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Preface 

Interest in human settlement systems and policies has been 
a critical part of urban-related work at IIASA since its incep- 
tion. Recently this interest has given rise to a concentrated 
research effort focusing on migration dynamics and settlement 
patterns. Four sub-tasks form the core of this research effort: 

I. the study of spatial population dynamics; 

11. the definition and elaboration of a new research 
area called demometrics and its application to 
migration analysis and spatial population fore- 
casting; 

111. the analysis and design of migration and settle- 
ment policy; 

IV. a comparative study of national migration and 
settlement patterns and policies. 

As part of the comparative study of migration and settle- 
ment, IIASA ,is developing a set of computer programs for spatial 
demographic analysis. A first set of programs has already been 
published (RM-76-58). This paper presents another set --- one 
focusing on 'the analysis of stationary and stable multiregional 
populations. 

Related papers in the comparative studies series, and other 
publications of the migration and settlement study, are listed 
on the back page of this report. 

Andrei Rogers 
Chairman 
Human Settlement & Services 
Area 

May 1977 
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A b s t r a c t  

T h i s  r e p o r t  p r e s e n t s  t h e  a l g o r i t h m s  and l i s t s  t h e  
FORTRAN I V  codes  o f  computer programs f o r  t h e  a n a l y s i s  
of  m u l t i r e g i o n a l  p o p u l a t i o n  sys tems.  I t  i s  a  c o n t i n u a t i o n  
of t h e  IIASA r e p o r t  RM-76-58. The f o l l o w i n g  t o p i c s  a r e  i n -  
c luded :  m o b i l i t y  and f e r t i l i t y  a n a l y s e s  o f  l i f e  t a b l e  
and s t a b l e  p o p u l a t i o n s ;  methodology and a p p l i c a t i o n s  o f  
t h e  s p a t i a l  r e p r o d u c t i v e  v a l u e ;  and t h e  s t u d y  of  t h e  
s p a t i a l  demographic impac t s  o f  f e r t i l i t y  reduced t o  r e -  
placement  l e v e l .  T h i s  r e p o r t  f o c u s e s  on t h e  i n t e r p r e t a t i o n  
o f  t h e  o u t p u t  o f  t h e  computer programs. 
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More Computer Programs for 

SDatial Demoara~hic Analvsis 

One of the objectives of the Migration and Settlement Study 

at IIASA is to develop a package of computer programs for spatial 

demographic analysis. The reasoning has been that a basic re- 

quirement for an effective policy regarding the growth and the 

distribution of the population is a well-developed understanding 

of spatial population dynamics. Such an understanding is enhanced 

if the analyst and the policy-maker are provided with a ready tool 

for analysis, one which encompasses both the existing methodolo- 

gical knowledge and the computational procedures necessary to 

implement the methodology. This tool is a set of computer pro- 

grams. 

A first set of programs for spatial demographic analysis 

has already been published (Willekens and Rogers, 1976) . They 

include the computation of the multiregional life table and the 

projection of a multiregional population system forward in tkme 

until it stabilizes. This paper focuses on the analysis of 

stable populations.' It consists of seven sections. The first 

section focuses on the basic input for the analysis: the age 

and regional distribution of the population. Demographers use 

three types of population distributions: the observed population 

distribution, the stationary population distribution, as expressed 

by the life table, and the stable population distribution. For 

each type of distribution fertility, mortality and mobility 

analyses may be performed. This is the task of sections two to 

five. Sections two and four deal with fertility analysis; 

section three treats mobility; and section five derives inter- 
esting stable population characteristics. The sixth section 

studies the spatial consequences of a sudden drop of fertility 

' A  stable population is a population in steady-state equili- 
brium. It is a zero-growth population only if the stable rate 
of growth is zero. 



t o  replacement  l e v e l .  The c h a r a c t e r i s t i c s  of  s p a t i a l  ZPG-popu- 

l a t i o n s  a r e  d e r i v e d  numer i ca l l y  and a n a l y t i c a l l y .  The l a s t  

s e c t i o n  of t h e  paper  p r e s e n t s  a  u s e r - o r i e n t e d  d e s c r i p t i o n  of  

t h e  computer programs. The a c t u a l  l i s t i n g s  o f  t h e  programs 

a r e  con t a ined  i n  t h e  Appendix. 

T h i s  paper  f ocuse s  on t h e  i n t e r p r e t a t i o n  o f  t h e  o u t p u t  of  

t h e  computer programs. A l l  numerica l  i l l u s t r a t i o n s  r e f e r  t o  

t h e  same r e a l  two-region system: S loven i a  and t h e  R e s t  o f  

Yugoslavia.  The demographic d a t a  on which t h e  computa t ions  a r e  

based r e f e r  t o  t h e  yea r  1961 and a r e  g iven  i n  Rogers (1 975a) . 
The same example has  been used t o  i l l u s t r a t e  t h e  p r ev ious  pro- 

grams (Wil lekens  and Rogers,  1976) .  The m u l t i r e g i o n a l  l i f e  

t a b l e  and t h e  s t a b l e  popu l a t i on  computed t h e r e  a r e  used a s  

i n p u t  i n fo rma t ion  i n  t h i s  pape r .  

1 .  THE POPULATION DISTRIBUTION BY AGE AND REGION 

The dynamics o f  a  m u l t i r e g i o n a l  popu l a t i on  system a r e  

governed by f e r t i l i t y ,  m o r t a l i t y  and mig ra t i on .  Age-spec i f i c  

r a t e s  of  f e r t i l i t y ,  m o r t a l i t y  and mig ra t i on  a r e  t h e  fundamental  

components o f  demographic a n a l y s i s  (Rogers and Wil lekens  , 1976c) . 
They de te rmine  n o t  on ly  t h e  growth of  t h e  p o p u l a t i o n ,  b u t  a l s o  

( i n  t h e  long  run )  i t s  age  composi t ion ,  s p a t i a l  d i s t r i b u t i o n ,  

and c r u d e  r a t e s .  

The o b s e r v a t i o n  t h a t  a  unique  combination o f  a g e - s p e c i f i c  

r a t e s  r e s u l t s  i n  a  p a r t i c u l a r  age  and r e g i o n a l  composi t ion  

has  induced demographers t o  r e ad  i n  each popu l a t i on  d i s t r i b u t i o n  

a  p a r t i c u l a r  sequence of  v i t a l  r a t e s .  "The demographic h i s t o r y  

of  a  popu l a t i on  i s  i n s c r i b e d  i n  i t s  age  d i s t r i b u t i o n "  ( K e y f i t z ,  

e t  a l . ,  1967, p. 862; see a l s o  Namboodiri, 1969) .  For example, 

an observed popu l a t i on  d i s t r i b u t i o n  (popu l a t i on  pyramid) re- 

f l e c t s  p e r i o d s  o f  h igh  f e r t i l i t y  (baby boom) and h igh  m o r t a l i t y  

( w a r s ) .  A p a r t i c u l a r l y  u s e f u l  way f o r  unde r s t and ing  how t h e  

age  and r e g i o n a l  s t r u c t u r e  of a  popu l a t i on  i s  de te rmined ,  i s  t o  

imagine a  p a r t i c u l a r  d i s t r i b u t i o n  a s  d e s c r i b i n g  a  popu l a t i on  

which ha s  been s u b j e c t e d  t o  c o n s t a n t  f e r t i l i t y ,  m o r t a l i t y  and 

mig ra t i on  s chedu l e s  f o r  a  prolonged p e r i o d  of  t i m e .  The 



population that develops under such circumstances is called 

a stable multiregional population. 

We may now reverse the procedure and derive the population 

distribution that would evolve if the actual observed schedules 

would remain unchanged for a prolonged period of time. This is 

the stable population associated with the observed demographic 

behavior. It is obvious that the age-specific rates do not 

remain constant and therefore that a stable population will never 

be realized. However, the stable population is a concept that 

enables us to look behind observed rates to explore what is 

hidden in the current fertility, mortality, and migration behav- 

ior. It shows where the system is heading,.in the long run, 

under the current demographic forces. Keyfitz (1972, p. 347) 

compares stable population analyses with "microscopic examina- 

tions" because they magnify the effects of differences in current 

rates and therefore show more clearly their true meaning. 

Rogers (1971, p. 426) and Coale (1972, p. 52) compare these to 

."speedometer readings" to emphasize their monitoring function and 

hypothetical nature. 

In addition to the observed population distribution and the 

stable population distribution associated with the observed 

fertility, mortality and migration schedules, demographers 

usually consider a third population distribution, namely the 

distribution of the life table population. The multiregional 

life table is a device for exhibiting the mortality and mobil- 

ity history of an arbitrary birth cohort or radix. The repre- 

sentation and interpretation of life table and stable 

populations will now be discussed in some more detail. 

1.1 The Life Table Po~ulation 

The population distribution that results from applying given 

mortality and migration schedules to regional radices is repre- 

sented by R (x) and L (x) of the life table (Rogers, 1975a) . The - - 
matrix R(x) represents the distribution of the population of - 
exact age x, whereas L(x) denotes the distribution of the popu- - 
lation in age group x to x + h, with h being 5 (age intervals 



of 5 y e a r s ) .  The m a t r i x  R ( x )  w i l l  be  used  i n  t h e  c o n t i n u o u s  - 
models ,  and L ( x )  f o r  t h e  d i s c r e t e  app::oximations o f  t h e  con- - 
t i n u o u s  models .  For  example,  f o r  a  two-region  sys tem,  

For  u n i t  r e g i o n a l  r a d i c e s ,  an  e l ement  L . ( x )  d e n o t e s  i 0  7 
t h e  number o f  p e o p l e  o f  r e g i o n  j i n  age  g r o u p  x  t o  x  + 4 ,  who 

9 
L 

were born  i n  r e g i o n  i ,  p e r  u n i t  b i r t h  i n  i. For  a r b i t r a r y  

r a d i c e s  

t h e  number a f  p e o p l e  i n  r e g i o n  j between a g e s  x  and x  + 5 and 
a  born  i n  i i s  L . ( x )  Qi , and i n  g e n e r a l  L ( x )  { a a ) .  L ( x )  and i 0  7 ... ... - 

i t s  e l e m e n t s  a r e  computed f o r  u n i t  r a d i c e s .  The a b s o l u t e  number 

o f  p e o p l e  i n  e a c h  age  g r o u p  and r e g i o n  i s  found by m u l t i p l y i n g  
a  L ( x )  by t h e  g i v e n  v e c t o r  o f  r a d i c e s  10 1 .  ... - 

Note t h a t  L ( x )  r e p r e s e n t s  t h e  r e l a t i v e  p o p u l a t i o n  d i s t r i -  - 
b u t i o n  by p l a c e  o f  r e s i d e n c e  and p l a c e  o f  b i r t h .  I n s t e a d  o f  

b e i n g  e x p r e s s e d  i n  p e r c e n t a g e s  ( f r a c t i o n s  o f  t h e  t o t a l ) ,  o r  i n  

some o t h e r  manner,  t h e  p o p u l a t i o n  i s  g i v e n  i n  u n i t  b i r t h s *  

T h i s  i s  a l o g i c a l  p r o c e d u r e  i n  demography s i n c e  it s e p a r a t e s  

t h e  f e r t i l i t y  component from t h e  s u r v i v o r s h i p  ( m o r t a l i t y  and 

m i g r a t i o n )  component. I t  w i l l  become c l e a r  l a t e r  t h a t  t h i s  i s  

' ~ n  e q u i v a l e n t  i n t e r p r e t a t i o n ,  which i s  more s u i t e d  f o r  
l i f e  t a b l e  c :ons t ruc t ion  i s  t h e  " p e r s o n - y e a r s  l i v e d "  i n t e r p r e t a -  
t i o n .  I n  t h i s  s e n s e  i o L j ( x )  is  t h e  number of  y e a r s  e x p e c t e d  

t o  b e  l i v e d  i n  r e g i o n  j between a g e s  x  t o  x  + 5 by a p e r s o n  
born  i n  r e g i o n  i. 



a l s o  a  v e r y  c o n v e n i e n t  way o f  "norming" i n  s p a t i a l  p o p u l a t i o n  

a n a l y s i s .  

T a b l e  1  g i v e s  t h e  d i s t r i b u t i o n  o f  t h e  o b s e r v e d ,  l i f e  t a b l e  

and s t a b l e  p o p u l a t i o n s  o f  t h e  one-sex ( f e m a l e )  , two-region 

system: S loven ia -Res t  o f  Yugos lav ia ,  1961. The obse rved  popu- 

l a t i o n  i s  g iven  by p l a c e  o f  r e s i d e n c e .  The l i f e  t a b l e  p o p u l a t i o n  

i s  computed by a p p l y i n g  t h e  1961 s c h e d u l e s  o f  m o r t a l i t y  and 

m i g r a t i o n  t o  u n i t  r a d i c e s .  The computa t ion  i s  p a r t  of  t h e  

c o n s t r u c t i o n  o f  m u l t i r e g i o n a l  l i f e  t a b l e s .  ( T a b l e  I b  i s  
3  i d e n t i c a l  t o  T a b l e  8 o f  Wi l l ekens  and Rogers (1976,  p .  2 5 )  . 

