
GAME THEORETICAL TREATMENT OF 

MATERIAL ACCOUNTABILITY PROBLEMS : 

PART I1 

Rudol f  Avenhaus 

Hans F r i c k  

November 1974 

R e s e a r c h  R e p o r t s  a r e  p u b l i c a t i o n s  r e p o r t i n g  
on t h e  work o f  t h e  a u t h o r .  Any v iews  o r  
c o n c l u s i o n s  a r e  t h o s e  o f  t h e  a u t h o r ,  a n d  d o  
n o t  n e c e s s a r i l y  r e f l e c t  t h o s e  o f  IIASA. 





Game Theoretical Treatment of 

Material Accountability Problems: 
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Rudolf Avenhaus* and Pans Frick** 

Abstract 

In a previous paper, the optimal strategy for an 
inspection authority which has to safeguard material on 
the basis of material accountability principles has been 
determined with game theoretical methods: Sets of reason- 
able inspection and diversion strategies have been de- 
fined, and a saddlepoint of the overall probability of 
detection for n inventory periods during the reference 
time under consideration has been determined. 

In this paper the problem of the appropriate choice 
of the number of inventory periods per reference time has 
been analyzed: it has been shown that the overall prob- 
ability of detection in the case of one inventory period 
per reference time is always larger than that in the case 
of n inventory periods for n > 1, and further it has been 
shown in which way this result is reflected in the expected 
detection time. 

1. Introduction 

In the first part of this study on material accountability 

problems [l], the following question has been analyznd: In an 

industrial plant the material to be processed is safeguarded 

on the basis of the material balance principle, i.e. from 

time to time the so-called book inventorv (starting inventory 
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p l u s  r e c e i p t s  minus sh ipmen t s )  i s  compared w i t h  t h e  p h y s i c a l  

i n v e n t o r y .  I f  no m a t e r i a l  h a s  d i s a p p e a r e d ,  t h e  two inven-  

t o r i e s  shou ld  b e  t h e  same. However, t h e  s i t u a t i o n  i s  obscu red  

by measurement e r r o r s  which a r e  commit ted i n e v i t a b l y .  

A ( z e r o  sum) game t h e o r e t i c a l  a n a l y s i s  h a s  been performed 

i n  t h e  f i r s t  p a r t  o f  t h e  s t u d y  under  t h e  a s sumpt ions  t h a t  

d u r i n q  t h e  r e f e r e n c e  t i m e  p e r i o d  i n w h i c h n  p h y s i c a l  i n v e n t o r i e s  

w i l l  b e  t a k e n  

1) t h e  p l a n t  o p e r a t o r  o r  p e o p l e  i n  t h e  p l a n t  w i l l  d i v e r t  

a t  l e a s t  t h e  amount M o f  m a t e r i a l ;  

2 )  t h e  p r o b a b i l i t y  f o r  a t  l e a s t  one  f a l s e  a l a r m  induced  

by t h e  i n s p e c t o r  i s  n o t  l a r g e r  t h a n  a ;  

3 )  t h e  measurements  a r e  s t o c h a s t i c a l l y  i ndependen t ;  and 

4 )  t h e  payo f f  t o  t h e  i n s p e c t o r  i s  t h e  t o t a l  p r o b a b i l i t y  

o f  d e t e c t i o n .  

I n  t h i s  p a r t  t h e  q u e s t i o n  of  t h e  a p p r o p r i a t e  number o f  

i n v e n t o r y  p e r i o d s  d u r i n q  a  r e f e r e n c e  t i m e  ( s a y  one y e a r )  h a s  

been a n a l y z e d  f o r  t h e  f o l l o w i n g  r e a s o n .  The i n s p e c t i o n  a u t h o r -  

i t y  h a s  t h e  o b j e c t i v e  of  a c h i e v i n g  a  p r o b a b i l i t y  o f  d e t e c t i o n  

a s  h i g h  a s  p o s s i b l e ;  however,  i t  a l s o  ha s  t h e  o b j e c t i v e  of  a  

s h o r t  d e t e c t i o n  t ime .  A s  t h e  d e t e c t i o n  t i m e  i s  de t e rmined  by 

t h e  f r equency  o f  t h e  p h y s i c a l  i n v e n t o r i e s ,  a  s t a t e m e n t  o f  t h e  

i n s p e c t o r  whe the r  o r  n o t  a  d i v e r s i o n  h a s  t a k e n  p l a c e  c a n n o t  be  

made b e f o r e  t h e  book and t h e  p h y s i c a l  i n v e n t o r y  have been 

compared. I t  i s  i m p o r t a n t  t o  know t h e  impac t  of t h e  number o f  



i n v e n t o r y  p e r i o d s  d u r i n g  t h e  r e f e r e n c e  t i m e  under  cons ide ra -  

t i o n .  

