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Preface  

I n t e r e s t  i n  human s e t t l e m e n t  systems and p o l i c i e s  has  been 
a  c r i t i c a l  p a r t  of  u rban- re la ted  work a t  IIASA s i n c e  i t s  incep- 
t i o n .  Recently t h i s  i n t e r e s t  has  given r i s e  t o  a  concen t r a t ed  
r e s e a r c h  e f f o r t  focusing on migra t ion  dynamics and s e t t l e m e n t  
p a t t e r n s .  Four sub- tasks  form t h e  co re  of t h i s  r e s e a r c h  e f f o r t :  

I .  t h e  s tudy  of s p a t i a l  popu la t ion  dynamics; 

11. t h e  d e f i n i t i o n  and e l a b o r a t i o n  of a  new r e s e a r c h  
a r e a  c a l l e d  demometrics and i t s  a p p l i c a t i o n  t o  
migra t ion  a n a l y s i s  and s p a t i a l  popula t ion  fore -  
c a s t i n g ;  

111. t h e  a n a l y s i s  and des ign  of  migra t ion  and s e t t l e -  
ment po l i cy ;  

I V .  a comparative s tudy  of n a t i o n a l  migra t ion  and 
s e t t l e m e n t  p a t t e r n s  and p o l i c i e s .  

This  paper ,  t h e  t h i r t e e n t h  i n  t h e  dynamics s e r i e s ,  i s  a  
summary review of 1IASA1s work on model migra t ion  schedules .  
I t  combines t h e  major f i n d i n g s  of two e a r l i e r  p u b l i c a t i o n s  
(RM-75-57 and RR-76-09) w i th  more r e c e n t ,  a s  y e t ,  unpubl ished 

work. 

Related papers  i n  t h e  dynamics s e r i e s ,  and o t h e r  publ ica -  
t i o i l s  of  t h e  migra t ion  and sett1emer.t  s tudy ,  a r e  l i s t e d  on t h e  
back page of t h i s  r e p o r t .  

Andrei Rogers 
Chairman 
Human Se t t l emen t s  
and S e r v i c e s  Area. 

November 1977 
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m ig ra t i on  f lows  from two consecu t i ve  p lace-of- res idence-by-place-  
o f - b i r t h  c ensus  age  d i s t r i b u t i o n s .  The f e r t i l i t y  approach i s  
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Model Migra t ion  Schedules  and t h e i r  A p p l i c a t i o n s  

1  . INTRODUCTION 

The e v o l u t i o n  o f  a  human popu l a t i on  und i s t u rbed  by emigra- 

t i o n  o r  immigrat ion i s  determined by t h e  f e r t i l i t y  and m o r t a l i t y  

s chedu l e s  it has  been s u b j e c t  t o .  I f  such a " c lo sed"  popu l a t i on  

system i s  d i s agg rega t ed  by r e g i o n  o f  r e s i d e n c e ,  t h e n  i t s  s p a t i a l  

e v o l u t i o n  i s  l a r g e l y  determined by t h e  p r e v a i l i n g  s chedu l e s  o f  

i n t e r n a l  migra t ion .  

The a g e - s p e c i f i c  f e r t i l i t y ,  m o r t a l i t y ,  and m i g r a t i o n  

s chedu l e s  o f  most human m u l t i r e g i o n a l  popu l a t i ons  e x h i b i t  re- 

markably p e r s i s t e n t  r e g u l a r i t i e s .  The age  p r o f i l e s  o f  t h e s e  

s chedu l e s  s e e m  t o  be r e p e a t e d ,  w i t h  o n l y  minor d i f f e r e n c e s ,  i n  

v i r t u a l l y  a l l  developed and deve lop ing  n a t i o n s  o f  t h e  g lobe .  

Consequent ly ,  demographers have found it p o s s i b l e  t o  summarize 

and c o d i f y  such r e g u l a r i t i e s  by means o f  h y p o t h e t i c a l  s chedu l e s  

c a l l e d  mode Z schedu les .  

Model s chedu l e s  have two impor tan t  a p p l i c a t i o n s :  1 )  t h e y  

may be  used t o  i n f e r  ( o r  "smooth") e m p i r i c a l  s chedu l e s  o f  popu- 

l a t i o n s  f o r  which t h e  r e q u i s i t e  d a t a  a r e  l a c k i n g  ( o r  i n a c c u r a t e ) ,  

and 2 )  t h e y  can be  a p p l i e d  i n  a n a l y t i c a l  mathemat ica l  examina- 

t i o n s  of  popu l a t i on  dynamics. 

The development of  model f e r t i l i t y  and model m o r t a l i t y  

s chedu l e s  and t h e i r  use i n  s t u d i e s  of t h e  e v o l u t i o n  o f  human 

popu l a t i ons  have r ece ived  c o n s i d e r a b l e  a t t e n t i o n  (Ar r i aga ,  1968; 

Coale  and Demeny, 1966; Coa le ,  1972; Coale  and T r u s s e l l ,  1974; 

R e l e ,  1967) ;  however, t h e  c o n s t r u c t i o n  o f  model migration s chedu l e s  

and t h e i r  a p p l i c a t i o n  t o  s t u d i e s  of  t h e  spatial e v o l u t i o n  o f  

human p o p u l a t i o n s  d i s a g g r e g a t e d  by r e g i o n  o f  r e s i d e n c e ,  have n o t .  

Th i s  paper  a d d r e s s e s  t h e  l a t t e r  problem and shows how t echn iques  

t h a t  have been s u c c e s s f u l l y  a p p l i e d  t o  t r e a t  t h e  former problem 

can r e a d i l y  be extended t o  d e a l  w i t h  t h e  l a t t e r .  W e  beg in ,  i n  



S e c t i o n  2 ,  by c o n s i d e r i n g  t h e  r e g u l a r i t i e s  e x h i b i t e d  by observed 

m i g r a t i o n  s c h e d u l e s .  W e  t h e n  f o l l o w  t h i s  d e s c r i p t i o n  o f  observed 

r e g u l a r i t i e s  w i t h  a n  examina t ion ,  i n  S e c t i o r s 3  and 4 ,  r e s p e c t i v e l y ,  

o f  two a l t e r n a t i v e  approaches  f o r  summarizing such r e g u l a r i t i e s :  

t h e  m o r t a l i t y  approach and t h e  f e r t i l i t y  approach.  S e c t i o n  5 

o f f e r s  conc lud ing  remarks  and p o i n t s  t o  f u t u r e  d i r e c t i o n s  f o r  

r e s e a r c h .  



2.  REGULARITIES I N  OBSERVED MIGRATION SCHEDULES 

Demographers have long  recognized t h a t  p e r s i s t i n g  r e g u l a r i -  

t i e s  appear  i n  e m p i r i c a l  a g e - s p e c i f i c  m ig ra t i on  s chedu le s  ( e . g . ,  

Lowry, 1966; Long, 1973) .  Migrat ion viewed a s  an  e v e n t ,  i s  h i g h l y  

s e l e c t i v e  w i th  r ega rd  t o  age ,  w i t h  young a d u l t s  g e n e r a l l y  be ing  

t h e  most mobile group i n  any popula t ion .  Leve l s  o f  m ig ra t i on  

a r e  a l s o  h igh  among c h i l d r e n ,  va ry ing  from a  peak d u r i n g  t h e  

f i r s t  yea r  o f  age  ( t h e  i n i t i a l  peak) t o  a  Zow p o i n t  around age 

16. The migra t ion  age  p r o f i l e  then  t u r n s  s h a r p l y  upward u n t i l  

it r eaches  a  second peak ( t h e  high peak) i n  t h e  neighborhood of  

2 2  y e a r s ,  a f t e r  which it d e c l i n e s  r e g u l a r l y  w i t h  age ,  excep t  f o r  

a  s l i g h t  hump ( t h e  r e t i r e m e n t  peak) around ages  62 through 65. 

The r e g u l a r i t i e s  i n  observed mig ra t i on  s chedu le s  a r e  n o t  

s u r p r i s i n g :  

Young a d u l t s  e x h i b i t  t h e  h i g h e s t  m i g r a t i o n  . 

r a t e s  because  t h e y  a r e  less c o n s t r a i n e d  by t i e s  t o  

t h e i r  community. T h e i r  c h i l d r e n  g e n e r a l l y  a r e  n o t  

i n  school ,  t h e y  a r e  more l i k e l y  t o  be r e n t e r s  r a t h e r  

t h a n  home owners, and job  s e n i o r i t y  i s  n o t  y e t  an  

impor tan t  c o n s i d e r a t i o n .  S ince  c h i l d r e n  move on ly  

a s  members o f  a  f ami ly ,  t h e i r  migra t ion  p a t t e r n  

m i r r o r s  t h a t  of  t h e i r  p a r e n t s .  Consequently,  be- 

cause  younger c h i l d r e n  g e n e r a l l y  have younyer p a r e n t s ,  

t h e  geograph ica l  m o b i l i t y  of  i n f a n t s  i s  h i g h e r  t han  

t h a t  of  a d o l e s c e n t s .  F i n a l l y ,  t h e  sma l l  hump i n  t h e  

age  p r o f i l e  between ages  62 t o  65 d e s c r i b e s  mig ra t i on  

a f t e r  r e t i r e m e n t . .  . (Rogers, 1975, pp. 146-147) 



2.1 M i a r a t i o n  P r o f i l e s  

The shape ,  o r  p r o f i l e ,  of a n  a g e - s p e c i f i c  s chedu l e  o f  m i -  

g r a t i o n  r a t e s  ' is a  f e a t u r e  t h a t  may be  u s e f u l l y  s t u d i e d  inde-  

penden t l y  o f  i t s  i n t e n s i t y ,  o r  l e v e l .  T h i s  is  because  t h e r e  i s  

c o n s i d e r a b l e  e m p i r i c a l  ev idence  t h a t  a l t hough  t h e  l a t t e r  t e n d s  

t o  v a r y  s i g n i f i c a n t l y  from p l a c e  t o  p l a c e ,  t h e  former  i s  remark- 

a b l y  s i m i l a r  i n  v a r i o u s  l o c a l i t i e s .  I l l u s t r a t i o n s  o f  t h i s  p r o p e r t y  

appear  i n  F i g u r e s  1A and 1B,, which set o u t  m i g r a t i o n  r a t e s  f o r  

t h e  U.S.A. and Sweden, r e s p e c t i v e l y .  

F i g u r e s  1A and 1B r e p e a t  t h e  fundamental  a g e  p a t t e r n  of m i -  

g r a t i o n  d e s c r i b e d  above,  w i t h  peaks  o c c u r i n g  a t  i n f a n c y ,  d u r i n g  

t h e  young a d u l t  a g e s  and,  i n  one  i n s t a n c e ,  a t  r e t i r e m e n t .  Var- 

i a t i o n s  i n  t h e  l o c a t i o n  of  t h e  h igh  peak and i n  t h e  l e v e l s  o f  

migaa t ion  a t  r e t i r e m e n t  age s  i n d i c a t e  t h a t  a s ,  i n  t h e  c a s e  o f  

m o r t a l i t y ,  age  p r o f i l e s  o f  m i g r a t i o n  may be u s e f u l l y  d i s a g g r e g a t e d  

i n t o  f a m i l i e s  t h a t  a r e  d i s t i n g u i s h e d  by t h e  l o c a t i o n  and r e l a t i v e  

h e i g h t  o f  t h e i r  peaks.  A l t e r n a t i v e l y ,  such  a  d i s a g g r e g a t i o n  may 

b e  c a r r i e d  o u t ,  i n  t h e  manner o f  f e r t i l i t y  s c h e d u l e s ,  by means 

of t h e  mean age  of  t h e  m i g r a t i o n  s chedu l e  M(x) , 

which r e a d i l y  may be used t o  c l a s s i f y  m i g r a t i o n  s chedu l e s  i n t o  

"young" and " o l d "  c a t e g o r i e s ,  pe rhaps  w i t h  s u i t a b l e  g r a d a t i o n s  

i n  between. 

F i g u r e  1A i n d i c a t e s  t h a t  t h e  age  p r o f i l e  of  m i g r a t i o n  t e n d s  

t o  b e  remarkably  s i m i l a r  f o r  r e s i d e n t i a l . m o v e r s ,  i n t r a -  and 

i n t e r -  county  m i g r a n t s ,  and m i g r a n t s  between s t a t e s .  What does  

v a r y  i s  t h e  l e v e l  o f  m i g r a t i o n ,  t h e  l e v e l  be ing  h i g h e r  f o r  s m a l l e r  

t e r r i t o r i a l  u n i t s .  

