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Abstract

This paper analyzes the growth effects of competition in a product-
cycle model where R&D firms both innovate and imitate and house-
holds are subject to non-diversifiable risk. I prove that product market
competition promotes growth when the initial level of competition is
high enough. In contrast to the earlier product-cycle models with di-
versifiable risk, I show also the following. Some positive profits are
necessary for technological change. The larger the proportion of in-
dustries subject to price competition, the slower economic growth.
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1 Introduction

This paper considers the growth and welfare effects of competition when
households cannot wholly diversify their investment risk and economic growth
is characterized by product cycles as follows. Through the development of
new products, an innovator achieves a temporary advantage earning monopoly
profits. This advantage ends when an imitator succeeds in copying the inno-
vation, enters the market and starts competing with the innovator.

Product cycle models start from Segerstrom (1991), who assumes that
(1) incumbents and outsiders have the same costs of innovation, and (i)
households eliminate investment risk wholly by diversification. Assumption
(7) leads to leapfrogging: innovations will always be performed by outsiders
and the current industry leaders will be wholly replaced. To eliminate this
unrealistic outcome, Aghion et al. (1997, 2001) construct models where tech-
nological laggards must first catch up with the leading-edge technology be-
fore battling “neck-to-neck” for technological leadership in the future. They
represent competition by the elasticity of substitution between firms’ prod-
ucts and show that competition has in general a positive effect on economic
growth. Mukoyama (2003) constructs a model in which only leaders can con-
duct next-round innovation, while outsiders can become leaders by imitation.
He represents competition by the relative proportion of competing industries
and shows that competition very commonly promotes economic growth.

The three papers above are based on Segerstrom’s assumption (i) of
full diversification. Wélde (1999a, 1999b) shows that with non-diversifiable
risk investment decisions are made by households rather than firms, and the
equilibrium conditions differ substantially. To examine competition policy
with non-diversifiable risk, I extend Wélde’s one-industry growth model for
an economy with many industries and incorporate Mukoyama’s (2003) as-
sumptions on imitation and cumulative technology into it. The model of this
study is therefore characterized as follows:

(i) Labor is homogeneous and inelastically supplied. It is used in innovation,
imitation or the production of the intermediate goods.

(ii) Competitive firms produce the consumption good from a great number
of intermediate goods according to Cobb-Douglas technology.



(iii) Firms’ products are imperfect substitutes. A successful innovator of
a new technology crowds out all products made with old technology
and becomes a monopolistic producer until its technology is imitated.
A successful imitator starts producing a substitute for the innovator’s
product and establishes an innovation race with the incumbent produc-

ers. Imitation is necessary for an outsider to become an innovator.

(iv) R&D firms finance their expenditure by issuing shares. The households
save only in these shares. Each R&D firm distributes its profit among
those who had financed it in proportion to their investment in the firm.

The remainder of this paper is organized as follows. Sections 2 and 3 con-
sider firms in production and R&D. Section 4 examines households deciding

on saving. Section 5 considers the effects of competition.

2 Production

I assume a great number of intermediate-good industries that are placed
over the limit [0,1]. Industry j € [0,1] contains intermediate-good firms
k = 1,...,a;. The representative consumption-good firm makes its output y
from the products of all intermediate-good firms through technology

aj

1 e/(e—1)
log y = / log[Bjx;ldj, =x; = {aj_l/a ijl-;l/a} e>1, (1)
0 k=1 )
where B; is the productivity parameter in industry j, a; the number of firms
in industry j, z; the quantity of intermediate good j, ;. the output of firm
# in industry j, and € the elasticity of substitution between the products in
the same industry.! The consumption-good firm maximizes its profit

II° = Py - / ijnxjmdj
jE[O,l] k=1

by its inputs z;, taking the output price P and the input prices {pj.} as
fixed. I normalize total consumption expenditure Py at unity. Because the

'With the specification (1), the price p; for the composite product of industry j will (in
the symmetric equilibrium p;,. = p;1) be independent of the number of producers in that
industry, a;. Otherwise, the effect of a; on p; would excessively complicate the analysis.



consumption-good firm is subject to constant returns to scale, we then obtain

|5 1/(1-¢)
Py=1, II°=0, pjz;=1 and p; = {— ijl-;a} for all j,
aj k=1
8pj 1 (pj )E 1 1 .
T = rj=—\—| x;=—p; p;° forall j and k, 2
J apjﬁ J aj pjn J aj 7 7 ( )

where p; is the price of the composite product z;.

