
AGGREGATION AND DECOMPOSITION 

I N  POPULATION P R O J E C T I O N  

A n d r e i  R o g e r s  

M a y  1 9 7 6  

Research Memoranda are interim reports on research being con- 
ducted by the International Institute for Applied Systems Analysis, 
and as such receive only limited scientific review. Views or opin- 
ions contained herein do not necessarily represent those o f  the 
Institute or o f  the National Member Organizations supporting the 
Institute. 





P r e f a c e  

A c e n t r a l  c o n c e r n  o f  t h e  Human S e t t l e m e n t s  and  S e r v i c e s  
r e s e a r c h  g r o u p  a t  IIASA h a s  been t h e  a n a l y s i s  o f  t h e  dynamics  
o f  m u l t i r e g i o n a l  p o p u l a t i o n  g rowth  and  d i s t r i b u t i o n .  R e c e n t l y  
t h i s  a c t i v i t y  h a s  s t i m u l a t e d  a  c o n c e r t e d  e f f o r t  t o  e x t e n d  and 
expand t h e  a p p l i c a b i l i t y  o f  m a t h e m a t i c a l  demographic  mode l s  i n  
t h e  s t u d y  o f  s u c h  dynamics .  T h i s  p a p e r ,  t h e  f i f t h  o f  a  series 
a d d r e s s i n g  t h e  g e n e r a l  t o p i c  of  s p a t i a l  p o p u l a t i o n  dynamics ,  
c o n s i d e r s  t h e  fundamen ta l  p roblem o f  r e d u c i n g  t h e  d i m e n s i o n a l i t y  
o f  l a r g e - s c a l e  p o p u l a t i o n  p r o j e c t i o n  mode l s  by means o f  a g g r e -  
g a t i o n  and  d e c o m p o s i t i o n .  

A f u l l e r  v e r s i o n  o f  t h i s  p a p e r  w i l l  b e  f o r t h c o m i n g  i n  
Envi ronment  and  P l a n n i n g .  - 

P a p e r s  i n  t h e  S p a t i a l  P o p u l a t i o n  Dynamics S e r i e s  

1 .  A n d r e i  Rogers  and  F r a n s  W i l l e k e n s ,  " S p a t i a l  P o p u l a t i o n  
Dynamics ,"  IIASA RR-75-24, (Laxenburg ,  A u s t r i a ,  I n t e r -  
n a t i o n a l  I n s t i t u t e  f o r  App l i ed  Sys tems  A n a l y s i s ,  1 9 7 5 ) ;  
f o r t h c o m i n g  i n  P a p e r s ,  R e g i o n a l  S c i e n c e  A s s o c i a t i o n .  

2. Andre i  Rogers  and  J a c q u e s  L e d e n t ,  " M u l t i r e g i o n a l  Popula-  
t i o n  P r o j e c t i o n , "  IIASA i n t e r n a l  p a p e r ,  f o r t h c o m i n g  
i n  P r o c e e d i n g s ,  7 t h  I . F . I . P .  C o n f e r e n c e ,  1976.  

3 .  Andre i  Rogers  and  J a c q u e s  Leden t ,  " Increment -Decrement  L i f e  
T a b l e s :  A Comment," IIASA i n t e r n a l  p a p e r ,  f o r t h c o m i n g  
i n  Demography. 

4 .  A n d r e i  Roge r s ,  " S p a t i a l  M i g r a t i o n  E x p e c t a n c i e s , "  IIASA RM-75-57 
(Laxenburg ,  A u s t r i a ,  I n t e r n a t i o n a l  I n s t i t u t e  f o r  App l i ed  
Sys tems  A n a l y s i s ,  1975)  . 

5. Andre i  Roge r s ,  " A g g r e g a t i o n  and  Decompos i t ion  i n  P o p u l a t i o n  
P r o j e c t i o n  ,I1 IIASA-RM-76-11 (Laxenburg ,  A u s t r i a ,  
I n t e r n a t i o n a l  ~ n s t i t u t e  f o r  A p p l i e d  Sys tems  A n a l y s i s ,  
1 9 7 6 ) .  





