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Preface 

The aim of the IIASA Modeling Health Care Systems Task is to  build a 
National Health Care System model and apply it in collaboration with 
national research centers as an aid to  health service planners. The modeling 
work is proceeding along the  lines proposed in earlier papers by Venedictov 
and Shigan [ I ]  among others. I t  involves the construction of linked sub- 
models dealing with population, disease prevalence, resource need, resource 
supply and resource allocation. 

The present paper is concerned with the development of the resource 
allocation sub-model DRAM-disaggregate resource allocation model. I t  
describes the Mark 1  version of the sub-model which simulates the alloca- 
tion by the Health Care System of a single resource between different types 
of patients. This version was described briefly in an earlier paper by Gibbs 
[2] which was written principally for health service planners and other 
potential users of the model. The present paper is written for the scientific 
or mathematical reader-the model's assumptions are stated formally and 
the algorithm for solving the model and some methods for estimating the 
model parameters from empirical data are described in full. I t  is planned to  
develop further versions of the sub-model t o  simulate the allocation of 
several health care resources between patients for whom alternative modes 
o f  treatment are permitted; this work will be described in future publica- 
tions. A user's guide t o  the computer programmes for the Mark 1  version 
of the sub-model is described in a separate paper [ l a ] .  

Recent related publications of the IIASA Modeling Health Care Sys- 
tems Task are listed on the back pages of this Report. 

Evgenii N. Shigan 
Leader 

Health Care Systems Task 
May 1978 





Summary 

Within the context of the IIASA Health Care System model the func- 
tion of the resource allocation sub-model is to  simulate how the HCS 
allocates limited supplies of resources between competing demands. The 
principal outputs of the sub-model should be the numbers of patients 
treated, in different categories, and the modes and standards of treatments 
they receive. The Mark 1 version of the sub-model is described in this 
paper. I t  simulates the allocation of one resource within one mode of treat- 
ment but it should be possible t o  use the approach to  develop further ver- 
sions to  cover more general cases. The main assumption of the model is 
that in allocating its resources the HCS attempts to  optimise a utility func- 
tion whose parameters can be inferred from data on past allocations. De- 
pending upon the type of data that is available different procedures for 
parameter estimation can be incorporated with the algorithm for solving 
the model into a computer programme whose main inputs consist solely of 
empirical data. The programme is fairly small and can readily be installed 
on most scientific computer installations. The use of the sub-model is illus- 
trated by a hypothetical application using hospital data from England. 
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Abstract 

Within the context of the IIASA Health Care System model 
the function of the resource allocation sub-model is to simulate 
how the HCS allocates limited supplies of resources between com- 
peting demands. The principal outputs of the sub-model should 
be the numbers of patients treated, in different categories, and 
the modes and standards of treatments they receive. The Mark 1 
version of the sub-model is described in this paper. It simu- 
lates the allocation of one resource within one mode of treatment 
but it should be possible to use the approach to develop further 
versions to cover more general cases. The main assumption of the 
model is that in allocating its resources the HCS attempts to 
optimise a utility function whose parameters can be inferred from 
data on past allocations. Depending upon the type of data that 
is available different procedures for parameter estimation are 
required. The procedures for parameter estimation can be incor- 
porated vith the algorithm for solving the model into a computer 
programme whose main inputs consist solely of empirical data. 
The programme is fairly small and can readily be installed on 
most scientific computer installations. The use of the sub- 
model is illustrated by a hypothetical application using hospital 
data from England. 





The IIASA Health Care Resource Allocation 
Sub-Model: Mark 1 

1. THE FUNCTION OF THE RESOURCE ALLOCATION SUB-MODEL 

The aim of the IIASA Modeling Health Care Systems Task is 
to build a National Health Care System Model and apply it in 
collaboration with national research centers as an aid to health 
service planners. As described in earlier papers by Venedictov 
and Shigan [I] and by Gibbs [2] the research plan includes the 
construction of linked sub-models dealing with population, dis- 
ease prevalence, resource need, resource supply, and resource 
allocation. This paper is concerned with the resource alloca- 
tion sub-model which has been named DRAM--disaggregated resource 
allocation model. 

