences  o f  z e r o  growth  by 

c o n s i d e r i n g  how a  sudden r e d u c t i o n  o f  f e r t i l i t y  t o  r e p l a c e m e n t  

l e v e l  migh t  a f f e c t  t h e  s p a t i a l  e v o l u t i o n  o f  a  m u l t i r e g i o n a l  

p o p u l a t i o n  whose c o n s t i t u e n t  r e g i o n a l  p o p u l a t i o n s  e x p e r i e n c e  

t h e  r e d i s t r i b u t i o n a l  e f f e c t s  o f  i n t e r n a l  m i g r a t i o n .  

Ma themat i ca l  a n a l y s i s  of  s p a t i a l  z e r o  p o p u l a t i o n  g rowth  

(SZPG) can  be f a c i l i t a t e d  by a d o p t i n g  a s p a t i a l  g e n e r a l i z a t i o n  

o f  t h e  n o t i o n  of  r e p r o d u c t i v e  v a l u e  f i r s t  s e t  o u t  by F i s h e r  

(1929,  p .  2 7 ) .  K e y f i t z  (1975)  h a s  shown how t h e  q u a n t i t a t i v e  

i m p a c t s  o f  f e r t i l i t y  r e d u c t i o n ,  o f  s t e r i l i z a t i o n ,  o f  m o r t a l i t y ,  

and o f  e m i g r a t i o n ,  a l l  assumed t o  t a k e  p l a c e  a t  a p a r t i c u l a r  

age  x  w i t h i n  a s i n g l e  p o p u l a t i o n ,  can  be a s s e s s e d  by means o f  

r e p r o d u c t i v e  v a l u e s .  Analogous c a l c u l a t i o n s  can  be c a r r i e d  o u t  

f o r  m u l t i p l e  s p a t i a l l y  i n t e r a c t i n g  p o p u l a t i o n s  w i t h  t h e  a i d  o f  

s p a t i a l  r e p r o d u c t i v e  v a l u e s ,  a s  w e  d e m o n s t r a t e  f o r  t h e  c a s e  o f  

f e r t i l i t y  r e d u c t i o n  t o  r ep lacemen t  l e v e l .  

F i n a l l y ,  i t  i s  well-known t h a t  a  sudden r e d u c t i o n  o f  

f e r t i l i t y  t o  r e p l a c e m e n t  l e v e l  does  n o t  immedia t e ly  p roduce  

z e r o  p o p u l a t i o n  growth .  C h i l d r e n  outnumber p a r e n t s  i n  a  popula-  

t i o n  t h a t  m a i n t a i n s  h i g h  b i r t h  r a t e s .  Consequen t ly  t h e  number 

o f  p o t e n t i a l  p a r e n t s  i n  t h e  n e x t  g e n e r a t i o n  w i l l  i n e v i t a b l y  be  

l a r g e r  t h a n  a t  p r e s e n t ,  and t h e  c u r r e n t  p o p u l a t i o n  t h e r e f o r e  

h a s  a  b u i l t - i n  t endency  t o  c o n t i n u e  growing b e f o r e  it u l t i m a t e l y  

s t a b i l i z e s  i n t o  a  zero-growth c o n d i t i o n .  T h i s  b u i l t - i n  momentum 

may be  a s s e s s e d  w i t h  t h e  aifl  o f  r e p r o d u c t i v e  v a l u e s ,  and t h e  



c o n c l u d i n g  p a r t s  o f  t h i s  p a p e r  i l l u s t r a t e  how s u c h  a  momentum 

may be  a c c o r d e d  a  s p a t i a l  d imens ion .  

2 .  S ~ a t i a l  Zero  P o ~ u l a t i o n  Growth 

Zero  p o p u l a t i o n  growth  f o r  a  n a t i o n  i m p l i e s  a  z e r o  g rowth  

a v e r a g e  f o r  l o c a l  a r e a s .  T h i s ,  o f  c o u r s e ,  s t i l l  a l l o w s  f o r  t h e  

p o s s i b i l i t y  o f  n o n z e r o  g rowth  i n  p a r t i c u l a r  l o c a l i t i e s .  Thus 

s p a t i a l  z e r o  g r o w t h ,  l i k e  t e m p o r a l  z e r o  g rowth ,  may be  viewed 

e i t h e r  a s  a  c o n d i t i o n  t h a t  u l t i m a t e l y  p r e v a i l s  u n i f o r m l y  o v e r  

s p a c e  and t i m e ,  o r  one  t h a t  e x i s t s  o n l y  because  o f  a  f o r t u i t o u s  

b a l a n c i n g  o f  r e g i o n a l  r a t e s  o f  p o s i t i v e  g rowth ,  o f  z e r o  g rowth ,  

and o f  d e c l i n e .  S i n c e  no o b v i o u s  a d v a n t a g e s  a r i s e  f rom t h e  

l a t t e r  c a s e ,  i t  i s  q u i t e  n a t u r a l  t o  v iew t h e  a t t a i n m e n t  o f  

t e m p o r a l  z e r o  g rowth  i n  t h e  long-run  i n  t e r m s  o f  an  i n d e f i n i t e  

c o n t i n u a t i o n  o f  t e m p o r a l  z e r o  growth  i n  t h e  s h o r t - r u n .  W e  

f o l l o w  t h i s  t r a d i t i o n  i n  t h i s  p a p e r  and v iew t h e  a t t a i n m e n t  o f  

s p a t i a l  z e r o  g rowth  i n  t h e  long-run  i n  t e r m s  o f  t e m p o r a l  z e r o  

g rowth  w i t h i n  e a c h  r e g i o n  o f  a  c l o s e d  m u l t i r e g i o n a l  p o p u l a t i o n  

sys tem.  C o n s e q u e n t l y ,  w e  c o n f i n e  o u r  a t t e n t i o n  t o  t h e  e v o l u t i o n  

of a  p a r t i c u l a r  s u b s e t  o f  s t a t i o n a r y  p o p u l a t i o n s ,  c a l l e d  s p a t i a l  

z e r o  g rowth  p o p u l a t i o n s ,  i . e . ,  s t a b l e  m u l t i r e g i o n a l  p o p u l a t i o n s  

t h a t  have  a  z e r o  g rowth  r a t e .  Thus w e  augment t h e  u s u a l  t w i n  

a s s u m p t i o n s  o f  a  f i x e d  m o r t a l i t y  s c h e d u l e  and  a  f i x e d  f e r t i l i t y  

s c h e d u l e ,  s e t  a t  r e p l a c e m e n t  l e v e l ,  w i t h  t h e  a s sumpt ion  o f  a  

f i x e d  m i g r a t i o n  s c h e d u l e .  M u l t i r e g i o n a l  p o p u l a t i o n s  s u b j e c t e d  

t o  s u c h  r e g i o n a l  growth  r eg imes  u l t i m a t e l y  assume a  p e r s i s t i n g  

z e r o  r a t e  o f  g rowth  i n  e v e r y  r e g i o n  and e x h i b i t  z e r o  growth  b o t h  

o v e r  t i m e  and o v e r  s p a c e .  

2 . 1  C o n d i t i o n s  f o r  S p a t i a l  Zero P o p u l a t i o n  Growth 

S t a b l e  p o p u l a t i o n  t h e o r y  i n f o r m s  u s  t h a t  a  s t a t i o n a r y ,  s a y  

f e m a l e ,  p o p u l a t i o n  a r i s e s  o u t  o f  t h e  combina t ion  o f  t h e  fo l low-  

i n g  c o n d i t i o n s  [Ryder ,  19741 : (i) a  f i x e d  s u r v i v a l  f u n c t i o n  

R ( a )  which s p e c i f i e s  t h e  p r o b a b i l i t y  t h a t  a  f ema le  s u r v i v e s  t o  

age  a ;  ( ii) a  f i x e d  m a t e r n i t y  f u n c t i o n  m(a )  which d e f i n e s  t h e  



c o n d i t i o n a l  p r o b a b i l i t y  t h a t  a  s u r v i v i n g  female  g i v e s  b i r t h  t o  

a  baby g i r l  a t  age a ;  (iii) a  product-sum o f  t h e s e  two f u n c t i o n s ,  

t h e  n e t  r e ~ r o d u c t i o n  r a t e  

t h a t  i s  e q u a l  t o  u n i t y ;  and ( i v )  a n  a b s e n c e - o f  m i g r a t i o n .  

I f  & ( a )  and m(a)  a r e  f i x e d  f o r  a  long  t i m e ,  and t h e  popula-  

t i o n  i s  c l o s e d  t o  m i g r a t i o n ,  t h e  annua l  number o f  f emale  b i r t h s ,  

B ( t ) ,  i s  g i v e n  by t h e  well-known Lotka e q u a t i o n  

B ( t )  = B ( t  - a )  R ( a )  m(a )  d a  . 
0 

S u b s t i t u t i n g  ~e~~ f o r  B ( t )  i n  t h e  above e q u a t i o n  g i v e s .  

whose s o l u t i o n  i s  t h a t  v a l u e  of  r f o r  which Y ( r )  = 1 ,  and where 

Q d e n o t e s  t h e  number o f  s t a b l e  e q u i v a l e n t  b i r t h s .  