Table of Contents 

Preface . . . . . . . . . . . . . . . . . . . . . . . . . .  iii 
. . . . . . . . . . . .  . . . . . . . . . . . .  Abstract i vii 

1 . Introduction . . . . . . . . . . . . . . . . . . . . .  1 

1 . 1  Aggregation . . . . . . . . . . . . . . . . . . .  1 

. . . . . . . . . . . . . . . . . .  1.2 Decomposition 2 

2 . Shrinking by Aggregation . . . . . . . . . . . . .  4 

. . . . . . . . . . . . . .  3 . Shrinking by Decomposition 9 

4 . Aggregation and Decomposition Combined . . . . . . . .  19 

4.1 The Simon-Ando Theorem . . . . . . . . . . . . . .  19 

4.2 Simple Shrinking by Aggregation 
andDecomposition . . . . . . . . . . . . .  20 

5 . Conclusion . . . . . . . . . . . . . . . .  23 
Acknowledgments . . . . . . . . . . . . . . . . . .  28 

References . . . . . . . . . . . . . . . . . . . . . . . .  29 



This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 



Abstract 

During the past two decades social scientists have come 
to model dynamic socioeconomic systems of growing size and 
and complexity. Despite a heavy reliance on ever more sophis- 
ticated high-speed digital computers, however, computer 
capacity for handling such systems has not kept pace with the 
growing demands for more detailed information. Consequently, 
it is becoming ever more important to identify those aspects 
of a system which permit one to deal with parts of it inde- 
pendently from the rest or to treat relationships among 
particular subsystems as though they were independent of the 
relationships within those subsystems. These questions are, 
respectively, those of aggregation and deccmposition, and 
their application toward "shrinking" large-scale population 
projection models is the focus of this paper. 





1 .  I n t r o d u c t i o n  

Imagine a  demographer f aced  w i t h  t h e  problem of p r o j e c t i n g ,  
i n  a  c o n s i s t e n t  manner and i n  a g e - s p e c i f i c  d e t a i l ,  t h e  f u t u r e  
p o p u l a t i o n s  of  t h e  265 Standard  M e t r o p o l i t a n  S t a t i s t i c a l  Areas  
(SMSA's) of  t h e  contemporary United S t a t e s .  Such a  l a r g e - s c a l e  
system i s  beyond t h e  d a t a  p r o c e s s i n g  c a p a b i l i t i e s  of  h i s  d i g i t a l  
computer and ,  moreover,  would be  n e e d l e s s l y  cumbersome i n  l i g h t  
of c e r t a i n  observed weak c o n n e c t i v i t i e s  between s e v e r a l  sub- 
sys tems of  SMSA's. Consequent ly ,  it i s  i m p o r t a n t  t o  f i n d  methods 
f o r  " s h r i n k i n g "  t h e  computa t iona l  r e q u i r e m e n t s  f o r  such a  t a s k ,  
and t h e  two most obv ious  methods f o r  e f f e c t i n g  such a r e d u c t i o n  
a r e  a g g r e g a t i o n  and decomposi t ion .  

1 . I  Aggregat ion  

The need t o  u s e  a g g r e g a t e s  a r i s e s  o u t  o f  s h e e r  n e c e s s i t y  
i n  most s o c i a l  s c i e n c e  r e s e a r c h  i n v o l v i n g  l . a rge  sys tems.  Theo- 
r e t i c a l  a b s t r a c t  r e a s o n i n g  and numer ica l  e m p i r i c a l  computa t ion  
b o t h  r e l y  on t h e  c o n c e p t u a l  c l a r i t y  and e f f i c i e n t  m a n i p u l a t i o n  
of  v a r i a b l e s  a f f o r d e d  by a g g r e g a t i o n .  I n  economic m o d e l l i n g ,  
f o r  example, t h e  many p roducers  and consumers of  a  n a t i o n a l  o r  
r e g i o n a l  economy a r e  aggrega ted  i n t o  a  r e l a t i v e l y  s m a l l  number 
of s e c t o r s ,  and t h e  i n t e r a c t i o n  among t h e s e  s e c t o r s  i s  t h e n  
s t u d i e d  a s  though it were f r e e  of i n f l u e n c e s  a r i s i n g  from i n t r a -  
s e c t o r a l  i n t e r a c t i o n .  A t y p i c a l  example o f  t h i s  o c c u r s  i n  i n p u t -  
o u t p u t  a n a l y s i s ,  and indeed it was t h e  i n c r e a s i n g  world-wide 
numer ica l  a p p l i c a t i o n  of such models t h a t  f i r s t  s t i m u l a t e d  much 
of  t h e  i n t e r e s t  i n  a g g r e g a t i o n  among s o c i a l  s c i e n t i s t s  ( e . g . ,  
Ara,  1959; F i s h e r ,  1969; Rogers ,  1 9 6 9 ) .  