I assume that all intermediate-good firms produce one unit of their out-
put from one labor unit. Technological change is random. I assume that a
successful innovator in industry j makes a perfect substitute for intermediate
good j that is composed of the outputs all incumbent firms with older tech-
nology in industry j.? The innovator’s profit is I1;; = (pj; — w)xz;1, where pj;
is its output price, x;; its output (= labor input) and w is the wage.

The innovator’s product provides exactly the constant © > 1 times as
many services as the intermediate good of earlier generation. Firm k of

earlier generation earns the profit 15, = (p$, —w)x5,, where p, is its output
price and z7, its output. The innovator pushes the old firms out of the market
by choosing its price p;; so that these earn no profit, I, = 0 and p§, = w.
This and (2) yield pj1/p = p§ = pj, = w, the mark-up rule p;; = pw and the

innovator’s output and profit as follows:

rj=x4 =1/pjy =1/(pw) and
I = (pp —w)zjy =(1—-1/pwppzp=1—1/p=1I fora; =1. (3)

The innovator is the first leader (i.e. the first incumbent producer) in
industry j. A successful imitator of the state-of-art good is able to make a
close substitute for the product of the innovator. Thus with each imitation,
the number of leaders and products increases by one. I assume that all leaders
1,...,a; in industry j behave in Bertrand manner, taking each other’s prices
as given. Given (1) and (2), leader x in industry j maximizes its profit

Tjk = Pjrljx — WTjx = (pjn - w>xjm (4)

by its price pz;., assuming that the prices p;, for the other leaders 1 # ~
in industry j are kept constant. It therefore sets the wage w equal to the

2This assumption is in line with technology (1), because z; = z;; for a; = 1.
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marginal product of labor. Noting (2), this leads to the first-order condition
_ ’LU) |:8$j,£ i 8$j,4 8pj :|
Opjr.  Op; Opjx

T Tie 1 S\ ©
= T + (Pjr — W) {—ap% + (e — 1)]%&—(5—]> 1
ik j @i \Pjr

:xjn{1+(1—%> {—Hg;jl(%)a_l”:o. (5)

Because the conditions (2) and (5) hold for all k = 1,...,a;, the symmetry
p;x = p; holds throughout all x. This, (1), (2), (4) and (5) yield

Pix/W = {1 —le+(1- 5)/aj]_1}71 = ®(a;), P <0, apjerjs=1,
Tiw = (Pjx — Wi = [1 = B(ay) " | pjaje = [1 = P(a;) "] /ay,
Tj = a;Tjx = 1/pjx = 1/[®(a;)w]. (6)

In order to make product market competition effective, I assume that the
entry of the second leader decreases the first leader’s mark-up:

> P(2). (7)

If anyone invests in imitative R&D to enter an industry with one leader,

then his prospective profit is 7Tj,$|a_72, but if he invests (with the same cost)
i=

in imitative R&D to enter an industry with more than two leaders, then his

prospective profit is Wjﬁ} ,- Because, by (6), the profit is smaller with more

a;>

than two leaders, Wj”|aj:2> 7Tj5|aj>2’

to enter in one-leader industries. Thus, each industry has one or two leaders.

investors invest in imitative R&D only

In one-leader industries the followers imitate and in two-leader industries the
leaders innovate. I denote the set of one-leader industries by © C [0, 1], and
the relative proportion of one-leader (two-leader) industries, a (/) by

a:/ dj, (= dj=1-a. (8)
j€® i¢e

Noting a; = 2, (3), (6), (7) and (8), a firm’s profit = (II) and and total
output z, (x3) in one-leader (two-leader) industry are given by

W] o= T Tl o, = 1= 1/®(2))/2 =7 € (0,11/2), 1/®(2) =1 2n,
_ _ 1 - 1—2n _ _ 1 _ 111 9
Iy = xj}jgée,ajzz_ (ID(Q)w - w > Ta = l‘j{jee_ ,u_w - T ( )



The higher the elasticity of substitution between the products, ¢, the closer

3 There are now two measures

®(2) to its lower limit 1 and the smaller .
of competition: a competing firm’s profit 7 and the relative proportion of
the competing (two-leader) industries, 3. The purpose of this paper is to
examine the growth and welfare effects of these.