For  t h e  s p e c i a l  c a s e  of  r = 0,  B (t) = 8 ,  and 

where & ( a )  = ym(a) and y  i s  g e n e r a l l y  t a k e n  t o  be  e q u a l  t o  t h e  

r e c i p r o c a l  o f  t h e  n e t  reprod.uct ion  r a t e ,  R ( 0 ) .  (The c a r e t  w i l l  

h e n c e f o r t h  be  used t o  d i s t i n g u i s h  t h e  p a r a m e t e r s  o f  a  s t a t i o n a r y  

p o p u l a t i o n .  ) 

L e t  u s  now r e l a x  t h e  l a s t  of  t h e  f o u r  c o n d i t i o n s  t h a t  

g e n e r a t e  a  s t a t i o n a r y  p o p u l a t i o n ,  i . e . ,  c l o s u r e  o f  t h e  popula-  

t i o n  t o  m i g r a t i o n .  Imagine a  m u l t i r e g i o n a l  p o p u l a t i o n  whose 



l ong - run  e v o l u t i o n  f o l l o w s  t h e  m u l t i r e g i o n a l  L o t k a  e q u a t i o n  

(Roge r s ,  1975 ,  Ch. 4 )  : 

where m ( a )  i s  a  d i a g o n a l  m a t r i x  o f  a n n u a l  r e g i o n a l  f e r t i l i -  - 
t y  r a t e s  m .  ( a ) ,  R ( a )  i s  a  m a t r i x  o f  p l a c e - o f - b i r t h  t o  p l a c e -  

3 - 
o f - r e s i d e n c e  s u r v i v a l  p r o b a b i l i t i e s  R . ( a ) ,  and { ~ ( t ) )  i s  a  

i I - 
v e c t o r  o f  r e g i o n a l  b i r t h s  B, ( t ) .  

J 
S u b s t i t u t i n g  { n ) e r t  f o r  { ~ ( t )  i n  ( 1 )  g i v e s  - - 

whose s o l u t i o n  i s  t h a t  v a l u e  of  r f o r  which t h e  dominant  c h a r a c -  

t e r i s t i c  r o o t  o f  Y ( r )  i s  u n i t y .  F o r  t h e  s p e c i a l  c a s e  o f  r = 0 ,  - 
{ ~ ( t )  = { G I ,  - and  

where c a r e t s  a r e  o n c e  a g a i n  u s e d  t o  d i s t i n g u i s h  s t a t i o n a r y  

p o p u l a t i o n  m e a s u r e s .  The e l e m e n t  i n  t h e  ith row and t h e  j t h  
A 

column o f  R ( 0 )  i s  t h e  s t a t i o n a r y  r e g i o n a l  n e t  r e p r o d u c t i o n  r a t e  - 
i n  r e g i o n  i o f  women b o r n  i n  r e g i o n  j :  

E q u a t i o n  ( 3 )  shows t h a t  f o r  a  s p a t i a l  z e r o  g rowth  popu la -  

t i o n  t o  b e  m a i n t a i n e d ,  t h e  dominant  c h a r a c t e r i s t i c  r o o t  o f  t h e  

m a t r i x  h(0) - must  b e  u n i t y .  Consequen t ly  a  r e d u c t i o n  o f  f e r t i l i t y  

t o  r e p l a c e m e n t  l e v e l  may b e  i n t e r p r e t e d  as a  r e d u c t i o n  o f  t h e  



e l e m e n t s  o f  m ( a )  t o  a  l e v e l  t h a t  r e d u c e s  t h e  dominant  c h a r a c -  - 
t e r i s t i c  r o o t  o f  a  g i v e n  n e t  r e p r o d u c t i o n  m a t r i x  R ( 0 )  t o  u n i t y .  - 
Such an  o p e r a t i o n  t r a n s f o r m s  m ( a )  t o  ; ( a )  and R ( 0 )  t o  6 ( 0 ) .  - - - - 

The v e c t o r  (6) i n  ( 3 )  i s  t h e  c h a r a c t e r i s t i c  v e c t o r  a s s o -  - 
c i a t e d  w i t h  t h e  u n i t  dominant  c h a r a c t e r i s t i c  r o o t  o f  g ( 0 )  and  

d e n o t e s  t h e  t o t a l  number o f  b i r t h s  i n  e a c h  r e g i o n  o f  a  s p a t i a l  

z e r o  growth  p o p u l a t i o n .  The p r o p o r t i o n a l  a l l o c a t i o n  o f  t o t a l  

b i r t h s  t h a t  it d e f i n e s  i s  d i r e c t l y  dependen t  on t h e  t r a n s f o r m a -  

t i o n  t h a t  i s  a p p l i e d  t o  change  R ( 0 )  t o  $ ( o )  . S i n c e  i n  a  - - 
s p a t i a l  z e r o  g rowth  p o p u l a t i o n  t h e  r e g i o n a l  s t a t i o n a r y  equ iva -  

A h 

l e n t  p o p u l a t i o n  Y i  i s  e q u a l  t o  t h e  q u o t i e n t  formed by Qi  and 

t h e  b i r t h  r a t e  G i ,  w e  see t h a t  t h e  d i f f e r e n t  ways i n  which 
A 

R ( 0 )  i s  t r a n s f o r m e d  i n t o  R ( 0 )  become, i n  f a c t ,  a l t e r n a t i v e  
* - 
" s p a t i a l  p a t h s "  t o  a  s t a t i o n a r y  m u l t i r e g i o n a l  p o p u l a t i o n .  

2 . 2  The R e d i s t r i b u t i o n a l  Impac t s  o f  Two A l t e r n a t i v e  S p a t i a l  

P a t t e r n s  o f  F e r t i l i t y  Reduc t ion  

A m u l t i r e g i o n a l  p o p u l a t i o n  sys t em t h a t  i s  growing  a t  a  

p o s i t i v e  r a t e  o f  g rowth  e x h i b i t s  a  n e t  r e p r o d u c t i o n  m a t r i x  

R ( 0 )  w i t h  a  dominant  c h a r a c t e r i s t i c  r o o t  X I  [ R ( O )  ] t h a t  i s  - * 

g r e a t e r  t h a n  u n i t y .  I f  t h e  r a t e  o f  c h i l d b e a r i n g  i n  e a c h  r e g i o n  

o f  t h i s  p o p u l a t i o n  sys t em w e r e  imrned-iately m o d i f i e d  s u c h  t h a t  

e v e r y  woman b o r n  i n  t h a t  r e g i o n  would now have a  n e t  r ep roduc -  

t i o n  r a t e  o f  u n i t y ,  t h e n  

o r ,  i n  m a t r i x  form,  

where t h e  p r ime  d e n o t e s  t r a n s p o s i t i o n .  

Fo l lowing  t h e  normal  p r a c t i c e  i n  s i n g l e - r e g i o n  e x e r c i s e s  

o f  t h i s  k i n d ,  assume t h a t  t h e  f e r t i l i t y  of e a c h  r e q i o n a l  c o h o r t  



o f  women i s  m o d i f i e d  t h r o u g h  t h e  m u l t i p l i c a t i o n  o f  e a c h  

r e q i o n ' s  a g e - s p e c i f i c  b i r t h  r a t e s  by a  f i x e d  f e r t i l i t y  a d j u s t -  

ment  f a c t o r ,  yi  s a y .  Then 

m m m 
R .  ( a )  y  . m .  ( a )  d a  = R .  ( 0 )  = 1 i j = 1  j = 1  0  I  I  1 ' j i j  

j=1  

and 

where y  i s  a  d i a g o n a l  m a t r i x  o f  f e r t i l i t y  a d j u s t m e n t  f a c t o r s .  - 
S u b s t i t u t i n g  ( 5 )  i n t o  ( 4 )  g i v e s  

whence 

S e t t i n g  t h e  f e r t i l i t y  o f  e a c h  f e m a l e  c o h o r t  i n  e v e r y  

r e g i o n  t o  b a r e  r e p l a c e m e n t  l e v e l ,  t h e  c o h o r t  r e p l a c e m e n t  a l t e r -  - 
n a t i v e ,  i s  b u t  one  o f  many p o s s i b l e  s p a t i a l  p a t t e r n s  o f  f e r t i l i t y  

r e d u c t i o n .  One c o u l d  i n s t e a d ,  f o r  example ,  c o n s i d e r  a  f e r t i l i t y  

r e d u c t i o n  scheme i n  which  t h e  a g g r e g a t e  system-wide n e t  r e p r o -  

d u c t i o n  r a t e  i s  r e d u c e d  t o  u n i t y  t h r o u g h  t h e  m u l t i p l i c a t i o n  o f  

a l l  a g e - s p e c i f i c  b i r t h  r a t e s  by t h e  same f e r t i l i t y  a d j u s t m e n t  

f a c t o r ,  y  s a y .  T h a t  i s ,  l e t  

A 

B ( 0 )  = yR(0)  I - .., where 

T h i s  p a r t i c u l a r  s p a t i a l  p a t t e r n  o f  f e r t i l i t y  r e d u c t i o n  may b e  

c a l l e d  t h e  p r o p o r t i o n a l  r e d u c t i o n  a l t e r n a t i v e ,  and  i t s  r e d i s -  

t r i b u t i o n a l  i m p a c t s  c a n  he q u i t e  d i f f e r e n t .  



A n u m e r i c a l  i l l u s t r a t i o n  may be  i n s t r u c t i v e  a t  t h i s  p o i n t .  