To d e r i v e  t h e  p o p u l a t i o n  by p l a c e  o f  r e s i d e n c e ,  and t h e  aggre -  
a  

g a t e  p o p u l a t i o n ,  one  must i n t r o d u c e  t h e  r a d i c e s  C Q  1 .  - 

T a b l e  1.  p o p u l a t i o n  d i s t ' r l b u t i o n  b y  a a e  a n d  r e g i o n  
* * * * * * * * * * * * * * * * * * * * * * * 3 f * * * * ~ f * * ~ f * t * * * * *  

T a b l e  l a ,  o b s e r v e d  p o p u l a t i o n  ( b y  p l a c e  o f  r e s i d e n c e )  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

s l o v e n i a  r . y u g o s .  

t .o t a l  832800. 8670200. 

3 ~ h e  m u l t i r e g i o n a l  l i f e  t a b l e  i s  computed u s i n g  t h e  Rogers- 
Ledent  Method (see Wi l l ekens  and Rogers ,  1976, pp.  33-36) .  A s  
a  consequence ,  t h e  n u m e r i c a l  r e s u l t s  shown i n  t h i s  p a p e r  d e v i a t e  
s l i g h t l y  from t h o s e  o f  Rogers (1975)  and Rogers and W i l l e k e n s  
(1976b) , which used  t h e  s o - c a l l e d  O p t i o n  1  method. 



Table I b .  l i f e  t a b l e  p o p u l a t i o n  
. . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . .  

i n i t i a l  r e g i o n  o f  c o h o r t  s l o v e n i a  .................................. 
t 0 t . a . -  s l c v e n i a  r . y u g o s .  

i n i t i a l  r e g i o n  of c o h o r t  r . y u g o s .  

t o t . a l  s l o v e n i a  r . y u g o s .  

t o t a l  66.245674 C.8'0323 65.435349 



Table Ic .  s t a b l e  p o p u l a t i o n  ( g r o w t h  r a t e  = 0.006099 ) 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  

i n i t i a l  r e g i o n  o f  c o h o r t  s l o v e n i a  .................................. 
t o t a l  s l o v e n i a  r . y u g o s .  

t o t a l  57.856662 52.227596 5.619005 

i n i t i a l  r e g i o n  o f  z o h o r t  r . y u g o s .  .................................. 
t o t a l  s l o v e n i a  r . y u g o s .  



1.2  The S c a b l e  P o p u l a t i o n  

The s t a b l e  p o p u l a t i o n  by p l a c e  o f  r e s i d e n c e  and p l a c e  o f  

b i r t h ,  p e r  u n i t  r a d i c e s ,  i s  g i v e n  by 

and  

L (r) (x) 

20~; r )  ' 1 (x) 

where r i s  t h e  a n n u a l  qrowth  r a t e  o f  t h e  s t a b l e  p o p u l a t i o n ,  i . e .  

t h e  i n t r i n s i c  g rowth  r a t e .  The r a t e  r o n l y  depends  on t h e  

o b s e r v e d  s c h e d u l e s  and  i s  i n d e p e n d e n t  o f  t h e  o b s e r v e d  p o p u l a t i o n  

d i s t r i b u t i o n .  1t i s  computed as f o l l o w s :  

w i t h  h  b e i n g  t h e  a g e  i n t e r v a l  ( 5  y e a r s ) ,  and X t h e  e i g e n v a l u e  

o f  t h e  p o p u l a t i o n  g rowth  m a t r i x .  The v a l u e  o f  X i s  computed 

by t h e  s u b r o u t i n e  PROJECT i n  w i l l e k e n s  and Rogers  (1976 , p. 5 0 ) .  

The a b s o l u t e  number o f  p e o p l e  i n  e a c h  a g e  g r o u p  by p l a c e  

o f  r e s i d e n c e  i s  

where { Q )  i s  t h e  s t a b l e  d i s t r i b u t i o n  o f  b i r t h s  and w i l l  b e  
w 

d e t e r m i n e d  i n  s e c t i o n  f i v e  o f  t h i s  r e p o r t .  E x p r e s s i o n  ( 1 . 5 )  i s  



t h e  numeral  e v a l u a t i o n  o f  t h e  c o n t i n u o u s  $ormula (Rogers  and 

b l i l l e k e n s ,  1976b, p .  2 2 ) .  

A t  t h i s  p o i n t  it i s  u s e f u l  t o  stress t h a t :  

i. The l i f e  t a b l e  p o p u l a t i o n  d i s t r i b u t i o n  i s  a  s p e c i a l  

c a s e  o f  ( 1 . 3 )  w i t h  r = 0. 

ii. Any s t a t i o n a r y  p o p u l a t i o n ,  i . e .  s t a b l e  p o p u l a t i o n  w i t h  

z e r o  growth  r a t e ,  i s  d i s t r i b u t e d  a c c o r d i n g  t o  a  l i f e  t a b l e .  

p o p u l a t i o n .  I t s  r e l a t i v e  d i s t r i b u t i o n  ( i n  t e r m s  o f  u n i t  b i r t h s )  

i s  t h e r e f o r e  independen t  o f  how f e r t i l i t y  i s  reduced  t o  r e p l a c e -  

ment l e v e l .  

iii. The column t o t a l s  i n  Tab le  1b a r e  t h e  number o f  p e o p l e  

i n  t h e  l i f e  t a b l e  p o p u l a t i o n  p e r  baby b o r n .  Adopting t h e  "pe r son-  

y e a r s  l i v e d "  i n t e r p r e t a t i o n  o f  L ( x ) ,  t h e  t o t a l s  would be  t h e  - 
l i f e  e x p e c t a n c i e s  a t  b i r t h  by p l a c e  o f  b i r t h  and  p l a c e  o f  r e s i d e n c e ,  

For  example,  t h e  t o t a l  l i f e  expec tancy  of a  baby g i r l  bo rn  i n  

S l o v e n i a  i s  72 .48  y e a r s .  A t o t a l  o f  64.90 y e a r s  a r e  e x p e c t e d  

t o  be  l i v e d  i n  S l o v e n i a  and 7.57 y e a r s  i n  t h e  R e s t  o f  Yugos lav ia .  

i v .  The column t o t a l s  i n  T a b l e  1 c  a r e  t h e  number o f  p e o p l e  

i n  t h e  s t a b l e  p o p u l a t i o n  p e r  baby b o r n .  I f  t h e  growth r a t e  r 

i s  p o s i t i v e ,  t h e n  t h e  s t a b l e  p o p u l a t i o n  i s  growing and t h e  s h a r e  

of  t h e  b i r t h s  i n  t h e  t o t a l  p o p u l a t i o n  i s  g r e a t e r  t h a n  i n  t h e  

s t a t i o n a r y  p o p u l a t i o n .  T h e r e f o r e ,  f o r  r > 0 



F o r  example ,  f o r  e a c h  baby bo rn  i n  S l o v e n i a ,  t h e r e  a r e  57.86 

p e r s o n s  l i v i n g  i n  Y u g o s l a v i a  who were b o r n  i n  S l o v e n i a .  Of 

t h e s e  52 .23  a r e  l i v i n g  i n  S l o v e n i a  and 5 .63  i n  t h e  R e s t  o f  

Y u g o s l a v i a .  Analogous t o  t h e  e x p e c t a t i o n  o f  l i f e  a t  b i r t h -  

i n t e r p r e t a t i o n  o f  e ( 0 )  , t h e  m a t r i x  e ( r )  ( 0 )  may b e  c o n s i d e r e d  - - 
a s  t h e  d i s c o u n t e d  l i f e  e x p e c t a n c y  m a t r i x ,  w i t h  r b e i n g  t h e  r a t e  - 
o f  discoun: ( W i l l e k e n s ,  1 9 7 7 ) .  The meaning and r e l e v a n c e  o f  

t h i s  approach  w i l l  b e  d i s c u s s e d  i n  s e z t i o n  f o u r .  

The t h r e e  t y p e s  o f  a g e  d i s t r i b u t i o n  a r e  t h e  c o r n e r s t o n e s  

f o r  f u r t h e r  s t u d y .  F e r t i l i t y  a n a l y s i s  i s  pe r fo rmed-  by  a p p l y -  

i n g  a g e - s p e c i f i c  f e r t i l i t y  r a t e s  t o  t h e  a g e  d i s t r i b u t i o n s .  ' I n .  

m o b i l i t y  a n a l y s i s ,  a g e - s p e c i f i c  o u t m i g r a t i o n  rates a r e  used  i n s t e a d .  

The n e x t  two s e c t i o n s  d e a l  w i t h  t h e s e  t o p i c s  i n  g r e a t e r  d e t a i l .  

2 .  FERTILITY ANALYSIS 

The f e r t i l i t y  a n a l y s i s  p r o c e e d s  by  a p p l y i n g  t h e  

f e r t i l i t y  s c h e d u l e  t o  t h e  t h r e e  t y p e s  o f  a g e  d i s t r i b u t i o n s .  

L e t  t h e  d i c g o n a l  m a t r i x  m(x)  c o n t a i n  t h e  a n n u a l  r e g i o n a l  - 
f e r t i l i t y  ra tes  o f  t h e  women a t  e x a c t  a g e  x ,  and  l e t  F ( x )  b e  -.. 
t h e  d i a g o n a l  m a t r i x  o f  a n n u a l  r e g i o n a l  f e r t i l i t y  ra tes  o f  a g e  

g r o u p  x  t o  x  + 4 ,  e . g .  

The i n t e g r a t i o n  o f  t h e  m a t r i c e s  o f  a y e - s p e c i f i c  f e r t i l i t y  

ra tes  o v e r  a l l  a g e s  i s  t h e  g r o s s  r e p r o d u c t i o n  r a t e  m a t r i x ,  

i . e .  

GRR = jW m ( x ) d x  5  1 F ( x )  . .. 
0 - - 

X 

The GRR-matrix i s  a  d i a g o n a l  m a t r i x  wi . th  t h e  r e g i o n a l  g r o s s  

r a t e s  o f  r e p r o d u c t i o n  a s  i t s  e l e m e n t s .  A g e - s p e c i f i c  f e r t i l i t y  

r a t e s  f o r  S l o v e n i a  and  t h e  R e s t  o f  Y u g o s l a v i a  a r e  g i v e n  i n  

T a b l e  2 .  The column t o t a l s  d e n o t e  t h e  r e g i o n a l  g r o s s  r e p r o d u c t i o n  

r a t e s .  
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The r e g i o n a l  c r u d e  b i r t h  r a t e s  may be  d e r i v e d  by m u l t i p l y -  

i n g  t h e  a g e - s p e c i f i c  f e r t i l i t y  z a t e s  by t h e  o b s e r v e d  p o p u l a t i o n  

d i s t r i b u t i o n ,  i n  f r a c t i o n s  o f  t h e  t o t a l ,  and summing o v e r  a l l  

a g e  g r o u p s .  Deno t ing  t h e  r e g i o n a l  d i s t r i b u t i o n  o f  t h e  p e o p l e  

aged  x  t o  x + 4 by t h e  d i a g o n a l  m a t r i x  K ( x ) ,  t h e  r e g i o n a l  - 
0 c r u d e  b i r t h  r a t e s  a r e  g i v e n  by t h e  v e c t o r  { b  1 :  - 

The p r o d u c t  F ( x )  K ( x )  i s  o f  c o u r s e  th.2 o b s e r v e d  r e g i o n a l  number - - 
o f  b i r t h s  t o  a  mothe r  aged  x  t o  x  + 4 .  

The a p p l i c a t i o n  o f  t h e  a g e - s p e c i f i c  f e r t i l i t y  r a t e s  t o  t h e  

l i f e  t a b l e  p o p u l a t i o n  and  t o  t h e  s t a b l e  p o p u l a t i o n  h a s  r e c e i v e d  

much a t t e n t i o n  i n  t h e  demographic  l i t e r a t u r e .  

2.1 The G e n e r a l i z e d  N e t  M a t e r n i t y  F u n c t i o n  

The g e n e r a l i z e d  n e t  maternity ( G N M )  f u n c t i o n  i s  d e f i n e d  a s  

t h e  p r o d u c t  ( R o g e r s ,  1975a ,  p .  9 3 )  

where 



An element $.(x) denotes the expected number of children to 
i I 

be born during a unit time interval in region j to a woman 

of exact age x, who was born in region i, and who is part 

of a stationary (life table) population. The fertility rates 

applied to this stationary population are the observed fertility 

rates. 

Since the actu.al population data are usually given for 

five-year age groups, one normally evaluates (2.3) with the 

numerical approximation 

in which the integral 1 M (x + t) e (x + t) dt is replaced by 
0 - - 

the product of F(x) and L(x). The numerical evaluations or - - 
the integrals of the generalized net maternity function are 

given in Table 3. They are obtained by multi~lying the fertil- 

ity rates of Table 2 by the age composition of the life table 
- 

population (Table Ib) . For example, $ (20) is: - 

The GNM function gives the number of offspring by age of 

a population which is distributed according to the life table 

(stationary) population, and which is subjected to the observed 

regional fertility schedules. The total number of offspring 

per unit birth is 

N R R  - = 1 $(x) - . 
X 



An element  

d e n o t e s  t h e  t o t a l  number of  c h i l d r e n  *zxpected t o  be born  i n  

r e g i o n  j t o  a  woman who was born  i n  r e g i o n  i ,  and who 

i s  a  member o f  a  l i f e  t a b l e  p o p u l a t i o : ~ . 4  The m a t r i x  NRR i s  t h e  
.., 

n e t  r e p r o d u c t i o n  r a t e  m a t r i x ,  and i s  t h e  m u l t i r e g i o n a l  g e n e r a l - -  

i z a t i o n  o f  t h e  N e t  Reproduct ion  Rate  ( N R R )  (Rogers ,  1975a, p.  1 0 6 ) .  