Aggregat ion  g e n e r a l l y  i n t r o d u c e s  i n c o n s i s t e n c i e s  between 
t h e  o u t p u t s  of t h e  d i s a g g r e g a t e d  and a g g r e g a t e d  models.  The 
c o n d i t i o n s  f o r  a g g r e g a t i o n  w i t h o u t  such i n c o n s i s t e n c i e s ,  t h a t  is ,  
f o r  p e r f e c t  a g g r e g a t i o n ,  a r e  v e r y  s e v e r e  and t h e r e f o r e  a r e  a l -  
most never  m e t  i n  p r a c t i c e .  However, s i n c e  any model i s  a t  
b e s t  o n l y  a n  approximate  d e s c r i p t i o n  o f  r e a l i t y ,  w e  remain i n t e r -  
e s t e d  i n  e s t a b l i s h i n g  t h e  c o n d i t i o n s  under which p e r f e c t  aggre-  
g a t i o n  may b e  c a r r i e d  o u t .  These c o n d i t i o n s  s u g g e s t  t h e  c r i t e r i a ,  
o r  r u l e s ,  f o r  s e l e c t i n g  which v a r i a b l e s  t o  a g g r e g a t e  and he1.p 
t o  i d e n t i f y  t h e  c i r c u m s t a n c e s  under  which such a n  a g g r e g a t i o n  
w i l l  y i e l d  r e s u l t s  t h a t  a r e  c o n s i s t e n t  w i t h  t h o s e  o f  t h e  o r i g i n a l  
d i s a g g r e g a t e d  model. 

Aggregat ion  of  l a r g e  s c a l e  problems,  t h e r e f o r e ,  h a s  two 
fundamental  a s p e c t s .  The f i r s t  i s  t h e  p r o c e s s  of  c o n s o l i d a t i o n  
i t s e l f .  Here t h e  two s e t s  o f  v a r i a b l e s  t h a t  a r e  connec ted  by 
a  system of r e l a t i o n s  a r e  grouped i n t o  a g g r e g a t e s  and a  new 
s m a l l e r  system of  r e l a t i o n s  i s  developed which c o n n e c t s  t h e  two 
sets of  a g g r e g a t e s .  The second fundamenta l  a s p e c t  of  t h e  aggre -  
g a t i o n  p r o c e s s  i s  t h e  s e l e c t i o n  of t h e  c o n s o l i d a t i o n  scheme t h a t  
most c l o s e l y  s a t i s f i e s  t h e  c o n d i t i o n s  n e c e s s a r y  f o r  p e r f e c t  aggre -  
g a t i o n ,  w h i l e  a t  t h e  same t i m e  mee t ing  whatever  i n f o r m a t i o n a l  
r e q u i r e m e n t s  and a d d i t i o n a l  c o n s t r a i n t s  t h a t  may have been s p e c i f i e d  



a  p r i o r i .  I n  s h o r t ,  c o n s o l i d a t i o n  i s  a n  o p e r a t i o n  t h a t  e x p r e s s e s  
a  set  o f  "new" v a r i a b l ,  3 a s  we igh ted  a v e r a g e s  o f  t h e  set  of  
o r i g i n a l  " o l d "  v a r i a b l e s ,  s u c h  t h a t  t h e r e  a r e  f ewer  new v a r i a b l e s  
t h a n  o l d  v a r i a b l e s .  C r i t e r i a  f o r  p e r f e c t  a g g r e g a t i o n ,  on  t h e  
o t h e r  hand ,  a r e  r u l e s  t h a t  i n d i c a t e  which v a r i a b l e s  t o  c o n s o l i -  
d a t e ,  f o r  example ,  t h e  r u l e  t h a t  v a r i a b l e s  which a l w a y s  move 
t o . g e t h e r  may b e  c o n s o l i d a t e d  i n t o  a  s i n g l e  v a r i a b l e  w i t h o u t  
i n t r o d u c i n g  a n  a g g r e g a t i o n  e r r o r .  

Two p a r t i c u l a r  fo rms  of  a g g r e g a t i o n  a r e  f r e q u e n t l y  employed 
i n  demographic  a n a l y s i s .  The f i r s t  i s  a  c o n s o l i d a t i o n  a c r o s s  
a g e  g r o u p s .  When c a r r i e d  o u t  o v e r  a l l  a g e  g r o u p s ,  t h i s  form o f  - 
c o n s o l i d a t i o n  t r a n s f o r m s  a  c o h o r t - s u r v i v a l  model i n t o  a  components- 
o f - change  model ( R o g e r s ,  1 9 7 1 ,  C h . 1 ) .  W e  s h a l l ,  t h e r e f o r e ,  r e f e r  
t o  a g g r e g a t i o n s  o f  t h i s  s o r t  a s  components-of-change a g g r e g a t i o n s .  
Such a g g r e g a t i o n s  r e t a i n  t h e  g e o g r a p h i c a l  a r e a l  u n i t s  o f  t h e  
o r i g i n a l  c o h o r t - s u r v i v a l  model b u t  s a c r i f i c e  a l l  a g e - s p e c i f i c  
d e t a i l s .  