F i g u r e  1B shows t h a t  impor t an t  a g e - s p e c i f i c  v a r i a t i o n s  e x i s t  

between t h e  m i g r a t i o n  rates of  males and females .  The h i g h  peak 

f o r  m a l e s  f o l l o w s  t h a t  o f  t h e  female  s chedu l e  by a few y e a r s ,  

and i n  t h e  Swedish c a s e  i t ' i s  a l s o  lower  in h e i g h t .  
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Figure l.A: Age-Specific Annual Migration Rates of the Total United States 
Population by Category of Move: Average of 1966-1971. 

Source: Long (1973), p. 38. 
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Figure l.B: Age-Specific Annual Migration Rates of the Swedish Population 
by Sex: Average of 1968-1973. 

Source: Internal Migration in Sweden 1968-1973, 1974, p. 10. 



2 . 2  Migra t ion  Leve l s  

The l e v e l  o f  m i g r a t i o n ,  l i k e  t h a t  o f  mor taZi ty ,  can  be  

measured i n  t e r m s  of  an expected  d u r a t i o n  t i m e ,  f o r  example, 

t h e  f r a c t i o n  o f  a  l i f e t i m e  t h a t  i s  expec ted  t o  be l i v e d  a t  a  

p a r t i c u l a r  l o c a t i o n .  However, l i k e  f e r t i z i t y ,  m ig ra t i on  i s  a  

p o t e n t i a l l y  r e p e t i t i v e  e v e n t ,  and i t s  l e v e l  t h e r e f o r e  can  be  

expressed  i n  t e r m s  of  an expected  number o f  moves p e r  person.  

Summarizing observed r e g u l a r i t i e s  w i t h i n  t h e  c o n t e x t  o f  t h e  

former p e r s p e c t i v e  l e a d s  t o  t h e  development o f  a  r e g r e s s i o n  

approach s i m i l a r  t o  t h e  one used by Coale  and Demeny (1966) t o  

summarize r e g u l a r i t i e s  i n  m o r t a l i t y  s chedu l e s ;  t h e  l a t t e r  pe r -  

s p e c t i v e  s u g g e s t s  an a l t e r n a t i v e  procedure--one analogous  t o  

t h a t  used by Coale  and T r u s s e l l  (1974) t o  summarize f e r t i l i t y  

schedu les .  

The most common demographic measure o f  l e v e l  i s  the .  n o t i o n  

of  expectancy.  Demographers o f t e n  r e f e r  t o  l i f e  e x p e c t a n c i e s ,  

f o r  example, when speak ing  about  m o r t a l i t y ,  and t o  r e p r o d u c t i o n  

expec , t anc ies  when d i s c u s s i n g  f e r t i l i t y .  They have c a l c u l a t e d  

f o r  i n s t a n c e  t h a t  73 i s  t h e  average  number o f  y e a r s  a  female  

cou ld  e x p e c t  t o  l i v e  under t h e  m o r t a l i t y  s chedu l e  o f  t h e  U.S. 

i n  1958, and 1.71 i s  t h e  average  number o f  baby g i r l s  s h e  cou ld  

expec t  t o  b e a r  d u r i n g  h e r  l i f e t i m e  under t h e  t h e n  p r e v a i l i n g  

f e r t i l i t y  schedu le .  The former measure i s  known a s  t h e  expec ta -  

t i o n  of l i f e  a t  b i r t h ,  e ( 0 ) ;  t h e  l a t t e r  index i s  c a l l e d  t h e  n e t  

r ep roduc t i on  r a t e ,  NRR. 

A r e l a t e d  index  i s  t h e  q r o s s  r ep roduc t i on  r a t e ,  GRR. T h i s  

measure t o t a l l y  i g n o r e s  t h e  e f f e c t s  o f  m o r t a l i t y  on  r e p r o d u c t i o n  

and may be  viewed a s  t h e  n e t  r ep roduc t i on  r a t e  t h a t  would a r i s e  

among a  c o h o r t  i f  a l l  o f  them su rv ived  t o  t h e  end o f  t h e i r  c h i l d -  

b e a r i n g  ages .  For t h i s  r e a s o n ,  t h e  GRR o f  a  p o p u l a t i o n  i s ,  o f  

c o u r s e ,  always l a r g e r  t h a n  t h e  cor responding  NRR. 

Expec t anc i e s  a l s o  have been used i n  m i g r a t i o n  s t u d i e s  by 

Wilber ,  ( 1  963) and Long (1 973) .  However, t h e i r  d e f i n i t i o n s  a r e  

n o n s p a t i a l  inasmuch a s  t h e y  view m i g r a t i o n  a s  an  even t  i n  a  



n a t i o n a l  popula t ion  r a t h e r  t han  a s  a  flow between r e g i o n a l  popu- 

l a t i o n s .  The s tudy  of spatial popula t ion  dynamics can be con- 

s i d e r a b l y  en r i ched  by e x p l i c i t l y  i d e n t i f y i n g  t h e  locations of 

even t s  and flows.  This  pe rmi t s  one t o  d e f i n e  s p a t i a l  e x p e c t a m i e s  

such a s  t h e  e x p e c t a t i o n  of  l i f e  a t  b i r t h  o r  t h e  n e t  reproduc t ion  

r a t e  of i n d i v i d u a l s  born i n  r eg ion  i ( r e s p e c t i v e l y ,  e ( 0 )  and i 

i NRR, s a y ) ,  and t h e  expected a l l o c a t i o n  of t h i s  l i f e t i m e  o r  r a t e  

among t h e  v a r i o u s  c o n s t i t u e n t  r eg ions  of  a  m u l t i r e g i o n a l  popula- 

t i o n  system ( . e . ( 0 )  and iNRR.. , r e s p e c t i v e l y ,  j = 1 , 2 , .  . . , m )  . 
1 3  I 

For example, it has  been e s t ima ted  (Rogers, 1975) t h a t  t h e  ex- 

p e c t a t i o n  o f  l i f e  a t  b i r t h  of a  Ca l i fo rn ia -born  woman exposed 

t o  t h e  1958 U.S. schedules  of m o r t a l i t y  and migra t ion  would be 

73.86 y e a r s ,  o u t  of  which 24.90 y e a r s  would be  l i v e d  o u t s i d e  of 

C a l i f o r n i a .  The n e t  reproduc t ion  r a t e  of such a  woman, on 1958 

f e r t i l i t y  r a t e s ,  would be 1.69, w i t h  0.50 of t h a t  t o t a l  being 

born o u t s i d e  of  C a l i f o r n i a .  

Adopting t h e  second p e r s p e c t i v e ,  Wilber developed a  set  of 

mig ra t ion  expec t anc i e s  d e s c r i b i n g  t h e  average number of moves 

exper ienced  by an i n d i v i d u a l  du r ing  h i s  remaining l i f e t i m e .  

The a p p l i c a t i o n  o f  h i s  formula f o r  c a l c u l a t i n g  mig ra t ion  expect-  

a n c i e s  f o r  i f i d iv idua l s  j u s t  born produces t h e  d i r e c t  ana log  of 

t h e  conven t iona l  formula f o r  t h e  n e t  r ep roduc t ion  r a t e .  The 

formula,  w i t h  x  se t  equa l  t o  z e r o ,  may be  expressed  a s  

where L ( x )  i s  t h e  s t a t i o n a r y  l i f e  t a b l e  popu la t ion  aged x  t o  

x  + 5  y e a r s  a t  l a s t  b i r t h d a y ,  M(x) i s  t h e  annual  r a t e  o f  migra t ion  

among i n d i v i d u a l s  i n  t h a t  age group,  and z  i s  t h e  s t a r t i n g  age of  

t h e  l a s t  i n t e r v a l  of l i f e .  The cor responding  formula f o r  t h e  n e t  

r ep roduc t ion  r a t e  i s  

where F ( x )  i s  t h e  a g e - s p e c i f i c  f e r t i l i t y  r a t e .  The s i m i l a r i t y  

between ( 1 )  and ( 2 )  s u g g e s t s  t h e  d e s i g n a t i o n  o f  ( 1 )  a s  t h e  net 



m i g r a p r o d u c t i o n  r a t e ,  a q u a n t i t y  we s h a l l  denote  by NMR. Thus 

NRR denotes  t h e  average number of b a b i e s  per  person,  and NMR 

denotes  t h e  average number of moves p e r  person,  both t aken  over  

t h a t  p e r s o n ' s  e n t i r e  l i f e t i m e .  Observe t h a t  bo th  measures de- 

p i c t  t h e  average number of  occur rencesof  a r e c u r r e n t  even t  over  

an i n d i v i d u a l ' s  l i f e t i m e .  Only t h e  l a t t e r ,  however, i s  in f luenced  

by t h e  s p a t i a l  e x t e n t  of t h e  t e r r i t o r i a l  u n i t .  

E a r l i e r  we proposed a s p a t i a l  migra t ion  expectancy based 

on d u r a t i o n  t imes ,  s p e c i f i c a l l y ,  t h e  expected number of yea r s  

l i v e d  i n  reg ion  j by i n d i v i d u a l s  born i n  reg ion  i. The cor re -  

spondence between t h e  n e t  migraproduction and n e t ' r e p r o d u c t i o n  

r a t e s  sugges t s  an a l t e r n a t i v e  d e f i n i t i o n  of  s p a t i a l  migra t ion  

expectancy--one r e f l e c t i n g  a view of  migra t ion  a s  a r e c u r r e n t  

event .  J u s t  a s  NRR was apport ioned among t h e  c o n s t i t u e n t  r e -  

g ions  of a m u l t i r e g i o n a l  system, s o  t o o  can NMR be s i m i l a r l y  

d i saggrega ted  by p l a c e  of b i r t h  and res idence .  Thus t h e  fo r -  

mula f o r  t h e  s p a t i a l  n e t  reproduct ion  r a t e :  

NRR = 

sugges t s  t h e  fol lowing d e f i n i t i o n  f o r  t h e  s p a t i a l  n e t  m igrapro -  

d u c t i o n  r a t e :  

NMR = i L j  (x)M. ( x )  
i j x=o J 

where L .  ( x )  denotes  t h e  s t a t i o n a r y  l i f e  t a b l e  popula t ion  of 
i 3 

reg ion  j aged x t o  x + 5 y e a r s  a t  l a s t  b i r t h d a y  and born i n  re- 

gion i, and M.(x) i s  t h e  age - spec i f i c  ou tmigra t ion  r a t e  i n  re -  
3 

gion j. 

The s p a t i a l  n e t  migraproduction r a t e  iNMP d e s c r i b e s  t h e  
' j 

average l i f e t i m e  number of  moves made o u t  of reg ion  j by an in -  

d i v i d u a l  born i n  reg ion  i. The summation of iNMR. ove r  a l l  re- 
3 

g ions  of d e s t i n a t i o n  ( j  # i) g i v e s  NMR, t h e  n e t  migraproduction 
i 

r a t e  of i n d i v i d u a l s  born i n  reg ion  i, i . e . ,  t h e  average number 

of  moves an i -born person i s  expected t o  make du r ing  h i s  ( o r  h e r )  

l i f e t i m e .  



Assoc ia ted  w i t h  t h e  concept of t h e  net r ep roduc t ion  r a t e  

(NRR) i n  f e r t i l i t y  a n a l y s i s  i s  t h e  no t ion  of t h e  gross repro-  

duc t ion  r a t e .  

z 
GRR = 5 1 F ( x )  . 

x= 0 

The no t ion  o f  a gross migraproduction rate 

GMR = 5 M ( x )  
x=o 

has  a s i m i l a r l y  u s e f u l  i n t e r p r e t a t i o n  i n  mig ra t ion  a n a l y s i s .  

I t  measures t h e  i n t e n s i t y  of mig ra t ion  between two r e g i o n s  a t  

a  p a r t i c u l a r  p o i n t  i n  t i m e .  The measure, t h e r e f o r e ,  has  b a s i -  

c a l l y  a c r o s s - s e c t i o n a l  c h a r a c t e r ,  i n  c o n t r a s t  t o  t h e  NMR which 

measures t h e  i n t e n s i t y  of  migra t ion  over  a l i f e t i m e .  Consequently, 

t h e  g r o s s  migraproduct ion r a t e  o f t e n  may prove t o  be  a more use- 

f u l  measure t han  t h e  n e t  r a t e  i n  t h a t  it i s  a "pu re r "  i n d i c a t o r  

of  mig ra t ion ,  i n  t h e  same sense  a s  t h e  g r o s s  reproduc t ion  r a t e .  

However, t h e  g r o s s  r a t e  ineasures t h e  i n t e n s i t y  of migra t ion  a t  

a  g iven moment and n o t  o v e r  a l i f e t i m e .  Hence, i n  i n s t a n c e s  where 

r e t u r n  migra t ion  i s  an impor tan t  f a c t o r ,  t h e  g r o s s  ra te  and t h e  

n e t  ra te  may g i v e  d i f f e r i n g  i n d i c a t i o n s  of geographica l  mob i l i t y .  