Noting (1), (3), (8) and (9), and summing up throughout all firms and
industries, one obtains that the employment of labor in production, x, and
total output y are determined as follows:

SO, ola,m)=(1—-IDa+ (1 —a)(l —27) <1-—2m,

r=ar,+ (1 —a)rg ==
w

Do Do x 0 [Ty

92 _or 11 92 —9(a—1 —1-mE, Z(L

Do i <9, or (@ =1) <0, za=( )30’ 07r(x> >0,
B x d (rg\ x 0p r ox

o5 = (1= 2m) > o, %<?> = (2m = 1) 50— 20 =2(1- )75 <0,

(10)

where z is employment and ¢ = wz wage expenditure. A decrease in a
competing firm’s profit 7 increases employment z and total wages in pro-
duction, dp/0m < 0. Because competing industries j ¢ © employ more
than monopoly industries j € © (i.e. x5 > x,), a smaller proportion « of
monopoly industries raises employment x and total wages ¢ in production.

3 Research

There are three types of R&D firms: the first leader (successful innovator),
which I call firm 1, the second leader (successful imitator), which I call firm
2, and followers, which I call firm 0. In two-leader industry j ¢ ©, firms
1 and 2 innovate and no firm imitates. The technological change of firm
r € {1,2} is characterized by a Poisson process ¢;,, in which the arrival rate
of innovations, Aj,, is in fixed proportion A to the firm’s own labor input [;,:

Aj. = A, for j ¢ © and & € {1,2}. (11)

During a short time interval dv, there is an innovation dg;,, = 1 in firm s with

probability Aj.dv, and no innovation dg;, = 0 with probability 1 — A;.dv.

3In papers that consider imitation in a framework with no growth, it is common to
measure competition directly by the level of profit [Cf. Kanniainen and Stenbacka (2000)].



In one-leader industry j € ©, the representative follower (firm 0) imitates
and no firm innovates. The technological change of firm 0 is characterized
by a Poisson process (); in which the arrival rate of imitations is given by

L = ~lig<ly for j € O, (12)

where [ is the firm’s own labor input, ¢z the average labor input to innova-
tive R&D in the economy and v > 0 and ¢ € (0,1) are constants. The input
{5 characterizes the immediate spillover of knowledge from innovative to im-
itative R&D.* During a short time interval dv, there is an imitation dQ; = 1
with probability I';dv, and no imitation d(); = 0 with probability 1 — I';dv.

The invention of a new technology in industry j raises the number of
technology in that industry, ¢;, by one and the level of productivity, B;rj, by
> 1. Given this and (10), the average productivity in the economy, B, is a
function of the technologies of all industries, {t;}, as follows:

1
log Bitsh = / log B/dj, BY*'/BY =y, (13)
0

where {t;} denotes a vector that consists of ¢, for all k. The arrival rate of
innovations in industry j ¢ © is the sum of the arrival rates of both firms in
the industry, Aj; + Ajo. The average growth rate of B; due to technological

change in industry j in the stationary state is then given by
tj-i-l t;
E|[log By —log B, | = (Aj1 + Ajp) log p,

where E is the expectation operator.> Because only industries j ¢ © inno-
vate, then, noting (11), the average growth rate of the average productivity
B in the stationary state is given by

o= [ Ellog BY* ~ log BY)dj = (logn) [ (A + Al
Jj¢e Jj¢e

= )\/ (L1 + Lj2)dj. (14)
j¢e

4In the case ¢ = 0 investment in imitative R&D were subject to constant returns to scale
and there were no equilibrium for a household (see section 4 and Appendix A, especially
equations (45) and (46)). With the spillover effect ¢ > 0, the average product of labor in
innovative R&D, T/l 0, falls with the increase in labor input {;o. This property ensures
that a household has an equilibrium.