I n  t h e  fo l lowing  it i s  s h o w n t h a t  t h e  o v e r a l l  p r o b a b i l i t y  

o f  d e t e c t i o n  i n  t h e  c a s e . o f  one i n v e n t o r y  p e r i o d  p e r  r e f e r e n c e  

t i m e  i s  always l a r g e r  t han  t h a t  i n  t h e  c a s e  of  n  i n v e n t o r y  

p e r i o d s  f o r  n  > 1, and f u r t h e r m o r e ,  i n  which way t h i s  r e s u l t  

i s  r e f l e c t e d  i n  t h e  expec t ed  d e t e c t i o n  t i m e .  



2. Analysis of the Influence of the Number of Inventory 

Periods on the Probability of Detection 

2.1 Formulation of the Problem 

Let us consider the reference time interval 

where to < tE. We call 

a partition of J. 

At times tni,i = 0, ..., c ,  physical inventories Ini ' 
(Io = InO ,Inn = IE) are taken and compared with the book in- 

ventories B which are the sums of the starting inventories ni' 

'ni-1 at time i-1, and the throughput measurements Dni in the 

time interval [tni-l tni] : 

The starting inventories are linear contributions of the 

ending physical and book inventories: 



where t h e  weights  ani-l a r e  determined by t h e  measurement 

v a r i a n c e s  of t h e  p h y s i c a l  and book i n v e n t o r i e s  ( s e e  Ref. [I], 

eq .  ( 2 - 5 ) ) :  

v a r  I 
- - n i -  1 

a n i - l  v a r  B + v a r  Ini-l n i -1  

1 - - 1 + 1 
v a r  S n i -  1 var Bni-l v a r  Iniml 

I n  t h e  fo l lowing ,  it is assumed t h a t  t h e  sum of  a l l  throughput  

measurement v a r i a n c e s  i s  independent  of t h e  p a r t i t i o n  ( 2 - l ) ,  

The d i f f e r e n c e  between t h e  book and t h e  p h y s i c a l  i nven to ry  a t  

t ime tni is  c a l l e d  " M a t e r i a l  Unaccounted For" (MUF): 

v a r  MUF .. = a 2  = v a r  S nl '  n i  n i - 1  + v a r  Dni + v a r  Bni . (2-5b) 

The s a f e g u a r d s  procedure c o n s i s t s  of a  s e r i e s  of s i g n i f -  

i cance  t e s t s  w i th  r e s p e c t  t o  t h e  e x p e c t a t i o n  v a l u e s  of t h e  

M a t e r i a l  Unaccounted For i n  t h e  d i f f e r e n t  i nven to ry  pe r iods :  



L e t  us  assume t h a t  i n  t h e  p l a n t  e i t h e r  no m a t e r i a l  i s  d i v e r t e d  

a t  a l l  (Nu l l  h y p o t h e s i s  Ho) o r  t h a t  i n  t h e  n , i - t h  i n v e n t o r y  

p e r i o d  t h e  amount Mni i s  d i v e r t e d  ( A l t e r n a t i v e  hypo thes i s  H I ) :  

Then t h e  hypo theses  of  t h e  t e s t s  can b e w r i t t e n a s  f o l l o w s  

( s e e  Ref. [l] . eq .  (2-8)  ) : 

L e t  ani  be  t h e  f a l s e  a la rm p r o b a b i l i t y  ( e r r o r  of  t h e  f i r s t  

k ind  p r o b a b i l i t y )  f o r  t h e  n , i - t h  t e s t ,  l e t  a  be  t h e  t o t a l  f a l s e  

a la rm p r o b a b i l i t y  and l e t  1 - B n  be t h e  t o t a l  p r o b a b i l i t y  of  de- 

t e c t i o n  (one minus t h e  t o t a l  e r r o r  of t h e  second k ind  p r o b a b i l i t y ) .  