The e lements  o f  NRR a r e  t h e  t o t a l s  i n  t a b l e  3.  
* 

The m a t r i x  NRR g i v e s  t h e  r e g i o n a l  d i s t r i b u t i o n  o f  t h e  o f f -  - 
s p r i n g  p e r  u n i t  b i r t h  i n  each  r e g i o n .  I t  h a s  been computed u s i n g  

u n i t  r a d i c e s .  From t h e  d i s c u s s i o n  of  t h e  l i f e  t a b l e  i n  t h e  

p r e v i o u s  s e c t i o n  it i s  c l e a r  t h a t  a  b i r t h  c o h o r t  o f  { Q , )  would - 
l e a d  t o  a  r e g i o n a l  number o f  o f f s p r i n g ,  a f t e r  a  g e n e r a t i o n ,  o f  

The GEM f u n c t i o n  c o n t a i n s  a d d i t i o n a l  u s e f u l  i n f o r m a t i o n  f o r  

f e r t i l i t y  a n a l y s i s .  Def ine  t h e  n - th  moment o f  t h e  GNM f u n c t i o n  

( 2 . 3 )  a s  (Rogers ,  1975a,  p.  106) 

where a and B a r e  t h e  l o w e s t  and h i g h e s t  r e p r o d u c t i v e  a g e s  

r e s p e c t i v e l y ,  a n d ,  f o r  example, 

4 ~ e c a l l  t h a t  a  l i f e  t a b l e  populat . ion i s  a  s t a t i o n a r y  
p o p u l a t i o n  t h a t  would r e s u l t  i f  t h e  m o r t a l i t y  and m i g r a t i o n  
s c h e d u l e s  were a p p l i e d  t o  a r b i t r a r y  r e g i o n a l  r a d i c e s .  



Table 3.  i n t e g r a l s  of g e n e r a l i z e d  ne t  m a t e r n i t y  f u n c t i o n  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

i n i t i a l  r e g i o n  of c o h o r t  s l o v e n i a  .................................. 

age 
0 
5 
10 
15 
20 
25 
30 

s l o v e n i a  r .yugos .  
0,000000 0,000000 
0.000000 0 .oooooo 
0.000333 O.OOOOO? 
0.073095 0.005626 
0.314869 0.030727 
0.272029 0.035961 
0.172122 0.025579 
0.093916 0.014786 
0.031564 0.007811 
0.002824 0.001403 
0.001 133 0.000462 
0.000000 0,000000 
0.000000 0,000000 
0.000000 0,000000 
0.000000 0.000000 
0.000000 0.000000 
0,000000 0.000000 
0.000000 0.000000 

i n i t i a l  r e g i o n  of c o h o r t  r . yugos .  .................................. 

age 
0 

s l o v e n i a  r .yugos.  
0.000000 0.000000 
0.000000 0.000000 
0.000001 0.000297 
0.000324 0.116755 
0.002626 0.384742 
0.003247 0.321421 
0.002429 0.189757 
0.001464 0.099737 
0.000525 0.050403 
0.000049 0.008840 
0.000020 0.002859 
C.000000 0.000000 
0,000000 0.000000 
0.000000 0.000000 
0,000000 0,000000 
0.000000 0.000000 
0.000000 0.000000 
0.000000 0.000000 

t o t a l  0.010687 1.174812 



The numerical approximation of (2.7) is 

Observe that the 0-th moment, R(O), is identical to NRR. 
.., - 

The 0-th, first and second moments of the GNM function 

of the two-region system Slovenia-Rest of Yugoslavia are given 

in Table 4. The column totals of R(0) represent the total - 
number of offspring per woman born in a certain region, e.g. 

The row totals of R(0) give the total number of children born 
.., 

in a certain region during one generation per woman born in 

that region. It is the number of daughters by which a girl 

child in a region is replaced. Noting that R(0) = NRR, the 
.., - 

total number of children born in region j during one generation, 

is 

and the row total of the j-th region is 

The value of R.(O) depends on the radix ratio O l i  / Qlj of the 
3 

life table population. Since we have assumed unit radices in 

all regions, the row totals in Table 4, i.e. Rj (0) , are the 
sum of the elements in the row. Other radices would give R.(O) 

l 
and the row totals of the subsequent moments other values. 



T a b l e  4 .  m o m e n t s  o f  i n t e g r a l  f u n c t i o n  
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0  moment 
--------- 

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  0 . 9 7 2 5 6 3  0 .961876  0 . 0 1 0 6 3 7  
r . y u g o s .  1 .297176  0 .122364  1 . 1 7 4 8 1 2  

t o t  a 1  1 .084240  1 .185499  

1  moment 
--------- 

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  26 .813101  26 .499439  0 . 7 1 3 6 6 2  
r . v u g o s .  35 .749592  3 . 5 V 4 9 4  3 2 . 1 ~ ~ 7 0 9 8  

t o t a l  30 .085933  32 .475761  

2  moment  --------- 
t o t . a l  s l o v e n i a  r . y u p o s .  

s l o v e n i a  7 7 7 . 5 6 5 4 3 0  767 .940002  9 .625456  
r . y u g o s .  1044 .039429  110 .833084  933 .206299  

t o t a l  878 .773071  942 .F31726  



Table  5  r e p e a t s  R(0)  o r  NRR and g i v e s  t h e  dominant e igen-  
w - 

v a l u e  and a s s o c i a t e d  e i g e n v e c t o r s  o f  R ( 0 ) .  The e i g e n v a l u e  o f  
w 

R(0)  , X ( R  ( 0 )  ) , g i v e s  an  i n d i c a t i o n  of  t h e  n e t  r e p r o d u c t i o n  r a t e  - 1  
o f  t h e  whole sys tem o r  c o u n t r y  (Rogers and Wi l l ekens ,  1976c, 

p .28  ) .  A l i f e  t a b l e  r a d i x  r a t i o  t h a t  y i e l d s  a  g l o b a l  NRR 

e q u a l  t o  X 1  ( R  ( 0 )  ) i s  g i v e n  by t h e  r i g h t  e i g e n v e c t o r  of  R ( 0 )  . - - 
The g l o b a l  NRR r e s u l t i n g  from a  r a d i x  r a t i o  a s  s p e c i f i e d  by 

t h e  u s e r ,  1:1 s a y ,  i s  a l s o  g iven  i n  Table  5 .  I t  i s  e q u a l  t o  

1.224257. The n e t  r e p r o d u c t i o n  a l l o c a t i o n  i p j  d e n o t e s  t h e  

f r a c t i o n  o f  t h e  o f f s p r i n g  of  t h e  i -born  women, t h a t  a r e  born  

i n  r e g i o n  j (Rogers ,  1975b. p. 2 . ) .  For  example. 

i . e .  11.29% o f  t h e  d a u g h t e r s  of  S lovenia-born  women, a r e  born  

i n  t h e  R e s t . o f  Yugoslavia .  

The moments o f  t h e  GNM f u n c t i o n  g i v e  r i se  t o  o t h e r  demo- 

g r a p h i c a l l y  meaningful  s t a t i s t i c s :  t h e  mean and t h e  v a r i a n c e  o f  

t h e  GNM f u n c t i o n .  I n  t h e  s i n g l e  r e g i o n  c a s e ,  t h e  mean o f  t h e  

n e t  m a t e r n i t y  f u n c t i o n  i s  d e f i n e d  a s  ( K e y f i t z ,  1968, p. 102) 

I t  r e p r e s e n t s  t h e  mean age  o f  c h i l d b e a r i n g  o f  t h e  l i f e  t a b l e  

p o p u l a t i o n  ( g i v e n  t h e  observed f e r t i l i t y  s c h e d u l e ) .  The 

v a r i a n c e  o f  t h e  n e t  m a t e r n i t y  f u n c t i o n  i s  

5The a r rangements  o f  t h e  e lements  i n  Tab le  5  i s  t h e  
t r a n s p o s e  o f  T a b l e  2 i n  Rogers (1975b, p .  5 ) .  



Table 5 . .  s p a t i a l  f e r t i l i t y  e x p e c t a n c i e s  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

n e t  r e p r o d u c t i o n  r a t e  

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  0 . 9 7 2 5 6 3  0 .961870  0.01068'7 
r .  y u g o s .  1 .297176  0 .122364 1 . 1 7 4 8 1 2  

t o t a l  1 .084240  1 .185499  

. e i g e n v a l u e  1 .180786  
e i g e n v e c t  o r  

- r i g h t  1 .000000  20 .483938  - l e f t  1 .000000  1 .789025  

n e t  r e p r o d u c t i o n  a l l o c a t i o n s  ............................ 

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  0 . 8 9 6 1 5 8  0 . 8 8 7 1 4 3  0 . 0 0 9 0 1 5  
r . y u g o s .  1 . 1 0 3 5 4 2  0 . 1 1 2 8 5 7  0 . 9 9 0 9 9 5  

g l o b a l  n r r  = 1 . 2 2 4 2 5 7  



and represents the variance of the mean age of childbearing. 

Multiregional generalizations of (2.12) and (2.13) are 

(Rogers, 1975a, p. 106) : 

and 

respectively. 

The matrix of mean ages of childbearing of the life table popu- 

lation is given in Table 6 as Alternative 1. For example, the 

mean age of childbearing among Slovenia-born women who are 

living in the Rest of Yugoslavia is 29.32 years. The mean 

age of the women living in Slovenia is lower, namely 27.55 

years. This is consistent with the observation that mothers 

who have migrated are normally older. 

The single-region measures (2.12) and (2.13) may be 

generalized to a multiregional system in a different way, one which 

is analogous to the extension of the single-region survivorship 

proportion to the multiregional survivorship matrix in the life 

table. The mean age of childbearing matrix in this case is 

and the variance matrix is 



These matrices are given in Table 6 as Alternative 2. The 

average age at childbearing of a woman who conceived in 

Slovenia is 27.795 years. Of this total 27.548 have been 

lived in Slovenia and 0.247 in the Rest of Yugoslavia. 



Table 6 -  m 2 t r i c e s  o f  mean a g e s  and v a r i a n c e s  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

* *  a l t e r n a t i v e  1  * *  
t***t*#************ 

means  ----- 
t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  2 8 . 4 4 9 9 6 3  2 7 . 5 4 9 7 4 0  2 9 . 3 5 0 1 8 5  
r . yugos .  2 8 . 3 4 7 3 5 5  2 9 . 3 1 8 3 2 7  2 7 . 3 7 6 3 7 9  

t o t a l  2 8 . 4 3 4 0 3 4  2 3 . 3 6 3 2 8 3  

v a r i a n c e s  --------- 
s l o v e n i a  r . y u g o s .  

s l o v e n i a  3 9 . 3 8 8 9 7 7  3 9 . 2 4 6 2 7 7  
r . yugos .  4 6 . 2 0 4 7 7 3  4 4 . 8 7 9 1 5 0  

" *  a l t e r n a t i v e  2  * "  
* f * * * * * * t f * * * * * B * * *  

means ----- 
t  o t . a l  s l o v e n i a  r .  y u g o s .  

s l o v e n i a  2 7 . 5 6 4 0 5 1  2 7 . 5 4 7 6 5 3  0 . 0 1 6 3 9 7  
r . y u g o s .  2 7 . 6 2 1 4 5 8  0 . 2 4 7 3 2 8  2 7 . 3 7 4 1 3 0  

t o t a l  2 7 . 7 9 4 9 8 1  2 7 . 3 9 0 5 2 5  

v a r i a n c e s  --------- 
t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  3 9 . 4 1 2 5 4 4  3 9 . 3 8 1 4 0 9  0 . 0 3 1 1 3 7  
r . y u g o s .  4 5 . 4 7 6 3 8 7  0 . 6 0 7 3 0 6  4 4 . 8 6 9 0 8 0  

t o t a l  3 9 . 9 8 8 7 1 6  4 4 . 9 0 0 2 1 5  



2 . 2  The Weighted G e n e r a l i z e d  N e t  M a t e r n i t y  F u n c t i o n  

Thus f a r  w e  l i m i t e d  o u r s e l v e s  t o  t h e  f e r t i l i t y  a n a l y s i s  

o f  a p o p u l a t i o n ,  d i s t r i b u t e d  a s  i n  t h e  m u l t i r e g i o n a l  l i f e  

table .  I t  i s  a  s t a t i o n a r y  p o p u l a t i o n  t h a t  i s  g e n e r a t e d  by t h e  

o b s e r v e d  m o r t a l i t y  and m i g r a t i o n  s c h e d u l e s .  The l i f e  table  

p o p u l a t i o n  was augmented by t h e  o b s e r v e d  f e r t i l i t y  s c h e d u l e s  

t o  g i v e  t h e  GNM f u n c t i o n  and t h e  d e r i v e d  s t a t i s t i c s  d i s c u s s e d  

above .  W e  now r e p l a c e  t h e  l i f e  t a b l e  p o p u l a t i o n  by t h e  s table  

p o p u l a t i o n ,  g i v e n  i n  T a b l e  I c ,  and p e r f o r m  a n  a n a l o g o u s  a n a l y s i s .  

The r e g i o n a l  r a d i c e s ,  u s e d  i n  t h e  l i f e  t a b l e ,  a r e  now r e p l a c e d  

by t h e  r e g i o n a l  b i r t h s  i n  t h e  s t a b l e  p o p u l a t i o n .  A s  b e f o r e  w e  

assume u n i t  b i r t h  c o h o r t s .  