SFor this, see Aghion and Howitt (1998), p. 59.
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Total employment in R&D is given by

lﬁ/ (lj1+lj2)dj+/ l;dj. (15)
j¢e jEO

There exists a fixed number N of households, each supplying one labor unit.
Total labor supply N is equal to inputs in production, z, and R&D, [:

N=x+I. (16)

In industry 7 € © firm 0 and in industry j ¢ © firms 1 and 2 issue shares
to finance their labor expenditure in R&D. Because the households invest in

these shares, one obtains

N N
ZSLjO = wljo forj S @, ZSLJ‘K = UJle for k € {1, 2} andj §é @, (17)
=1 =1

where wljy is the imitative expenditure of firm 0 in industry j € ©, wlj,
the innovative expenditure of firm x € {1,2} in industry j ¢ ©, S,jo (S,jx)
household ¢’s investment in firm 0 in industry j € O (firm & in industry
j ¢ 0),and Zfil Swj0 (Zf\il SLjK) aggregate investment in firm 0 in industry
j € O (firm £ in industry j ¢ ©). Household ¢’s relative investment shares
in the firms are given by
B0 = jLTJj(; for j € ©; i, = iLT]; for j ¢ ©. (18)
I denote household ¢’s income by A,. Total income throughout all house-
holds ¢+ € {1,..., N} is then equal to income earned in the production of
consumption goods, Py, and in R&D, wl. Since Py = 1 by (2), this yields
N

ZAL:Py+wl:1+wl. (19)

4 Households

The utility for risk-averting household ¢ € {1, ..., N} from an infinite stream

of consumption beginning at time 7' is given by

UC,T)=E / Coe " Ny with0 <o <land p>0, (20)
T



where v is time, E the expectation operator, C, the index of consumption, p
the rate of time preference and 1/(1—0) is the constant relative risk aversion.

Because investment in shares in R&D firms is the only form of saving in
the model, the budget constraint of household ¢ is given by

A, = PC, +/ S.jodj +/ (S,j1+ Sij2)dy, (21)
EC) j¢0
where A, is the household’s total income, C, its consumption, P the consump-
tion price, and S,j0 (S,;) the household’s investment in firm 0 in industry
Jj € O (firm ~ in industry j ¢ ©). When household ¢ has financed a success-
ful R&D firm, it acquires the right to the firm’s profit in proportion to its
relative investment share. Thus, I define:

s,jx household ¢’s true profit from firm x in industry j when the uncertainty
in R&D is taken into account;

i,jx household ¢’s investment share in firm  in industry j [Cf. (18)];

17,5, household ¢’s expected profit from firm « € {1,2} in industry j ¢ ©
after innovation in firm s have changed the two-leader industry j into

a one-leader industry;

mi,50 household ¢’s expected profit from firm 0 in industry j € © after imita-
tion in firm 0 have changed the one-leader industry j into a two-leader
industry.

The changes in the profits of firms in industry j are functions of the

increments (dg;1, dg;2,dQ;) of Poisson processes (gj1, ¢j2, @;) as follows:®

dsyjx = (i — Sk )dqje — Sijkdqjcx) When j € ©;
dSLjO = (7TiLj0 - SLjO)de Whenj € 0. (22)

These functions can be explained as follows. If a household invests in leader
x in industry j ¢ ©, then, in the advent of a success for that leader, dg;,, = 1,
the amount of its share holdings rises up to Ili,j., ds,j. = Ili,;, — s,j., but in
the advent of success for the other leader ( # k, its share holdings in leader

6This extends the idea of Wilde (1999a, 1999b).



r fall down to zero, ds,, = —s,;.. If a household invests in imitating firm 0
in industry j € ©, then, in the advent of a success for the firm, d@Q; = 1, the
amount of its share holdings rises up to mi,jo, ds,jo = Ti,j0 — S.jo-

Household ¢’s total income A, consists of its wage income w (the household
supplies one labor unit), its profits s,;; from the single leader in each industry
J € © and its profits s,;; and s, o from the two leaders 1 and 2 in each industry
j ¢ ©. Given this and (9), one obtains

A =w +/ S,51dj + / (8,1 + Sij2)dj. (23)
JjEO J¢e

Household ¢ maximizes its utility (20) by its investment, {S,;0} for j € ©
and {S,;1,5,;2} for j ¢ O, subject to its budget constraint (21), the stochas-
tic changes (22) in its profits, the composition of its income, (23), and the
determination of its relative investment shares, (18), given the arrival rates
{A,;,T';}, the wage w and the consumption price P. In the households’ sta-
tionary equilibrium in which the allocation of resources is invariable across
technologies, noting (8), (10), this maximization yields (see Appendix A):

ljl{zgﬂ forjgé@, g_a_ N 7T’)//2 1/s /_i
lj() = fa fOI'j € @, Eﬁ B w(ﬂ-) - H)\,MU 7 w - o > 07 (24)
(2X\log )l
B 25
9= w/l—a)t2 (25)
L—p : MCTI(N = 1)
P+ logug (790<0477T>) QO(OZ,W)-FQO(O&,TF)%/(N—Z)?
OAJOL < 0, DA/Dyp < 0, (26)