Table  1 p r e s e n t s  n e t  and g r o s s  migraproduct ion r a t e s  f o r  t h e  

t o t a l  U.S. popula t ion  i n  1958, d i s agg rega t ed  i n t o  f o u r  r eg ions .  

The corresponding mean ages  of mig ra t ion  a r e  set o u t  i n  paren theses .  

F igu re  2 p l o t s  t h e  g r o s s  migraproduct ion r a t e  a g a i n s t  t h e  mean 

age f o r  t h e  migra t ion  schedu le s  of  t h e  four - reg ion  U.S. popula- 

t i o n  system i n  1958 and i n  1968, r e s p e c t i v e l y .  W e  f i n d  evidence 

of  a d i v i s i o n  i n t o  f o u r  groups:  

h igh  GMR - high  n; 
high  GMR - low n; 



Table  1. Net and g r o s s  migraproduct ion r a t e s  and mean a g e s  o f  
m i g r a t i o n :  t o t a l  Uni ted S t a t e d  p o p u l a t i o n ,  1958. 

A .  Net migraproduct ion r a t e s :  .NMR 
1 j 

- 
B. Gross  migraproduc t ion  r a t e s  and mean ages  of m i g r a t i o n :  

GMRij and n .  =J 

Region o f  

B i r t h  

1. Nor theas t  

2. North C e n t r a l  

3.  South 

4.  West 

Region of Residence 

1 2 3 4 

0.4122 0.0366 0.0589 0.0331 

0.0204 0.4923 0.0604 0.0600 

0.0300 0.0629 0.4397 0.0479 

0.0203 0.0540 0.0602 0.4181 

Region of 

O r i g i n  

1. Nor theas t  

2. North  C e n t r a l  

3. South 

4. West 

T o t a l  

0.5408 

0.6331 

0.5805 

0.5526 

Region of D e s t i n a t i o n  

1 2 3 4 

- 0.1202 0.3168 0.1532 
(26.99) (33.46) (29.43) 

0.0891 - 0.3201 0.3289 
(28.15) (32.16) (30.54) 

0.1504 0.2511 - 0.2299 
(28.59) (27.77) (27.27) 

0.0887 0.2167 0.2819 - 
(27.73) (30.03) (27.61) 

T o t a l  

0.5902 

0.7381 

0.6314 

0.5573 
J 
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Figure 2: Relatio~, hel\reen ol~served gloss migaprotlnclior~ talc. and mean agc of migrrtion 
ect~ed~tle: :old U.S. populations. 1958 and 1968. 
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low GMR - low n. 
Migra t ion  f lows  from t h e  North C e n t r a l  Region t o  t h e  South ,  f o r  

example, e x h i b i t  an  "o ld"  p ~ o f i l e  and a  mean age  o f  about  32 .5  

y e a r s .  The r e v e r s e  mig ra t i on  f l ows ,  on t h e  o t h e r  hand, t a k e  on 

t h e  shape of  a  "young" p r o f i l e  and show a  mean age  t h a t  i s  about  

f i v e  y e a r s  younger. T h i s  s u g g e s t s  t h a t  it may be  u s e f u l  t o  

deve lop  a  family of b a s i c  model m i g r a t i o n  s chedu le s  s o  t h a t  t h e  

v a r i o u s  age  p r o f i l e s  e x h i b i t e d  by e m p i r i c a l  m i g r a t i o n  s c h e d u l e s  

can  b e  more a c c u r a t e l y  cap tu red  and summarized. 



3 .  MODEL MIGRATION SCHEDULES: THE MORTALITY APPROACH 

R e g u l a r i t i e s  i n  t h e  age  p a t t e r n s  o f  observed d e a t h  r a t e s  -. 
have f a s c i n a t e d  demographers a lmost  s i n c e  pub l i shed  r e c o r d s  of 

m o r t a l i t y  f i r s t  became g e n e r a l l y  a v a i l a b l e .  The s e a r c h ' f o r  un i -  

v e r s a l  " laws of  m o r t a l i t y "  gave b i r t h  t'o t h e  w e l l  known. Gompertz- 

curve  g r a d u a t i o n  o f  t h e  m o r t a l i t y  schedule  and,  more r e c e n t l y ,  

t o  two sets o f  "model" l i f e  t a b l e s  pub l i shed  by t h e  United Nat ions  

(United Nat ions ,  1955 and 1967) .  

The model l i f e  t a b l e ,  o r  m o r t a l i t y ,  approach f o r  c a p t u r i n g  

r e g u l a r i t i e s  i n  observed r a t e s  may be  a p p l i e d  i n  t h e  s t udy  of 

m ig ra t i on  r e g u l a r i t i e s .  Such an a p p l i c a t i o n ,  however, f i r s t  

r e q u i r e s  t h e  concep t  o f  t h e  muZtiregionaZ l i f e  t a b l e .  

3.1 The M u l t i r e g i o n a l  L i f e  Table  

Convent ional  l i f e  t a b l e s  d e s c r i b e  t h e  e v o l u t i o n  o 5 . a  hypo- 

t h e t i c a l  coho r t  o f  b a b i e s  born  a t  a  g iven  moment and exposed t o  

an  unchanging a g e - s p e c i f i c  schedule  o f  m o r t a l i t y .  For t h i s  co- 

h o r t  o f  b a b i e s ,  t h e y  exhibit's number o f  p r o b a b i l i t i e s  o f  dy ing  

and s u r v i v i n g  and deve lop  t h e  cor responding  e x p e c t a t i o n s  o f  

l i f e  a t  v a r i o u s  ages .  

L i f e  t a b l e  c a l c u l a t i o n s  normal ly  a r e  i n i t i a t e d  by e s t i m a t i n g  

a  se t  o f  a g e - s p e c i f i c  p r o b a b i l i t i e s  o f  dy ing  w i t h i n  each i n t e r -  

v a l  o f  age ,  q ( x )  s a y ,  from observed d a t a  on a g e - s p e c i f i c  d e a t h  

r a t e s ,  M(x) say .  The conven t iona l  c a l c u l a t i o n  t h a t  i s  made f o r  

an  age  i n t e r v a l  f i v e  y e a r s  wide i s  (Rogers,  1975, p.12) 

o r  a l t e r n a t i v e l . ~ ,  

5  p ( x )  = 1  - q ( x )  = [ I  + I ( ]  1  - M(x)]  , ( 5 )  

where p ( x )  i s  t h e  a g e - s p e c i f i c  p r o b a b i l i t y  of  s u r v i v i n g  from 



exact age x t o  exact age x + 5. The l a t t e r  p r o b a b i l i t i e s ,  i n  

t u r n ,  may be used t o  d e f i n e  t h e  corresponding p r o b a b i l i t i e s  of 

s u r v i v a l  from one age group t o  t h e  nex t  (Rogers, 1975, pp.16 and 

85) : 

To avoid  any p o s s i b l e  confus ion  between t h e  two s e t s  of probabi-  

l i t i e s ,  we s h a l l  h e r e a f t e r , r e f e r  t o  s ( x )  a s  a  s u r v i v o r s h i p  pro- 

p o r t i o n ,  i . e . ,  t h e  p ropor t ion  of i n d i v i d u a l s  s u r v i v i n g  from age 

group x to x + 5 t o  age group x + 5 ' t o  x + 10. 

One of  t h e  most u s e f u l  s t a t i s t i c s  provided by a  l i f e  t a b l e  

i s  t h e  average  e x p e c t a t i o n  of l i f e  a t  age  x ,  e ( x )  s ay ,  c a l c u l a t e d  

by spp ly ing  t h e  p r o b a b i l i t i e s  of s u r v i v a l  p ( x )  t o  a  h y p o t h e t i c a l  

cohor t  of bab ie s  and t h e n  observ ing  t h e i r  average l e n g t h  of  l i f e  

beyond each age. Expec ta t ions  of l i f e  a t  b i r t h  [ e ( 0 ) 1  a r e  par-  

t i c u l a r l y  u s e f u l  a s  i n d i c a t o r s  of t h e  l e v e l  of m o r t a l i t y  i n  v a r i o u s  

r e g i o n s  and c o u n t r i e s  of  t h e  world. 

Conventional  l i f e  t a b l e s  d e a l  w i t h  m o r t a l i t y ,  f ocus  on a  

s i n g l e  r e g i o n a l  popu la t ion ,  and ignore  t h e  e f f e c t s  of  migra t ion .  

To i n c o r p o r a t e  t h e  l a t t e r ,  and a t  t h e  same t i m e  t o  extend t h e  

l i f e  t a b l e  concept  t o  a  s p a t i a l  popu la t ion  comprised of  s e v e r a l  

r e g i o n s ,  r e q u i r e s  t h e  no t ion  of a  m u l t i r e g i o n a l  l i f e  t a b l e  

(Rogers, 1973) .  Such l i f e  t a b l e s  d e s c r i b e  t h e  e v o l u t i o n  o f  sev- 

e r a l  r e g i o n a l  c o h o r t s  of  b a b i e s ,  a l l  born a t  a  g iven  moment and 

exposed t o  an unchanging muZtiregionaZ a g e - s p e c i f i c  schedule  

of  m o r t a l i t y  and migra t ion .  For each r e g i o n a l  b i r t h  cohor t ,  

t h e y  provide  v a r i o u s  p r o b a b i l i t i e s  of dy ing ,  s u r v i v i n g ,  and 

mig ra t ing ,  wh i l e  s imul taneous ly  d e r i v i n g  r e g i o n a l  e x p e c t a t i o n s  

of  l i f e  a t  v a r i o u s  ages.  These e x p e c t a t i o n s  of l i f e  a r e  d i sag-  

g rega ted  bo th  by p l a c e  of b i r t h  and by p l a c e  o f  r e s idence ;  t hey  

w i l l  be  denoted by e . ( x ) ,  where i is  t h e  r eg ion  of  b i r t h  and 
i 1 

j i s  t h e  r eg ion  of r e s idence .  

M u l t i r e g i o n a l  l i f e  t a b l e  c a l c u l a t i o n s  are g r e a t l y  f a c i l i t a t e d  



by t h e  adopt ion of m a t r i x  a lgeb ra .  This  l e a d s  t o  a  compact nota-  

t i o n  and an e f f i c i e n t  computat ional  procedure;  it a l s o  ve ry  c l e a r l y  

demonstra tes  a  simple correspondence between t h e  s i n g l e  reg ion  and 

t h e  m u l t i r e g i o n a l  formulas.  For example, equa t ions  5  and 6  may 

be shown t o  have t h e  fo l lowing  n u l t i r e g i o n a l   counterpart.^ (Rogers 

and Ledent, 1976; Rogers, 1 9 7 5 , ~ . 8 5 ) :  

and 

The d i agona l  e lements  o f  P (x )  and S ( x )  a r e  p r o b a b i l i t i e s  of  sur-  - - 
v iva1  and su rv ivo r sh ip  p ropor t ions ,  r e s p e c t i v e l y ;  t h e  of f -d iagona l  

e lements  w i l l  be c a l l e d  p r o b a b i l i t i e s  of  migra t ing  and migra t ion  

p ropor t ions ,  r e s p e c t i v e l y .  

Expec ta t ions  of l i f e  i n  t h e  mu l t i r eg iona l  l i f e  t a b l e  r e f l e c t  

t h e  i n f l u e n c e s  of m o r t a l i t y  and migra t ion .  Thus t h e y  may be used 

a s  i n d i c a t o r s  of  l e v e l s  of i n t e r n a l  mig ra t ion ,  i n  a d d i t i o n  t o  

c a r r y i n g  o u t  t h e i r  t r a d i t i o n a l  f u n c t i o n  a s  i n d i c a t o r s  o f  l e v e l s  of 

m o r t a l i t y .  For example, cons ide r  t h e  r e g i o n a l  e x p e c t a t i o n s  of 

l i f e  a t  b i r t h  t h a t  a r e  set o u t  i n  Table  2 f o r  t h e  U.S. ' popula t ion  

wi th  bo th  sexes  combined. A baby born i n  t h e  West, and exposed 

t o  t h e  m u l t i r e g i o n a l  schedule  of m o r t a l i t y  and migra t ion  t h a t  

p r e v a i l e d  i n  1955, could expect  t o  l i v e  an average of 69.94 y e a r s ,  

o u t  of which t o t a l  an average of 8.95 yea r s  would be l i v e d  i n  

t h e  South. Taking t h e  l a t t e r  a s  a  f r a c t i o n  of t h e  former,  w e  

have i n  0.1279 a  u s e f u l  i n d i c a t o r  of t h e  ( l i f e t i m e )  migra t ion  

l e v e l  from t h e  West t o  t h e  South t h a t  i s  implied by t h e  1958 

m u l t i r e g i o n a l  schedule .  (Compare t h e s e  migra t ion  l e v e l s  w i t h  t h o s e  

set  o u t  e a r l i e r  i n  Table 1 ) .  