The second form o f  a g g r e g a t i o n  t h a t  i s  f r e q u e n t l y  used  i s  
a  d i v i s i o n  o f  a  m u l t i r e g i o n a l  p o p u l a t i o n  sys t em i n t o  two r e g i o n s :  
a  p a r t i c u l a r  r e g i o n  unde r  s t u d y  and " t h e  rest  o f  t h e  wor ld . "  
Such c o n s o l i d a t i o n s  w i l l  be  c a l l e d  b i r e g i o n a l  a g g r e g a t i o n s  i n  

-7 - -  
t h i s  p a p e r .  They s a c r i f i c e  c o n s i d e r a b l e  g e o g r a p h i c a l  i n f o r m a t i o n  
b u t  p r e s e r v e  d e t a i l s  a b o u t  a g e  c o m p o s i t i o n s .  However, i f  a p p l i e d  
i n  s e q u e n c e  t o  e a c h  and e v e r y  r e g i o n  o f  a  m u l t i r e g i o n a l  sys t em,  
t h e y  p e r m i t  a  c o l l e c t i o n  o f  a g g r e g a t e d  p r o j e c t i o n s  t o  c o m p l e t e l y  
p r e s e r v e  t h e  l e v e l s  of  d e t a i l  found i n  t h e  o r i g i n a l  u n c o n s o l i -  
d a t e d  p r o j e c t i o n .  

1 . 2  Decomposi t ion  

The i d e a  o f  decomposing a  l a r g e  and complex problem i n t o  
s e v e r a l  s m a l l e r  subproblems i n  o r d e r  t o  s i m p l i f y  i t s  s o l u t i o n  
i s  n o t  new and indeed  h a s  been  used  f o r  w e l l  o v e r  a  c e n t u r y  i n  
t h e  p h y s i c a l  and s o c i a l  s c i e n c e s ,  a s  w e l l  a s  i n  e n g i n e e r i n g .  
However, t h e  deve lopmen t  and u s e  o f  h igh-speed  compute r s  t o  
s o l v e  t h e s e  problems d u r i n g  t h e  p a s t  two d e c a d e s  h a s  s t i m u l a t e d  
a  f o c u s e d  i n t e r e s t  i n  d e c o m p o s i t i o n  t e c h n i q u e s  i n  s u c h  v a r i o u s  
f i e l d s  o f  a p p l i c a t i o n  a s  p r o c e s s  c o n t r o l ,  s t r u c t u r a l  e n g i n e e r i n g ,  
s y s t e m s  o p t i m i z a t i o n ,  e l e c t r i c a l  ne twork  t h e o r y ,  and  a  wide 
v a r i e t y  o f  s e e m i n g l y  u n r e l a t e d  problems i n  economics ,  ma themat i c s ,  
d e s i g n ,  and  o p e r a t i o n s  r e s e a r c h  ( e . g . ,  H i m e l b l a u ,  1973; Rose 
and Wil loughby,  1972;  Tewarson,  1973;  and T h e i l ,  1 9 7 2 ) .  

The c e n t r a l  p r i n c i p l e  o f  d e c o m p o s i t i o n  a n a l y s i s  is  t h a t  t h e  
s o l u t i o n  o f  a  l a r g e  s y s t e m s  problem,  i n v o l v i n g  many i n t e r a c t i n g  
e l e m e n t s ,  o f t e n  c a n  b e  b roken  u p  and e x p r e s s e d  i n  t e r m s  o f  t h e  
s o l u t i o n s  o f  r e l a t i v e l y  i n d e p e n d e n t  subsys t em problems of  lower 
d i m e n s i o n a l i t y .  The s o l u t i o n s  o f  t h e  subsys t em problems t h e n  
c a n  b e  combined a n d ,  i f  n e c e s s a r y ,  m o d i f i e d  t o  y i e l d  t h e  s o l u t i o n  
o f  t h e  o r i g i n a l  l a r g e - s y s t e m  problem. A well-known i l l u s t r a t i o n  
o f  t h i s  a p p r o a c h  i s  p r o v i d e d  by t h e  ~ a n t z i g  and Wolfe d e c o m p o s i t i o n  
a l g o r i t h m  i n  m a t h e m a t i c a l  progranlming ( D a n t z i g  and Vlolfe, 1960)  . 


























