Result (24) says that with a lower profit 7 investors spend relatively more in
innovative than imitative R&D (i.e. a higher ¢3/¢,). According to (25), the
growth rate g is proportional to labor devoted to R&D, I. Result (26) states
that a household’s subjective discount factor p+ % g is in equilibrium equal
to the rate of return to savings, A.

5 General equilibrium

When an innovation occurs in an industry, this industry switches from the

set of two-leader to that of one-leader industries, and when an imitation

9



occurs in an industry, this switches from the set of one-leader to that of two-
leader industries. In a steady-state equilibrium, every time a new superior-
quality product is discovered in some industry, imitation must occur in some
other industry.” The rate at which industries leave the group of two-leader
industries £ ¢ O, B(Aj1 + Ajp)dv, is then equal to the rate at which the
industries leave the group of one-leader industries j € O, al';dv. This implies

B(Ag1 + Ag2) = al'j for k ¢ © and j € ©. (27)

Given (14), (24) and (27), one obtains that if 7 =0, then I'; = ;o = ¢, =0
for j € © and g = Ay; = Ape = 0 for k£ ¢ ©. In other words, without profits
in the two-leader industries (i.e. m = 0), there is no growth (¢ = 0). This
result can be rephrased also as follows:

Proposition 1 Some positive profits m > 0 in the two-leader industries are
necessary for growth g > 0.

With non-diversifiable risk, households hold the shares of all innovating firms
in their portfolios. Given this, they have no incentives to invest in imitating
R&D unless there are profits during the innovation race. Without imitation,
all firms will end up in the set of one-leader industries. This means that

there will be no firms to innovate and no growth.
Equations (8), (11), (12), (24) and (27) yield

a a  Aj+Ap AL+ 15°) B 2N 2\ mu

l—a I o © el 1 [Ty
= (2X/7) /S (W) et te, (28)

Inserting this into (25), one obtains that the ratio of the growth rate to labor
devoted to R&D, g/l, falls with a higher profit in the two-leader industries:

A1
= ZAOBE o, (29)
pom /I + 2

The two equations (26) and (29) form a system of two unknowns (I, g).

Unfortunately, these results are ambiguous, because an increase in the growth

rate g lowers both a household’s subjective discount factor p+ % g and the

TCf. Segerstrom (1991), p. 817.
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rate of return to savings, A, through lower employment [ in R&D. For this
reason, I assume the following stability property for the equation (29).® After
a small perturbation, the actual growth rate of the economy, g, adjusts to its
stationary equilibrium level according to

dg/dv = 6(e(m)l — g) with & >0, (30)

where v is time and ¢ a differentiable function. Noting (8), (10), (24) and
(30), and differentiating the equation (26) totally, one can in equilibrium
with dg/dv = 0 define the function [Appendix B]

dg dg dg 0p  0g dyp
Op dm oo Oy dr r<mo dm <o or  Opdr r<mo

(31)
The results (31) can be rephrased as follows:

Proposition 2 The proportion (3 of industries subject to price competition
1s negatively associated with the growth rate g. An increase in product market
competition (i.e. a decrease in ) promotes growth when the initial level of

competition is high enough (i.e. ™ < ).

A higher proportion of two-leader industries raises the demand for labor
in production. This decreases labor devoted to R&D and the growth rate.
An increase in product market competition leads to faster growth through
the competition-escaping effect. Households, which hold the shares of both
leaders in their portfolios, attempt to get rid of competition by investing
in R&D in both firms. In the case of successful innovation by either of
the leaders, they get a higher profit from the remaining leader than from
the two leaders before the innovation. On the other hand, an increase in
competition leads to to slower growth through the wage effect as follows.
With competition the leaders charge lower prices, produce more and employ
more labor in production. This transfers labor from R&D into production,
and the growth rate falls. The competition-escaping effect dominates at high

initial levels of product market competition.