C o m p u t a t i o n a l l y ,  t h e  f e r t i l i t y  a n a l y s i s  i n  t h e  s table  

p o p u l a t i o n  i s  c o m p l e t e l y  a n a l o g o u s  t o  t h e  one  described above .  

The o n l y  d i f f e r e n c e  i s  t h a t  - R(x)  i s  r e p l a c e d  by 

and  L ( x )  by - 

D e f i n e  t h e  Wei sh t ed  G e n e r a l i z e d  N e t  M a t e r n i t y  (MGNM) 

F u n c t i o n  a s  t h e  p r o d u c t  

- r x  The w e i g h t  a p p l i e d  i s  e . S i n c e  t h i s  may be c o n s i d e r e d  a s  

a  d i s c o u n t i n g  t o  b i r t h ,  w i t h  r b e i n g  t h e  ra te  o f  d i s c o u n t ,  w e  

may d e n o t e  t h e  WGNM f u n c t i o n  a s  a  GMM f u n c t i o n  w i t h  d i s c o u n t i n g .  

The u s e f u l n e s s  o f  t h e  n o t i o n  o f  d i s c o u n t i n g  f o r  demographic  

a n a l y s i s  becomes c l e a r  i n  t h e  t r e a t m e n t  o f  t h e  r e p r o d u c t i v e  

v a l u e  (Roge r s  and W i l l e k e n s ,  1 9 7 6 b  . An e l e m e n t  6 i j ( r )  ( x )  

d e n o t e s  t h e  e x p e c t e d  number o f  c h i l d r e n  t o  be b o r n  i n  r e g i o n  j 



t o  an i - b o r n  woman of  e x a c t  age  x  who i s  p a r t  o f  t h e  s t a b l e  popu- 

l a t i o n .  I t  may a l s o  be c o n s i d e r e d  a s  t h e  number o f  c h i l d r e n  

d i s c o u n t e d  back  t o  t h e  t i m e  o f  b i r t h  o f  t h e  mother .  

The n u m e r i c a l  a p p r o x i m a t i o n  of  (2 .18 )  i s  

m ( r )  - ( X I  = F - ( x )  L ( I )  - ( x )  , 

and t h e  r e s u l t  i s  g i v e n  i n  T a b l e  7 .  T a b l e  7 i s  o b t a i n e d  by 

m u l t i p l y i n g  t h e  f e r t i l i t y  r a t e s  o f  T a b l e  2 by t h e  a g e  composi- 

t i o n  o f  t h e  s t a b l e  p o p u l a t i o n  ( T a b l e  I c ) .  For  example ,  

The WGNM f u n c t i o n  g i v e s  t h e  number o f  o f f s p r i n g  by a g e  o f  

a  u n i t  b i r t h  i n  t h e  s t a b l e  p o p u l a t i o n .  Summing o v e r  a l l  a g e  

g r o u p s  w e  g e t  

The m a t r i x  Y ( r )  i s  t h e  c h a r a c t e r i s t i c  m a t r i x  o f  t h e  m u l t i r e g i o n a l  - 
p o p u l a t i o n  s y s t e m  (Roger s ,  1975a, p .  9 3 ) .  An e l e m e n t  Y .  ( r )  

i I 
d e n o t e s  t h e  t o t a l  number o f  c h i l d r e n  e x p e c t e d  t o  be  bo rn  i n  

r e g i o n  j t o  a  woman who was bo rn  i n  r e g i o n  i ,  and who i s  

a  member o f  t h e  s t a b l e  p o p u l a t i o n .  The c h a r a c t e r i s t i c s  m a t r i x  

i s  t h e  s t a b l e  a n a l o g u e  o f  t h e  NRR m a t r i x .  I t  g i v e s  t h e  r e g i o n a l  - 
d i s t r i b u t i o n  of  t h e  o f f s p r i n g  p e r  u n i t  b i r t h  i n  e a c h  r e g i o n  o f  

t h e  s t a b l e  p o p u l a t i o n .  For  example,  T a b l e  7 shows t h a t  a  woman 

born  i n  t h e  s t a b l e  p o p u l a t i o n  i n  S l o v e n i a  g i v e s  b i r t h  t o  a t o t a l  

o f  0.916100 c h i l d r e n  on t h e  a v e r a g e .  Of them, 0.813686 a r e  bo rn  

i n  S l o v e n i a  and 0.102414 i n  t h e  R e s t  o f  Yugos lav ia .  



Table 7 .  i r l t . e y r a l s  of  we igh t ed  E e n e r a l i z e d  n e t  P a t e r n i t y  f u n c t l o n  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

i n i t i a l  r e g i o n  o f  c o h o r t  s l o v e n i a  
.................................. 

a g e  
0 
5 

1  0  
15 
20  
2  5  
30 
3 5 
40 
4 5  
15 3 
5 5  
5 0  
65  
7C 
7 5  
8 0  
85 

s l o v e n i a  
0 .0000C0 
0 . 0 0 0 0 0 0  
0 . 0 0 0 3 0 9  
0 . 0 6 5 6 9 6  
0 . 2 7 4 4 9 1  
0 . 2 3 0 0 2 2  
0 . 1 4 1 1 7 1  
0 . 0 7 4 7  15 
0 . 0 2 4 3 5 6  
0 . 0 0 2 1 1 4  
0 .000? ,23  
0 .00000C 
0 . 0 0 3 0 0 0  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
5.00G000 
0 . 0 0 0 9 0 0  
0.0130000 

r.  yugos .  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 8  
0 . 0 0 5 0 5 6  
0 . 0 2 6 7 8 6  
0.03C408 
G.02C979 
0.01 1 7 6 3  
0 . 0 0 6 0 2 7  
0 . 0 0 1 0 5 0  
0 . 0 0 0 3 3 5  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
0 . oooooo  
C.000000  
o . n o 0 0 0 0  
0 . 0 0 0 0 0 0  
0 . oooooo  

t o t a l  0 . 8 1 3 6 8 6  0 . 1 0 2 4 1 4  

i n i t i a l  r e g i o n  o f  c o h o r t  r .  yuaos .  

s l o v e n i a  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
0 .0C0001  
0 . 0 0 0 2 9 2  
c) .00226? 
0 . 0 0 2 7 4 6  
0 . 0 0 1 9 ? 2  
0 . 0 0 1  '165 
0 . 0 0 0 4 0 5  
0 . 0 0 0 0 3 7  
0 . 0 0 0 0 1 5  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
3 . 0 0 0 0 0 0  
0.000C,00 
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  

t o t a l  0 . 0 0 5 9 4 2  0 . 9 9 4 9 5 6  



If the stable distribution of births is {Q'}, then the - 
s distribution of offspring is also IQ (Rogers, 1975a, p. 93): - 

Equation (2.21) is the multiregional characteristic equation. 

It can be seen from (2.21) that the relative distribution of 

births is given by the right eigenvector of Y(r). In our - 
numerical example, 

where the subscript denotes "arbitrary norming." Since the 

eigenvector of a matrix is fixed up to a scalar, we may choose 

the norming of the eigenvector freely. The result (2.22) implies 

that 4.58% of the births occur in Slovenia and 95.42% in the 

Rest of Yugoslavia (in the observed population it was 6.91% 

and 93.09%, respectively) . 
As with the GNM function, we define the n-th moment of the 

WGNM function (2.18) as (Rogers, 1975a, p. 112) 

and evaluate 5t numerically as follows: 



The moments a r e  g i v e n  i n  T a b l e  8 .  Note t h a t  t h e  0 - t h  

moment o f  t h e  WGNM f u n c t i o n  c o i n c i d e s  w i t h  Y ' ( r ) .  The column - 
t o t a l s  o f  Y(r) r e p r e s e n t  t h e  t o t a l  number o f  o f f s p r i n g  i n  t h e  - 
s t a b l e  p o p u l a t i o n  p e r  woman by h e r  p l a c e  o f  b i r t h ,  e . g .  

The row t o t a l s  g i v e  t h e  t o t a l  number o f  d a u g h t e r s  by which a  

f ema le  baby i s  r e p l a c e d  i n  h e r  r e g i o n  o f  b i r t h  i n  t h e  s t a b l e  

p o p u l a t i o n .  I t  depends  o f  c o u r s e  on t h e  s t a b l e  r a t i o  o f  b i r t h s :  

where i s  a n  e l e m e n t  o f  t h e  r i g h t  e i g e n v e c t o r  o f  Y - ( r ) .  

T a b l e  9 r e p e a t s  t h e  Y ( r )  m a t r i x .  I n  a d d i t i o n ,  it shows - .., 
( r )  , w i t h  t h e  n e t  r e p r o d u c t i o n  a l l o c a t i o n s  p j  

For  example ,  

i . e .  11 .18% of  t h e  d a u g h t e r s  bo rn  t o  S l o v e n i a - b o r n  women, a r e  

born  i n  t h e  R e s t  o f  Yugos lav ia .  

The mean and t h e  v a r i a n c e  o f  t h e  WGNM f u n c t i o n  a r e  g i v e n  

i n  T a b l e  10. Again ,  two a l t e r n a t i v e  e x p r e s s i o n s  a r e  d i s t i n -  

g u i s h e d .  



T a b l e  8 .  moments o f  i n t e g r a l  f . l n c t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0 moment --------- 
t o t a l  s l o v e n i a  r . y d g o s .  

s l o v e n i a  0.822628 0.813686 0.008342 
r .yugos .  1.097380 0.102414 0.994966 

t o t a l  0.916100 1.003908 

1 moment --------- 

t o t a l  s l o v e n i a  r .yugou.  

s l o v e n i a  22.483915 22.223598 0.260318 
r. yilgou . 29.944412 2.974082 26.970331 

t o t a l  25.197681 27.230650 

2 moment --------- 

t o t a l  a l o v e n i a  r . y u g o s .  

s l o v e n i a  646.212097 638.288757 7.923365 
r . y u g o s .  865.373718 90.987785 774.385925 

t o t a l  729.276550 782.309265 



Table  9 .  s p a t i a l  f e r t i l i t y  e x p e c t a n c i e s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

n e t  r e p r o d : ~ c t i o n  r a t e  ..................... 

t o t a l  s l o v e n i a  r . y ~ g o s .  

Y l o v e n i a  0.822628 0 .813686 0 .008942  
r . y ~ ~ p o s .  1.097380 0 .102414 0.994966 

t c t a l  0.916100 1 .003908 

e i g e n v a l s e 6  0.999884 
e i g e n v e c t o r  

- r i g h t  1.000000 20 .823662 
- l e f t  1 .000000  1.81P116 

n e t  r e p r o d ~ ~ c t i o n  a l l o c a t i o n s  ............................ 

t o t a l  s l o v e n i a  r .ydgos .  

s l o v e n i a  
r . y t ~ g o s .  

t o t a l  

6 ~ h e  e i g e n v a l u e  shou ld  be e q u a l  t o  one.  D e v i a t i o n  
i s  due t o  rounding of  t h e  i n t r i n s i c  growth r a t e  r 
t o  s i x  dec ima l  p l a c e s .  The growth r a t e  h a s  been 
computed by p r o j e c t i n g  t h e  p o p u l a t i o n  growth 
m a t r i x  u n t i l  s t a b i l i t y .  



A i i e r n a t i v e  i (Rogers, 1975a, p. 113) : 

The matrix of mean ages of childbearing in the stable 

population, A, has elements: - 

and the variance a2 with elements - 

A l t e r n a t i v e  2 :  



T a b l e  10. matr ices  o f  mean a g e s  a n d  v a r i a n c e s  
- - - - - - - - - - - - - - - - - - - - - - - - - . - - - - - - - - -  - - - - - - - - - - - - - - - - - - - - - - - - - . - - - - - - - - -  

* *  a l t e r n a t i v e  1 * *  
*********#*I******* 

means ----- 
t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  28.212582 27.312254 29.112906 
r . y i l g o s  . 28.073296 29.039808 27.106783 

t o t a l  28.176031 28.109844 

v a r i a n c e s  
--------- 

s l o v e n i a  r . y : ~ p o s .  

s l o v e n i a  38.481873 38.555481 
r .  y d g o s .  45.120789 43.526062 

* Y  a l t e r n a t i v e  2 * *  
f * Y * * * * * t Y * Y * * * * * * *  

t o t a l  s l o v e n i a  r . y u g c s .  

s l o v e n i a  27.326414 27 .310213  0 .016201  
r . y : ~ g o s .  27.348167 0 .243574 27.104593 

t o t a l  27.553787 27.120794 

v a r i a n c e s  --------- 
t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  38.507473 38.474243 0 .033230 
r .  y d p o s .  44.138874 0 .622760  43.516113 

t o t a l  39.097004 43.549343 



3. MOBILITY ANALYSIS 

There are two alternative approaches to expressing the 

level of migration in a multiregional system (Rogers, 1975b). 