Table  2.  Expec t a t i ons  of l i f e  a t  b i r t h  and mig ra t i on  l e v e l s  by r eg ion  of 
r e s i d e n c e  and r e g i o n  of b i r t h :  t o t a l  Uni ted S t a t e s  popu l a t i on ,  
1958. 

Age-specif ic  p r o b a b i l i t i e s  o f  mig ra t ing ,  P i j  (x)  , i n  empi r i ca l  

m u l t i r e g i o n a l  l i f e  t a b l e s  mi r ro r  t h e  fundamental r e g u l a r i t i e s  

e x h i b i t e d  by observed mig ra t ion  r a t e s .  Some of t h e s e  r e g u l a r i t i e s  

a r e  i l l u s t r a t e d  i n  F igu res  3 ,4 ,  and 5, r e s p e c t i v e l y .  ( W e  focus  

on ly  on t h e  t o t a l  popu la t ion  bu t  cons ide r  d a t a  f o r  a l l  f o u r  Census 

Regions and f o r  two p o i n t s  i n  t i m e :  1958 and 1968.) F igure  3 

. 

Region of 

B i r t h  

1. Nor theas t  

2.  North C e n t r a l  

3. South 

4. West 

shows t h a t  a  s t r o n g  and p o s i t i v e  a s s o c i a t i o n  e x i s t s  between t h e  

I 

h e i g h t  of t h e  i n i t i a l  peak, p  (O), and t h e  l e v e l  o f  migra t ion  
i j  

a s  measured by, f o r  example, 8 t h e  f r a c t i o n  of  t h e  expected i j t  
l i f e t i m e  o f  an i n d i v i d u a l  born i n  r eg ion  i t h a t  is  expected t o  

Region of Residence 

1 2 3 4 

50.90 4.49 8.88 5.50 
(0.7295) (0.0643) (0.1273) (0.0788) 

3.18 48.45 9.10 9.60 
(0.0452) (0.6889) (0.1294) (0.1365) 

4.58 7.52 49.21 7.67 
(0.0664) (0.1091) (0.7134) (0.1111) 

3.18 6.60 8.95 51.22 
(0.0454) (0.0944) (0.1279) (0.7322) 

be l i v e d  i n  r e g i o n  j .  F igu re  4 i n d i c a t e s  t h a t  a  s i m i l a r l y  s t r o n g  

T o t a l  

- 
69.76 
(1.00) 

70.32 
(1.00) 

68.98 
(1.00) 

69.94 
(1.00) 

and p o s i t i v e  r e l a t i o n s h i p  e x i s t s  between t h e  h e i g h t  of  t h e  low 

p o i n t  and t h e  h e i g h t  of  t h e  i n i t i a l  peak. F i n a l l y ,  F igu re  5  

d e s c r i b e s  t h e  p o s i t i v e  a s s o c i a t i o n  between t h e  h e i g h t s  of t h e  high 

peak and t h e  low po in t .  Thus a  d i r e c t  l i n e  of  c o r r e l a t i o n  appears  

t o  connect  t h e  g e n e r a l  mig ra t ion  l e v e l  between two r eg ions  t o  t h e  

v a l u e s  assumed by t h e  corresponding a g e - s p e c i f i c  p r o b a b i l i t i e s  o f  

migra t ing .  This  s u g g e s t s  t h a t  a  simple l i n e a r  r e g r e s s i o n  equa t ion  

may be used t o  a s s o c i a t e  a  set o f  p r o b a b i l i t i e s  of  migra t ion  a t  

each age x ,  p i j  (x )  , w i t h  a  s i n g l e  i n d i c a t o r  of  mig ra t ion  l e v e l ,  

say i O j o  
W e  e x p l o r e  t h i s  p o s s i b i l i t y  n e x t .  
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Figure 5. Relation I~etween high peaks and low points in migration sclieclules. 
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3 . 2  Summarizing t h e  R e q u l a r i t i e s :  Regress ion.  

The mig ra t i on  r i s k s  exper ienced by d i f f e r e n t  age  and sex  

groups of a  g iven  popu la t i on  a r e  s t r o n g l y  i n t e r r e l a t e d ,  and 

h ighe r  ( o r  lower)  t h a n  average  migra t ion  r a t e s  among one segment 

of a  p a r t i c u l a r  popu la t i on  normally imply h ighe r  ( o r  lower)  t h a n  

average  mig ra t i on  r a t e s  f o r  o t h e r  segments o f  t h e  same popu la t i on .  

Th i s  a s s o c i a t i o n  stems i n  p a r t  from t h e  f a c t  t h a t  i f  socioeconomic 

c o n d i t i o n s  a t  a  l o c a t i o n  a r e  good o r  poor f o r  one group i n  t h e  

popu la t i on ,  t h e y  a r e  a l s o  l i k e l y  t o  be  good o r  poor f o r  o t h e r  

groups i n  t h e  same popula t ion .  S i n c e . m i g r a t i o n  i s  widely  he ld  

t o  be a  response  t o  s p a t i a l  v a r i a t i o n s  i n  socioeconomic c o n d i t i o n s ,  

t h e s e  h igh  i n t e r c o r r e l a t i o n s  between a g e - s p e c i f i c  m i g r a t i o n  r i s k s  

a r e  n o t  s u r p r i s i n g .  

F i g u r e s  3 , 4 ,  and 5 suppo r t  t h e  above c o n j e c t u r e  add,  more- 

ove r  sugges t  a  way o f  summarizing t h e  observed r e g u l a r i t i e s  i n  

mig ra t i on  p r o b a b i l i t i e s .  They i n d i c a t e  t h a t  a  r e l a t i v e l y  a c c u r a t e  

account ing  o f  t h e  v a r i a t i o n  i n  t h e  h e i g h t  of t h e  i n i t i a l  peak (and 

through it i n  t h e  h e i g h t  of  t h e  res t  of  t h e  mig ra t i on  s chedu le )  

may be  o b t a i n e d  by means of  a  s t r a i g h t  l i n e  f i t t e d  t o  t h e  s c a t t e r  

of  p o i n t s  i n  F igu re  3 .  Thus a  l i n e a r  r e g r e s s i o n  o f  t h e  form 

would seem t o  be  a p p r o p r i a t e .  I 

But ' i j  
( 0 )  cannot  t a k e  on nega- 

t i v e  v a l u e s ;  a  conven ien t  way of  ensu r ing  t h a t  t h i s  p o s s i b i l i t y  

never  a r i s e s  i s  t o  f o r c e  t h e  l i n e  through t h e  o r i g i n  by adopt ing  

t h e  z e r o - i n t e r c e p t  s imple  l i n e a r  r e g r e s s i o n  model 

' s i n c e  changes. i n  f e r t i l i t y  a l s o  a f f e c t  t h e  h e i g h t  o f  t h e  i n i t i a l  

peak,  a  p o s s i b l e  f u r t h e r  re f inement  of  t h e  model would be  t o  

i n c l u d e  a  v a r i a b l e  d e s c r i b i n g  t h e  l e v e l  o f  f e r t i l i t y ,  f o r  example, 

t h e  r ep roduc t i on  r a t e .  



The least-squares fit of such an equation to the data illustrated 

in Figure 3 gives 

for the 1958 observations, and 

for the 1968 data points. The fit in each instance is quite 
2 satisfactory, yielding coefficients of determination (r ) of 

0.94 and 0.84, respectively. 

Given estimates of B and 8. we can obtain an estimate of 
i I 

Pi j (0). Figures 4 and 5 suggest that with the value of pij (0) 

fixed, we can find the corresponding value of the low point and 

use that, in turn, to estimate the value of the high point. 

Generalizing this argument to all age groups beyond the first, 

we may adopt the simple model 

where 
(0) is estimated by equation 9. Thus 

and in general, 

in which the f3 in (9) now is designated by B(0). Note that as a 

consequence of our definitions 



and 

Equat ion 11 may be t r e a t e d  a s  a  s imp le  ( z e r o - i n t e r c e p t )  

l i n e a r  r e g r e s s i o n  equa t i on ,  and i t s  c o e f f i c i e n t  B(x) may b e  e s t -  

imated u s ing  t h e  conven t i ona l  l e a s t - s q u a r e s  procedure .  Tab l e  3 

p r e s e n t s  two sets  o f  such c o e f f i c i e n t s  f o r  t h e  U.S. t o t a l  popula- 

t i o n .  The f i r s t  se t  was o b t a i n e d  u s ing  1958 d a t a ,  t h e  second set  

was e s t i m a t e d  on t h e  b a s i s  o f  1968 d a t a .  I n  bo th  i n s t a n c e s  t h e  

obse rved  m i g r a t i o n  f lows w e r e  t h o s e  between t h e  f o u r  U.S. Census 

Regions. 

The r e g r e s s i o n  c o e f f i c i e n t s  i n  Tab le  3 may be  used i n  t h e  

fo l l owing  way. F i r s t ,  s t a r t i n g  w i th  a  complete  set o f  m u l t i -  

r e g i o n a l  m i g r a t i o n  l e v e l s  8 .  one c a l c u l a t e s  t h e  m a t r i x  o f  m i -  
i l 

g r a t i o n  p r o b a b i l i t i e s  - P ( x )  f o r  eve ry  age ,  u s ing  equa t i on  11 and 

one  o f  t h e  two sets of  r e g r e s s i o n  c o e f f i c i e n t s  i n  Tab l e  3 .  (F igu re  

6 i l l u s t r a t e s  a  r ange  o f  such p r o b a b i l i t i e s  by way o f  example.) 

With P ( x )  - e s t a b l i s h e d ,  one t hen  may compute t h e  u s u a l  l i f e  t a b l e  

s t a t i s t i c s ,  such a s  t h e  s u r v i v o r s h i p  p r o p o r t i o n s  d e f i n e d  i n  equa- 

t i o n  8 and t h e  v a r i o u s  r e g i o n - s p e c i f i c  e x p e c t a t i o n s  o f  l i f e  a t  

each  age. The c o l l e c t i v e  r e s u l t s  of  t h e s e  computa t ions  c o n s t i t u t e  

a  model m u l t i r e g i o n a l  l i f e  t a b l e .  

3 . 3  F a m i l i e s  o f  Model Migra t ion  Schedules  

I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h e  e f f e c t s  on t h e  m i g r a t i o n  age  

p r o f i l e  o f  v a r i o u s  d i s a g g r e g a t i o n s  o f  o u r  d a t a  on t h e  U.S. pop- 

u l a t i o n  system. s p e c i f i c a l l y ,  w e  examine how t h e  r e g r e s s i o n  

c o e f f i c i e n t s  se t  o u t  e a r l i e r  i n  Tab le  3 ,  and i l l u s t r a t e d  below 

i n  F i g u r e  7 ,  respond t o  v a r i o u s  d i s a g g r e g a t i o n s  of t h e  e m p i r i c a l  

p o p u l a t i o n  on t h e  b a s i s  of  which t h e y  w e r e  e s t i m a t e d .  ~ i r s t ,  w e  
d i s a g g r e g a t e  t h e  t o t a l  p o p u l a t i o n  by sex .  Next,  w e  i n t r o d u c e  

a  d i s a g g r e g a t i o n  acco rd ing  t o  mean age.  Then w e  c o n s i d e r  a  
s p a t i a l  d i s a g g r e g a t i o n  o f  t h e  f o u r  Census Regions i n t o  t h e i r  



Table 3. Regression coefficients for obtaining 
model probabilities of migration. 

Age Total (1958) Total (1968) 

B 
- 2 
r B r 

2 

I 

0 0. L7392 0.94 0.22002 0.84 

5 0.13460 0.95 0.15553 0.89 

10 0.15736 0.86 0.15040 0.94 

15 0.30757 0.93 0.29195 0.85 

20 0.32271 0.72 0.26370 0.72 

2 5 0.23251 0.96 0.20037 0.90 

30 0.17897 0.95 0.17907 0.94 

35 0.12912 0.95 0.14392 0.96 

40 0.097 90 0.93 0.10397 0.95 

45 0.07522 0.86 0.07378 0.91 

50 0.06838 0.73 0.06352 0.76 

5 5 0.07347 0.63 0.07362 0.54 

60 0.08254 0.47 0.08320 0.43 

6 5 0.06086 0.50 0.06425 0.47 

7 0 0.04488 0.58 0.04919 0.64 

7 5 0.03019 0.67 0.03951 0.64 

80 0.01342 0.18 0.02058 0.63 

- 
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Figure 6. Age-specific model probabilities of migration at various levels of migration. 



c o n s t i t u e n t  n i n e  Census D i v i s i o n s .  F i n a l l y ,  we e x p l o r e  t h e  i m -  

p a c t  o f  an even f i n e r  d e c o n s o l i d a t i o n  by mean age .  