8Cf. Dixit (1986), for the use of stability properties in refining comparative statics.
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6 Conclusions

This paper examines a multi-industry economy in which growth is generated
by creative destruction. In each industry, a firm creating the newest tech-
nology by a successful innovative R&D project crowds out the other firms
with older technologies from the market and becomes the first leader of the
industry. A firm creating a copy of the newest technology starts producing
a close substitute for the innovator’s product and establishes an innovation
race with the first leader. Because there is systematic investment risk that
cannot be eliminated by diversification, the households hold the shares of all
firms in their portfolios.

In this paper, I show that an increase in product market competition (as
measured by the elasticity or product substitution) speeds up growth through
the competition-escaping effect. Households, which hold the shares of both
leaders in their portfolios, attempt to get rid of competition by investing in
R&D in both firms. In the case of successful innovation by either of the
leaders, they get a higher profit from the remaining leader than from the two
leaders before the innovation. On the other hand, an increase in competition
hampers growth through the wage effect as follows. With competition the
leaders charge lower prices, produce more and employ more labor in pro-
duction. This transfers labor from R&D into production, and the growth
rate falls. The competition-escaping effect dominates at high initial levels of
competition. In Aghion et al. (1997, 2001), the utility function is linear in
labor so that there is an infinite supply of labor at a given wage. Thus, in
their model there is only the competition-escaping but no wage effect, and
competition is unambiguously growth promoting.

Note that the competition-escaping effect in this paper differs from that
in the earlier product-cycle models which assume diversifiable risk as fol-
lows.? With diversifiable risk, firms choose their optimal inputs to R&D at
a given market interest rate. In such a case, the two competing leaders in
a market attempt to get rid of each other by investing in R&D. With non-
diversifiable risk, households make investment decisions by purhasing shares
of R&D firms. Thus, they purchase the shares of both leaders in other to

earn higher profit from one leader after a successful innovation by either of

9Cf. [e.g. Aghion et al. (1997, 2001).
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the leaders than from the two leaders before. In both cases, however, the
competition-escaping effect leads to a higher growth rate of the economy.

Mukoyama (2003) argues that in the presence of fully diversifiable risk
firms imitate in order to be able to participate in the innovation race, al-
though during the race they had no profits. I show that this does not hold
with non-diversifiable risk. Because the households hold shares of all innovat-
ing firms in the same portfolios, they have no incentives to invest in imitating
R&D unless there are profits during the innovation race. Mukoyama (2003)
shows that in the presence of diversifiable risk there are cases where the pro-
portion of industries subject to price competition and the growth rate are
positively correlated. I show that with non-diversifiable risk this is vice versa.
An increase in the proportion of industries that have more than one producer
raises the demand for labor in production. This decreases labor devoted to
R&D and the growth rate.

Appendix

A. Results (24)-(25)

I denote:

Q({sbkv}, {tk}) the value of receiving profits sz, from all firms v in all in-
dustries k using current technology t.

Q(Hz’ijO, {Sukziyots i + 1,{tk¢j}) the value of receiving the profit Ili,;,
from firm x in industry j ¢ © using technology ¢; + 1, but receiving no
profits from the other firm which was a leader in that industry when
technology ¢; was used, and receiving profits s,(;;), from all firms v in

other industries k # j with current technology .

Q(m’Lﬂ, T2, {Su(ktg)o b {tk}) the value of receiving profits mi,;,, from firms
x € {1,2} in industry j € ©, but receiving profits s,(x.;), from all firms
v in the other industries k # j with current technology .

The Bellman equation associated with the household’s maximization is'®

pQ({SLkv}a {tk}) = max Eu (32)

S, > 0 for all j

10Cf, Dixit and Pindyck (1994).
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where

=C7 + / L [Q(m’bjl,mbjl,{sb(k#)v},{tk}) - Q({Sbkuh{tk})}dj
/@ > Ayn (Mg, 0, {80tk }s 15 + 1 {tng}) — Q({sur0 } {tk})]dj

rk=1,2

(33)

Because 0C,/0S,;, = —1/P by (21), the first-order conditions are given by

d . e
Ajnm [Q(HmmO, {surpipo st + 1 {trzs}) — Q({su0} {t’“})} =0

for j ¢ © and x € {1,2}, (34)
d S -
ij[Q(mu'l,mm,{Sb(ksﬁj)v}’{t’f}) ({S‘k”} {tk})} N _C 1
j
for j € ©. (35)