The first expresses the migration level in terms of expected 

durations , i.e. the fraction of an individual's lifetime that 
is spent in a particular region. The expectation of life at 

birth by place of residence is computed in the multiregional life 

table. The life expectancy matrix 

for the system Slovenia-- Rest of Yugoslavia is given in Table 1 1 -  

The total life expectancy of a girl born in Slovenia is 72.48 years, 

of which 64.90 years are expected to be lived in Slovenia (lel(0)) 

an2 7.57 years in the Rest of Yugoslavia (l e2 (0) ) . 
Expressing these expectancies as fractions of the total life- 

time yields the migration levels i 8 j :  

The second approach adopts a fertility perspective to mi- 

gration analysis. Unlike death, migration is a recurrent event, 

analogous to birth. Like fertility, its level can be measured 

by counting the events, i.e. the number of moves an average person 
7 
I 

makes during his lifetime . Such indic~s have been developed 

by Wilber (1963) and Long (1973) for a population aggregated at the 

national level. Rogers (1975b) combines Wilber's and Long's ideas 

of "expected moves" with the approach generalizing the expected 

number of children (NRR) to a multiregional system (NRR). - 

7 ~ h e  number of moves is defined here as the number of times a 
person is in another region at the end of the unit time interval. 
Back and forth moves during a unit interval are not counted (a. similar 
assumption has been adopted by Wilber (1 963) and Long (1 973) ) . 



Table  11. s p a t i a l  m i g r a t i o n  e x p e c t a n c i e s  
***********************t****Z* 

e x p e c t a t i o n s  o f  l i f e  .................... 

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  6 5 . 7 1 2 9 9 7  6 4 . 9 0 2 6 7 2  0 . 8 1 0 3 2 3  
r .  yugos.  7 3 . 0 0 9 1 4 8  7 .573501  65 .435349  

t o t a l  7 2 . 4 7 6 4 7 1  66 .745574  

e i g e n v a l u e  67 .660629  
e i g e n v e c t o r  

- r i g h t  1 . 0 0 0 0 0 0  1 . 4 0 3 5 2 5  
- l e f t  1 . 0 0 0 0 0 0  0 .364144  

~ i g r a t i o n  l e v e l s  ---------------- 

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  0 .907732  0 . 8 9 5 5 0 0  0 .012232  
r .  yugos.  1 . 0 9 2 2 6 8  0.10450C 0 . g o 7 7 6 9  

t o t a l  1 .000000  1 .000000  



As before, let R(x) be the distribution of the life table - 
population of exact age x, and let L(x) be the stationary life table - 
population aged x to x + 4, by place of birth and residence. 
Define m0 as the diagonal matrix of annual regional outmigration - 
rates of people at exact age x, and MO(X) as the diagonal matrix - 
of outmigration rates of people in age group x to x + 4, e.g. 

0 with M .  ( x )  = 1 Mij (x) , Mij (x) being the age specific migration 
1 

j#i 
rate from region i to region j. Integration of the matrices of 

dye-specific outmigration rates over all ages gives the gross 

miqra-wroduction rate matrix: 

The origin-destination migration rates of the two-region system 

Slovenia - Rest of Yugoslavia are given in Table 3 of Willekens 
and Rogers (1976a, p. 9). Table 12 shows the age-specific re- 

gional total outmigration rates. Since the system under con- 
0 sideration contains only two regions, M. (x) - 

- 
(x) for i # j. 

1 

The column totals denote the regional gross migra-production rates. 

The application of the age-specific outmigration rates to 

the life table and to the stable populations yields, respectively, 

the generalized and the weighted generalized net mobility functions. 



T a b l e  1 2 .  m i g r a t i o n  a n a l y s i s  * * * * * * * * * * *+ * * * * * *  

obse rved  r a t e s  
- - - - - - - - - - - - - -  - - - - - - - - - - - - - -  

age s l o v e n i a  r . yugos .  

3 . 1  The G e n e r a l i z e d  N e t  M o b i l i t v  F u n c t i o n  

The g e n e r a l i z e d  n e t  m o b i l i t y  (GM)  f u n c t i o n  i s  t h e  p r o d u c t  



An e l e m e n t  y . ( x )  d e n o t e s  t h e  e x p e c t e d  number o f  m i g r a t i o n s  
i 3 

o u t  of  r e g i o n  j ,  made d u r i n g  a  u n i t  t i m e  i n t e r v a l  f o l l o w i n g  a g e  

x ,  by a  woman b o r n  i n  r e . g i 0 n . i .  S i n c e  t h e  s y s t e m  o n l y  c o n s i s t s  

o f  two r e g i o n s ,  y . ( x )  measures  t h e  r e t u r n  m i g r a t i o n  o f  t h e  
i 3 

x-year  o l d .  

The n u m e r i c a l  e v a l u a t i o n  of e q u a t i o n  ( 3 . 4 )  i s  

The v a l u e s  o f  y ( x )  - a r e  g i v e n  i n  T a b l e  13.  The c o m p u t a t i o n a l  

p r o c e d u r e  is c o m p l e t e l y  a n a l o g o u s  t o  t h e  one  u s e d  i n  t h e  f e r t i l i t y  

a n a l y s i s .  The o n l y  d i f f e r e n c e  i s  t h a t  F (x) o f  ( 2 . 4 )  i s  r e p l a c e d  - - 
by p1° ( x )  . For  example ,  y  (20 )  i s  - - 

The e x p e c t e d  number o f  m i g r a t i o n s  a n  i n d i v i d u a l  makes d u r i n g  

h i s  l i f e t i m e  i s  g i v e n  by t h e  summation o f  y ( x )  o v e r  a l l  x. The 
* 

r e s u l t  i s  t h e  n e t  m i g r a - p r o d u c t i o n  m a t r i x  ( R o q e r s ,  1975b,  p .  8 ) :  

NMR -- = 1 y ( x )  
. - 

X 

where 

NMR = 1 



Table 13. i n t e g r a l s  o f  g e n e r a l i z e d  n e t  m o b i l i t , y  f u n c t i o n  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

i n i t i a l  r e g i o n  of c o h o r t  s l o v e n i a  
.................................. 

a g e  
0 
5 

1 C! 
15 
20 
25 
3 0 
3" 
4 C 
45 
5Q 
55 
60 
65 
70 
75 
so 
9.; 

s l o v e n i a  r . y u g o s .  
0.01 3849 0.000009 
C.010892 0.000015 
0.006972 0.000021 
0.023773 0.000144 
0.031954 0.000327 
9.023813 0.000245 
0.0 15729 0.000202 
0.007251 0.000142 
0.004101 0.000119 
0.00216C 0.000061 
0.002573 0.000084 
0.002354 0,000130 
0.003130 O.OC0123 
C.003040 0.000087 
0.002335 0.000037 
Q.00218? 0.000036 
0.000517 0.000047 
0.000000 0.000000 

t o t a l  0.156926 0.001830 

i n i t i a l  r e g i o n  o f  c o h o r t  r . y u g o s .  
.................................. 

a y e  
0 
5 
10 
15 
20 
25 
30 
? C ,  
49 
4 5 
50 
55 
50 
65 
70 
75 
50 
85 

s l o v e n i a  r . y u g o s .  
0.000009 0.001287 
0.000019 0.000739 
0.000017 0.000697 
0.000106 0.002996 
0.000267 0.004098 
0.00028~? 0.002190 
C1.000222 0.001500 
O.OOOll3 0.000958 
0.000068 0.000765 
0.000032 0.000386 
0.000046 0.000521 
0.00004~ 0.000788 
0.000052 0.000730 
0.000063 0.000502 
0.000050 0.000208 
0.009047 0.000197 
0.009018 0.009250 
0.000000 0.000000 

t o t a l  0.001473 0.018513 



The column sum iNMR denotes the total expected number of migrations 

to be made by a person born in region i. Some of these, i.e. 

NMR. migrations are made out of region j. In other words, iNMR 
i I j 

is the number of times a person born in region i is expected to 

leave region j. The total number of migrations expected to be 

made by the current birth cohorts out of region j is of course 

or in matrix notation 

The moments of the GM-function are completely analogous to 

those of the GNM - function. The n-th moment of the GM-function 

is defined as: 

where w is the highest age of the population. The numerical 

approximation of (3.8) is: 

with 2 being the highest age in the discrete case and 2-5 the 

starting age of the highest age group. 



The moxents o f  t h e  GM-functlon are c o n t a i n e d  i n  Tab le  14. 
- 

The z e r o t h  noment, D ( 0 )  , i s  i d e n t i c a l  t o  t h e  migra-product ion  - 
m a t r i x ,  which i s  g i v e n  i n  Table  15 t o g e t h e r  w i t h  t h e  migra- 

p r o d u c t i o n  a l l o c a t i o n s .  The row sums o f  D(0)  r e p r e s e n t  t h e  - 
elemer-ts  of  { E )  f o r  t h e  c a s e  o f  a n i t  r e g i o n a l  r a d i c e s .  The -. 
n e t  migra-product ion  a l l o c a t i o n  i ~ j  d e n o t e s  t h e  f r a c t i o n  o f  

t h e  m i g r a t i o n s  made by an i born  i n d i v i d u a l ,  t h a t  a r e  o u t  

of  r e g i e n  j (Rogers ,  1975b, p .  8 ) .  For  example,  

I L 
NMR . 0.158755 

The g l o b a l  NMR o r  t h e  Wilber- index i s  computed a s :  

' Mn ( x )  L 

where Mn ( x )  are t h e  a v e r a g e  n a t i o n a l  age - spec i f  i c  m i g r a t i o n  rates 

(see T a b l e  4 i n  W i l l e k e n s  and Rogers ,  1975, p. 1 1 )  and ~ " ( x )  i s  

t h e  a g g r e g a t e d  l i f e  t a b l e  p o p u l a t i o n  d / ~ s t r i b u t i o n :  

The me&n and t h e  v a r i a n c e  of  t h e  GM-function are g i v e n  by 

fo rmulas  (2 .14)  t o  (2 .17)  i n  which F . (1:) i s  r e p l a c e d  by M? ( x )  
I 3 

and F ( x )  by M0 ( x )  . The g l o b a l  NMR i s  g i v e n  i n  T a b l e  15. ... ... 
Table  16 l i s t s  t h e  means and v a r i a n c e s  o f  t h e  g e n e r a l i z e d  

m o b i l i t y  f u n c t i o n .  



Table 1 4 .  moments of i n t e g r a l  f u n c t i o n  

0 moment 

t o t a l  s l o v e n i a  r .yugos .  

s l o v e n i a  0.158398 0.156926 0,001473 
r ,yugos. 0.020642 0.001830 0.018813 

t o t a l  0.158755 0.020285 

1 moment ----..--- 
t o t a l  s l o v e n i a  r .yugos.  

s l o v e n i a  4.184498 4.130428 0.054071 
r .yugos. 0.632692 0,071622 0.561070 

t o t a l  4.202050 0.615141 

2 moment --------- 
t o t a l  s l o v e n i a  r .yugos.  

s l o v e n i a  156.705719 15L.243912 2.461800 
r .yugos. 26.584549 2.429838 23.154711 

t o t a l  157 .673752  25.616510 



Table 15. s i ~ a t i a l  m i g r a t i o n  e x c e c t a n c i e s  
Y Q t Y I + f t + + t % + t * % W f % # i 3 C * % t * ~ * + f  

n e t  migraproduc t ion  r a t e  ........................ 

t o t a l  S l o v e n i a  r .yugos .  

s l o v e n i a  0.155398 0.156926 0.001473 
r .  yugos. 0.020642 0.001830 0.018813 

t o t a l  0.158'?55 0.020285 

eig ,envalue  0.156945 
eic;envec t.or 

- r i g h t  1.00C00C 0.013246 
- l e f t  I.OOOOOO 0.010652 

n e t  n ~ i g r a p r o d u c t i o n  a l l o c a t i o n s  ............................... 

t .ot .a l  s l o v e r i a  r .yugos .  

s l o v e n i a  1.061078 3.988474 0.072604 
r .  yugos. 0.938922 3.011526 0.927396 

t o t a l  1.0OOCOO 1.000000 

g l o b a l  nmr = 0.032255 ( w i l b e r  i n d e x )  



Table 16.  n a t r i c e s  of mean a g e s  and v a r i a n c e s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  

* *  a l t e r n a t i v e  1 * *  * * * * * * * * * * * * ~ * * * * * *  

means ----- 
t o t a l  s l o v e n i a  r .yugos.  

s l o v e n i a  31.516935 26.320940 36.712929 
r .  yugos. 34.483528 39.112857 29.524196 

t o t a l  32.731899 33.268562 

v a r i a n c e s  --------- 
s l o v e n i a  r . y ~ g o s .  

s l o v e n i a  290.119568 323.677246 
r .yugos .  342.310913 341.327515 

* *  a l t e r n a t i v e  2 * *  
* w * a w w w w w w * w w r w w r * r  

means ----- 
t o t a l  s l o v e n i a  r .yugos.  

s l o v e n i a  27.125751 26.311443 0 .814309  
r .  yugos. 29,924438 0 .108755 29.815681 

v a r i a n c e s  -----..--- 
t o t a l  s l o v e n i a  r  .yugos. 

s l o v e n i a  298 .155457  289.901672 8 .253784 
r .yugos .  342.566650 1 .407888 341.158752 

t o t a l  



3.2 The Weighted Generalized Net Mobility Function 

Mobili-y analysis of the stable population leads to the 

concept of ::he weighted generalized net mobility (WGM) function. 