This chapter is concerned with definition of the attributes 
that are required of DRAM for it to fuifill its role in the over- 
all National Health Care System Model. In Chapter 2 a model for- 
mulation is presented which meets some, though not all, of these 
attributes; the model thus defined is referred to as DRAM Mark 1. 
The formulation is given in terms of the allocation of hospital 
beds but this is only an example  of how the model may be applied; 
the model is equally applicable to the allocation of other health 
service resources. An algorithm for running DRAM Mark 1 is de- 
scribed in Chapter 3. There are a number of parameters in the 
model whose values may be estimated from empirical data. How- 
ever it is likely that data availability will vary from one 
country to another. Accordingly, in Chapter 4, three of the 
most likely cases of data availability are considered and pa- 
rameter estimation procedures are described for each case. 
Illustrative model runs for two of the three cases are presented 
in Chapter 5 using hospital data from England. Finally Chapter 
6 suggests how further versions of DRAM might be developed in 
the future so as to meet all, rather than some, of the required 
attributes defined below. 

The role of the resource allocation sub-model in relation 
to the other sub-models is shown in Figure 1 and described more 
fully in Gibbs [2]. Within this schema the function of the 
resource allocation sub-model is to simulate how the Health Care 
System (HCS) allocates limited s u p p l i e s  of resources between 
competing demands.  Accordingly it requires input data on demand 
and supply. 
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The demand inputs, which represent ideal or asymptotic 
demands (to be defined more fully in Chapter 2 ) ,  are as follows: 

- the total number of individuals who could be offered 
treatment, by category (from the morbidity and popula- 
tion sub-models) ; 

- the policies for treatment (i-e. the feasible modes of 
treatment for each patient category--in-patient, out- 
patient, domiciliary, etc.); and 

- ideal standards of treatment for each patient category 
and mode of treatment (e.g. the length of stay in hos- 
pital for a given episode of illness). 

The supply inputs consist of information on the amounts of 
resources available for use in the HCS. These inputs can be 
provided via a resource supply (production) sub-model or, failing 
this, they can be provided direct by the user in the form of a 
trial policy option for the provision of HCS resources. An il- 
lustration of the latter form of input is given later, in Chapter 
5. 

It is assumed in the sub-model, as Rousseau [ 3 1  among 
others has observed, that there is never a sufficient supply 
of resources to saturate all the asymptotic demands for them. 
Accordingly the sub-model represents the HCS as attempting to 
achieve an equilibrium between supply and demand by adjustments 
along three dimensions: 

- the numbers of patients of different types who are 
offered treatment, 

- the modes of treatment offered, and 

- the standards at which treatment is offered. 

Because of the limited supply of resources the performance of 
the HCS in these three respects falls short of ideal levels: 

- a proportion of the morbidity in the population is 
not treated. 

- some patients are not treated in the most desirable 
mode, 

- patients are treated at less than ideal standards. 

The degree of short-fall from the ideal levels varies between 
types of patient and sectors of the HCS according to a set of 
priorities and preferences which operate in the HCS. 

The type of model that is suitable in this context is one 
which simulates the way in which the HCS allocates resources by 
means of a behavioural hypothesis which takes account of these 



preferences and priorities. It is argued in an earlier paper 
[4], which reviewed the literature on HCS resource allocation 
models, that this behaviour simulation type of model is more 
appropriate than either the classical econometric or optimi- 
sation type. The formulation of a behaviour simulation model, 
DRAM, is presented in the following chapter. The central behav- 
ioural hypothesis is that the HCS allocates its resources so as 
to maximise a utility function whose parameters can be inferred 
from observations of past allocations. Like the models of 
McDonald et al. in the UK [51 and Rousseau in Canada [3] , its 
hypothesis implies that the actors in the HCS are striving to 
attain some ideal pattern of behaviour within resource con- 
straints. 