Assume t h a t  t h e  n e t  r e p r o d u c t i o n  b e h a v i o r  o f  t h e  u r b a n  and 

r u r a l  f ema le  p o p u l a t i o n s  o f  a n a t i o n a l  p o p u l a t i o n  a r e  a p p r o x i -  

mated by t h e  n e t  r e p r o d u c t i o n  m a t r i x  

where,  f o r  example ,  R ( 0 )  = 1/2 d e n o t e s  t h e  n e t  r e p r o d u c t i o n  r u  
r a t e  i n  u rban  a r e a s  o f  r u r a l - b o r n  women. I n  o t h e r  words ,  unde r  

t h e  o b s e r v e d  reg ime o f  growth ,  e a c h  woman b o r n  i n  r u r a l  a r e a s  

w i l l ,  on t h e  a v e r a g e ,  r e p l a c e  h e r s e l f  i n  t h e  s u c c e e d i n g  gene ra -  

t i o n  by 1  1/2 d a u g h t e r s ,  one  t h i r d  o f  whom w i l l  b e  b o r n  i n  

u rban  a r e a s .  Urban-horn women, on t h e  o t h e r  hand ,  have a  

lower  n e t  r e p r o d u c t i o n  r a t e ,  i . e . ,  R ( 0 )  = 1  < R ( O ) ,  which u  r 
when combined w i t h  t h e  n e t  r e p r o d u c t i o n  r a t e - o f  r u r a l - b o r n  

women g i v e s  t h e  n a t i o n a l  female  p o p u l a t i o n  a n  o v e r a l l  n e t  r e p r o -  

d u c t i o n  r a t e  o f  A 1  [R ( 0 )  I = 1  1 /4 ,  where A 1  [R ( 0 )  ] i s  t h e  dominant  - - 
c h a r a c t e r i s t i c  root  o f  t h e  n e t  r e p r o d u c t i o n  m a t r i x  i n  (8,) . 

An immediate  system-wide f e r t i l i t y  d e c l i n e  t o  r e p l a c e m e n t  

l e v e l ,  s u c h  t h a t  e a c h  urban-  o r  r u r a l - b o r n  woman i s  f o l l o w e d  

i n  t h e  n e x t  g e n e r a t i o n  by e x a c t l y  o n e  d a u g h t e r ,  i m p l i e s  

yU = 1  1/5 and yr = 2/5,  whence 

9/10 
A 

R ( 0  = and. ; I  = [:I . - 

Both g r o u p s  o f  women now e x h i b i t  u n i t  r a t e s  o f  n e t  r e p r o d u c t i o n ;  
A 

t h e  dominant  c h a r a c t e r i s t i c  r o o t  of  R(0 )  i s  u n i t y ;  and t h e  - 
c h a r a c t e r i s t i c  v e c t o r  a s s o c i a t e d  w i t h  t h e  u n i t  dominant  c h a r a c -  

t e r i s t i c  r o o t  o f  & ( o )  i n d i c a t e s  t h a t  6 /7  o f  t h e  t o t a l  b i r t h s  - 
i n  t h e  s p a t i a l  z e r o  growth  p o p u l a t i o n  w i l l  o c c u r  i n  urban  a r e a s .  

C o n s i d e r  n e x t  t h e  r e d i s t r i b u t i o n a l  i m p l i c a t i o n s  o f  a  

f e r t i l i t y  d e c l i n e  a c c o r d i n g  t o  t h e  p r o p o r t i o n a l  r e d u c t i o n  



a l t e r n a t i v e  d e f i n e d  i n  ( 7 ) .  I n  t h i s  i n s t a n c e ,  y = 4/5, whence 

The f e r t i l i t y  o f  urban-born women now d e c l i n e s  t o  below r e p l a c e -  
A A 

ment l e v e l  ( U ~ ( ~ )  = 4/5) ,  whereas t h a t  o f  r u r a l - b o r n  women 
A 

c o n t i n u e s  t o  exceed such  a  l e v e l  ( r $ ( ~ )  = 1 5 )  The dominant 
A A 

c h a r a c t e r i s t i c  r o o t  o f  R ( 0 )  i s  u n i t y ,  and urban and r u r a l  a r e a s  - 
have a n  e q u a l  number o f  b i r t h s .  

3 .  The S p a t i a l  Reproduc t ive  Value  

The c o n c e p t  o f  r e p r o d u c t i v e  v a l u e ,  a s  developed by R.A.  

F i s h e r  ( ' 1929 ) ,  r e v o l v e s  around t h e  n o t i o n  of  r e g a r d i n g  t h e  o f f -  

s p r i n g  of a c h i l d  a s  t h e  repayment of  a  d e b t .  S p e c i f i c a l l y ,  i f  

t h e  b i r t h  o f  a  baby i s  viewed a s  a  l o a n  o f  a  l i f e  and i f  t h e  

f u t u r e  o f f s p r i n g  o f  t h i s  c h i l d  a r e  viewed a s  t h e  subsequen t  

repayment  of  t h i s  l o a n ,  s u i t a b l y  d i s c o u n t e d  a t  t h e  a n n u a l  r a t e  

r and compounded momently, t h e n  t h e  p r e s e n t  v a l u e  o f  t h e  repay-  

ment may be  t a k e n  t o  be 

Im R ( a )  m ( a )  da  . 
0  

E q u a t i n g  t h e  l o a n  w i t h  t h e  d i s c o u n t e d  repayment  g i v e s  

which i s  r e c o g n i z a b l e  a s  t h e  c h a r a c t e r i s t i c  e q u a t i o n  used  t o  

s o l v e  f o r  r ,  t h e  i n t r i n s i c  r a t e  o f  growth.  Thus,  a s  K e y f i t z  

p o i n t s  o u t :  

" t h e  e a u a t i o n  can  now be  s e e n  i n  a  new l i g h t :  
t h e  e q u a t i n g  o f  l o a n  and d i s c o u n t e d  repayment i s  



what d e t e r m i n e s  r ,  r be ing  i n t e r p r e t a b l e  e i t h e r  
a s  t h e  r a t e  of i n t e r e s t  of  an average  l o a n  o r  a s  
L o t k a ' s  i n t r i n s i c  r a t e  o f  n a t u r a l  i n c r e a s e . "  
( K e y f i t z ,  1975, p. 588) 

I n  t h e  above c i t e d  p a p e r ,  K e y f i t z  c o n s i d e r s  how much o f  t h e  

d e b t  i s  o u t s t a n d i n g  by t h e  t i m e  t h e  c h i l d  h a s  r eached  age x .  H e  

d e f i n e s  t h i s  q u a n t i t y  t o  be  v ( x ) ,  t h e  r e p r o d u c t i v d  v a l u e  a t  

age x ,  where 

and v ( 0 )  i s  s c a l e d  t o  e q u a l  u n i t y .  

3.1 D e f i n i t i o n s  and Theory 

K e y f i t z ' s  arguments  have t h e i r  s p a t i a l  ( m u l t i r e g i o n a l )  

c o u n t e r p a r t s .  To deve lop  t h e s e  it i s  conven ien t  t o  r e - e x p r e s s  

( 9 )  f o r  a r b i t r a r y  v a l u e s  of  v  ( 0 )  , namely: 

Irn v ( x )  = v  ( 0 )  -r (a-x)  
2  ( a )  2  ( x ) - '  m(a )  d a  = v ( 0 )  'n ( x )  , 

X 

where 

and n ( x )  d e n o t e s  t h e  t o t a l  d i s c o u n t e d  number o f  baby g i r l s  

expec ted  t o  be  born  t o  a  woman now a t  age  x .  T h i s  form o f  t h e  

e q u a t i o n  immedia te ly  s u g g e s t s  t h e  m u l t i r e g i o n a l  a n a l o g  

I v ( x )  1 '  = I v ( 0 ) 1 '  Im -r (a-x) - - m ( a )  - - L ( a )  - 2 ( x ) - '  da  , (10)  
X 

= I v ( 0 1 1 '  - n ( x )  , s a y  , ( 1 1 )  



where 
, a3 

The m a t r i x  n ( x )  r e p r e s e n t s  t h e  e x p e c t e d  t o t a l  number o f  - 
f e m a l e  o f f s p r i n g  p e r  woman a t  age  x ,  d i s c o u n t e d  back  t o  a g e  x .  

The e l e m e n t  n i j ( x )  g i v e s  t h e  d i s c o u n t e d  n u r h e r  o f  f e m a l e  

c h i l d r e n  t o  b e  b o r n  i n  r e g i o n  j t o  a  woman now x  y e a r s  o f  age  

and  a  r e s i d e n t  o f  r e g i o n  i .  The v e c t o r  { v ( x ) )  r e p r e s e n t s  t h e  - 
r e p r o d u c t i v e  v a l u e s  o f  x -yea r  o l d  women, d i f f e r e n t i a t e d  by 

r e g i o n  o f  r e s i d e n c e .  Observe  t h a t  t h e  e lemen- t s  o f  { v ( x ) )  depend  - 
on t h e  s c a l i n g  g i v e n  t o  { v ( O )  1 ,  t h e  l e f t  c h a r a c t e r i s t i c  v e c t o r  - 
a s s o c i a t e d  w i t h  t h e  u n i t  dominant  c h a r a c t e r i s t i c  r o o t  o f  t h e  

c h a r a c t e r i s t i c  m a t r i x  Y ( r )  . Thus i n  t h e  m u l t i r e g i o n a l  model ,  - 
t h e  r e p r o d u c t i v e  v a l u e  o f  a  baby g i r l  depends  o n  where s h e  i s  

b o r n .  