Then t h e  c a l c u l a t i o n  g i v e s  ( s e e  Ref. [l], eqs .  (2-111, (2 -12 ) )  : 

where Q i s  t h e  normal d i s t r i b u t i o n  f u n c t i o n  and U i t s  i n v e r s e .  

I n  t h e  f i r s t  p a r t  o f  t h i s  s t u d y ,  t h e  fo l lowing  problem 



h a s  been so lved .  The o p e r a t o r  d i v e r t s  t h e  amounts M n l i 1  

i = 1, ..., n  such t h a t  he g e t s  t h e  t o t a l  amount M: 

and t h a t  t h e  t o t a l  p r o b a b i l i t y  of  d e t e c t i o n  1 - B n  i s  mini- 

mized. The i n s p e c t i o n  a u t h o r i t y  chooses  i t s  s e t  o f  f a l s e  

a la rm p r o b a b i l i t i e s ,  a n i , i  = 1, ..., n ,  such t h a t  an ag reed  

t o t a l  f a l s e  a la rm p r o b a b i l i t y  a  i s  n o t  exceeded and t h a t  

1 - Bn i s  maximized. L e t  u s  c a l l  t h e  op t ima l  v a l u e s  (a;lr. . .ra;n) 

and ( M ~ l , . . . , M ; n ) .  I t  is  impor t an t  t h a t  (a;l,...ra;n) i s  

independent  o f  t h e  v a l u e  of  M. 

I n  t h i s  p a r t ,  we want t o  a n a l y z e  t h e  i n f l u e n c e  o f  t h e  

number n o f  i n v e n t o r y  p e r i o d s  on t h e  op t ima l  p r o b a b i l i t y  o f  

d e t e c t i o n  ( t h e  va lue  o f  t h e  two-person zero-sum game). 

I f  we t a k e  t h e  loga r i thm of Bn  i n  eq .  (2-8a) : 

d e f i n e d  on Xn x Y n ,  where 



f o r  g i v e n  0 < a  < 1 ,  M > 0 ,  t h i s  i s  e q u i v a l e n t  t o  t h e  q u e s t i o n ,  

does  a n  o p t i m a l  p a r t i t i o n ,  Z m , e x i s t ,  i . e .  a  p a r t i t i o n  Z w i t h  m 

where x* = L n ( l  - aAi) , f o r  a l l    art it ions Z n .  I n  t h e  fo l l ow-  n i  

i n g ,  w e  w i l l  show t h a t  Z1 = { t  t } i s  t h e  o n l y  o p t i m a l  p a r t i t i o n .  
0 '  E 

2 .2  O p t i m a l i t y  o f  One I n v e n t o r y  P e r i o d  

I n  o r d e r  t o  p r o v e  t h e  o p t i m a l i t y  o f  Z l  w e  w i l l  make 

u s e  o f  some p r o p e r t i e s  o f  t h e  normal  d i s t r i b u t i o n  f u n c t i o n :  

Lemma 2 . 1  L e t  Q ( x )  ,XER , b e  d e f i n e d  by 

Then one h a s  

Q n ( x )  > 0 f o r  XER . 

P r o o f .  L e t  R ( x )  ,XEW , b e  d e f i n e d  by 

R i s  c a l l e d  " M i l l ' s  R a t i o . "  Then one  can  show t h a t  

1 (-) " > o f o r  XER R ( x ) .  



( s e e ,  e.g.  r3 ]  [4] 1 .  A s  Q ( x )  = ( R ( - x )  1-I t h e  proof i s  

completed. 