The WGM-fu~~~tion is estimated by replaeing the life table popu- 

l~tlan in (3.4) and (3.5) by the stable population. 

and 

The weights are e -rx and e -r (x+2. 5, respectively. The numerical 
-(r) -(I) values of y (x) are given in Table 1'7. Summation of y (x) 
* - 

over all x yields the characteristic mobility matrix r(r) : 
*- 

An element r.(r) denotes the average number of migrations out 
i I 

of region j in the stable population that an i born person is 

expected to make during his lifetime. The right eigenvector 

of r(r) represents the regional distribution of births that 
* 

would result in an equal distribution of the outmigrants. In 

other words, if the births are distributed according to the 

right eigenvector of r(r), { z )  say, then the relative regional 
distribution of the migrants and the births are the same, 

This can easily be seen by writing the characteristic equation 

= I MO - (x) L(r) - (x) { I - 



Table 1 7 .  i : j t e g r a l s  o f  w e i g h t e d  g e n e r a l i z e d  net .  m o b i l i t y  f u n c t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

i n i t i a l  r e g i o n  o f  c o h o r t  s l o v e n i a  .................................. 

a g e  
0 
5 
10 
15 
20 
25 
7 0 
35 
:r 0 
45 
5G 
55 
60 
65 
7'2 
75 
80 
ii 5 

s l o v e n i a  r .  yugos .  
0.013639 0.000009 
0.010405 0.000015 
0.006460 0.000020 
0.021367 0.000130 
0.027856 0.000285 
0.020136 0.000207 
0.012900 0.000166 
0.005768 O.OOGll? 
0.003164 0.000092 
0.001617 O.GO0046 
0.001fi6:, 0.000061 
0.001658 0.000091 
0.00213R 0,000084 
0.002014 0.000058 
0.001500 0.000024 
0.001361 O.CO0022 
0.000494 0.000028 
0.000C00 0.000000 

t o t a l  0.134346 0.001450 

i n i t i a l  r e g i o n  o f  c o h o r t  r. yugos .  .................................. 

a g e  
0 
5 
10 
15 
20 
25 
30 
35 
40 
4 5 
50 

s l o v e n i a  r . y u g o s .  
0.000009 0.001267 
0.000018 0.000700 
0.000016 0.000645 
0.000095 0.002693 
0.000232 0.003572 
0.000240 0.001852 
0.000182 0.001230 
0.000090 0.000762 
0.000053 0.000591 
0.000028 0.000289 
G.000034 0.000378 

t o t a l  0.001184 0.015780 



where L ( ~ )  (x) i s  t h e  d i s t r i b u t i o n  of  t h e  hge g roup  x  t o  x  + 4 i n  
..2 

t h e  s t a b l e  p o p c l a t i o n ,  by  p l a c e  o f  r e s i d e r i c e  and b y  p l a c e  of b i r t h ,  

and X [ r ( r ) ]  i s  t h e  dominant  e i g e n v a l u e  o f  T ( r ) .  I n  o u r  n u m e r i c a l  - - 
e x a n p l e ,  ( 3 . 1 3 ) ,  i s :  

A t  s t a b i l i t y ,  t h e  m i g r a n t s  have  n o t  o n l y  t h e  same r e l a t i v e  

r e g i o n a l  d i s t r i b u t i o n  a s  t h e  b i r t h s ,  b u t  t h e y  a l s o  a r e  p ropor -  

t i o n a l  t o  t h e  number o f  b i r t h s .  I f  t h e  v e c t o r  o f  b i r t h s  i s  { Q ~ I ,  - 
w i t h  e l e m e n t s  p r o p o r t i o n a l  t o  { z ) ,  t h e n  t h e  v e c t o r  o f  m i g r a n t s  - 
i z . 1  - is :  

For  t h e  s y s t e m  S l o v e n i a  - R e s t  o f  Yugos lav ia  X[ r ( r )  1 = 0.134360,  
-. 

i . e .  t h e  nurrber o f  m i g r a n t s  i s  1 3  p e r c e n t  of t h e  number o f  b i r t h s .  

I n  o t h e r  words ,  i f  t h e  b i r t h s  a r e  d i s t r i b u t e d  a c c o r d i n g  t o  {Qm} ; 
-. 

t h e n  t h e  number o f  p e o p l e  l e a v i n g  S l o v e n i a  d u r i n g  one  g e n e r a t i o n  

( i n d e p e n d e n t  on where t h e y  a r e  b o r n )  i s  13% o f  t h e  b i r t h s  i n  

S l o v e n i a  i n  t h e  b e g i n n i n g  o f  t h i s  g e n e r a t i o n .  

The moments o f  t h e  WGM-function a r e  d e f i n e d  a n a l o g o u s l y  t o  

( 2 . 2 3 )  : 

and 



The moments are g i v e n  i n  T a b l e  18. The z e r o t h  moment i s  o f  

c o u r s e  e q u a l y t o  I '(r),  which i s  r e p e a t e d  i n  T a b l e  19.  The 
-, 

mean and v a r i a n c e  o f  t h e  WGM-function a r e  d e r i v e d  i n  a n  a n a l o -  

gous  manner as e q u a t i o n s  (2 .28 )  t o  (2 .31 )  ( T a b l e  20)  . F i n a l l y ,  

t h e  d i s c o u n t e d  l i f e  e x p e c t a n c y  m a t r i x  i s  r e p r e s e n t e d  i n  T a b l e  

21. 

T a b l e  18.  moments o f  i n t e g r a l  f u n c t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0 moment --------- 
t o t a l  s l o v e n i a  r . yugos .  

s l o v e n i a  0.135530 0 .134346 0.001184 
r .yugos .  0.017230 0.001450 0 ,015780  

1 moment --------- 
t . o t a l  s l o v e n i a  r . yugos .  

s l o v e n i a  3.353349 3.312093 0.041256 
r .  yugos .  0 .493278 0.053842 0 .439436 

2  moment --------- 
t o t 2 1  s l o v e n i a  ' r . yugos .  

s l o v e n i a  116.014839 116.233238 1.7816C2 
r .  yugos .  19.543728 2 .459748 17.083981 

t o t  a 1  118 ,692986  18.865582 



Table 1 9 .  s r , a t i a l  migna t  i o r  e x p e c t a n c i d s  
* * W * * * * * * f * i * * * * * * * * * W * * * * * * i *  

n e t  m i g r a p r o d u c t . i o n  r a t e  ........................ 

t o t a l  s l o v e n i a  r . yugos .  

s l o v e n s a  0 .13553~3 0 . l 34346  0.001154 
r . y u g o s .  0.017230 0 .001450 0.015780 

e i g e n v a l u e  0.134360 
e s g e n v e c t o r  

- r i g h t  1 . O O O O O O  0.C12229 
- l e f t  1.000000 O.CO9936 

n e t  m i g r a p r o d u c t i o n  a l l o c a t i o n s  ............................... 

t o t . a i  s l o v e n i a  r .  yugos .  

s l o v e n i a  1.059125 0.989321 0.069304 
r .  yugos .  0.940874 0.010679 0.930196 

t o t a l  1.300000 1.000000 



Table 20. m a t r i o e s  o f  mean ages and  v a r i a n c e s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

* *  a l t e r n a t i v e  1 * *  
. . . . . . . . . . . . . . . . . . . .  

means ----- 
t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  29.746502 24.653543 34.839462 
r. y u g o s .  32.488285 37.129063 27.847506 

t o t a l  30.891304 31.343455 

v a r i a n c e s  --------- 
s l o v e n i a  r . y u g o s .  

s l o v e n i a  257.384216 290.717163 
r . y u g o s .  317.659180 307.145569 

** a l t e r n a t i v e  2 * *  *+*+*+************* 

means  ----- 

t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  25.410284 24.645287 0.764997 
r . y u g o s .  27.940247 0.100267 27.839979 

t o t a l  24.745554 28.604977 

v a r i a n c e s  --------- 
t o t a l  s l o v e n i a  r . y u g o s .  

s l o v e n i a  265.060608 257.196289 7.864311 
r -Y ' Jgos -  308.356445 1.366035 306.990417 

t o t a l  258.562317 314.854736 



Table 21. s p a t i a l  rnii:;ration e x p e c t a n c i e s  
f + + + Y * Y * * Y I K f + t t # + + * * * * Y * * * * * *  

e x p e c t a t i o n s  of  l i f e  .................... 

t o t a l  s - o v e n i a  r ,yugos .  

s l o v e n i a  52.827232 52,.227596 0*599635 
r .yugos ,  57.96579 5-629006 52-336788 

t o t a l  57.856602 52.936424 

e i g e n v a l u e  54.120216 
e i g e n v e c t  o r  

- r i p h t  7.000000 3.156286 
- l e f t  C.OOOOOO 0.735226 

m i g r a t i o n  l e v e l s  
---------------- 

t ,o t .a l  s l o v e n i a  r .yugos .  

s l o v e n i a  
r .  yugos. 

t o t a l  



4. FERTILITY ANALYSIS: CONTINUED 

In this section we approach fertility analysis from a different 

perspective. Although the starting poict is the net reproduction 

rate matrix (NRR) and the characteristic matrix (Y (r) or R ( ~ )  (0) ) , - ... ... 
the interpretation is different. This allows us to derive 

additional useful information on the fertility behavior of the 

population. 

Recall that both NRR and Y(r) represent the regional distribution ... ... 
of the offspring by place of birth of the mother. The matrix NRR ... 
refers to a life table population, and Y(r) to a stable population. 

The intrinsic or stable growth rate is r. In equation (2.18), the 

rate r may also be considered to be a rate of discount. Introducing 

the notion of discounting, and hence a 'ime preference to the fact 

of having children, adds an interesting new dimension to fertility 

analysis. 

The central concept is the reproductive value. It has been 

developed by Fisher (1929), and studied by Goodman (1967, 1971), 

Keyfitz (1975) and others. For a reformulation of the concept and a 

generalization to multiregional demographic systems, see Rogers 

and Willekens (1976b) and Willekens (1977). In this paper we high- 

light only a few important elements of the theory of spatial repro- 

ductive value (section I), and focus on the computational algorithms 

(section 2). 

4.1. The Theory of the Spatial Reproductive Value 

Fisher (1929) looks at a life as a debt one has incurred at birth, 

and at the offspring of a child as the repayment of this debt. Let 

the debt or loan incurred at birth be equal to unity. At stability, 

the present value of the subsequent repayment must equal the debt: 

where m(a)k(a)da is the expected number of children to be born 

between ages a and a + da to a baby born in a life table popu- 
lation and obeying the observed fertility schedule, and r is the 

rate of discount. Equation (4.1) is of course identical to the 

characteristic equation of a single-region population system. 



The mult.iregiona1 counterpart of (4.1 ) is (Rogers, 1975a, p. 93) 

~ 2 c - r ~  I Q 5  1 is the right eigenvector, associated with the dominant 
.u 

eigenvalue of y (r) . An alternative generalization of (4.1 ) is - 

dkere iv (0) } ' is the corresponding left eigenvector of 9 (r) and the ... 
2rlrne denotes the transpose. 

Eoth formulations (4.2) and (4.3) have their demographic 

significance. Equation (4.2) has already been considered in section 

2 of this papsr. The eigenvector I O ~ J  gives the regional distribution - 
of births in the stable population. Following the investment approach 

to life and c~lldbearing. denotes the spatial distribution of 
* 

the investmi3nts (or births) which makes the intrinsic rate of return 

of each inves-ment equal to r, the equilibrium rate of return. 

Whereas {Q'} denotes the number of births, the left eigenvector {v .., (0) 1 '  
represents the marginal value of an additional unit birth, or in other 

words, the reproductive value of a 0-year old girl. The value is mea- 

sured in terms of contribution to the ul-zimate population of the 

demographic system. It reflects the capacity to produce new life. 

Note that, since the model we consider is linear, the marginal value 

of one birth is equal to its average value. 

We explore now the investment approach to fertility analysis 

a llttle f3~rtkAer. If the regional distribution of births is E Q ~ I ,  - 
S then the present value of the offspring must also equal t Q  - 

(equation (4.2)). This implies that 

In each region, the discounted number of offspring must be equal 

to the current number of births. In other words, each region must 

pay back the debt it has incurred by receiving Q.S births. A part i 
of this debt is paid back by people born in another region. People 

S born in re2ion j, for example, contribute a total of 
jNR"i j 



region it which has a discounted value of Y. 
j 1 i *  Recall that in 

the numerical illustration of Slovenia - Rest of Yugoslavia, 

NRR = - 
1  . I 7 4 8 1 2  1 

Equation (4.2) is 

One baby born in Slovenia is replaced by an average of 

babies in the stable population. An average of 0 . 9 6 1 8 7 6  babies will 

be born to mothers who are born in Slovenia themselves, and 0 . 2 2 2 5 4 2  

will be born to mothers born in the Rest of Yugoslavia. The present 

value of the 0 . 9 6 1 8 7 6  babies is 0 . 8 1 3 6 8 6 ,  and of 0 . 2 2 2 5 4 2  is 

0 . 0 0 8 9 4 2 *  2 0 . 8 2 3 6 6 2  = 0 .186205 .  Hence the average present value 

of a baby borx in Slovenia to a Slovenia-born woman is 

while that of a baby born in Slovenia to a Rest of Yogoslavia-born 

woman is 



The d i f f e r e n c e  i s  e x p l a i n e d  by t h e  d i f f e r e n c e  i n  mean 

a g e s  a t  c h i l d b e a r i n g  i n  t h e  s t a b l e  p o p u l a t i o n  and t h e  s t a t i o n a r y  
p o p c l a t i o n  . 