E q u a t i o n s  ( 1  0)  t h r o u g h  ( 1  2)  may b e  g i v e n  t h e  f o l l o w i n g  

demographic  i n t e r p r e t a t i o n .  I f  l i v e s  a r e  l o a n e d  t o  r e g i o n s  

a c c o r d i n g  t o  t h e  (column) v e c t o r  I Q )  t h e n  t h e  amount o f  " d e b t "  - 
o u t s t a n d i n g  x  y e a r s  l a t e r  i s  g i v e n  by t h e  ( row) v e c t o r  { v ( x )  1 '  , - 
t h e  r e g i o n a l  e x p e c t e d  v a l u e s  o f  s u b s e q u e n t  o f f s p r i n g  d i s c o u n t e d  

back  t o  a g e  x .  The e l e m e n t s  o f  t h i s  v e c t o r ,  t h e r e f o r e ,  may b e  

v iewed a s  s p a t i a l .  ( r e g i o n a l )  r e p r o d u c t i v e  v a l u e s  a t  a g e  x .  

A s l i g h t l y  m o d i f i e d  p e r s p e c t i v e  o f  t h e  s p a t i a l  r e p r o d u c t i v e  

v a l u e  i s  a d o p t e d  i n  t h i s  p a p e r .  S p e c i f i c a l l y ,  w e  s h a l l  d i s t i n -  

g u i s h  be tween  t h e  t e r m s  number and  v a l u e  when r e f e r r i n g  t o  b i r t h s  

i n  t h e  v a r i o u s  r e g i o n s  o f  a  c l o s e d  m u l t i r e g i o n a l  s y s t e m .  The 

t w o  e x p r e s s i o n s  have  i d e n t i c a l  meanings  i n  t h e  s i n g l e - r e g i o n  

model ,  b u t  v a r i a t i o n s  i n  r e g i o n a l  f e r t i l i t y  and m o r t a l i t y  

s c h e d u l e s  g i v e  them d i f f e r e n t  meanings  i n  any  m u l t i r e g i o n a l  

model i n  which  i n t e r n a l  m i g r a t i o n  i s  r e p r e s e n t e d .  

I 3 e c a l l  t h a t  i n  ( 2 )  t h e  c o r r e s p o n d i n g  r i g h t  c h a r a c t e r i s t i c  
v e c t o r  o f  y ( r )  was I Q ) .  - - 



R e c a l l  t h e  d e f i n i t i o n  o f  t h e  m u l t i r e g i o n a l  c h a r a c t e r i s t i c  

m a t r i x  Y ( r )  i n  E q u a t i o n  ( 2 ) .  An e l e m e n t  i Y i  ( r )  d e n o t e s  t h e  - 
d i s c o u n t e d  t o t a l  number o f  d a u g h t e r s  b o r n  i n  r e g i o n  j t o  a  

mother  bo rn  i n  r e g i o n  i. The d i s c o u n t e d  number o f  f e m a l e  b i r t h s  

p e r  woman i n  a  p a r t i c u l a r  r e g i o n ,  i Y . ( r )  = 5 Y . ( r ) ,  may b e  less  
. i I  
J 

t h a n  u n i t y .  Al though t h i s  s u g g e s t s  t h a t  s h e  d o e s  n o t  r e p a y  t h e  

f u l l  amount o f  h e r  " d e b t "  t o  s o c i e t y ,  w e  s h a l l  show t h a t  t h i s  

may b e  t r u e  o n l y  o f  number b u t  n o t  o f  v a l u e .  

C o n s i d e r  s o c i e t y  a s  a n  i n v e s t o r  i n  a  m u l t i r e g i o n a l  ( s p a t i a l )  

p o r t f o l i o  o f  l i v e s ,  e a c h  e l emen t  of  t h e  p o r t f o l i o  b e i n g  a  r e g i o n .  

The s o c i e t y  d i s t r i b u t e s  i t s  i n v e s t m e n t  i n  l i v e s  among i t s  r e g i o n s  

a c c o r d i n g  t o  t h e  v e c t o r  { Q ] .  The t o t a l  d i s c o u n t e d  number o f  - 
o f f s p r i n g  a t t r i b u t a b l e  t o  t h e  Qi i - b o r n  i n d i v i d u a l s  i s  

o u t  o f  which t o t a l  i Y i  Qi w i l l  b e  b o r n  i n  r e g i o n  j. The t o t a l  

s o c i e t a l  i n v e s t m e n t  i n  - r e g i o n  i, however,  i s  Oi b i r t h s ,  which  

by v i r t u e  o f  E q u a t i o n  ( 2 )  may b e  e x p r e s s e d  a s  

Hence f o r  e a c h  r e g i o n ,  d u r i n g  s t a b l e  growth ,  t h e  p r e s e n t  d i s -  

c o u n t e d  number o f  f u t u r e  b i r t h s  i n  t h a t  r e g i o n  must  b e  e q u a l  

t o  t h e  c u r r e n t  number o f  b i r t h s .  

The d i s t r i b u t i o n  o f  t o t a l  s o c i e t a l  b i r t h s  among r e g i o n s  

i s  one  o f  two r e l a t e d  a s p e c t s  o f  t h e  r e p r o d u c t i v e  v a l u e  problem. 

A s s o c i a t e d  w i t h  t h i s  p r i m a l  a s p e c t  o f  a l l a c a t i o n  i s  a  d u a l  
A 

L a s p e c t  o f  v a l u a t i o n .  --- 

2 ~ h i s  p r i m a l - d u a l  r e l a t i o n s h i p  r e s e m b l e s  t h e  o n e  found  i n  
m a t h e m a t i c a l  programming t h e o r y  and  s u g g e s t s  t h e  c o n j e c t u r e  
t h a t  ( i) t h e  p r i m a l  o p t i m i z a t i o n  problem is  o n e  o f  s e l e c t i n g  
a n  a l l o c a t i o n  o f  b i r t h s  t o  maximize g rowth ,  w i t h i n  t h e  con- 
s t r a i n t s  o f  a  g i v e n  reg ime o f  f e r t i l i t y ,  m o r t a l i t y ,  and migra-  
t i o n ;  and  ( i i )  t h e  d u a l  o p t i m i z a t i o n  problem i s  one  o f  v a l u i n g  
b i r t h s  i n  e a c h  r e g i o n  s o  a s  t o  minimize  t h e  t o t a l  r e g i o n a l l y -  
we igh ted  s o c i e t a l  r e p r o d u c t i v e  v a l u e .  



The v a l u e  of a  b i r t h  r e f l e c t s  t h e  c a p a c i t y  t o  produce new 

l i f e .  I f  a  0-year  o l d  i n  r e g i o n  i i s  wor th  v i ( 0 ) ,  t h e n ,  by 

Equa t ion  (1 I ) ,  t h e  r e p r o d u c t i v e  v a l u e  o f  t h e  d i s c o u n t e d  number 

of  o f f  s p r i n g  must a l s o  b e  vi ( 0 )  , t h a t  i s ,  

vi ( 0 )  = 1 v j  ( 0 )  Y .  ( r )  . 
j  i I 

Thus, i f  t h e  inves tment  i n  one  l i f e  i n  a  r e g i o n  i s  viewed a s  a  

d e b t  o f  a n  i n d i v i d u a l  t o  s o c i e t y ,  t h e n  i n  a  s t a b l e  e q u i l i b r i u m  

each  i n d i v i d u a l  must  r epay  t h a t  d e b t  t o  s o c i e t y  a t  a n  annua l  

i n t e r e s t  r a t e  r. The repayment does  n o t  have t o  t a k e  p l a c e  

i n  t h e  r e g i o n  o f  b i r t h ,  however. P a r t  of  it c a n  o c c u r  i n  o t h e r  

r e g i o n s ,  where b i r t h s  may be wor th  more ( o r  less) t h a n  i n  t h e  

r e g i o n  o f  b i r t h .  Thus w e  may conc lude  t h a t  i n d i v i d u a l s  pay 

back t h e i r  d e b t  t o  s o c i e t y  i n  v a l u e s  v ( O ) ,  whereas r e g i o n s  pay 

back t h e i r  d e b t  i n  numbers Q.  The former d i s t r i b u t i o n  i s  

d e f i n e d  by ( 1 2 ) ;  t h e  l a t t e r  d e r i v e s  from ( 2 ) .  

S p a t i a l  r e p r o d u c t i v e  v a l u e s  a t  a g e  x ,  vi ( x ) ,  may b e  appro- 

p r i a t e l y  c o n s o l i d a t e d  t o  y i e l d  t o t a l  s p a t i a l  r e p r o d u c t i v e  

v a l u e s ,  v i ,  by means o f  t h e  r e l a t i o n s h i p  

n ( x )  k  ( x )  dx - - I 

where k ( x )  i s  a  d i a g o n a l  m a t r i x  w i t h  k i i ( x )  r e p r e s e n t i n g  t h e  - 
number of  women a t  a g e  x  i n  r e g i o n  i ,  and n  i s  a  m a t r i x  o f  - 
t o t a l  d i s c o u n t e d  number o f  female o f f s p r i n g  a s s o c i a t e d  w i t h  

t h a t  p o p u l a t i o n .  The t o t a l  r e p r o d u c t i v e  v a l u e  of t h e  

m u l t i r e g i o n a l  p o p u l a t i o n  t h e n  i s  



3 . 2  Numerical E v a l u a t i o n  

The d e f i n i t i o n  o f  {v  ( x )  ) i n  (1 0 )  r e f e r s  t o  e x a c t  age  x.  - 
A s u i t a b l e  numer ica l  approximat ion ,  analogous  t o  t h e  one u s u a l l y  

made i n  t h e  s i n g l e - r e g i o n  model,  i s  

where B i s  t h e  l a s t  age of c h i l d b e a r i n g ,  M(a)  and L ( a )  a r e ,  \ - - 
r e s p e c t i v e l y ,  m a t r i c e s  of f e r t i l i t y  rates and l i f e  t a b l e  popu- 

l a t i o n s  o f  women aged a  t o  a  + 4 ,  and R(x)  i s  t h e  l i f e - t a b l e  - 
s u r v i v a l  m a t r i x  t o  e x a c t  age  x  ( s e e  Rogers ,  1 9 7 5 ) .  