The two r e g r e s s i o n  c o e f f i c i e n t  p r o f i l e s  i n  F i g u r e  7 m i r r o r  

t h e  fundamental  age  p r o f i l e  o f  m ig ran t s  t h a t  was ana lyzed  e a r l i e r  

i n  t h i s  paper .  The p r i n c i p a l  d i f f e r e n c e s  between t h e  two co- 

e f f i c i e n t  p r o f i l e s  a r e  t h e  h i g h e r  and o l d e r  h i g h  peak i n  t h e  

1958 m i g r a t i o n  s chedu l e ,  and t h e  h i g h e r  and o l d e r  low p o i n t  o f  

t h e  co r r e spond ing  1968 schedu le .  Beyond t h e  m i d - t h i r t i e s  t h e  

two p r o f i l e s  a r e  q u i t e  s i m i l a r ,  w i t h  b o t h  showing a  r e t i r e m e n t  

peak i n  t h e  60-64 ,yea r -o ld  age  group. 

P r o f i l e  D i f f e r e n c e s  bv Sex 

A d i s a g g r e g a t i o n  o f  t h e  1968 deg re s s ion  c o e f f i c i e n t  p r o f i l e  

i n t r o d u c e s  impor t an t  v a r i a t i o n s  by s e x ,  a cco rd ing  t o  F i g u r e  8. 

The male c o e f f i c i e n t s  a r e  h i g h e r  from bhe v e r y  e a r l y  t e e n s  t o  

t h e  m i d - f o r t i e s  and are lower a t  a l l  o t h e r  age s .  The l o c a t i o n s  

o f  t h e  h i g h  peak and t h e  r e tk r emen t  peak a r e  t h e  same i n  bo th  

p r o f i l e s ,  b u t  t h e  low p o i n t  among males comes a t  a  younger age  

tha.n i n  females .  Also ,  t h e  r e t i r e m e n t  peak among females  is  

b roade r  and s t a r t s  a t  an e a r l i e r  age. 

P r o f i l e  D i f f e r e n c e s  by Mean Age 

F i g u r e  9  i n d i c a t e s  t h a t  a  d i v i s i o n  o f  m i g r a t i o n  s chedu l e s  

i n t o  "young" and "o ld"  c a t e g o r i e s  might  be  a  u s e f u l  way o f  d i s -  

a g g r e g a t i n g  t h e  r e g r e s s i o n  c o e f f i c i e n t s  i l l u s t r a t e d  i n  F i g u r e s  

7 and 8.  I t  shows two b a s i c  a g e  p r o f i l e s  which a r e  d i s t i n g u i s h -  

a b l e  by t h e  p r e sence  o f  a  h i g h  r e t i r e m e n t  peak i n  one  p r o f i l e  

and i t s  v i r t u a l  absence  i n  t h e  o t h e r .  W e  d e s i g n a t e  t h e  former  

p r o f i l e  a s  a  r e t i r e m e n t  p r o f i l e  and t h e  l a t t e r  as a  l a b o r  f o r c e  

p r o f i l e .  An a l t e r n a t i v e  d e s i g n a t i o n  i s  o l d  and young p r o f i l e ,  

r e s p e c t i v e l y .  

P r o f i l e  D i f f e r e n c e s  by S i z e  o f  Area l  Uni t  

Because m i g r a t i o n  normal ly  i s  d e f i n e d  a s  a c r o s s i n g  o f  a  

r e g i o n a l  boundary,  it is  clear t h a t  r educ ing  t h e  s i z e  o f  a  s p a t i a l  



u n i t  should  i n c r e a s e  t h e  l e v e l  of ou tmig ra t i on  from t h a t  u n i t ,  

s i n c e  some o f  t h e  moves t h a t  p r e v i o u s l y  d i d  n o t  c r o s s  ove r  t h e  

o l d  b o r d e r s  now w i l l  b e  recorded  a s  m i g r a t i o n s  over  t h e  new 

bo rde r s .  But what of  t h e  age  p r o f i l e  i n  each  ca se?  Should n o t  

t h i s  f e a t u r e  o f  t h e  observed mig ra t i on  'flows remain e s s e n t i a l l y  

unchanged, a t  l e a s t  f o r  t h e  r e l a t i v e l y  l a r g e  a r e a l  u n i t s ?  F igu re  

10 ( l i k e  F i g u r e l A b e f o r e  it) g i v e s  some ev idence  t h a t  t h i s  con- 

j e c t u r e  i s  v a l i d .  The two r e g r e s s i o n  c o e f f i c i e n t  p r o f i l e s  t h a t  

it i l l u s t r a t e s  w e r e  e s t i m a t e d  on t h e  b a s i s  of  t h e  same d a t a  se t ,  

u s i n g  f i r s t  a  n i n e  and t h e n  a  f ou r - r eg ion  s p a t i a l  d e l i n e a t i o n  

of  t h e  t o t a l  1958 U.S. popu l a t i on .  The f a c t  t h a t  t h e  former i s  

always h i g h e r  t h a n  t h e  l a t t e r  i s  perhaps  a  consequence of some 

confounding o f  p r o f i l e  and l e v e l  i n t roduced  by agg rega t i on  b i a s .  

P r o f i l e  D i f f e r e n c e s  by Seve ra l  Mean Age C l a s s e s  

The s p a t i a l  d i s a g g r e g a t i o n  of o u r  d a t a  from f o u r  t o  n i n e  

a r e a l  u n i t s  i n c r e a s e s  t h e  number of  o b s e r v a t i o n s  from 12 t o  7 2  

and t h e r e b y  a f f o r d s  u s  an  o p p o r t u n i t y  t o  examine t h e  impact  of 

a  f i n e r  c l a s s i f i c a t i o n  by mean age. S p e c i f i c a l l y ,  w e  now c o n s i d e r  

t h e  d i s a g g r e g a t i o n  of t h e  1958 r e g r e s s i o n  c o e f f i c i e n t  p r o f i l e  

i n t o  f o u r  i n s t e a d  o f  two mean age  c a t e g o r i e s :  "ve ry  young" - - 
( n i j  2 2 6 ) ;  "young" (26 c n i j  28):  "o ld"  (28 < ni j  3 0 ) ;  

- 
and "ve ry  o l d "  ( n i j  3 0 ) .  

Except f o r  v a r i a t i o n s  w i t h  r e s p e c t  t o  t h e  r e t i r e m e n t  peak,  

t h e  p r i n c i p a l  impact  o f  t h e  f i n e r  d i s a g g r e g a t i o n  by mean a g e  

appea r s  n o t  s o  much i n  t h e  a g e  p r o f i l e  a s  i n  t h e  r e l a t i v e  h e i g h t  

of t h a t  p r o f i l e  f o r  a  g iven  v a l u e  of  t h e  mig ra t i on  l e v e l  i O j .  

Thus, f o r  example, t h e  a g e  c u r v e  of  t h e  "ve ry  o l d "  p r o f i l e  i n  

F i g u r e  11 i s  a lmos t  everywhere h ighe r  t h a n  t h e  co r r e spond ing  

cu rve  o f  t h e  " v e r y  young" p r o f i l e ,  f o r  t h e  sane  Z e v e l  o f  m i g r a t i o n .  

The reason  f o r  t h i s  i s  n o t  immediately appa ren t  and merits f u r -  

t h e r  s t udy .  A p o s s i b l e  e x p l a n a t i o n  may l i e  i n  t h e  f a c t  t h a t  i 8 j  

i s  an  index  which combines an  a g e - s p e c i f i c  m ig ra t i on  p a t t e r n  

w i t h  a  s p e c i f i c  ( l i f e - t a b l e )  age  composi t ion .  T h i s  p a r t i c u l a r  

confounding o f  s chedu l e  and composi t ion  could  pe rhaps  g e n e r a t e  

t h e  v a r i a t i o n s  i n  p r o f i l e  h e i g h t s  t h a t  appear  i n  F i g u r e  11,  
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Figure 11. Regression coefficients for model migration schedules: total U.S. population, 
1958, by several mean age classes. 



a l t h o u g h  t h e  u n d e r l y i n g  dynamics of  t h i s  are by no means s e l f -  - 

e v i d e n t .  Consequent ly ,  it may w e l l  be  t h e  case t h a t  t h e  " f e r t -  

i l i t y  approach"  w i t h  i t s  f o c u s  on t h e  GMR as an  i n d e x  o f  migra-  

t i o n  l e v e l  h a s  a  b u i l t - i n  advan tage  o v e r  t h e  " m o r t a l i t y  approach" 

t h a t  w e  have been f o l l o w i n g  i n  t h i s  sec . t ion .  T h i s  p o s s i b i l i t y  

i s  c o n s i d e r e d  l a t e r  i n  t h i s  paper .  

The r e g r e s s i o n  c o e f f i c i e n t s  i l l u s t r a t e d  above i n  F i g u r e s  7  

th rough  11,  may be s a i d  t o  form f a m i l i e s  o f  model m i g r a t i o n  

p r o b a b i l i t i e s  o r  s c h e d u l e s .  Those a s s o c i a t e d  w i t h  d i f f e r e n t  

c a t e g o r i e s  o f  mean age  g i v e  "young" and " o l d "  p r o f i l e s ;  t h o s e  

t h a t  do  n o t  c o n s i d e r  mean a g e  a s  an  ind.ex g i v e  " a v e r a g e "  p r o f i l e s .  

W e  n e x t  i l l u s t r a t e  a n  a p p l i c a t i o n  of t h e  female  " a v e r a g e "  pro- 

f i l e  by c o n s t r u c t i n g  a specimen model m u l t i r e g i o n a l  l i f e  t a b l e .  

3 . 4  A p p l i c a t i o n :  I n f e r e n c e  

W e  have n o t e d  ea r l i e r  t h a t  s i n g l e - r e g i o n  l i f e  t a b l e s  nor-  

ma l ly  are computed u s i n g  obse rved  d a t a  on a g e - s p e c i f i c  d e a t h  

rates .  I n  c o u n t r i e s  l a c k i n g  r e l i a b l e  d a t a  on  d e a t h  r a t e s ,  how- 

e v e r ,  r e c o u r s e  i s  o f t e n  nade  t o  i n f e r e n t i a l  methods t h a t  r e l y  

on  model l i f e  t c b l ~ s  such  a s  t h o s e  p u b l i s h e d  by t h e  Uni ted  

E a t i o n s  (Uni ted  N a t i o n s ,  1967) .  These t a b l e s  are e n t e r e d  w i t h  

e m p i r i c a l l y  de termined s u r v i v o r s h i p  p r o p o r t i o n s  t o  o b t a i n  t h e  

p a r t i c u l a r  e x p e c t a t i o n  of  l i f e  a t  b i r t h  (and c o r r e s p o n d i n g  l i f e  

t a b l e )  t h a t  b e s t  matches  t h e  l e v e l s  of  m o r t a l i t y  i m p l i e d  by t h e  

obse rved  p r o p o r t i o n s .  

The i n f e r e n t i a l  p r o c e d u r e s  of  t h e  s i n g l e - r e g i o n  model ( t h e  

U . l V .  method,  s a y )  maybe extended t o  t h e  m u l t i r e g i o n a l  case (Rogers ,  

1975, Ch.6) .  Such an e x t e n s i o n  b e g i n s  w i t h  t h e  n o t i o n  o f  model  

m u Z t i r e g i o n a 2  l i f e  t a b l e s  and u s e s  a  s e t  o f  i n i t i a l  estimates o f  

s u r v i v o r s h i p  and m i g r a t i o n  p r o p o r t i o n s  t o  i d e n t i f y  t h e  p a r t i c u l a r  

combinat ion o f  r e g i o n a l  e x p e c t a t i o n s  of l i f e ,  d i s a g g r e g a t e d  by 

r e g i o n  of  b i r t h  and r e g i o n  o f  r e s i d e n c e ,  t h a t  b e s t  matches t h e  

l e v e l s  of  m o r t a l i t y  and m i g r a t i o n  i m p l i e d  by t h e s e  observed 

p r o p o r t  i o n s .  