Equa t ion  ( 4 . 2 )  e x p r e s s e s  b i r t h s  i n  one  g e n e r a t i o n  a s  a  

f u n c t i o n  o f  t h e  number of  b i r t h s  i n  t h e  p r e v i o u s  g e n e r a t i o n .  I t  

d e n o t e s  t h e  number o f  d a u g h t e r s  by which a  woman i s  r e p l a c e d  i n  

t h e  s t a b l e  p o p u l a t i o n ,  o r ,  a l t e r n a t i v e l y ,  t h e  p r e s e n t  v a l u e  o f  

t h e  d a u g h t e r s  r e p l a c i n g  a  woman, t h e  m o r t a l i t y  and m i g r a t i o n  be- 

h a v i o r  of which i s  g i v e n  by t h e  l i f e  t a b l e .  The r e g i o n a l  d i s -  

t r i b u t i o n  of b i r t h s  i s  c o n s i s t e n t  w i t h  t h e  g i v e n  f e r t i l i t y ,  m o r t a l i t y  

znd m i g r a t i o n  s c h e d u l e s  and w i t h  t h e  growth r a t e  o r  r a t e  o f  d i s c o u n t  

r. S i n c e  t h e s e  s c h e d u l e s  d i f f e r  from one r e g i o n  t o  a n o t h e r  w h i l e  

r i s  u n i q u e ,  a b i r t h  i n  a  less f e r t i l e  r e g i o n  c o n t r i b u t e s  less t o  

t h e  s u s t a i n m e n t  of  t h e  o v e r a l l  r t h a n  a  b i r t h  i n  a  h i g h l y  f e r t i l e  

a r e a .  The v a l u e  o f  a  b i r t h  f o r  s u s t a i n i n g  r depends on t h e  c a p a c i t y  

of  t h e  0-year  o l d  t o  produce  new l i v e s .  T h i s  c a p a c i t y  i s  measured 

by t h e  r e p r o d . ~ c t i v e  v a l u e .  
1 

The v e c t o r  { v ( O ) )  d e n o t e s  t h e  r e p r o d u c t i v e  v a l u e  o f  a  - 
baby o r  a  0-year  o l d  g i r l  by r e g i o n .  I f  t h e  r e p r o d u c t i v e  v a l u e  of  

a 0-year  o l d  i n  r e g i o n  i i s  v i ( 0 ) ,  t h e n  t h e  v a l u e  o f  t h e  d i s c o u n t e d  

number of  o f f s p r i n g s  must a l s o  be  v i ( 0 ) ,  i . e .  



Equat ion (4 .5 )  i n d i c a t e s  an e q u i v a l e n t  f o rmu la t i on :  t h e  p r e s e n t  

wor th  o f  t h e  r e p r o d u c t i v e  v a l u e  o f  t h e  o f f s p r i n g  must e q u a l  t o  t h e  

reproduc tkve  v a l u e  o f  t h e  0-year o l d .  I f  v i (0 )  r e p r e s e n t s  t h e  v a l u e  

( c o s t )  o f  t h e  l i f e  i n v e s t e d  i n  an i n d i v i d u a l ,  t h e n  he  must pay o f f  

t h e  v a l u e  o f  t h i s  inves tment .  S i n c e  vi ( 0 )  # v  . ( 0 )  , 1 iY ( r )  # 1  , 
7 

which means t h a t  t h e  d i s coun t ed  number o f  o f f s p r i n g j o f  an  i n d i v i d u a l  

does  n o t  have  t o  b e  e x a c t l y  one. 

Consider  t h e  S loven i a  - R e s t  o f  Yugoslavia  example. The m a t r i x  

Y ( r )  i s  g iven  i n  Tab le  9. The l e f t  e i g e n v e c t o r  i s  - 

and equa t i on  (4 .3 )  becomes 

Assuming t h e  r e p r o d u c t i v e  v a l u e  o f  a  0-year o l d  i n  S loven i a  t o  be  

u n i t y ,  t h e n  t h e  r e p r o d u c t i v e  v a l u e  o f  t h e  baby i n  t h e  R e s t  o f  

Yugoslavia i s  1.818. Any norming may be  used s i n c e  t h e  e i g e n v e c t o r  

i s  f i x e d  up t o  a  s c a l a r .  Throughout t h i s  pape r ,  t h e  r e g i o n a l  r ep ro -  

d u c t i v e  v a l u e s  a r e  s c a l e d  such  t h a t  v l ( 0 )  = 1.  

Note t h a t  t h e ' d i s c o u n t e d  number o f  d a u g h t e r s  o f  a  S loven ia -  

born  g i r l  i s  0.916100, i .e .  less t h a n  u n i t y .  The re fo r e ,  s h e  does  

n o t  r e p l a c e  h e r s e l f  by one  c h i l d  ( d i s c o u n t e d ) .  The v a l u e  o f  t h e  

o f f s p r i n g ,  however, i s  e q u a l  t o  h e r  r e p r o d u c t i v e  v a l u e  a t  b i r t h :  



4 . 2  The Computation o f  t h e  S p a t i a l  ~ e p r o d u c t i v e  Value 

The above i n t e r p r e t a t i o n  o f  ( 4 . 3 )  s u g g e s t s  a s k i n g  what 

1s t h e  produrJ:ive c a p a c i t y  o f  a  g i r l  aged x. The answer is  t h e  

expeczed nurriber of subsequen t  c h i l d r e n  d i s c o u n t e d  back t o  age  x ,  

and w2ighteC f o r  t h e  r e g i o n  o f  b i r t h .  The v e c t o r  of  r e p r o d u c t i v e  

v a l u e s  of  x-lrear  o l d  women, d i f f e r e n t i a t e d  by r e g i o n  o f  r e s i d e n c e ,  

i s :  

The m a t r i x  

lit 1 ( x )  "21 ( x ) 1  

r e p r e s e n t s  t h e  e x p e c t e d  t o t a l  number of  f emale  o f f s p r i n g  p e r  woman 

a t  a g e  x ,  d i s c o u n t e d  back t o  a g e  x.  The e lement  n i j  ( x )  g i v e s  t h e  

d i s c o ~ n t e d  number o f  d a u g h t e r s  t o  Se  born i n  r e g i o n  j t o  a  woman 

now x y e a r s  of age  and a  r e s i d e n t  of r e ~ i o n - i .  There  a r e  two 

approaches  t o  e v a l u a t e  ( 4 . 2 )  and ( k . 7 )  n ~ m e r i c a l l y .  The f i r s t  

approach e v a l u a t e s  t h e  r e p r o d u c t i v e  v a l u e s  a t  e x a c t  age  x :  

1 - 
= i v ( 0 ) )  n  , s a y .  - - X 

Both nx a z d t v  ( x )  ) r e f e r  t o  e x a c t  age  x. The v a l u e s  o f  fx f o r  -. 
S l o v e n i a  - Res t  of Yugoslavia  a r e  g i v e n  i n  T a b l e  22. For  example,  

t h e  d i s c o u n t e d  number o f  f emale  d e s c e n d a n t s  o f  a  woman l i v i n g  i n  

S l o v e n i a  and 1 0  y e a r s  o l d  i s  1.002.  A t a t a l  of  0.9168 i s  e x p e c t e d  

t o  be born  i n  S l o v e n i a  and 0.0852 i n  t h e  Res t  o f  Yugoslavia .  On t h e  

c t h e r  nand, a  woman of  t h e  same age  i n  t h e  R e s t  o f  ~ u g o s l a v i a  h a s  an 

e x p e c t e d  d i s c o u n t e d  number o f  d a u g k t e r s  of 1.1984. ieca,,se of  t h e  low 



Table 22, r e s u l t s  f o r  people a t  exac t  age x 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
discounted number of o f f s p r i n g  per person 
**************R*************f************ 

reg ion  of res idence  s l o v e n i a  ............................. 
reg ion  of b i r t h  of o f f s p r i n g  
t o t a l  s l oven ia  r.yugos. 

region of res idence  r ~ y u g o s .  

reg ion  of b i r t h  of o f f s p r i n g  
t o t a l  s l oven ia  r.yugos. 



m i g r a t i o n  i e v e l  o u t  o f  t h e  R e s t  o f  Y u g o s l a v i a  and  t h e  r e l a t i v e l y  

i ~ w  f e r t i l i t y  i n  S l o v e n i a ,  o n l y  a n  a v e r a g e  o f  0 .0087 d a u g h t e r s  

w i l l  b e  b o r n  i n  S l o v e n i a  t o  t h e s e  women. 

The r e - x o d u c t i v e  v a l u e s  by a g e ,  -:v ( x )  ) a r e  r e p r e s e n t e d  i n  - 
T a b l e  2 3 .  3 o r  i n s t a n c e ,  t h e  r e p r o d u c t i v e  v a l u e  o f  10 -yea r  o l d  

sirls i s  

Note t h a t  i s  i d e n t i c a l  t o  t h e  c h a r a c t e r i s t i c  m a t r i x  Y ( r )  . 
-0 - 

The second  a p p r o a c h  computes  t h e  a v e r a g e  r e p r o d u c t i v e  v a l u e  

f o r  e a c h  age  g r o u p  x  t o  x  + 4 .  Denote  t h i s  by { 5 y x l ,  t h e n  

I 5  8-5 
= i v ( 0 )  1 - 1 [e 

-r (a -x )  - 2 M ( a )  - L ( a )  - 
a=x  

e -r (a -x )  
L ( a )  [ L  (x) I -' - - 

I 

= ( ~ ( 0 )  - N 5-x s a y .  

The m a t r i x  N g i v e s  t h e  d i s c o u n t e d  number o f  o f f s p r i n g  p e r  
5-x 

p e r s o n  i n  a g e  g r o u p  x  t o  x  + 4 ,  and n o t  t h e  number p e r  p e r s o n  

a t  e x a c t  age  x  ( T a b l e  2 4 ) .  I t  h a s  b e e n  shown by W i l l e k e n s  



( 1 9 7 7 ,  p. 1 4 )  t h a t  5Plx may be expressed i n  terms of 5Nx+5: 

The a s s o c i a t e d  average r ep roduc t ive  va lues  by age group a r e  

l i s t e d  i n  Table 25. 

Table 23 .  spatial reproductive value per person 
********t***********t*tt**Q*t*****t** 



Table 2 4 .  r . , ' s u l t s  f o r  pc o p l e  i n  a g e  p rour ,  x 
* # * W * * * * * * * * * t * t * * * Y * * * * * * * * * * * * *  

#**l****Y*************t*****%***r 

d l s c o u r ~ t e d  n u r  b e r  o f  o f f s p r i n g  p e r  p e r s o n  
* t * * * f * * * * * * * f * * * * * * * * * i i * * * * * * * * * * * * t * * * #  

r e g i o n  o f  r e s ~ d e n c e  s l o v e n i a  
............................. 

r e g i o n  o f  b i r : . h  o f  o f f s p r i n g  
t o  t , a l  s l o v c n i a  r . y u g o s .  

r e g i o n  o f  r e s i d e n c e  r , y u g o s .  ............................. 
r e ~ . i o n  o f  b i r t h  o f  o f f s p r i n g  
t .ot  a 1  s l o v e n i a  r . y u ~ o s .  



Table 2 5 .  s p a t i a l  r e p r o d u c t i v e  v a l u e  p e r  p e r s o n  
* t * * * * * * * * * * * t * * * * * * u Y * * * * * * * * * * * % % * f  

s l o v e n i a  r . y u g o s .  



The d i s c o u n t e d  number of  o f f s p r i n g  and t h e  r e p r o d u c t i v e  v a l u e  

i n  (4 .12)  and ( 4 . 1 3 )  a r e  e x p r e s s e d  p e r  p e r s o n  i n  age  group x  t o  x  + 4 

of  t h e  l i f e  t a b l e  p o p u l a t i o n .  To obtair . .  a n  e s t i m a t e  of t h e  d i s c o u n t e d  

r i~mber  of o f f y p r i n g  and t h e  reproduc t ive :  v a l u e  of t h e  t o t a l  obse rved  

p ~ p u l i , ; l o n ,  L G ~  m u l t i p l y  N and {5yx)  by t h e  obse rved  p o p u l a t i o n  5, x  
d i s c ; i b u t i o n  and sum o v e r  a l l  age groups  : 

where K(x)  i s  t h e  d i a g o n a l  m a t r i x  c o n t a i n i n g  t h e  r e g i o n a l  p o p u l a t i o n s  
.-" 

aged x t o  x  + 4 .  

The v a l u e  o f  NK i s  g i v e n  i n  T a b l e  26a. Under t h e  1961 regime - 
of f e r t i l i t y ,  m o r t a l i t y  and m i g r a t i o n ,  t h e  t o t a l  d i s c o u n t e d  number 

of female  o f f s p r i n g  o f  Yugoslavia  i s  5,528,628.  Of them, 382,695 

o r  6.92 X w i l l  b e  born  i n  S l o v e n i a .  However, t h e  female  r e s i d e n t s  

of S l o v e n i a  w i l l  a ccoun t  f o r  o n l y  379,094 o r  6.68% of  t h e  t o t a l  

d i scocr i t ed  number o f  b i r t h s .  Of t h e  u l t i m a t e  d i s c o u n t e d  382,695 

female  c h i l d r e n  born  i n  S l o v e n i a ,  29,934 can  be a t t r i b u t e d  t o  

women now r e s i d i n g  i n  t h e  R e s t  o f  Yugoslavia .  On t h e  o t h e r  hand,  

af t .he d i s c o u n t e d  379,094 d a u g h t e r s  born t o  t h e  female  p o p u l a t i o n  

of S l o v e n i a ,  26,333 w i l l  b e  born  i n  t h e  R e s t  of Yugos lav ia ,  and 

352,761 i n  S i a v e n i a .  