The average  s p a t i a l  r e p r o d u c t i v e  v a l u e  f o r  t h e  a g e  i n t e r v a l  

x  t o  x  + 4 a t  l a s t  b i r t h d a y  i s  denoted  by { ~ ( x )  ' and may be  
w 

approximated by 

1 5  8-5 
I V ( X ) } '  = Cv(O)} - 1 [e 

-r (a-x)  
- - 2 M(a) - L ( a )  - 

a=x 

where N(x)  i s  t h e  a v e r a g e  v a l u e  of  n ( x )  f o r  t h e  age  i n t e r v a l  - 
3 

- 
x  t o  x  + 4 a t  l a s t  b i r t h d a y .  

Tab le  1  p r e s e n t s  t h e  v a l u e s  of  N(x) f o r  x  = 0 , 5 ,  ..., 50 - 
u s i n g  t h e  1961 p o p u l a t i o n  d a t a  on Yugoslavian females  t h a t  i s  

p u b l i s h e d  i n  Rogers (1975) .  For example, t h e  d i s c o u n t e d  

( r  = 0.006099) number o f  d a u g h t e r s  expec ted  t o  be  born  t o  a  

woman now l i v i n g  i n  S l o v e n i a  and 15 t o  19 y e a r s  o l d  i s  1.0078. 

Of t h i s  t o t a l  0.9417 w i l l  b e  born  i n  S l o v e n i a  and 0.0661 w i l l  

be  born i n  t h e  res t  o f  Yugoslavia .  A woman i n  t h e  same age  

' ~ ~ u a t i o n  ( 1 7 )  may be shown t o  be c o n s i s t e n t  w i t h  a  some- 
what d i f f e r e n t  f o r m u l a t i o n  set o u t  as Ef fua t ion  (4 .37)  on p. 105 
of  Rogers ,  1975. 



g r o u p  i n  t h e  rest o f  Yugos lav ia  h a s  an  e x p e c t e d  d i s c o u n t e d  

number o f  d a u g h t e r s  o f  1 .1943,  of which o n l y  0.0068 w i l l  b e  

b o r n  i n  S l o v e n i a .  T h i s  i s  ma in ly  a  r e f l e c t i o n  o f  t h e  low l e v e l  

o f  m i g r a t i o n  f rom t h e  res t  o f  Yugos lav ia  t o  S l o v e n i a  and t h e  

low f e r t i l i t y  i n  S l o v e n i a .  

The c h a r a c t e r i s t i c  m a t r i x  f o r  t h i s  two- reg ion  sys t em i s  

i t s  dominant  c h a r a c t e r i s t i c  r o o t  i s  u n i t y ;  and t h e  a s s o c i a t e d  

l e f t  and  r i g h t  c h a r a c t e r i s t i c  v e c t o r s  a r e ,  r e s p e c t i v e l y :  

Note t h a t  t h e  d i s c o u n t e d  number o f  f e m a l e  o f f s p r i n g  

o f  a baby g i r l  b o r n  i n  S l o v e n i a  i s  less t h a n  u n i t y .  Never the-  

less  s h e  s t i l l  r e p a y s  h e r  d e b t  of  a l i f e  t o  s o c i e t y ,  because  

t h e  0.104 d a u g h t e r s  b o r n  t o  h e r  i n  t h e  rest o f  Yugos lav ia  have  

a h i g h e r  v a l u e  t h a n  a n  e q u i v a l e n t  number b o r n  i n  S l o v e n i a .  

The w e i g h t e d  d i s c o u n t e d  repayment  i s  a s i n g l e  l i f e :  

Combining t h e  n u m e r i c a l  a p p r o x i m a t i o n  o f  N(x)  - w i t h  t h a t  

o f  { c . ( O ) ) l ,  as  se t  o u t  i n  ( 1 7 ) ,  g i v e s  t h e  se t  o f  v a l u e s  f o r  .. 
{ ~ ( x ) ) '  i n  T a b l e  2 .  These  i n d i c a t e  t h a t  t h e  s p a t i a l  - 
r e p r o d u c t i v e  v a l u e s  o f  S l o v e n i a n  g i r l s  are ,  a t  most a g e s ,  

r o u g h l y  h a l f  o f  t h e  c o r r e s p o n d i n g  v a l u e s  f o r  g i r l s  l i v i n g  

i n  t h e  rest  o f  Yugos lav ia .  



F i n a l l y ,  we igh t ing  t h e  a g e - s p e c i f i c  v a l u e s  of  N(x) - i n  

Table  1  by t h e  r e s p e c t i v e  observed popu l a t i ons  and adding 

g i v e s  t h e  t o t a l  d i s coun t ed  number o f  female o f f s p r i n g  N .  - 
Table 3  shows t h a t  under t h e  1961 regime of  f e r t i l i t y ,  mor ta l -  

i t y ,  and m i g r a t i o n ,  t h e  t o t a l  d i s coun t ed  number o f  d a u g h t e r s  

t o  be born  t o  Yugos l av i a ' s  1961 female p o p u l a t i o n  i s  5,528,742.  4 

Of t h e s e ,  383,133 o r  6 .93 p e r c e n t  w i l l  be  born  i n  S loven i a ,  

and 379,208 o r  6.86 p e r c e n t  w i l l  be c h i l d r e n  of  t h e  observed 

1961 female  r e s i d e n t s  of S loven ia .  Of t h e  u l t i m a t e  d i s coun t ed  

383,133 female  b i r t h s  i n  S loven i a ,  30,404 can be a t t r i b u t e d  

t o  women now r e s i d i n g  i n  t h e  rest  of Yugoslavia and 352,729 

t o  p o t e n t i a l  mothers  now l i v i n g  i n  S loven i a .  

To d e r i v e  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  of t h e  obse rved  

female popu l a t i on  one must weight  t h e  d i s coun t ed  number o f  

o f f s p r i n g  acco rd ing  t o  r e g i o n  of  b i r t h .  I f  w e  a s s i g n  a v a l u e  05 

u n i t y  t o  a  b i r t h  i n  S loven i a  t h e n  1.798369 i s  t h e  cor responding  

v a l u e  of  a  b i r t h  i n  t h e  rest o f  Yugoslavia.  The t o t a l  r epro-  

d u c t i v e  v a l u e  of  S loven ian  women i s  (Table  3)  

and t h e  cor responding  v a l u e  f o r  women r e s i d i n g  i n  t h e  rest  o f  

Yugoslavia i s  

Adding t h e  two s u b t o t a l s  t o g e t h e r  g i v e s  t h e  agg rega t e  system- 

wide t o t a l  r e p r o d u c t i v e  v a l u e  

f o r  t h e  c a s e  where v1 ( 0 )  i s  se t  e q u a l  t o  u n i t y .  

4 ~ h e  s l i g h t  d i s c r epancy  between t h i s  t o t a l  and t h e  one  
r e p o r t e d  on p.  114 o f  Rogers (1975) may be  a t t r i b u t e d  t o  
d i f f e r e n c e s  i n  computer hardware. 



3 . 3  S t a b l e  P o p u l a t i o n  A n a l y s i s  

The r e p r o d u c t i v e  v a l u e  may he  u s e d  t o  e s t a b l i s h  t h e  e x t e n t  

t o  which  a n  i n d i v i d u a l  o f  a  g i v e n  a g e  w i l l ,  on t h e  a v e r a g e ,  

c o n t r i b u t e  t o  t h e  b i r t h s  o f  f u t u r e  g e n e r a t i o n s .  I f  K i s  t h e  

mean a g e  o f  c h i l d b e a r i n g  i n  a  s t a b l e  p o p u l a t i o n  t h e n  

". . . w i t h o u t  any  change  i n  b i r t h  r a t e s  t h e  u l t i m a t e  
p o p u l a t i o n  b i r t h  t r a j e c t o r y  due  t o  P ( x )  dx  p e r s o n s  

r t  a t  a g e  x  t o  x  + dx would be  e P  ( x )  v ( x )  d x / ~ ,  
and f o r  t h e  whole  p o p u l a t i o n  d i s t r i b u t e d  a s  P ( x )  

would b e  e It ('Pix) v ( x )  d x / r  . "  ( K e y f i t n .  1975 ,  
0  

p .  606)  

The above h o l d s  t r u e  f o r  a  s i n g l e - r e g i o n  p o p u l a t i o n  t h a t  

i s  c l o s e d  t o  m i g r a t i o n .  I t  c a n  be  shown t h a t  t h e  c o r r e s p o n d i n g  

r e s u l t  f o r  a  m u l t i r e g i o n a l  p o p u l a t i o n  s y s t e m  i s  ( ~ i l l e k e n s ,  

1977)  : 

where w e  d e n o t e  t h e  i n i t i a l  p o p u l a t i o n  by k ( x )  i n s t e a d  o f  P ( x )  , 
t o  m a i n t a i n  c o n s i s t e n c y  w i t h  o u r  e a r l i e r  n o t a t i o n ;  where  t h e  

u n i t  s u b s c r i p t s  d e s i g n a t e  v e c t o r s  w i t h  a r b i t r a r y  s c a l i n g s  

( w e  s h a l l  a d o p t  a  s c a l i n g  t h a t  sums t h e  e l e m e n t s  o f  e a c h  v e c t o r  

t o  u n i t y ) ;  and  where  K ,  t h e  m a t r i x  o f  mean a g e s  o f  c h i l d b e a r i n g  - 
i n  t h e  s t a b l e  p o p u l a t i o n ,  i s  d e f i n e d  a s  

w i t h  



Rewr i t ing  (18)  a s  

w e  immedia te ly  o b t a i n  an  e x p r e s s i o n  f o r  s t a b l e  e q u i v a l e n t  

b i r t h s :  

where 

Goodman (1969) p roves  t h a t  t h e  impact  on t h e  u l t i m a t e  
r t  s t a b l e  b i r t h  t r a j e c t o r y  of  a  g i r l  a t  age x  i s  v ( x ) e  / K .  