Model M u l t i r e g i o n a l  L i f e  Tab les  

Model m u l t i r e g i o n a l  l i f e  t a b l e s  approximate  t h e  m o r t a l i t y  

and m i g r a t i o n  s chedu l e s  o f  a  m u l t i r e g i o n a l  p o p u l a t i o n  sys tem by 

drawing on t h e  r e g u l a r i t i e s  observed i n  t h e  m o r t a l i t y  and migra- 

t i o n  e x p e r i e n c e s  o f  comparable popu l a t i ons .  T h a t  i s ,  r e g u l a r i t i e s  

e x h i b i t e d  by m o r t a l i t y  and mig ra t i on  d a t a  c o l l e c t e d  i n  r e g i o n s  

where t h e s e  d a t a  a r e  a v a i l a b l e  and a c c u r a t e  a r e  used t o  sys temat -  

i c a l l y  approximate  t h e  m o r t a l i t y  and m i g r a t i o n  p a t t e r n s  o f  pop- 

u l a t i o n s  l a c k i n g  such  data ' .  Tab le  4 g i v e s  t h e  f o u r  r e g i o n a l  

e x p e c t a t i o n s  o f  l i f e  a t  b i r t h  and t h e  dozen mig ra t i on  l e v e l s  t h a t  

t o g e t h e r  c h a r a c t e r i z e  t h e  p a t t e r n s  o f  r e g i o n a l  m o r t a l i t y  and i n t e r -  

r e g i o n a l  m o b i l i t y  o f  U.S. females  i n  1968. I n t e r p o l a t i n g  i n  t h e  

"hEST" f a m i l y  of model l i f e  t a b l e s  developed by Coale  and Demeny 

(1966) ,  w e  f i r s t  o b t a i n  t h e  a p p r o p r i a t e  set  of  model p r o b a b i l i t i e s  

o f  d y i n g  a t  each  a g e  f o r  each  of o u r  f o u r  Census Regions. I n s e r t -  

i n g ,  i n  t u r n ,  e ach  of  t h e  dozen v a l u e s  of i 8 j  i n t o  e q u a t i o n  11,  

w i t h  B ( x )  t a k i n g  on t h e  column of  "average"  v a l u e s  i l l u s t r a t e d  

f o r  f ema l e s  i n  F i g u r e  8 ,  w e  may d e r i v e  i n i t i a l  approx imat ions  

f o r  p i j  (x). These p r o b a b i l i t i e s  o f  m i g r a t i o n  may t h e n  be  used  

i n  c o n j u n c t i o n  w i t h  t h e  a s s o c i a t e d  i n t e r p o l a t e d  model p r o b a b i l i t i e s  

o f  d y i n g  t o  o b t a i n  t h e  m a t r i x  o f  s u r v i v o r s h i p  p r a p o r t i o n s  d e f i n e d  

i n  e q u a t i o n  8 .  By a p p r o p r i a t e l y  man ipu l a t i ng  e q u a t i o n  7 ,  we 

a l s o  can  f i n d  t h e  a s s o c i a t e d  model m i g r a t i o n  r a t e s .  And t h e n ,  

f o l l o w i n g  t h e  normal compu ta t i ona l  p rocedures  o f  m u l t i r e g i o n a l  

l i f e  t a b l e  c o n s t r u c t i o n  (Rogers,  1975, Ch .3 ) ,  w e  may d e r i v e ,  

f o r  example, t h e  co r r e spond ing  m a t r i x  o f  e x p e c t a t i o n s  o f  l i f e  

a t  b i r t h ,  a p p r o p r i a t e l y  d i s a g g r e g a t e d  by r e g i o n  o f  b i r t h  and 

r e g i o n  o f  r e s i d e n c e .  U n f o r t u n a t e l y  t h e  l a t t e r  m a t r i x  u s u a l l y  

w i l l  n o t  y i e l d  t h e  same m i g r a t i o n  l e v e l s  t h a t  w e r e  used t o  gen- 

e r a t e  t h e  P ( x )  ma t r i x .  Such i n c o n s i s t e n c i e s  occu r  i n  t h e  - 
model l i f e  t a b l e s  o f  Coale  and Demeny (1966) .  To e l i m i n a t e  



them one must r e s o r t  t o  i t e r a t i o n .  Only i n  t h i s  way can  one 

o b t a i n  a  model m u l t i r e g i o n a l  l i f e  t a b l e  whose s t a t i s t i c s  and 

paramete r s  a r e  i n t e r n a l l y  c o n s i s t e n t .  

F igu re  12 i l l u s t r a t e s  f o u r  sets of  model m i g r a t i o n ' r a t e s  

t h a t  w e r e  g ene ra t ed  i n  t h e  c o u r s e  of  c o n s t r u c t i n g  o u r  specimen 

model m u l t i r e g i o n a l  l i f e  t a b l e  f o r  U.S. females .  Adjo in ing  t h e  

f o u r  model s chedu l e s  a r e  t h e  cor responding  e m p i r i c a l  s chedu l e s  

obse rved  i n  1965-1970. A comparison o f  t h e  two sets o f  s chedu l e s  

s u g g e s t s  t h a t ,  a l t hough  t h e  deg ree  o f  correspondence  i s  f a i r l y  

c l o s e ,  f u r t h e r  improvement would be  h i g h l y  d e s i r a b l e .  

The U.N .  Method Gene ra l i z ed  

The U.N .  method o f  o b t a i n i n g  i n i t i a l  a g e - s p e c i f l c  e s t i m a t e s  

o f  10-year s u r v i v o r s h i p  p r o p o r t i o n s  from two consecu t i ve .decen -  

n i a l  census-enumerated age  d i s t r i b u t i o n s  may be  g e n e r a l i z e d  t o  

m u l t i r e g i o n a l  popu l a t i on  sys tems i f  a g e - s p e c i f i c  p l a c e  o f  

r e s i d e n c e  by p l a c e  of  b i r t h  (PRPB) d a t a  a r e  a v a i l a b l e  f o r  bo th  

census  yea r s .  T h i s  e a s i l y  may be  demonst ra ted  by e x p r e s s i n g  

t h e  s i n g l e  r e g i o n  p rocedure  i n  a l g e b r a i c  form and r e v e r t i n g  t o  

m a t r i x  a l g e b r a  t o  d e f i n e  t h e  cor responding  m u l t i r e g i o n a l  method. 

F i r s t ,  w e  obse rve  t h a t  t h e  s i n g l e - r e g i o n  p rocedure  f o r  e s t i m a t i n g  

s ( x )  may b e  expressed  a s  fo l lows :  

1  o n  s ( x )  = 
K ( t + ' )  ( X  + 10)  = , ( t + l )  (x +  lo)^(^) ( x ) - '  1 ( I 3 )  

K ( x )  
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Table 4 .  Expec ta t ions  of l i f e  a t  b i r t h  and migra t ion  l e v e l s  by reg ion  o£ 
r e s idence  and reg ion  of b i r t h :  female United S t a t e s  populat ion,  
1968. 

where K ( ~ )  ( x )  denotes  t h e  number of  persons  aged I t o  r + 9 

y e a r s  a t  t i m e  t. Next w e  r e c a l l  t h e  m u l t i r e g i o n a l  demographic 

model t h a t  p r o j e c t s  popu la t ions  d i saggrega ted  by p l a c e  of  r e s i d -  

ence and p l a c e  of  b i r t h  (Rogers, 1975, p .172) :  

Normally our  i n t e r e s t  i n  t h i s  model c e n t e r s  on t h e  determina- 

t i o n  of K(x + 5 ) ,  g iven p a r t i c u l a r  numerical  v a l u e s  f o r  S ( x )  and 0 - - 
K(x) .  Now, however, w e  cons ide r  t h e  a p p l i c a t i o n  of  ( 1 4 )  t o  d e r i v e  0- 

S  (x )  given numerical  va lues  f o r  K (x )  and (x  + 5)  . C l e a r l y ,  - 0 - 

Tot a1 

7 4.56 
-a .OO> 

74.44 
(1.00) 

74.40 
(1.00) 

75.57 
(1.00) 

Region of 

B i r th  

1. Northeast 

2. North Cen t r a l  

3. South 

4. West 

and f o r  a  10-year age and t i m e  i n t e r v a l  

Region of Residence 

1 2 3 4 

54.13 5.08 10.11 5.25 
(0.7260) (0.0681) (0.1356) (0.0704) 

3.76 52.14 10.48 8.05 
(0.0506) (0.7005) (0.1408) (0.1081) 

5.06 7.88 54.53 6.93 
(0.0680) (0.1060) (0.7328) (0.0931) 

3.90 7.94 11.32 52.41 
(0.0516) (0.1051) (0.1497) (0.6936) 

Note t h a t  (15) i s  t h e  ma t r ix  express ion  of  (13) : 



Having found c rude  i n i t i a l  e s t i m a t e s  of  t h e  v a r i o u s  r e g i o n a l  

s u r v i v o r s h i p  and ou tmig ra t i on  p r o p o r t i o n s  by means of  t h e  PRPB 

method, w e  may c o n s t r u c t  t h e  a s s o c i a t e d ' l i f e  t a b l e  t o  o b t a i n  t h e  

r e g i o n a l  e x p e c t a t i o n s  o f  l i f e  a t  b i r t h  t h a t  a r e  impl ied  by t h e s e  

p r o p o r t i o n s  (Rogers,1975, pp. 85-88.) Then, a s  i n  t h e  s i n g l e -  

r e g i o n  c a s e ,  w e  may " a d j u s t "  ou r  i n i t i a l  e s t i m a t e s  o f  p r o b a b i l i t i e s  

o f  ou tmig ra t i on  and d e a t h  by i n t e r p o l a t i n g  i n  an  a p p r o p r i a t e  set 

of  model m u l t i r e g i o n a l  l i f e  t a b l e s  ' (Rogers ,  1975, pp. 185-189). 



4 .  MODEL MIGRATION SCHEDULES: THE FERTILITY APPROACH 

F e r t i l i t y  s chedu l e s  have long  been recogn ized  a s  e x h i b i t i n g  

a  fundamental  p a t t e r n  t h a t  p e r s i s t s  ove r  a  wide range  o f  human 

popu l a t i ons .  T h i s  r e c o g n i t i o n  h a s  f o s t e r e d  two r e l a t e d  r e s e a r c h  

e f f o r t s :  1 )  one concerned w i t h  t h e  a n a l y t i c  g r a d u a t i o n  o f  

f e r t i l i t y  c u r v e s  (Key f i t z ,  1968, Chap. 6; Hoem and Berge, 1975) 

and 2 )  t h e  o t h e r  focused on t h e  c o n s t r u c t i o n  o f  model f e r t i l i t y  

s chedu l e s  (Coale  and Demeny, 1966, p. 3 0 ) .  

I n  a  r e c e n t  paper ,  Coale  and T r u s s e l l  (1974) combine t h e s e  

two l i n e s  of  r e s e a r c h  t o  p rov ide  an a n a l y t i c  g r a d u a t i o n  o f  a  

s t anda rd  f e r t i l i t y  s chedu l e  from which a  wide v a r i e t y  of  f e r t i l i t y  

p a t t e r n s  can  be  d e r i v e d  by a s imple  t r a n s f o r m a t i o n  i nvo lv ing  f o u r  

parameters .  Observed f e r t i l i t y  p a t t e r n s  a r e  d e f i n e d  w i t h  r e s p e c t  

t o  t h e  n a t u r a l  f e r t i l i t y  o f  mar r ied  women. F e r t i l i t y  i s  h e l d  t o  

b e  a  f u n c t i o n  o f  n u p t i a l i t y  p a t t e r n s  ( c h a r a c t e r i z e d  by two para-  

meters) ,  c o n t r a c e p t i o n  ( c h a r a c t e r i z e d  by one p a r a m e t e r ) ,  and a 

f e r t i l i t y  l e v e l  ( c h a r a c t e r i z e d  by one pa r ame te r ) .  Such a  model 

seems t o  p rov ide  a  good f i t ,  and r e a d i l y  l e a d s  t o  methods f o r  

o b t a i n i n g  an a p p r o p r i a t e  f e r t i l i t y  s chedu l e  on t h e  b a s i s  o f  i n -  

adequat.e i ~ , f o r m a t i o n  r eya rd ing  t h e  f e r t i l i t y  regime o f  an  observed 

popu la t ion .  