Lemma 2.2.  Let Q (x )  be def ined by eq'. (2-9) . Then Q ( u ( e X )  ) 

is s t r i c t l y  convex f o r  x  2 0 .  E s p e c i a l l y ,  one has  

f o r  a l l  x  = (x l ,  ..., x,); the  < s i g n  holds  i f  x  i s  not  of t h e  

form x ' j )  = (xi?! .  . lXn ( j ) ) ,  x  = O V i  + j ,  x!') I = P n ( l  - a ) .  

proof .  A s  we have 

we o b t a i n  wi th  t h e  he lp  of Lemma 2.1 ,  t h a t  

i s  s t r i c t l y  monotonously inc reas ing  on x  =< 0 .  Therefore ,  

2  
Q ( u ( e X ) )  is s t r i c t l y  convex f o r  x  =< 0, and 



i s  a l s o  s t r i c t l y  convex on X n ,  and w i t h  

t h e  f o l l o w i n g  i n e q u a l i t y  h o l d s :  

where t h e  > s i g n  h o l d s  i f  A < 1 f o r  one  j .  
j 

I n  a d d i t i o n ,  w e  w i l l  make u s e  of  some p r o p e r t i e s  o f  t h e  

M a t e r i a l  Unaccounted Fo r  a s  d e f i n e d  i n  t h e  p r e v i o u s  s e c t i o n :  

Lemma 2 . 3 .  L e t  MUFni, i = 1, ..., n ,  be  d e f i n e d  by eq .  ( 2 - 5 a ) .  

Then,  we have  

n- 1 n  
1 (1 - a  ) . MUF . + MUF,, = rO + 1 Dni + rE I n i n l  i=l i= 1 

and t h e r e f o r e ,  

I f  1 0 , I E , D l n , . . . , D n n  a r e  s t o c h a s t i c a l l y  i n d e p e n d e n t ,  w e  have 



n  
= v a r  I + v a r  IE + v a r  Dni . 

0 i= 1 

P r o o f  ( b y  i n d u c t i o n ) .  F o r  n  = 1, e q .  (2 -12)  i s  t r u e .  ~ e t  u s  

a s s u m e  t h a t  e q .  (2-12)  i s  t r u e  f o r  n .  Then  we h a v e  

NOW, w i t h  e q s .  (2 -2a )  a n d  ( 2 - 2 b ) :  

T h e r e f o r e ,  e q .  (2 -12)  i s  a l s o  t r u e  f o r  n + l .  

From e q .  (2 -12)  w h i c h  we w r i t e  i n  t h e  f o l l o w i n g  form:  



we immediately g e t  eq .  (2-13a)  . Because of  t h e  independence 

assumed we f i n a l l y  g e t  

n  
= v a r  lo + v a r  IE + 1 v a r  Dni . 

i = l  

I n  o r d e r  t o  prove  t h e  o p t i m a l i t y  of t h e  p a r t i t i o n  Z 
1' 

i .  e .  t o  prove  

we proceed  a s  f o l l o w s :  Le t  Z n ,  n  > 1, be an  a r b i t r a r y ,  b u t  

f i x e d  p a r t i t i o n  of J .  I f  we prove  

f o r  one s p e c i f i c  y  ' E Y  where Y n  i s  g iven  by (2-9c)  , t h e n  we 
n  n  

a l s o  have proven (2-14) a s  



F1 (x* ,y* )  - Fn ( x i , y i )  

= Fn(x* ,y* )  - max F n ( x i , y )  
YEY, 

i F1(x*,y*) - F n f x i , y ' )  < 0 - 

For  t h e  proof of  (2-15) we w i l l  u se  

where 

ann:  = 0 

2 2 
p : = v a r  IO + v a r  I~ + C 

2 (2-16b) 

and where C 2  i s  g iven  by (2-4)  . Because of eq .  (2-13b) , t h e  

v e c t o r  y; g iven  by (2-16a) f u l f i l l s  t h e  c o n d i t i o n  y;€Yn. 

T h e r e f o r e ,  w i t h  

it o n l y  remains t o  be  proven t h a t  



w h e r e  y: i s  g i v e n  by ( 2 - 1 6 a ) .  

Theorem 2 . 4 .  L e t  A ( M )  b e  d e f i n e d  by 

M 
n  

A ( M ) :  = I l n @ ( U ( l - a )  - - 1  - 1 Iln@ 
P i=l 

w h e r e  x* = (xAl , .  . . , x *  ) EX, i s  g i v e n  b y  Theorem (3-12)  , 
n  n  n 

Ref .  [l]. Then we h a v e  

P r o o f .  I n  t h e  f o l l o w i n g ,  we w i l l  o m i t  t h e  i n d e x  n .  I n  o r d e r  

t o  p r o v e  t h e  i n e q u a l i t y  we o r i l l  show 

( i )  h ( 0 )  = P,n( l  - a) - xp = 0 as  x*cXn, 
i=l 

d e f i n e d  b y  (2 -9b)  . 
( i i )  A c c o r d i n g  t o  Theorem ( 3 . 1 2 )  , R e f .  [l] , we h a v e  

T h e r e f o r e ,  w i t h  (2 -10)  , 



where Schwarz's inequality has been used, eqs. (2-13b) and 

(2-16b), and Lemma 2.2. 