The above r e s u l t s  i n d i c a t e  t h a t  t h e  s i z e  of  t h i s  impact  depends 

on t h e  s p a t i a l  r e p r o d u c t i v e  v a l u e  of  t h e  g i r l  and ,  t h e r e f o r e ,  

on h e r  i n i t i a l  r e g i o n  of  r e s i d e n c e .  The s p a t i a l  p r o p o r t i o n a l  

d i s t r i b u t i o n  of  t h e s e  b i r t h s ,  however, i s  independen t  of  t h e  

i n i t i a l  d i s t r i b u t i o n  o f  t h e  p o p u l a t i o n  and i s  t h e r e f o r e  n o t  a  

f u n c t i o n  o f  h e r  i n i t i a l  r e g i o n  of r e s i d e n c e .  

The u l t i m a t e  b i r t h  t r a j e c t o r y ,  a s  g i v e n  by (181,  depends 

on t h e  i n t r i n s i c  annua l  r a t e  of growth r ,  t h e  t o t a l  reproduc- 

t i v e  v a l u e  o f  t h e  p o p u l a t i o n  v  and i t s  p r o p o r t i o n a l  d i s t r i b u t i o n  

among t h e  r e g i o n s  { v l ( 0 ) } l 1  t h e  m a t r i x  o f  mean a g e s  of  c h i l d -  .. 
b e a r i n g  i n  t h e  s t a b l e  p o p u l a t i o n  K ,  and t h e  p r o p o r t i o n a l  d i s t r i -  .. 
b u t i o n  of b i r t h s  i n  t h e  s t a b l e  p o p u l a t i o n  { Q ~ ) .  For  o u r  e a r l i e r  

* 

two-region i l l u s t r a t i o n  i n v o l v i n g  S l o v e n i a  and t h e  rest  o f  

Yugoslavia ,  w e  have t h e  f o l l o w i n g  n u m e r i c a l  approx imat ions  f o r  

t h e s e  v a l u e s :  

r = 0.006099 { v l  .. ( 0 )  I = [O. 357351 0.6426491 



Substituting into (21) gives 

a result that can be verified by calculating the regional 

stable equivalent populations {Y), defined in Rogers (1975), 
.., 

and then using the relation (Willekens, 1977): 

The reader can verify that the earlier scalings of {v(0)ll 
.., 

and {Q) found in Section 3.2 give an identical numerical result 
.., 

for stable equivalent births. 

4. The Spatial Momentum of Zero Population Growth 

Differences between observed population age compositions 

and those of stationary populations make immediate zero growth 

an unlikely condition for most national populations. A closed 

population's birth rate and growth rate depend on its fertility 

schedule and its age composition. Consequently whether and how 

long a population continues to grow after achieving a net 



reproduction rate of unity depends on that population's age 

composition and its degree of divergence from that of a 

stationary population. The ratio by which the ultimate 

stationary population exceeds a current population is the 

momentum of that population. 

4.1 The Ultimate Size and Distribution of a Stationary 

Spatial Population 

If fertility were to drop immediately to replacement level 

in a population that is closed to migration, the ultimate 

stationary number of births in the resulting zero growth popu- 

lation would be (Keyfitz, 1975) 

where p is the mean age of childbearing in the stationary 

population, and v(x) is the reproductive value corresponding 

to an intrinsic rate of growth r = 0, a condition we can ensure 

by reducing fertility to replacement level along the lines 

described in Section 2 of this paper. The corresponding 

ultimate stationary total population may be found'by dividing 

6 by the stationary birth rate or, equivalently, by multiply- 

ing it by e(O), the expectation of life at birth 

Such a calculation gives the same result as a full population 

projection carried out with the modified fertility schedule 

&(a) . 
The above results have their spatial (multiregional) 

counterparts. To develop these it is convenient first to 

recall (1 8) and to define {;(x) 1 '  to be the vector of spatial - 
reproductive values corresponding to an intrinsic rate of 

growth r = 0. (We have seen earlier that a transition to zero 



growth may be carried out by multiplying the fertility schedule 

m(a) by the fertility adjustment matrix y . )  Then the ultimate - - 
number of stationary equivalent births must be 

A 
03 

{ Q )  - = j { t l  (x) 1 ' { k  (x) 1 dx {GI 1 
0 

- 

where (0) 1 ' and 1 ire, respectively, the left and right - - 
characteristic vectors associated with the unit dominant 

characteristic root of yR(O), and where - - 

is the matrix of mean ages of childbearing in the stationary 

population that evolves after the decline of fertility to 

replacement level. 

The ultimate total stationary population is 

where 

5 =[,Im m(a) - k (a) da][o103 j (a) da = YR(O) e-' - (0) , 

and e(0) is a matrix of expectations of life at birth disaggre- - 
gated by regions of birth and residence. 

Equation (25) has a simple and intuitively appealing 

interpretation. Consistent with (23) it defines the total size 

of stationary equivalent births in a multiregional population 

to be equal to the quotient of the total reproductive value G 
A 

and the weighted index )1 = {j, w ( 0 )  1 ' )1{4,1 w - in that population 

both evaluated after the decline in fertility to replacement 



level, and distributes that total according to the proportional 

allocation determined by the right characteristic vector associa- 

ted with the unit dominant characteristic root of the modified 

net reproduction rate matrix y R ( 0 ) .  The interpretation of - - 
equation ( 2 6 )  follows in a straightforward manner. 

4.2 The Spatial Momentum of an Initially Stable Population 

An abrupt 'decline in fertility to bare replacement level 

in a single-region population that initially is experiencing 

stable growth leads to a computationally simpler form for 

Equation ( 2 3 ) .  Keyfitz ( 1 9 7 5 )  shows that in such an instance 

the ratio of the ultimate stationary population ? to the 
stable population of K individuals just prior to the decline 

in fertility is 

where b is the birth rate, r the rate of growth, e ( 0 )  the 

expectation ~f life at birth, and R ( : o )  the net reproduction 

rate, all measured hefore the drop in fertility, and !J is the 

mean age of childbearing afterward. Expressing' ( 2 7 )  as 

gives 

where y  = 1 / R ( O )  and Q = bK. Note that this formula for total 

stationary equivalent births does not reuuire the calculation 

of the total reproductive value of the population; but by 

virtue of ( 2 3 )  it implies that, in this special situation, 



C o n v e n t i o n a l  methods o f  p o p u l a t i o n  p r o j e c t i o n  may be  used  

t o  o b t a i n  t h e  f u t u r e  p o p u l a t i o n  t h a t  e v o l v e s  from any p a r t i c -  

u l a r  obse rved  o r  h y p o t h e t i c a l  reg ime o f  growth .  T h e r e f o r e  

( 2 7 )  i s  n o t  needed t o  o b t a i n  a  n u m e r i c a l  e s t i m a t e  o f  an 

u l t i m a t e  s t a t i o n a r y  p o p u l a t i o n .  However K e y f i t z ' s  s i m p l e  

momentum f o r m u l a  g i v e s  u s  an u n d e r s t a n d i n g  o f  t h e  p o p u l a t i o n  

dynamics t h a t  a r e  h idden  i n  t h e  a r i t h m e t i c a l  c o m p u t a t i o n s  o f  

a  p o p u l a t i o n  p r o j e c t i o n .  I t  i d e n t i f i e s  i n  a n  unambiguous way 

t h e  f i v e  p a r a m e t e r s  o f  a  c u r r e n t  p o p u l a t i o n  t h a t  d e t e r m i n e  t h e  

s i z e  o f  t h e  f u t u r e  p o p u l a t i o n .  