2. MODEL FORMULATION 

The model proposed here, DRAM, is a simplification of the 
model of McDonald et al. [5]. Of the three main dimensions of 
the HCS resource allocation process--patient numbers, treatment 
modes and standards--which were described above and which are 
included in the McDonald model, the initial, Mark 1 ,  version of 
DRAM includes only two--patient selection and standard attain- 
ment. Thus DRAM Mark 1 can be applied to only one mode of treat- 
ment at a time. However one of the advantages of DRAM Mark 1 is 
that its computing requirements are relatively light (for reasons 
explained in the next chapter) so that it can be readily imple- 
mented on different computers without using elaborate software 
and so could be relatively easily applied in different countries; 
(by contrast the McDonald model, in its current form, requires 
relatively sophisticated software and a large computer in order 
to solve the non-linear programming formulation). Being more 
simple this model is also more transparent. Keyfitz [6], among 
others, has argued persuasively that with a transparent model 
the user can gain an insight into the workings of the model and 
is then more likely to have confidence in its results than with 
a "black box" model. It is planned, as explained in Chapter 6, 
to develop further versions of DRAM which will both retain some 
of the computational simplicity of DRAM Mark 1 and include the 
third dimension of resource allocation--mode selection--which 
is missing from DRAM Mark 1. 

To simplify the exposition, DRAM will be presented here in 
terms of application to the acute hospital in-patient sector, 
but this application should be regarded merely as an example. 
The essence of the model is the concept of the HCS achieving 
an equilibrium by balancing the desirability of treating more 
patients of one type against treating more of other types and 
against the desirability of treating each type patient at a 
higher average standard. Since this concept is equally valid 
for many other HCS sectors (e.g. out-patient treatment) and for 
several resources within each sector (e.g. physicians, beds, 
nurses), DRAM is offered in the belief that it is widely appli- 
cable. 



The way in which the HCS achieves such an equilibrium has 
been extensively researched. One finding, which has been so 
frequently obtained (e.g. [7,8,9]) that the accumulated evidence 
for it is by now overwhelming, is that for a wide range of clini- 
cal conditions and specialties, both the number of admissions 
and the average length of in-patient stay are elastic to the 
supply of beds; that is to say the greater the supply of beds 
the greater are both the numbers admitted and their length of 
stay. Furthermore it appears that in none of the places studied 
has the supply of beds reached the level at which in-patient 
care is given to all individuals who seek it, at the ideal av- 
erage length of stay. 

The model, DRAM, represents how the HCS achieves an equi- 
librium between numbers of patients and lengths of stay on the 
one hand and bed supply on the other by means of a hypothesis 
that the HCS attempts to optimise a utility function. Thus, if 
this underlying hypothesis is sound, DRAM can not merely describe 
past equilibria, as can classical econometric models, but it can 
also, unlike classical econometric models, predict how the equi- 
librium is likely to change in the future as a result of changes 
in factors such as clinical standards, disease prevalence, and 
the preferences and priorities operating in the HCS. 

The formulation of DRAM, given below, is similar to that 
of the model of McDonald et al. [5] but the methods for solution 
and parameter estimation, given in the following chapters, are 
different. 

Definitions 

Subscript 

i = Patient category (e.g. disease type), i = 1,2,3, ..., N. 

Variables 

x = Hospital admission rate (cases per million population). 
i 

Ui = Average length of stay (days). 

Parameters 

Xi = Ideal, maximum admission rate for patients needing 
hospital treatment (to be defined more fully below). 

Ui = Ideal average length of stay (to be defined more 
fully below). 

c = Unit cost of a hospital bed-day. 



Data - 
B = Number of hospital bed-days per million population 

available for occupation, assuming a constant oc- 
cupancy rate. (The model is applicable for the range 
0 < B < 1 XiUi.) 