1 
x M 

Q8(U(e i, - (1 - ail ui ?) - T-F(l - ail ui 
P 1 

1 2 2 z 7  ~'(u(1 - a) -!I - ill - ail ui min Q8(U(e "t, 
P 7 i  k 

- (1 - ak) uk - 
M2) P 

x * 
= f [Q' ( ~ ( 1  - a) - M) - min Q' (~(e k, 

P 
P k 

- (1 - ak) 

where in the last equation .Lemma 2.3 was used, and the < sign 

in the last inequality follows from 

Rn(1 - x* 
U (e 'I) <u(e k, for k = 1, ..., n (see 2-20), 

and 

(1 - ak)-uk -< p for k = 1,. . . ,n 
because of 



2.3  A d d i t i o n a l  Remarks 

I n  t h e  l a s t  s e c t i o n  it h a s  been shown t h a t  t h e  

p a r t i t i o n  Z1 i s  b e t t e r  t h a n  t h e  p a r t i t i o n  Z n  f o r  n  > 1. 

Under t h e  assumpt ions  

(i) v a r  ( I ~ )  = 0 f o r  i = O , l , .  . . , j  and jebl , and 

(ii) v a r  (D.  . )  = A x 2  f o r  i = 1 ,..., j  and jeN 3 1 3 

one a l s o  can show t h a t  t h e  p a r t i t i o n  Z n  i s  b e t t e r  t h a n  t h e  

p a r t i t i o n  Zn+m f o r  n,meN . 
Under some assumpt ions ,  e . g .  

L 
( i )  v a r  ( I i )  = aI  f o r  i = O , l , .  . . , j  and  EN , and 

(ii) v a r  ( D .  . )  = & x 2  f o r  i = 1,. . . , j  f o r  j ~ b l  
3 1 3 

one can show a t  l e a s t  

l i m  (1 - B . )  = a . 
j- 3 

T h e r e f o r e ,  f o r  each   EM t h e r e  e x i s t s  anmn w i t h  t h e  p r o p e r t y  

t h a t  t h e  p a r t i t i o n  Z n  i s  b e t t e r  t han  t h e  p a r t i t i o n  Zn+m f o r  

a l l  m - > mn. 

I n  F ig .  1, t h e  r e s u l t s  of  some numer i ca l  c a l c u l a t i o n s  

f o r  a  r e a l i s t i c  c a s e  a r e  g iven ;  t h e  d a t a . h a v e  been t aken  from 

Ref. [2]. The s p e c i a l  c a s e s  mentioned above,  a s  w e l l  a s  

numerics, c a l c u l a t i o n s ,  i n d i c a t e  t h a t  one has  i n  g e n e r a l  

'n > 'n+m f o r  n,meN even though it was n o t  p o s s i b l e  t o  prove  

t h i s .  

I t  i s  c l e a r  t h a t  t h e  number o f  i n v e n t o r y  p e r i o d s  p e r  

r e f e r e n c e  t ime  de t e rmines  t h e  d e t e c t i o n  t i m e ,  i . e .  t h e  t ime  



where t h e  M a t e r i a l  Unaccounted For i s  g r e a t e r  t h a n  t h e  s i g n i f -  

i c a n c e  t h r e s h o l d  f o r  t h e  f i r s t  t ime .  Now t h i s  g i v e s  two 

e f f e c t s .  F i r s t ,  one would assume t h a t  t h e  s h o r t e r  one in -  

v e n t o r y  p e r i o d  i s ,  t h e  s h o r t e r  t h e  d e t e c t i o n  t ime i s .  Second, 

acco rd ing  t o  t h e  f o r e g o i n g  r e s u l t s ,  w i t h  an  i n c r e a s i n g  number 

o f  i n v e n t o r y  p e r i o d s  p e r  r e f e r e n c e  t i m e ,  t h e  p r o b a b i l i t y  o f  

d e t e c t i o n  d e c r e a s e s .  The re fo re ,  d e t e c t i o n  may depend on t h e  

v a l u e s  o f  t h e  pa rame te r s  o f  which of t h e  two e f f e c t s  i s  

s t r o n g e r .  