An a n a l o g o u s  s i m p l i f i c a t i o n  o f  E q u a t i o n  (25)  may be  

o b t a i n e d  i n  t h e  m u l t i r e g i o n a l  model.  I f  { k ( x ) )  i s  s t a b l e ,  - 
t h e n  e n t e r i n g  

i n t o  ( 2 5 ) ,  and m u l t i p l y i n g  by e ( 0 )  t o  produce  t h e  s t a t i o n a r y  - 
e q u i v a l e n t  p o p u l a t i o n  i n s t e a d  o f  s t a t i o n a r y  e q u i v a l e n t  b i r t h s ,  

g i v e s  

03 

- r x  
P - 0  Im[ x e m ( a )  - - % ( a )  dadx {QJ - 1 1 5 ~ 1 .  - 

E v a l u a t i n g  t h e  d o u b l e  i n t e g r a l  and s i m p l i f y i n g ,  w e  o b t a i n  

A 1  
l Y J  - = - ( 0 )  - P r  [el ( 0 )  1 I y - [ R ( O )  - - Y - ( r )  ] 1 ~ 1 1  - {GI - 1 

where 



A s  w i t h  E q u a t i o n  ( 2 9 ) ,  t h i s  f o r m u l a  d o e s  n o t  req. . l ire t h e  c a l c u -  

l a t i o n  o f  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  o f  t h e  p o p u l a t i o n ,  b u t  

i t  i m p l i e s  t h a t  

E q u a t i o n  ( 3 1 )  i s  n o t  a s  p r a c t i c a l l y  u s e f u l  a s  i t s  s i n g l e -  

r e g i o n  c o u n t e r p a r t  b e c a u s e  it i s  much more d i f f i c u l t  t o  come 

up w i t h  a c c u r a t e  g u e s s e s  o r  e s t i m a t e s  o f  t h e  v a l u e s  t a k e n  on 

by t h e  many p a r a m e t e r s .  Thus a  more e f f e c t i v e  p r o c e d u r e  may 

be  t o  f i r s t  e s t i m a t e  t h e  u l t i m a t e  s i z e  o f  t h e  t o t a l  s t a t i o n a r y  

e q u i v a l e n t  b i r t h s  6, by means o f  ( 2 9 ) ;  t h e n  t o  d i s t r i b u t e  t h a t  

t o t a l  among t h e  v a r i o u s  r e g i o n s  a c c o r d i n g  t o  t h e  a l l o c a t i o n  

d e f i n e d  by t h e  c h a r a c t e r i s t i c  v e c t o r  a s s o c i a t e d  w i t h  t h e  u n i t  

r o o t  o f  y R ( 0 ) ;  a n d ,  f i n a l l y ,  t o  p r e m u l t i p l y  t h e  r e s u l t i n g  - - 
v e c t o r  by e ( 0 )  t o  f i n d  ($1. W e  now s h a l l  i l l u s t r a t e  s u c h  a  - - 
p r o c e d u r e  w i t h  a  n u m e r i c a l  example u s i n g  d a t a  f o r  I n d i a .  

4 . 3  The U r b a n i z a t i o n  I'lomentum i n  I n d i a  

W e  have  shown t h a t  t h e  g e o g r a p h i c a l  d i s t r i b u t i o n  o f  a  

s p a t i a l  z e r o  g rowth  p o p u l a t i o n  depends  v e r y  f u n d a m e n t a l l y  on  

t h r e e  m a t r i c e s :  e ( O ) ,  R ( O ) ,  and y .  The f i r s t  d e s c r i b e s  t h e  - - - 
m u l t i r e g i o n a l  l e v e l s  o f  m o r t a l i t y  and m i g r a t i o n ;  t h e  s econd  

se t s  o u t  t h e  m u l t i r e g i o n a l  n e t  r e p r o d u c t i o n  p a t t e r n s  b e f o r e  t h e  

d e c l i n e  i n  f e r t i l i t y ;  and t h e  t h i r d  d e f i n e s  t h e  p a r t i c u l a r  

" s p a t i a l  p a t h "  by which f e r t i l i t y  i s  r e d u c e d .  The p r o d u c t  

yR(0 )  g i v e s  6 ( 0 ) ,  whose c h a r a c t e r i s t i c  v e c t o r  a s s o c i a t e d  w i t h  ... ... ... 
t h e  u n i t  r o o t  and s c a l e d  t o  sum t o  6 i s  (6 ) .  

E q u a t i o n  ( 3 2 )  a l s o  may b e  u s e d  t o  i l l u s t r a t e  d r a m a t i c a l l y  

t h a t  where  p e o p l e  choose  t o  l i v e  i n  t h e  f u t u r e  p r e s e n t s  i s s u e s  

and  p rob lems  t h a t  a r e  p o t e n t i a l l y  a s  s e r i o u s  a s  t h o s e  posed  by 

t h e  number o f  c h i l d r e n  t h e y  choose  t o  have .  C o n s i d e r ,  f o r  

example ,  t h e  p r o j e c t i o n  t o  z e r o  growth  o f  I n d i a ' s  p o p u l a t i o n  

t h a t  was r e c e n t l y  c a r r i e d  o u t  by Norman Ryder on  t h e  b a s i s  o f  

t h e  f o l l o w i n g  a s s u m p t i o n s :  



To s i m p l i f y  t h e  t a s k  of  p r o j e c t i n g  t h e  popu la -  
t i o n  o f  I n d i a ,  w e  make t h e  f o l l o w i n g  a s s u m p t i o n s :  
it i s  a  s t a b l e  p o p u l a t i o n  w i t h  a  g rowth  r a t e  
r = +0.025  and  s u r v i v a l  f u n c t i o n s  c o r r e s p o n d i n g  
t o  t h o s e  l a b e l l e d  "West ,  l e v e l  13" ( f o r  which t h e  
f e m a l e  and  male  e x p e c t a t i o n s  o f  l i f e  a t  b i r t h  
a r e  50 and 47 .114 ,  r e s p e c t i v e l y )  i n  t h e  Coa le /  
Demeny c o l l e c t i o n ;  t h e  mean age  o f  ( g r o s s )  m a t e r -  
n i t y  m = 29; t h e  r a t i o  o f  male t o  f e m a l e  b i r t h s  
k  = 1.05;  and  t h e  c u r r e n t  p o p u l a t i o n  s i z e  i s  
600 m i l l i o n .  (Ryde r ,  1974, p .  6 )  

From t h e s e  a s s u m p t i o n s  it f o l l o w s  t h a t  t h e  i n i t i a l  number 

o f  f e m a l e  b i r t h s  p e r  annum B ( t )  = 12.156  m i l l i o n ,  R ( 0 )  = 2.019,  

and p = 28.672.  Apply ing  ( 2 8 ) ,  Ryder f i n d s  a  6 o f  8 .558  m i l l i o n  

f o r  f e m a l e s  and  a  z e r o  g rowth  t o t a l  ( m a l e s  p l u s  f e m a l e s )  popula-  

t i o n  of  a p p r o x i m a t e l y  851 m i l l i o n .  H e  t h e n  shows t h a t  i f  

s u r v i v a l  l e v e l s  i n  I n d i a  e v e n t u a l l y  r ise t o  e ( 0 )  = 70 y e a r s  f o r  

f e m a l e s  and  e ( 0 )  = 66.023 f o r  m a l e s ,  and  

i f  r e p l a c e m e n t  l e v e l  f e r t i l i t y  t a k e s  40 y e a r s  t o  
a c h i e v e  and  t h e  mean a g e  o f  g r o s s  r e p r o d u c t i o n  
d e c l i n e s  f rom 29 t o  27,  t h e  u l t i m a t e  f e m a l e  b i r t h  
c o h o r t  s i z e  w i l l  b e  ... 15.029  m i l l i o n .  Given  t h a t  
v a l u e ,  . . .  t h e  c o n s e q u e n t  u l t i m a t e  p o p u l a t i o n  s i z e  
i s  2.094 b i l l i o n .  (Ryder ,  1974, p .  7 )  

Ryder c o n c l u d e s  t h a t  t h e  t h o u g h t  o f  a  p o p u l a t i o n  o f  2.1 b i l l i o n  

f o r  I n d i a  i s  s t a g g e r i n g  and  g o e s  on t o  examine i n  what  r e s p e c t s  

t h e  components  o f  h i s  p r o j e c t i o n  may b e  m o d i f i a b l e .  

T h e r e  i s  no  q u e s t i o n  b u t  t h a t  t h e  t h o u g h t  o f  a  2.1 b i l l i o n  

p o p u l a t i o n  f o r  I n d i a  i s  s t a g g e r i n g .  What i s  e v e n  more mind- 

b o g g l i n g ,  however ,  i s  t h a t  anywhere f rom one  t o  two t h i r d s  of  

t h i s  t o t a l  i s  l i k e l y  t o  e v e n t u a l l y  b e  found  i n  t h a t  n a t i o n ' s  

a l r e a d y  t eeming  and  o v e r - c o n g e s t e d  u r b a n  a r e a s  ( t h e  c u r r e n t  

f i g u r e  i s  20 p e r c e n t ) .  To show t h i s ,  w e  need  o n l y  t o  i n t r o d u c e  

a  few a d d i t i o n a l  a s s u m p t i o n s  and t h e n  a p p l y  E q u a t i o n  ( 3 2 ) .  