Hypothesis 

The HCS chooses the xi, ui so as to maximise a utility 

function, Z, where 

Z = 1 gi(xi) + 1 x.h. (u.) 
i 1 1  1 i 

subject to 

and 

We will now define the components gi (xi) and h. (u. ) of the 
1 1  

utility function. To do this we make the following assumptions: 

i. gi(xi) and hi (ui) are monotonically increasing with 

decreasing gradients. 

ii. At the ideal admission rate, Xi, and the ideal length 

of stay, Ui, the marginal utility of increasing admis- 

sion rate or length of stay equals the corresponding 
marginal resource cost. This can be regarded as 
completing the definitions of the Xi and Ui. An 

important implication of assumptions (i) and (ii) 
is that the HCS would not seek allocations for which 
either x. 

1 
> Xi or u > Ui since in such cases marginal i 

utility is less than marginal cost. 



iii. A t  t h e  i d e a l  l e n g t h  o f  s t a y ,  U i ,  t h e  c o n t r i b u t i o n  t o  

u t i l i t y  o f  t r e a t i n g  e x t r a  p a t i e n t s  o f  c a t e g o r y  i is  
r e p r e s e n t e d  by t h e  f u n c t i o n  gi (xi)  a l o n e ,  i . e .  

- - 

hi(Ui) = 0 and h . ( u . )  < 0 f o r  ui < Ui .  Thus i f  we 
1 1  

c o n s i d e r  t h e  m a r g i n a l  u t i l i t y  o f  t r e a t i n g  an  add i -  
t i o n a l  p a t i e n t  a t  l e s s  t h a n  t h e  i d e a l  l e n g t h  o f  s t a y  
we see from t h e  a d d i t i v e  n a t u r e  of  t h e  u t i l i t y  func-  
t i o n  d e f i n e d  by e q u a t i o n  ( 1 )  t h a t  t h e r e  w i l l  be  a  
n e g a t i v e  c o n t r i b u t i o n ,  h i ( u i ) ,  t o  b e  set a g a i n s t  a  

- - 

p o s i t i v e  c o n t r i b u t i o n ,  g f ( x i ) ;  t h e  v a l u e s  o f  t h e  xi 

and ui which maximise t o t a l  u t i l i t y  under  t h e  con- 

s t r a i n t  ( 2 )  cor respond  t o  a  p o i n t  where t h e s e  two 
c o n t r i b u t i o n s  e x a c t l y  b a l a n c e  e a c h  o t h e r - - t h i s  is  
one a s p e c t  o f  t h e  way i n  which we e x p r e s s e d  t h e  HCS 
a c h i e v i n g  an e q u i l i b r i u m  between compet ing demands. 

i v .  The e l a s t i c i t i e s  o f  a d m i s s i o n  r a t e ,  x i ,  and l e n g t h  
- 

o f  s t a y ,  u  w i t h  r e s p e c t  t o  m a r g i n a l  u t i l i t y  a r e  i '  
c o n s t a n t ;  l e t  u s  d e n o t e  t h e  e l a s t i c i t i e s  o f  t h e  xi 

by Ei and o f  t h e  ui by Fi. The o p t i m i s a t i o n  model 
- 

w i l l  l e a d  t o  a  s o l u t i o n  i n  which t h e  m a r g i n a l  u t i l i t y  
o f  t r e a t i n g  a d d i t i o n a l  p a t i e n t s  o r  o f  i n c r e a s i n g  
l e n g t h  o f  s t a y  e q u a l s  t h e  c o r r e s p o n d i n g  o p p o r t u n i t y  
c o s t .  Thus we can  a l s o  r e g a r d  t h e  Ei and t h e  Fi a s  

t h e  e l a s t i c i t i e s  o f  t h e  x  and t h e  ui w i t h  r e s p e c t  i 
t o  o p p o r t u n i t y  c o s t .  