'The r e 2 r o d u c t i v e  v a l u e  of t h e  t o t a l  female  p o p u l a t i o n  by 

p l a c e  of res i :dence  i s  o b t a i n e d  by ( 4 . 1 5 ) ,  i . e .  by w e i g h t i n g  t h e  

d i . scounted  nunber o f  o f f s p r i n g  f o r  t h e  r e g i o n  of b i r t h .  I f  we 

a t t a c h  t o  a  b i r t h  i n  S l o v e n i a  t h e  r e p r o d u c t i v e  v a l u e  o f  u n i t y ,  

t h e n  a  b i r t h  i n  t h e  Res t  of Yugoslavia  h a s  a  r e p r o d u c t i v e  v a l u e  

o f  1 . 8 7 8 .  Adopting t h i s  s c a l i n g ,  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  



T a b l e  2 6 a .  t o t a l  d i s c o u n t e d  number o f  o f f s p r i n g  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
o f  o b s e r v e d  p o p u l a t i o n  i n  1 0 0 , 0 0 0 ,  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

t o t a l  s l o v e n i a  r , y u g o s .  

s l o v e n i a  3.826951 3 , 5 2 7 6 1 3  0 , 2 9 9 3 3 8  
r ,  y u g o s .  51 .459335 0 , 2 6 3 3 2 9  5 1 , 1 9 6 0 0 7  

t o t a l  3 , 7 9 0 9 4 3  5 1 , 4 9 5 3 4 6  

T a b l e  26b .  r e p r o d u c t i v e  v a l u e  o f  t h e  t o t a l  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
p o p u l a t i o n  i n  1 0 0 , 0 0 0 ,  . . . . . . . . . . . . . . . . . . . . . .  

s l o v e n i a  4.006376 
r . y u g o s .  9 3 - 3 7 9 6 0 1  

t o t a l  9 7 -  385979  



by r e g i o n  of  r e s i d e n c e  is: 

The t o t a l  r e p r o d u c t i v e  v a l u e  f o r  t h e  whole of Yugoslavia is  (Table  26b) :  

Note t h a t  t h e  u n i t  i n  which V i s  measured i s  t h e  r e p r o d u c t i v e  v a l u e  

of a  b i r t h  o r  a  0-year o l d  i n  S loven ia .  The c h o i c e  of  t h e  u n i t  i s  

a r b i t r a r y ,  s i n c e  i t s  o n l y  f u n c t i o n  i s  t h a t  of a  "numerai re" .  

5. FURTHER STABLE POPULATION P-NALYSIS 

I n  s e c t i o n s  2  and 3 of t h i s  pape r ,  w e  performed s o m e  i n t r o -  

d u c t o r y  a n a l y s e s  of  f e r t i l i t y  and migration.characteristics of  

s t a t i o n a r y  p o p u l a t i o n s .  I n  t h i s  s e c t i o n ,  s t a b l e  p o p u l a t i o n  a n a l -  

y s i s  is  advanced by means of  t h e  n o t i o n  of s p a t i a l  r e p r o d u c t i v e  

v a l u e ,  developed i n  t h e  p r ev ious  s e c t i o n .  

I f  a g e - s p e c i f i c  b i r t h ,  d e a t h  and mig ra t i on  r a t e s  remain f i x e d ,  

t hen  a  popu l a t i on  exposed t o  t h e s e  r a t e s  u l t i m a t e l y  w i l l  e vo lve  i n t o  

a  s t a b l e  popu l a t i on  whose p r i n c i p a l  c h a r a c t e r i s t i c s  a r e :  unchanging 

r e g i o n a l  age  composi t ions  and r e g i o n a l  s h a r e s ;  c o n s t a n t  r e g i o n a l  an- 

n u a l  r a t e s  o f  b i r t h ,  d e a t h ,  and mig ra t i on ;  and a  f i x e d  m u l t i r e g i o n a l  

annual  r a t e  o f  growth t h a t  a l s o  i s  t h e  annua l  r a t e  of popu l a t i on  

growth i n  each and eve ry  r e g i o n  (Rogers and Wil lekens ,  1976c,  p.  1 2 ) .  

The c o n s t a n t  growth r a t e  i m p l i e s  t h a t  b i r t h s  - and popu l a t i on  i n c r e a s e  

a t  t h e  same r a t e  and fo l l ow  an  exponen t i a l  growth pa th .  T h i s  t r a j e c t o r y  

may be  expressed  i n  terms o f  observed popu l a t i on  c h a r a c t e r i s t i c s .  

T h i s  i s  t h e  t o p i c  of  t h e  f i r s t  p a r t  of  t h i s  s e c t i o n .  The second 

p a r t  f ocuse s  on t h e  c a l c u l a t i o n  of t h e  i n t r i n s i c  r a t e s  of  b i r t h ,  

d e a t h ,  ou t -  and i nmig ra t i on .  



5.1 The Ultimate Trajectory of Births and Population 

When a multiregional population system has reached stability 

(steady-state equilibrium), its births grow exponentially and their 

regional distribution remains constant. The ultimate birth trajectory 

is (Willekens, 1977, p. 29) 8: 

where r is the stable growth rate, V is the total reproductive value 

of the whole population system, {v(0)I1 and tQII are respectively the - - 
left and right eigenvectors of Y(r), associated with the dominant - 
eigenvalue, and K is the matrix of mean ages of childbearing - 
in the stable population, defined in (2.30) : 

I 

The expression {v(O)} - K{Q~) is a normalizing factor. Writing - - 

yields the simple expression for the ultimate birth trajectory: 

If {Q1} - is chosen such that its elements sum up to unity, then the 

ultimate total number of births isproportional to the total repro- 

ductive value. The total number of births is then allocated to the 

different regions according to iQ11. .-. 

The superscript of {Q'] - is dropped for convenience 



S u b s t i t u t i n g  V i n  (5 .4 )  and r e w r i t i n g  shows t h a t  t h e  s t a b l e  

number o f  b i r t h s  i n  each  r eg ion  {Q ... ( t )  1 a l s o  i s  a  l i n e a r  combi- 

n a t i o n  o f  t h e  d i s coun t ed  number o f  o f f s p r i n g  by r e g i o n  o f  b i r t h  

( f o r  d e t a i l s ,  see ~ i l l e k e n s ,  1977, pp. 32-33).  The s t a b l e  

e q u i v a l e n t  of b i r t h s  is: 

R e c a l l  o u r  numer ica l  i l l u s t r a t i o n .  The m a t r i x  of mean ages  o f  

c h i l d b e a r i n g  i s  g iven  i n  Table  11. S ince  t h e  growth r a t e  r i s  

0.006099, t h e  no rma l i z ing  f a c t o r ,  ( 5 . 3 ) ,  i s  1054.266  able 2 8 ) .  

The t o t a l  r e p r o d u c t i v e  v a l u e  V ha s  been computed t o  be 9,738,598;  

hence t h e  s t a b l e  e q u i v a l e n t  o f  b i r t h s  i s  by ( 5 . 5 ) :  

The t o t a l  number o f  b i r t h s  i s  201,592. Of t h i s  number of  b a b i e s ,  

4.58% w i l l  be born  i n  S loven i a  and 95.42% i n  t h e  R e s t  of Yugo- 
9  s l a v i a  . 

'compare t h i s  w i t h  t h e  observed number of b i r t h s  (205,010) 
and i t s  r e g i o n a l  d i s t r i b u t i o n :  6.90% i n  S loven i a  v s .  
93.10% i n  t h e  R e s t  of Yugoslavia.  



The stable equivalent population in each age group 

x to x + 4 is easily obtained by the formula (1.5): 

The stable equivalent of the total population is: 

{ Y )  = 1 {~(x)) = [I e -r (x+2.5) - - L(x)l - {Q) , (5.7) - 
X X 

Defining 

as the matrix of discounted life expectancies at birth, equation 

(5.7) becomes 

The numerical values of the stable equivalent population are 

given in Table 27. Note that those values are very close to 

the ones given by Willekens and Rogers (1976, p. 52) , 
10 which were computed by projecting the observed population . 

Equations (1.5) and (5.7) demonstrate that for popu- 

lation analysis it is more convenient to express the relative 

age composition of the population in unit births instead of in 

fractions or percentages of the total population. The values 

of 

are given in Table Ic. 

l0I4inor deviations are due to roanding error. 



Table 27 .  s t a b l e  e q u i v a l e n t .  o f  t o t a l  p o p u l a t i o n  
* * * K * * * * I * * * * + * * * * * * # * * * K ~ * * * * * a * W t + *  

t  o t z l  s l o v e n i a  r ,  y u g o s ,  

t o t a l  10717n26,  597756-  10119240.  

p e r c e n t a g e  d i c t r i b u t i o n  ....................... 
t o t a l  s l o v e q i a  r , y u g o s .  



5.2 Stable Equivalents and Intrinsic Rates 

The fertility, mortality and migration characteristics of 

a stable population may be described by a small number of parameters, 

namely the intrinsic rates. (Rogers, 1975a, pp. 109 - ,115) . The 

intrinsic rates are directly related to the stable equivalents of 

births, deaths, and migrants. Therefore, we treat both statistics 

simultaneously. 

Applying the fixed age-specific schedules of fertility, 

mortality and migration to the stable equivalent of the population 

gives the stable equivalent of births, deaths and migrants. The 

stable equivalent of births has already been computed. Applying 

the fertility schedule to the population distribution of (1.5) 

and summing over all age groups yield ~f course the characteristic 
equation: 

The intrinsic birth rate of region i is the ratio between Qi and 

the stable equivalent population Yi, which may be written as 

(Rogers, 1975a, p. 115): 

The vector of intrinsic birth rates is: 



where Y - i s  t h e  d i a g o n a l  m a t r i x  o f  s t a b l e  e q u i v a l e n t s  of  t o t a l  

p o p u l a t i o n s ,  i . e .  

The v e c t o r  { b )  a l s o  may be e x p r e s s e d  a s  - 

where { C ( x ) )  d e n o t e s  t h e  age  composi t ion  of  t h e  p o p u l a t i o n  a s  - 
f r a c t i o n s  of  t h e  t o t a l ,  i . e .  

The p r o p o r t i o n  of t h e  r e g i o n a l  p o p u l a t i o n ,  which i s  aged 

x  t o  x  + 4 ,  a l s o  may be w r i t t e n  a s  f o l l o w s :  

s i n c e  by (5 .10)  Y-' i s  e q u a l  t o  a- 'b1 where bo th  Q and b  a r e  - - - - - 
d i a g o n a l  m a t r i c e s .  Def in ing  C ( x )  a s  (Rogers ,  1975al  p.  1 1 5 ) :  - 

g i v e s  



To compute t h e  s t a b l e  e q u i v a l e n t s  o f  d e a t h s ,  o u t m i g r a n t s  

and i n m i g r a n t s ,  w e  must r e c o n s i d e r  t h e  a g e - s p e c i f i c  d e a t h  and 

m i g r a t i o n  rates  (11). The d e a t h s  and o u t m i g r a n t s  i n  a g e  g roup  

x t o  x  + 4 i n  a l i f e  t a b l e  p o p u l a t i o n a r e g i v e n  by (Rogers  and 

Leden t ,  1976, p .  2 8 9 ) .  

where i ( x )  r e p r e s e n t s  t h e  d i s t r i b u t i o n  o f  t h e  l i f e  t a b l e  popu- 
I - 
l a t i o n  a t  e x a c t  a g e  x  by p l a c e  of b i r t h  and p l a c e  o f  resi- 

dence ,  

L ( x )  is g i v e n  i n  ( 1 . 1 )  and r e p r e s e n t s  t h e  d i s t r i b u t i o n  of  t h e  

l i f e  t a b l e  p o p u l a t i o n  aged x t o  X + 4 by p l a c e  of b i r t h  and 

p l a c e  of r e s i d e n c e ,  and 

M(x) i s  t h e  m a t r i x  - 

(11)  The a u t h o r s  a r e  g r a t e f u l  t o  J a c q u e s  Ledent  f o r  p o i n t i n g  o u t  
t h e  arqament ,  which i s  a n a l a y o u s  t o  t h e  one  proposed by 
K e y f i t z  (1968,  pp. 19-20) .  



w i t h  M i &  ( x )  and M i j  ( x )  t h e  a g e - s p e c i f i c  l i f e  t a b l e  d e a t h  r a t e  

and  m i g r a t i o n  r a t e ,  r e s p e c t i v e l y .  

E q u a t i o n  ( 5 . 1 6 )  i s  t h e  d i s c r e t ?  a p p r o x i m a t i o n  o f  t h e  c o n t i n u o u s  

r e l a t i o n  

where y ( x )  i s  a  m a t r i x  o f  t h e  f o r m a t  M ( x ) .  I t s ' e l e m e n t s  a r e  t h e  - - 
a g e - s p e c i f i c  f o r c e s  o f  m o r t a l i t y  y i 6  ( x )  and  o f  m i g r a t i o n  u i  ( x )  , 
i . e .  

E q u a t i o n  (5.1.8) r e p r e s e n t s  t h e  dec remen t sby  d e a t h  and  o u t m i g r a -  

t i o n  i n  a  s t a t i o n a r y  p o p u l a t i o n .  To d e r i v e  t h e  d e c r e m e n t s  i n  

a  p o p u l a t i o n  growing  a t  r a t e  r, w e  w r i t e  

- r x  w i t h  R ( r )  ( x )  = e 1 ( x )  . Hence - - 








































































































































