I try the solution that for each household ¢ the propensity to consume,
h,, and the subjective interest rate r, are independent of income A,, i.e.
PC, = h,A, and 2 = C?/r,. Let us denote variables depending on technology
L by superscript tx. Since according to (23) income A" depends directly
on variables {s'*}, I denote A;{t’“}({sf,’; ). Assuming that h, is invariant across
technologies yields

PG =, AT ({s%}). (36)

The share in the next innovator ¢;+ 1 is determined by investment under the

present technology ¢;, SL;ZI = HZL;H for j ¢ ©. The share in the next imitator

is determined by investment under the same technology ¢;, s, = mL for

Ljn JK

J € ©. The value functions are then given by

o 1 .
Q({S”w}’ {tk}) = Q(ﬂ-hﬂ? 52, {Sb(lﬁéj)v}v {tk}) - 7“_ (Cb{tk}) )
1 . o
Q(thm 0, {Sa(kyéj)v}; t; +1, {tk?gj}) — — (Cfﬂrl,{tk;é]}) ' (37)

L

Given this, one obtains

Q ({Sbkv}7 {tk}) _
S,

(38)
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From (18), (23), (36), (37), s/ ' = ILi)}, for j ¢ ©, and s, = mi,’, for j € ©
it follows that

dsit! Os;’ gAYl g Al

- =1I for j ¢ O, _—;]_Ozwforje@, T = ——— =1,
azén 8%;-0 8555 &SL;-R
il 1 i’ 1

Lg? = ) for j € ©, —~ = Tt for j ¢ ©,
95,50 w{tk}ljok 05, w{tk}lj:
o (Hibjm 0, {Sb(kfj)UL tj + L, {t/ﬁéj})

05,3,

_ T (gtlieyent OCL ) AT Dy D
— L t'+1,{t } ti+1 .t t;

r, ?ALJ 5y k#j ” 85L§,R 0 L;R 851;-,1

Ry Ptttz =1 =n
ti+1,{tp2;}\o—1 .t ti+1,{te2i}\o—1
_ Mok (GO )T Ot Mho(COTT) e (30)
7, Plit1{tes} anjn rbw{tk}Pthrl,{tk;&j}l},ik} ’
. . t; .
8Q(mLJ~1,mU~2,{sb(k#)v},{tk}) _ Z(C’{tk})ail aCL{tk} aAL{tk} SL;'O 82ij
5%, ro DAL s Diyyy 0S),
=h,/Pie} =1 =n
. o—1

woh _ 0it, WhLU(CL{tk})
_ ¢ {ts}\? wo ;
= Pt (Cltt) for j € ©. (40)

9SLe  rwits p{tk}l]{.gk}

I focus on a stationary equilibrium where the growth rate g and the

allocation of labor, (I, ), are invariant across technologies. Given (2),
(10), (13) and (16), this implies

lj{-,ik} = ljn, et =g =N—1, wi =w=2z/p,

plte} Clitbitezst ptithitess} ytitbitessl  plitl{tes}

PutLlnag) ol qmd g By
(41)

Inserting (14), (33), (36), (37), (41) and g = fjez@ l;dj into (32) yields

0= [o [ ns Aae [ Tt ) - (€10

—/ > A, 0, {suuppo}o £ + L {tas }) di
J

#0 —12
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- / Ui Qi Tivge, {Sumeots {te})dj
jeo

(Chy” .
= o+ [+ A S - ()
i¢e T
_ / M(Cﬁjﬂ}v{tk#})ﬂ i
i#0 1o Tt
C{tk}
= |:;0‘|—/ (Ajl + Ajg)dj:| ( ) {tk} / Z Aj,i'u {tk} d
REAS JEO k=12
1 o .
= —(Cb{tk}) [p + (1 — ,LLU)/ (Aﬂ + AjQ)d] — T’L}
L j¢©
1 o 1—pu”
— —(C’L{t’“}) [p — 7, + —Mg].
. log p
This equation is equivalent to
1—p°
R T (42)

Because there is symmetry throughout all households ¢, their propensity
to consume is equal, h, = h. This, (17), (19), (21), (23) and (36) yield

wl = ’LU/ ljodj + U)/ (ljl + lj2>dj = ’LU/ ljodj —|—/ (lﬂ + ljg)d]
Jj€O Jjgo Jj€O jge

B ; {[e@ Sijodj + /j¢®<sbj1 + SL]'2>dj‘| = ;(AL — PC)
= (1 =h) D A= (1= h)(1+wl).