L e t  u s  now d e f i n e  t h e  f u n c t i o n  g i ( x i ) .  From assumpt ion  

( i v )  we have 

d ( l o g  xi)  
= -E . 

d  ( l o g  g i  ( x i ) )  i '  

t h e r e f o r e  

TO a s c r i b e  an a p p r o p r i a t e  v a l u e  t o  Ai,  t h e  c o n s t a n t  o f  i n t e g r a -  

t i o n ,  we invoke  assumpt ion  ( i i) .  Thus, s i n c e  t h e  m a r g i n a l  re- 
s o u r c e  c o s t  o f  t r e a t i n g  an  e x t r a  p a t i e n t  i s  cUi, we have 



Hence, e x c e p t  f o r  a  c o n s t a n t  o f  i n t e g r a t i o n  which i s  n o t  rele- 
v a n t  t o  what  f o l l o w s ,  w e  have 

W e  c a n  d e f i n e  t h e  f u n c t i o n  h i ( u . )  i n  a  s i m i l a r  way. From 

assumpt ion  ( i v )  w e  have 

To d e t e r m i n e  t h e  c o n s t a n t  o f  i n t e g r a t i o n ,  B i ,  w e  a g a i n  

i n v o k e  assumpt ion  ( i i ) .  Thus,  s i n c e  t h e  d i r e c t  m a r g i n a l  r e s o u r c e  
c o s t  p e r  e x t r a  day o f  s t a y  i s  e q u a l  t o  c ,  w e  have  

From (iii) w e  have h . ( U . )  = 0. Thus 
1 1  



The u t i l i t y  f u n c t i o n  i s  now f u l l y  d e f i n e d .  However we c a n  
s i m p l i f y  t h e  e x p r e s s i o n  a  l i t t l e .  F i r s t l y  n o t e  t h a t  c  a p p e a r s  
a s  a  m u l t i p l i c a t i v e  c o n s t a n t  i n  e a c h  o f  t h e  g i ( x . )  and h . ( u . )  

1 1  - - - 

f u n c t i o n s ;  by c h o o s i n g  t o  measure  u t i l i t y  i n  t h e  u n i t s  o f  t h e  
c o s t  o f  a  h o s p i t a l  bed-day we may d i v i d e  t h r o u g h  by c .  Secondly  
it i s  c o n v e n i e n t  t o  r e p l a c e  t h e  e l a s t i c i t y  t e r m s  by c o n s t a n t s  
a and Bi where  i 

and 

S i n c e  t h e  Ei and Fi a r e  e x p e c t e d  t o  l i e  i n  t h e  r a n g e  between 

z e r o  and u n i t y  t h e  a and Bi w i l l  have p o s i t i v e  v a l u e s .  The i 
model f o r m u l a t i o n  is  now comple te  and c a n  b e  w r i t t e n  a s  f o l l o w s :  

Choose t h e  xi and u  t o  maximise t h e  u t i l i t y  f u n c t i o n ,  Z ,  i 
where  

and 

and 



s u b j e c t  t o  

0 < x i < X i  , V i  , 

0 < u i < U i  , V i  , 

and 

W e  have  now f o r m u l a t e d  a  model whose f u n c t i o n  i s  t o  
simuZate how t h e  HCS a l l o c a t e s  a  g i v e n  q u a n t i t y ,  B ,  o f  h o s p i t a l  
bed-days .  The u s e r  o f  t h e  model h a s  t o  s u p p l y  a n  i n p u t  v a l u e  
f o r  B and t h e  model o u t p u t s ,  t h e  xi and u .  t h e n  c o n s t i t u t e  a  