S p e c i f i c a l l y ,  assume t h a t  l i f e  e x p e c t a n c y  i n  I n d i a  t o d a y  i s  

57 y e a r s  i n  u r b a n  a r e a s  and U8 y e a r s  i n  r u r a l  a r e a s ,  w i t h  t h e  



m i g r a t i o n  p a t t e r n  b e i n g  s u c h  t h a t  
5 

Assume, f u r t h e r ,  t h a t  t h e  s p a t i a l  p a t t e r n  o f  n e t  r e p r o d u c t i o n  

i s  g i v e n  by 6 

Then a n  i m m e d i a t e  d e c l i n e  i n  f e r t i l i t y  t o  b a r e  r e p l a c e m e n t  

l e v e l  a c c o r d i n g  t o  t h e  - c o h o r t  r e p l a c e m e n t  - a l t e r n a t i v e  g i v e s  

' ~ c c o r d i n ~  t o  a r e c e n t  c e n s u s  p u b l i c a t i o n  ( R e g i s t r a r  G e n e r a l  
o f  I n d i a ,  1 9 7 2 ) ,  t h e  c r u d e  d e a t h  ra tes  f o r  u r b a n  a n d  r u r a l  a r e a s  
i n  I n d i a  i n  1970 w e r e  10 .2  and  1 7 . 3  p e r  t h o u s a n d ,  r e s p e c t i v e l y .  
T h e s e  w e r e  d i s a g g r e g a t e d  i n t o  a g e - s p e c i f i c  d e a t h  ra tes  u s i n g  t h e  
a g e  p r o f i l e s  a n d  p o p u l a t i o n  d a t a  r e p o r t e d  i n  t h i s  c e n s u s  p u b l i c a t i o n  
a n d  i n  t h e  U . N .  Demograph ic  Yearbook ( U . N . ,  1 9 7 5 ) .  The c r u d e  o u t -  
m i g r a t i o n  ra tes  f o r  u r b a n  and  r u r a l  a r e a s  i n  1970 w e r e  set  a t  1 0 . 0  
a n d  6 . 8 ,  p e r  t h o u s a n d ,  r e s p e c t i v e l y  (Bose ,  1 9 7 3 ) .  A model  m i g r a t i o n  
a g e  p r o f i l e  ( R o g e r s ,  1976)  w a s  u s e d  t o  d i s a g g r e g a t e  t h e s e  i n t o  age-  
s p e c i f i c  o u t m i g r a t i o n  ra tes .  A t w o - r e g i o n  l i f e  t a b l e ,  c a l c u l a t e d  
u s i n g  t h e s e  a g e - s p e c i f i c  m o r t a l i t y  a n d  m i g r a t i o n  r a t e s ,  p r o d u c e d  t h e  
m a t r i x  o f  r e g i o n a l  e x p e c t a t i o n s  o f  l i f e  a t  b i r t h  se t  o u t  a b o v e .  

6 ~ r u d e  u r b a n  a n d  r u r a l  b i r t h  ra tes  i n  I n d i a  i n  1970 w e r e  
29.7  a n d  3 8 . 8 ,  p e r  t h o u s a n d ,  r e s p e c t i v e l y .  These  w e r e  d i s a g g r e -  
g a t e d  i n t o  a g e - s p e c i f i c  ra tes  u s i n g  t h e  f e r t i l i t y  a g e  p r o f i l e  
set  o u t  i n  Arnbannavar ( 1 9 7 5 ) .  The a g e - s p e c i f i c  ra tes  t h e n  
w e r e  combined w i t h  t h e  s t a t i o n a r y  p o p u l a t i o n  o f  t h e  t w o - r e g i o n  
l i f e  table  r e f e r r e d  t o  i n  f o o t n o t e  5  t o  o b t a i n  t h e  a b o v e  m a t r i x  
o f  n e t  r e p r o d u c t i o n  rates.  



an ultimate spatial zero growth population distribution of 

Under this projection, approximately 43 percent of the national 

population will be urban, giving rise to an urbanization 

momentum of roughly 1.42 x (.43/.20) = 3.1. A rough estimate 

of the corresponding momentum under Ryder's gradual fertility 

reduction alternative is 3.49 x (.43/.20) = 7.6. 

The redistributional consequences of the proportional - 
reduction alterr~ative are quite different, however. In this 

case 

if fertility declines immediately, and the spatial zero growth 

population that results is 

Here only about a third (37 percent) of the zero growth popula- 

tion is urban. The rough estimates of the immediate and gradual 

fertility reduction momenta now become 2.6 and 6.5, respec- 

tively. 
7 

- --- - 

7 ~ h e  two fertility reduction alternatives differ not only 
in their redistributional impacts but also with respect to the 
urban and rural age compositions that they generate. The pro- 
portional reduction alternative produces an urban population 
that is over five years older in mean age than the correspond- 
ing rural population (38.3 to 33.0 years). The same difference 
in the cohort replacement alternative is not as pronounced, 
although the urban population is still older than the rural 
population in mean age (36.9 to 33.6 years). 
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and t h i s  i m p l i e s  t h e  s p a t i a l  z e r o  g rowth  p o p u l a t i o n  d i s t r i b u -  

t i o n  

Under t h e s e  v e r y  g r o s s  a s s u m p t i o n s ,  a p p r o x i m a t e l y  64 p e r c e n t  

o f  I n d i a ' s  z e r o  growth  p o p u l a t i o n  would become u r b a n ,  y i e l d i n g  

a n  u r b a n i z a t i o n  momentum o f  1 .42  x ( . 6 4 / . 2 0 )  = 4 .5  f o r  R y d e r ' s  

c a s e  of  immedia te  f e r t i l i t y  r e d u c t i o n ,  and  a  c o r r e s p o n d i n g  

momentum o f  3.49 x ( . 6 4 / . 2 0 )  = 11 .2  f o r  t h e  c a s e  o f  g r a d u a l  

f e r t i l i t y  r e d u c t i o n .  F i g u r e  1  i l l u s t r a t e s  t h e  v a r i o u s  urban-  

i z a t i o n  momenta c a l c u l a t e d  above f o r  I n d i a  and shows g r a p h i c a l l y  

t h e  wide r a n g e  o f  p o t e n t i a l  l e v e l s  of u r b a n i z a t i o n  f o r  t h a t  

c o u n t r y .  C o n s i d e r i n g  t h e  v a r i e t y  o f  human s e t t l e m e n t  problems 

t h a t  a l r e a d y  p l a g u e  c i t i e s  s u c h  a s  C a l c u t t a ,  Bombay, and D e l h i ,  

i t  i s  a  f o r e b o d i n g  view o f  t h e  f u t u r e .  

5. C o n c l u s i o n  

I n  t h i s  p a p e r  w e  have i l l u s t r a t e d  t h a t  m i g r a t i o n  and 

r e d i s t r i b u t i o n  may p r e s e n t  growth  i s s u e s  and problems t h a t  a r e  

p o t e n t i a l l y  a s  s e r i o u s  a s  t h o s e  posed  by f e r t i l i t y  and  n a t u r a l  

i n c r e a s e .  T h i s  t roub le some  f e a t u r e  o f  s p a t i a l  p o p u l a t i o n  

dynamics a p p e a r s  even  i n  z e r o  g rowth  p o p u l a t i o n s ,  where t h e  

r e d i s t r i b u t i o n a l  consequences  of an  immediate  r e d u c t i o n  of  

f e r t i l i t y  l e v e l s  c a n  b e  o f  c o n s i d e r a b l e  i m p o r t a n c e .  

With r e s p e c t  t o  m e t h o d o l o g i c a l  i s s u e s ,  t h i s  p a p e r  h a s  

d e m o n s t r a t e d  t h a t  t h e  m a t h e m a t i c a l  a p p a r a t u s  commonly used  by 

demographers  t o  examine t h e  e v o l u t i o n  o f  n a t i o n a l  p o p u l a t i o n s  

t o  z e r o  g rowth  may b e  e x t e n d e d  f o r  a p p l i c a t i o n  i n  s p a t i a l  



p o p u l a t i o n  a n a l y s i s .  The p r i n c i p a l  r o l e  i n  t h i s  e x t e n s i o n  i s  

p l a y e d  by t h e  c h a r a c t e r i s t i c  m a t r i x  $ ( r )  - and i t s  r i g h t  and l e f t  

c h a r a c t e r i s t i c  v e c t o r s ,  {Q} and {v  ( 0 )  1 ' , r e s p e c t i v e l y .  The 

former  d e f i n e s  t h e  r e g i o n a l  a l l o c a t i o n  o f  s t a b l e  e a u i v a l e n t  

b i r t h s ;  t h e  l a t t e r  g i v e s  t h e  s p a t i a l  d i s t r i b u t i o n  o f  r e g i o n a l  

r e p r o d u c t i v e  v a l u e s  a t  b i r t h .  T h i s  d i s t i n c t i o n  i s  h idden  i n  

t h e  s i n g l e - r e g i o n  model ,  where s t a b l e  e q u i v a l e n t  b i r t h s  and 

t h e  r e p r o d u c t i v e  v a l u e  a t  b i r t h  a r e  c a n c e l l e d  o u t  i n  e a c h  o f  

t h e i r  r e s p e c t i v e  d e f i n i t i o n a l  e q u a t i o n s  t o  g i v e  1 = $ ( r ) .  
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Table 2. Spatial reproductive value of females aged x 
to x+4 at last birthday, by region of 
residence: Yugoslavia, 1961. 

Region of Residence 

Age Group Slovenia Rest -- of Yugoslavia 

0- 4 1.024392 1.928907 

5- 9 1.059390 2.111699 

10-14 1.083626 2.183932 

15-19 1.060574 2.142272 

20-24 0.846536 1.705649 

25-29 0.51 3342 1.028800 

30-34 0.256669 0.524109 

35-39 0.099899 0.232731 

40-44 0.024305 0.078400 

45-49 0.003175 0.015738 

50-54 0.000730 0.003210 

Table 3. Total discounted number of daughters to 
observed female population by region of 
birth and residence: Yugoslavia, 1961. 

Region of Residence of Mother 
Region of Birth 
of Daughter Slovenia Rest of Yugoslavia Total 

Slovenia 352,729 30,404 383,133 

Rest of 
Yugoslavia 26,479 5,119,130 5,145,609 

Total 379,208 5,149,534 5,528,742 
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Figure 1. Ilrbanization momenta of India's population. 
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