I n  t h i s  s e c t i o n  of o u r  paper ,  w e  e x p l o r e  t h e  p o t e n t i a l  u t i l i t y  

o f  t h e  Coa le -Trusse l l  f e r t i l i t y  approach f o r  c o n s t r u c t i n g  model 

m ig ra t i on  schedu les .  I 

4.1 The Fundamental Components o f  Migra t ion  Schedules  

R e g u l a r i t i e s  i n  observed a g e - s p e c i f i c  s chedu l e s  o f  m ig ra t i on  

may be examined i n  a  number of i n t e r e s t i n g  ways. A p a r t i c u l a r l y  

u s e f u l  approach i s  t o  decompose t h e  m i g r a t i o n  s chedu l e  i n t o  t h r e e  

p a r t s ,  s e p a r a t i n g  t h e  m i g r a t i o n  rates of pe r sons  i n  t h e  l a b o r  f o r c e  age  

groups from t h o s e  o f  i n d i v i d u a l s  i n  t h e  pre-  and pos t - l abo r  f o r c e  

ages ,  r e s p e c t i v e l y .  Such a  decomposit ion g i v e s  r ise t o  t h e  t h r e e  

fundamental  cu rve s  i l l u s t r a t e d  i n  F igu re  13A: 

1 )  t h e  s i n g l e  n e g a t i v e  e x p o n e n t i a l  cu rve  o f  t h e  p r e - l abo r  

f o r c e  ages  w i t h  i t s  r a t e  of d e s c e n t ,  a l  ; 



FIGURE 13. DECONlPOSlTlOlU OF THE MIGRATION SCHEDULE 

a, = rate of descent of pre-labor-force curve 
A, = rate of ascent of labor force cl.lrve 
a, = rate of descent of labor force curve 
A, = rate of ascent of post-labor-force curve 
a, = rate of descent of post-labor-force curve 
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13.A THE MODEL MIGRATION SCHEDULE: 
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2 )  t h e  l e f t - skewed  unimodal cu rve  of  t h e  l a b o r  f o r c e  ages  

w i t h  i t s  r a t e s  o f  a s c e n t  and d e s c e n t ,  h 2  and a2 , 
r e s p e c t i v e l y ;  and 

3)  t h e  a lmost  be l l - shaped  cu rve  of t h e  pos t - l abo r  f o r c e  

ages  w i t h  i t s  r a t e s  o f  a s c e n t  and d e s c e n t ,  A 3  and 

a3 , r e s p e c t i v e l y .  (When no r e t i r e m e n t  peak i s  exhib-  

i t e d  by t h e  d a t a ,  t h i s  l a s t  cu rve  i s  supp re s sed . )  

For f u t u r e  r e f e r e n c e ,  F i g u r e  13A. a l s o  i n c l u d e s  t h e  c o n s t a n t  

cu rve  c, t o  which w e  s h a l l  r e f e r  l a t e r  i n  t h e  paper .  Its i n c l u s -  

i on  improves t h e  q u a l i t y  o f  f i t  provided by t h e  mathemet ica l  

model schedu le .  

F igu re  13B i l l u s t r a t e s  s e v e r a l  impor tan t  p o i n t s  a l ong  

t h e  age  p r o f i l e  o f  a  m ig ra t i on  schedu le :  i t s  low p o i n t ,  x l ,  i t s  

high peak,  x  and i t s  r e t i r e m e n t  peak, xr.  
P I  

Assoc ia ted  w i t h  

t h e  f i r s t  two p o i n t s  i s  t h e  l a b o r  f o r c e  s h i f t ,  X I  w h i c h . i s  

d e f i n e d  a s  t h e  d i f f e r e n c e  i n  y e a r s  between t h e  ages  o f  t h e  low 

p o i n t  and t h e  h igh  peak, i .e .  X = x  - xl. Assoc i a t ed  w i t h  t h i s  
P  

s h i f t  i s  t h e  jump, t h e  i n c r e a s e  i n  t h e  mig ra t i on  r a t e  o f  i n d i v i -  

d u a l s  aged x  ove r  t h o s e  aged xl. 
P  

Another impor t an t  s h i f t  i n  observed m i g r a t i o n  s c h e d u l e s  

a r i s e s  o u t  o f  t h e  c l o s e  correspondence  between t h e  m i g r a t i o n  

r a t e s  of c h i l d r e n  and t h o s e  o f  t h e i r  p a r e n t s .  I f ,  f o r  each  

p o i n t  x on t h e  p r e - l abo r  f o r c e  p a r t  of  t h e  mig ra t i on  cu rve ,  

w e  o b t a i n  by i n t e r p o l a t i o n  t h e  p o i n t ,  x  + Ax, s ay ,  on t h e  

l a b o r  f o r c e  cu rve  t h a t  y i e l d s  t h e  i d e n t i c a l  r a t e  o f  m i g r a t i o n ,  

t h e n  t h e  average  o f  t h e  v a l u e o f  A c a l c u l a t e d  f o r  t h e  f i r s t  
X '  

14 y e a r s  o f  age ,  

w i l l  b e  d e f i n e d  t o  be  t h e  observed p a r e n t a l  s h i f t .  

Tab l e  5 p r e s e n t s  numer ica l  approximat ions  o f  t h e  observed 

p a r e n t a l  s h i f t  f o r  e i g h t  Swedish r e g i o n s  (viksomrgden),  w i t h  

s i n g l e  y e a r  a g e - s p e c i f i c  m ig ra t i on  and popu l a t i on  d a t a  f o r  1974 
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( S t o c h a s t i c  v a r i a t i o n s  i n  t h e  r a t e s  were f i r s t  smoothed o u t  by 

Michael S t o t o  us ing a  method descr ibed  i n  Tukey (1977) c a l l e d  

"non-l inear  smoothing").  The r e s u l t s  i n d i c a t e  t h a t  t h e  observed 

p a r e n t a l  s h i f t  was roughly 26 t o  28 y e a r s  f o r  females w i th  about  

an a d d i t i o n a l  two y e a r s  f o r  males. The l a s t  row i n  t h e  t a b l e  

sugges t s  t h a t  t h e  p a r e n t a l  s h i f t  may be c l o s e l y  approximated 

by t h e  mean age of ch i ldbea r ing ,  (S to to ,  1977).  

4.2 Surnmarizinq t h e  R e g u l a r i t i e s :  Curve-Fi t t ing  

Our examination of  t h e  r e g u l a r i t i e s  i n  observed migra t ion  

schedules  suggested a  decomposition i n t o  t h r e e  curves:  a  s i n g l e  

nega t ive  exponent ia l  and two skewed unimodal bel l -shaped f u n c t i o n s .  

The obvious mathematical  express ion  f o r  t h e  f i r s t  i s  ae-ax; t o  

r e p r e s e n t  t h e  o t h e r  two, we have adopted t h e  "double exponent ia l "  

developed by Coale and McNeil (1972):  

And, because observed migra t ion  r a t e s  do n o t  drop t o  ze ro  wi th in  

t h e  range of pos t - l abo r  f o r c e  ages normally recorded ,  an a d d i t i o n a l  

c o n s t a n t  t e r m  ( t h e  c  i n  F igure  13A) needs t o  be included.  W e  

have then a  model migra t ion  schedule  t h a t  i s  t h e  s imple  sum of  

fou r  cu rves ,  namely: 

The " f u l l "  model schedule  i n  (17) has  11 parameters:  a l ,  a l ,  a 2 ,  

p 2 ,  a 2 ,  A * ,  a3 ,  p3 ,  a3 ,  A 3 ,  and c .  Migrat ion schedules  wi thout  a 

r e t i r e m e n t  peak may be  r ep re sen ted  by a  "reduced" model wi th  7  

parameters ,  because i n  such i n s t a n c e s  t h e  t h i r d  component o f  (17) 

i s  omi t ted .  I l l u s t r a t i v e  va lues  f o r  t h e  model s chedu le ' s  paramet- 

e r s  a r e  s e t  o u t  i n  Table  6. 
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Having chosen t h e  p a r t i c u l a r  f u n c t i o n  i n  (17) t o  r e p r e s e n t  

a g e - s p e c i f i c  m i g r a t i o n  s chedu l e s ,  one t h e n  i s  faced  w i t h  t h e  

problem o f  s e l e c t i n g  a  method f o r  f i t t i n g  t h e  f u n c t i o n  t o  observed 

mig ra t i on  d a t a .  P r ev ious  r e s e a r c h  i n  t h e  a n a l y t i c  g r a d u a t i o n  o f  

f e r t i l i t y  s chedu l e s  h a s  shown t h a t  moment t y p e  e s t i m a t o r s  may 

be i n c o n s i s t e n t  and do n o t  compare f a v o r a b l y  w i t h  f u n c t i o n a l  

min imiza t ion  methods such a s  minimum ch i - squa re  o r  l e a s t  square3  

e s t i m a t i o n  p rocedures  (Hoem, 1972,and Hoem and Berge, 1975) .  

Leas t  s q u a r e s  parameter  e s t i m a t e s  a r e  p r e sen t ed  i n  Tab le  6.  

Minimum ch i - squa re  e s t i m a t e s  a r e  a l s o  i nc luded  f o r  t h e  U.S. d a t a ,  

f o r  purposes  of  comparison. The d i f f e r e n c e s  between t h e  two sets 

of  p a r a m e t r i c  e s t i m a t e s  t e n d  t o  be  s m a l l ,  and because  t h e  l a t t e r  

g i v e  more we igh t  t o  age  groups w i th  s m a l l e r  r a t e s  o f  m i g r a t i o n ,  

w e  u se  minimum ch i - squa re  e s t i m a t o r s  i n  t h e  remainder  o f  t h e  paper .  

To assess  t h e  q u a l i t y  o f  f i t  t h a t  t h e  model s chedu l e  p rov ide s  

when it is  a p p l i e d  t o  observed d a t a ,  two i n d i c e s  o f  goodness-of- 

f i t  have been i nc luded  i n  Table  6: t h e  ch i - squa re  s t a t i s t i c ,  

X 2 ,  and thewmean a b s o l u t e  e r r o r  a s  a  pe r cen t age  of  t h e  observed 

mean" , 

Both measures i n d i c a t e  t h a t  t h e  f i t  o f  t h e  model t o  t h e  d a t a  

i s  remarkably good. 

The numer ica l  v a l u e s  i n  Tab l e  6 sugges t  p o s s i b l e  s i m p l i f i -  

c a t i o n s  o f  t h e  model: 

1 )  To t h e  e x t e n t  t h a t  t h e  mig ra t i on  r a t e s  o f  c h i l d r e n  

m i r r o r  t h o s e  o f  t h e i r  p a r e n t s ,  t h e  parameter  a, shou ld  

b e  approx imate ly  equa l  t o  a2.  Tab l e  6 i n d i c a t e s  t h a t  

t h i s  i s  indeed t h e  c a s e  f o r  t h e  mig ra t i on  s chedu l e s  

o f  t h e  U.S., Poland and Sweden. Thus a  r e a s o n a b l e  



s i m p l i f i c a t i o n  of  t h e  model i s  t o  assume t h a t  a l  = a2 .  

2)  ~ x p e r i m e n t s  w i th  a wide range of  empi r i ca l  mig ra t ion  

schedules  sugges t  t h a t  t h e  r a t i o  of  t h e  rate of d e s c e n t ,  

a ,  t o  t h a t  o f  t h e  r a t e  of a s c e n t ,  A ,  does  n o t  va ry  

g r e a t l y ,  p a r t i c u l a r l y  f o r  t h e  r e t i r e m e n t  peak. W e  

assume, t h e r e f o r e ,  t h a t  

- "3 - a cons t an t  = 5,  say .  & 3 - 5 -  

The above two s i m p l i f i c a t i o n s  reduce t h e  number of  parameters  

i n  t h e  f u l l  model t o  9 and i n  t h e  reduced model t o  6 .  Table  7 

compares t h e  f i t s  of  t h e  o r i g i n a l  model w i th  t h o s e  of  t h e  s i m -  

p l i f i e d  model f o r  d a t a  on t h e  U . S , ,  Sweden, and e i g h t  Swedish 

r eg ions  def ined  by Arne Arvidsson c f  t h e  Swedish Cen t r a l  Bureau 

of  S t a t i s t i c s  (who a l s o  k i n d l y  provided t h a t  d a t a ) .  F igu re s  14 

and 15 i l l u s t r a t e  g r a p h i c a l l y  t h e  c l o s e n e s s  of t h e  f i t  of t h e  

s i m p l i f i e d  model mig ra t ion  schedule  t o  t h e  Swedish r e g i o n a l  d a t a .  

I t  appears  t h a t  l i t t l e  in format ion  i s  l o s t  by s i m p l i f y i n g  t h e  

model, and w e  t h e r e f o r e  adopt  t h e  s i m p l i f i e d  f u l l  and reduced 

models f o r  a l l  a n a l y s e s  d e s c r i b e d  i n  t h e  rest of  t h i s  paper .  