I f  one wants  t o  d e f i n e  t h e  expec t ed  d e t e c t i o n  t i m e  

(measured i n  u n i t s  of i n v e n t o r y  p e r i o d s )  one has  t h e  d i f f i c u l t y  

t h a t  one  does  n o t  know which d e t e c t i o n  t ime  one shou ld  t a k e  

i n  t h e  c a s e  t h a t  no d e t e c t i o n  a t  a l l  t a k e s  p l a c e  d u r i n g  t h e  

r e f e r e n c e  t i m e .  One p o s s i b i l i t y  would be t o  d e f i n e  t h e  

expec t ed  d e t e c t i o n  t ime a s  

EIT: = 1 i Pi n (1 - P . )  + ( n  + 1) (1 - P i )  
i=l j = 1  I i=l 

where 

pi: = prob  I M U F ~ ~  > Sni} f o r  i = 1,. . . , n .  (2-22b) 

Another  p o s s i b i l i t y  would be  t o  t a k e  t h e  expec t ed  d e t e c t i o n  

t ime under  t h e  c o n d i t i o n  t h a t  a  d e t e c t i o n  w i l l  t a k e  p l a c e  

d u r i n g  t h e  r e f e r e n c e  t ime:  



where P a g a i n  i s  g i v e n  by eq .  (2 -22b) .  i 

I n F i g s .  2a and 2b,  t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  f o r  

b o t h  t h e  d e t e c t i o n  t i m e s  (measured i n  f r a c t i o n s  o f  t h e  

r e f e r e n c e  t i m e )  on t h e  b a s i s  o f  t h e  d a t a  u sed  e a r l i e r  a r e  

r e p r e s e n t e d .  I n  b o t h  c a s e s  one sees t h a t  t h e r e  e x i s t s  a  

minimum which may be  e x p l a i n e d  w i t h  t h e  a rguments  g i v e n  above 



3 .  Conclusion 

I t  has been shown t h a t  i n  t h e  c a s e  t h a t  t h e  o v e r a l l  prob- 

a b i l i t y  o f  d e t e c t i o n  f o r  a  r e f e r e n c e  pe r iod  of  t ime  i s  t h e  

c r i t e r i o n  of  o p t i m i z a t i o n ,  it is b e s t  t o  have on ly  one inven- 

t o r y  p e r i o d  i n  t h e  r e f e r e n c e  t ime.  However, t h e r e  a r e  con- 

s i d e r a t i o n s  which i n d i c a t e  t h a t  no t  on ly  t h e  p r o b a b i l i t y  of  

d e t e c t i o n  b u t  a l s o  t h e  d e t e c t i o n  t ime should  be taken a s  a  

c r i t e r i o n  of  o p t i m i z a t i o n .  A s  t h e  d e t e c t i o n  t ime i s  r e g u l a t e d  

by t h e  number of  inven to ry  p e r i o d s  p e r  r e f e r e n c e  time--a 

d e t e c t i o n  cannot  t a k e  p l a c e  b e f o r e  t h e  end of  an inven to ry  

period--one might want t o  have more than  one  inven to ry  pe r iod  

p e r  r e f e r e n c e  t ime a t  t h e  expense of t h e  p r o b a b i l i t y  of 

d e t e c t i o n .  There fo re ,  a  r easonab le  procedure  would be  f i r s t  

t o  d e c i d e  about  t h e  minimum p r o b a b i l i t y  of  d e t e c t i o n ,  and 

t h e r e a f t e r  t o  choose a s  many inven to ry  p e r i o d s  a s  a r e  compat ib le  

wi th  t h i s  minimum. 
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FIGURE 2 :  EXPECTED DETECTION TIMES El T,eq ( 2 -22 AND 
EcT,eq( 2 -  23),AS A FUNCTION OF THE NUMBER OF 
INVENTORY PERIODS PER YEAR WITH d AND M AS 
PARAMETERS; DATA FROM REF. 121. 
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