Solving for the propensity to consume, one obtains
h,=h=(1+wl)" (43)
Given (10) and (16), one obtains the wage

w=p/z = pla,m)/(N —1). (44)

I define the rate of return to imitative R&D by z = 7[';/(wljo). Inserting

16



this, (9), (11), (12), (38), (39) and (40) into (34) and (35), one obtains
[Thop® (O{tk})o'—l)\ _ oTTh,u” A, (Cb{tk})a—l
<p+ logug>wp{tk} waljnp{tk}

Ul_[hLAj,i (Cfi"’lv{tk;ﬁj})ofl

d :
ol P ) Ammﬁ(ﬂm, {suznt:ti + 1 {tezs})

P{tk} (Clhy7™ " for j ¢ © and k € {1,2},

(45)
Tho (C{t’“}) ot lﬁfﬁg

oty

z  orhly (C;{tk})gfl

rowljo Pits}

d ) .
= U= Q{mij, T, {Sumre) b {th}) =
dSL]O

g o—1 .
20 (C’L{t’c}) for j € ©.

(46)
Given equations (45) and (46) and (9), one obtains

. /g
lin=1"Ls forj¢ O, Lo _ L [my/2 ! )
liop="_, for j€O, (4 =y(m) = TI\ue v >0 (47)

Equations (2), (8), (11), (14), (15), (43), (44), (46) and (47) yield

l= / (Lir + Uj2)dj +/ Lidj = Eﬁ/ dj + Ea/ dj
Jjge Jj€O Jj¢e j€EO
=aly +2(1 —a)ls = [ay) +2(1 — a)]ls,

lg = o) +2(1 — )], = [ap +2(1 — )] 1L,

Ajo = Mg = Nay +2(1 — a)] 7'l for j ¢ © and k € {1,2},

= (log M)/ (A1 + Aj2)dj = (2log p) (1 — ) Ay
i¢e
_ (2Alogp)(1 —a)l — (2Xlog p)l

ay+2(1—a)  a/(1—a)+2’ (48)
1—pu” hpoTIA ;. AhpfTl Apl Il Apl 1l
Pt logug: wljy, Y :w(l—i—wl):w—l—le
_ ACTI(N =) (49)
pa, ) + @la, m)?l/ (N = 1)

Equations (44), (47), (48) and (49) define (

24)-(25).
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B. Results (31)

The equation (26) defines the function l(g, o(a, 7r)) with the properties

9 Jogr /L LY AN

Inserting this into the differential equation (30) yields

dg/dv =T (g,7,¢(a, 7)) = 6(e(m)l(g, p(e, 7)) — g) with & >0,

(51)
where the stability requires 0Y/dg < 0. Noting (29), (50) and (51), one
obtains

oY oY ol
—=0dl<0, —=§—<0.
o ‘ T Dy e
Thus, in equilibrium with dg/dv = 0 in (51), one can define the function
dg oY /oY dg oY /oY
g(m, ¢la,m)), -

—-—=——/—<0, ==-——/—x<0. 52

om or/ dg Op dp/ Og (52)

The equation (28) defines the proportion of one-leader industries, «, as a
decreasing function of the profit in the two-leader industries, 7:

a(n), o =al—-a)(l-1/)/m <0, }Tiir;a:l. (53)

Finally, given (10), (24) and (53), one obtains that wage expenditure in
production, wx = ¢, depends on the profit 7 as follows:

dp Oy , Oy

= 53" +8—W:(27T—H)0/+2(a—1)
=(1—a)[(1/s — 1)(II - 27)a(r) — 27| /7.

This implies
dyp

d
— < 0 for m > m, ﬁ>0for7r<7m, hm—gp:a—1<0,
dm dm r—I/2 dm

d 1— 1 1— 1
lim ¥ % Lim {(——1)@1—2%)@—2#} _ O‘<_—1)H>o,
7—0 d7T T 7—0,a—1 S e

S
(54)

where the constant 7y € (1, ) is defined by the equation

(1/¢ — 1)(II/mp — 2)a(mo) = 2.
Inserting (54) into (52) yields (31).
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