4.3 F a m i l i e s  o f  Model Migra t ion  Schedules 

Model mig ra t ion  schedules  of t h e  o r i g i n a l  form s p e c i f i e d  

i n  ( 1 7 ) ,  o r  of  t h e  s i m p l i f i e d  form d e s c r i b e d  above, may be  

c l a s s i f i e d  i n t o  f a m i l i e s  accord ing  t o  t h e  v a l u e s  taken on by 

t h e i r  p r i n c i p a l  parameters .  For example, w e  may d i s t i n g u i s h  

t h o s e  schedules  w i th  a r e t i r e m e n t  peak from t h o s e  wi thout ;  o r  

w e  may r e f e r  t o  schedules  w i th  r e l a t i v e l y  low o r  high v a l u e s  

f o r  t h e  r a t e  of  a s c e n t  a2.  I n  many a p p l i c a t i o n s ,  it i s  a l s o  

meaningful and convenien t  t o  c h a r a c t e r i z e  t h e  model s chedu le s  

i n  t e r m s  o f  s e v e r a l  o f  t h e  fundamental measures i l l u s t r a t e d  i n  

F igure  13, such a s  t h e  low p o i n t  xl,  t h e  h igh  peak x t h e  l a b o r  
P I  

f o r c e  s h i f t  X ,  t h e  p a r e n t a l  s h i f t  A ,  and t h e  jump B. 

The s i m p l i f i e d  model mig ra t ion  schedule  has  a b u i l t - i n  

p a r e n t a l  s h i f t  which can b e  de f ined  a n a l y t i c a l l y .  S h o r t l y  a f t e r  
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Table  7 .  The o r i g i n a l  and t h e  s i m p l i f i e d  model m i g r a t i o n  

schedu lesa :  g o o d n e s s - o f - f i t s  and r a t e s  o f  d e s c e n t  

Simplified modelC 

MAE/M , a l  = a 2  

Region Orisinal Model b 

United States, 1966-71 

Males 3.41 0.1141 0.0999 
Females 3.96 0.1177 0.1216 

Sweden, 1968-73 

Males 
Females 

Swedish Regions, 1974 

1. Stockholm 

Males 
Females 

2. Upper East 

Males 6.42 0.0811 0.0858 
Females .7.37 0.1000 0.1030 

3.  Lower East 

Hales 
Females 

4. South 

Males 
Females 

5. West 

Males 
Females 

6. Lower North 

Males 
Females 

7. Middle North 

Males 
Females 

8. Upper North 

Males 14.88 0.1356 0.1140 
Females 13.28 0.1261 0.1417 

a Minimum ch i - square  e s t i m a t e s  

b 1 1  pa ramete r  f u l l  model f o r  Stockholm and Upper E a s t  o n l y ;  
i n  a l l  o t h e r  c a s e s  t h e  7 pa ramete r  reduced model was used.  

c 9 pa ramete r  ( 6  = 5)  s i m p l i f i e d  f u l l  model f o r  Stockholm and 
3 

Upper E a s t  o n l y ;  i n  a l l  o t h e r  c a s e s  t h e  6 pa ramete r  s i m p l i f i e d  
model was used.  



t h e  high peak, t h e  l a b o r  f o r c e  curve can be c l o s e l y  approximated 

by t h e  func t ion  a2e-a2(x2-%2) . Recal l ing  t h a t  t h e  pre- labor  
-a X 

f o r c e  c u r v e i s  given by a  e 2 1 when a l  = a 2 ,  w e  may equa te  t h e  1 
two f u n c t i o n s  and s o l v e  f o r  t h e  d i f f e r e n c e  i n  ages ,  x2 - x l ,  t o  f i n d  

our  new a n a l y t i c a l  d e f i n i t i o n  of  t h e  p a r e n t a l  s h i f t .  

Table  8 compares t h e  v a l u e s  of t h i s  a n a l y t i c a l l y  de f ined  

p a r e n t a l  s h i f t  wi th  t h e  corresponding observed p a r e n t a l  s h i f t s  

set  o u t  e a r l i e r  i n  Table  5. The two d e f i n i t i o n s  appear  t o  

produce s i m i l a r  numerical  v a l u e s ,  b u t  t h e  a n a l y t i c a l  d e f i n i t i o n  

has  t h e  advantage of be ing  s imple r  t o  compute, and it is  a  more 

r igo rous  d e f i n i t i o n .  

I n  a d d i t i o n  t o  t h e  p a r e n t a l  s h i f t ,  t h r e e  o t h e r  measures a r e  

s u f f i c i e n t  t o  c h a r a c t e r i z e  t h e  p r o f i l e  of  a  s i m p l i f i e d  model 

migra t ion  schedule  wi thout  a  r e t i r e m e n t  peak. They a r e :  t h e  low 

p o i n t ,  t h e  high peak, and t h e  rate of descen t .  
2 

Taken t o g e t h e r  

t h e  f o u r  measures vary i n  a  r e g u l a r  manner, and by us ing  an ap- 

p r o p r i a t e  cha in  of i n f e r e n c e s ,  it i s  p o s s i b l e  t o  i d e n t i f y  t h e  

p a r t i c u l a r  age  p r o f i l e  t h a t  t h e y  s p e c i f y .  

F igu re  16 shows t h a t  f o r  a  given va lue  of t h e  p a r e n t a l  s h i f t ,  

t h e  l a b o r  f o r c e  s h i f t ,  X ,  v a r i e s  a s  a  f u n c t i o n  on ly  of t h e  r a t e  

of descen t  a and t h e  r a t e  of a s c e n t  I .  For a  g iven  se t  o f  va lues  

f o r  xl,  x  a  and A,  it i s  t h e r e f o r e  p o s s i b l e  t o  i n f e r  t h e  va lues  
P,  

of  A and p. Enter ing  F igure  16 w i th  x  - x l ,  a ,  and A,  w e  o b t a i n  
P 

A .  With v a l u e s  f o r  A ,  a ,  and A it i s  p o s s i b l e  t o  e n t e r  F igure  17 t o  

2 
No d i r e c t  a n a l y t i c a l  exp res s ion  seems t o  e x i s t  f o r  computing 

t h e  low p o i n t  and t h e  high peak. However, t h e i r  v a l u e s  may be 

c a l c u l a t e d  by means o f  an i t e r a t i v e  numerical  procedure  t h a t  

seeks  t h e  age  a t  which t h e  sum of two d e r i v a t i v e s  a long  t h e  mig- 

r a t i o n  age p r o f i l e  is zero .  
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Parental Shift A = 23 
,-, Parental Shift A = 29 

THE RATE OF ASCENT 

FIGURE 16. GRAPH OF THE LABOR FORCE SHIFT AGAINST THE RATE 
OF ASCENT FOR TWO VALUES OF THE PARENTAL SHIFT 



ob ta in  t h e  va lues  of x - p, and t h e r e f o r e  of p. With va lues  
P  

f o r  a ,  X ,  p we have def ined  t h e  p r o f i l e  (bu t  n o t  t h e  l e v e l )  of 

a  model migrat ion schedule.  To ob ta in  t h e  l e v e l  we a l s o  need 

va lues  for  a ,  , a2 ,  and c.  

Prel iminary empir ica l  exp lo ra t ions  i n d i c a t e  t h a t  p r o f i l e  

i n d i c e s  such a s  t h e  low p o i n t ,  t h e  high peak, and t h e  two s h i f t s  

a r e  somewhat more " robus t"  d e s c r i p t i v e  measures of r e g u l a r i t i e s  

i n  empir ica l  migrat ion schedules than a r e  l e v e l - r e  Zated i n d i c e s ,  

such a s  t h e  fundamental model parameters a and A .  Perhaps,  t h i s  
i s  because t h e  former a r e  "purer"  i n d i c a t o r s  of p r o f i l e :  they 

do n o t  confound measures r e f l e c t i n g  l e v e l s  (such a s ,  f o r  example, 

t h e  GMR and t h e  jump) wi th  measures i n d i c a t i n g  l o c a t i o n s  along 

t h e  age a x i s .  This a t t r i b u t e  of such p r o f i l e  i nd ices  i s  suggested 

i n  Table 9 ,  i n  which both sets of i n d i c a t o r s  a r e  presented f o r  

i n t e r - r e g i o n a l  migrat ion alone and f o r  i n t e r -  p lus  i n t r a - r e g i o n a l  

(intercommunal) migrat ion taken toge ther .  The r e s u l t s  a r e  by 
no means c l e a r - c u t ,  bu t  they do suggest  a  poss ib ly  f r u i t f u l  d i r -  

e c t i o n  f o r  f u r t h e r  s tudy .  

4 . 4  Appl icat ion:  Graduation and I n t e r p o l a t i o n  

Among t h e  va r ious  a n a l y t i c a l  and p r a c t i c a l  a p p l i c a t i o n s  of 

t h e  model migra t ion  schedule concept descr ibed  above, t h e  most 

immediately obvious one i s  t h e  es t imat ion  of s ing le-year  mig- 

r a t i o n  r a t e s  from d a t a  repor ted  only by f ive-year  age i n t e r v a l s .  

A s  a  by-product of t h i s  opera t ion  one a l s o  ob ta ins  t h e  va r ious  

fundamental parameters and p r o f i l e  i n d i c e s  descr ibed  e a r l i e r .  

Migration r a t e s  f o r  f ive-year  age i n t e r v a l s  a r e  weighted 

l i n e a r  combinations of  t h e  corresponding s ingle-year  r a t e s ,  where 

each p a r t i c u l a r  weight i s  t h e  propor t ion  of  t h e  populat ion i n  

t h e  f ive-year  age i n t e r v a l  t h a t  f a l l s  wi th in  a  p a r t i c u l a r  s i n g l e  

year  of  age i n s i d e  of  t h e  i n t e r v a l .  For purposes of i n t e r p o l a t i o n ,  

t h e s e  weights  may be der ived  from an observed age composition, 

o r  t h e i r  va lues  may be assumed t o  fol low those  of some "s tandard"  

populat ion composition, e .g . ,  a  s t a b l e  populat ion.  

Given a  range of populat ion weights by s i n g l e  yea r s  of age 

and a  set  of observed migrat ion r a t e s  by f ive-year  age i n t e r v a l s ,  

w e  may search  f o r  t h e  model migrat ion schedule  t h a t  reproduces 
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FIGURE 17. GRAPH OF THE PEAK TO MEAN DISTANCE AGAINST THE RATE 
OF ASCENT FOR TWO VALUES OF THE PARENTAL SHIFT 
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b e s t  ( i n  t h e  l e a s t  squares  o r  minimum chi-square sense)  t h e  

set of observed migrat ion r a t e s .  Formally, t h e  e s t ima t ion  

a lgor i thm i s  p r e c i s e l y  t h e  same a s  before;  only t h e  c r i t e r i o n  

func t ion  t o  be minimized i s  s l i g h t l y  a l t e r e d .  

Table 10 p resen t s  t h e  r e s u l t s  of fou r  such graduation- 

i n t e r p o l a t i o n  experiments using t h e  r eg iona l  d a t a  f o r  Sweden. 

I n  it a r e  con t ra s t ed  t h e  goodness-of-fi t  s t a t i s t i c s ,  parameter 

e s t ima tes ,  and l e v e l  and p r o f i l e  i nd ices  produced i n  t h e  course  

of f i t t i n g  t h e  model schedule  t o  migrat ion d a t a  by s ingle-year  

and f ive-year  i n t e r v a l s  of age. The r e s u l t s  show t h a t  t o  a  

remarkable e x t e n t ,  f ive-year  age i n t e r v a l  d a t a  may be used i n  

p lace  of t h e  gene ra l ly  s c a r c e r  migrat ion d a t a  by s i n g l e  yea r s  

of age. Information contained i n  85 one-year age group r a t e s  

may be i n f e r r e d  q u i t e  a c c u r a t e l y  from 17 f ive-year  age group 

r a t e s .  

Figure  18 i l l u s t r a t e s  g r a p h i c a l l y  t h e  q u a l i t y  05 t h e  f i t  

provided by t h e  g radua t ion - in t e rpo la t ion  procedure t o  d a t a  on 

t h e  migrat ion of males o u t  of Stockholm and inc ludes ,  f o r  ~ u r p o s e s  

of c o n t r a s t ,  t h e  f i t  provided t o  t h e  same inpu t  d a t a  of a  cubic  

s p l i n e  (McNeil, T r u s s e l l ,  and Turner,  1977). Note t h a t  t h e  

s p l i n e  i n t e r p o l a t i o n  i s  less accura t e  i n  i d e n t i f y i n g  t h e  retire- 

ment peak, and it in t roduces  a  break i n  t h e  curve (an i n f l e c t i o n  

po in t )  a t  age 35. 

3 ~ s  an a d d i t i o n a l  i n d i c a t o r  of t h e  q u a l i t y  of  t h e  f i t ,  w e  inc lude  

a  p l o t  of t h e  r e s i d u a l s  a t  t h e  bottom of t h e  graph. These may 

be reduced t o  zero  by f u r t h e r  i n t e r p o l a t i o n ,  bu t  t h e  model schedule 

then  l o s e s  i t s  smooth r e g u l a r i t i e s .  






