I 

prediction o f  t h e  consequen t  HCS r e s o u r c e  a l l o c a t i o n  b e h a v i o u r ,  
c o n d i t i o n a l  upon c e r t a i n  a s s u m p t i o n s  a b o u t  t h e  n a t u r e  o f  t h i s  
b e h a v i o u r .  By r u n n i n g  t h e  model a  number o f  t i m e s  w i t h  d i f f e r -  
e n t  v a l u e s  f o r  B, t h e  u s e r  can  examine t h e  consequences  o f  a  
number o f  p l a n n i n g  o p t i o n s  f o r  h o s p i t a l  bed  s u p p l y .  I n i t i a l l y  
a t  l e a s t ,  we r e g a r d  t h e  model pa ramete r s - -bo th  t h e  i d e a l  a l l o -  
c a t i o n s ,  t h e  Xi and U i ,  and t h e  p r i o r i t y  power p a r a m e t e r s ,  t h e  

a .  and  B.--as b e i n g  ~ r o p e r t i e s  o f  t h e  b e h a v i o u r  o f  t h e  a c t o r s  

i n  t h e  HCS and not under  t h e  d i r e c t  c o n t r o l  o f  t h e  HCS p l a n n e r .  
Thus a l t h o u g h  we have a d o p t e d  a  h y p o t h e s i s  t h a t  t h e  b e h a v i o u r  
o f  t h e  a c t o r s  i n  t h e  HCS i s  o f  an optimising n a t u r e ,  we d o  not 
assume t h a t  t h e i r  o b j e c t i v e  f u n c t i o n  n e c e s s a r i l y  c o r r e s p o n d s  t o  
any  o b j e c t i v e  f u n c t i o n  t h a t  t h e  HCS p l a n n e r  migh t  have .  From 
t h e  p o i n t  o f  view of  t h e  HCS p l a n n e r  and t h e  model u s e r ,  t h e  
model i s  t h e r e f o r e  o f  a  simuZation t y p e  even though ,  a s  we s h a l l  
see i n  t h e  n e x t  c h a p t e r ,  optimisation t e c h n i q u e s  a r e  needed t o  
compute t h e  s i m u l a t i o n .  

3 .  SOLUTION OF THE MODEL 

I n  t h i s  c h a p t e r  we d e s c r i b e  a  method f o r  computing t h e  simu- 
l a t e d  HCS b e h a v i o u r ,  i n  o t h e r  words a  method f o r  d e t e r m i n i n g  t h e  
v a l u e s  of  t h e  xi and ui t h a t  maximise t h e  u t i l i t y  f u n c t i o n  d e f i n e d  

by e q u a t i o n  ( 1 )  f o r  a  g i v e n  v a l u e  of  h o s p i t a l  bed s u p p l y ,  B. 



Computationally speaking this is clearly an optimisation 
problem. The method presented below exploits some analytical 
features of the model DRAM and employs the Lagrange Multiplier 
technique. The computations can be performed swiftly by a 
fairly simple Fortran programme which can easily be transferred 
from one computer installation to another. By contrast the 
McDonald model [5] employs a sophisticated non-linear mathe- 
matical programming algorithm which makes relatively heavy 
computational demands that few computer installations can 
satisfy. On the other hand the Mark 1 version of DRAM that is 
presented here provides a less complete representation of the 
HCS resource allocation process than the McDonald model. How- 
ever it is hoped in the future to develop further versions of 
DRAM that will provide as complete a representation of the 
resource allocation process as the McDonald model and yet retain 
the computational advantages of the method described below for 
DRAM Mark 1. 

In the normal way the constrained maximisation can be re- 
written as an unconstrained maximisation using the Lagrange 
Multiplier, A: 

blaximise L = 1 gi (xi) + 1 x. h. (u. ) + X B - 1 x .u 
i i 1 1  1 ( l i  ) .  

(7) 

The optimality conditions are 

and 

From (9) 

xihf (u. ) - Axi = 0 , 1 

hr(u.1 = X , 
1 1  

since x > 0 , i 



From (8) 

h i s  o b t a i n e d  from s u b s t i t u t i n g  ( 1  0)  and (1  1 ) i n  ( 2 )  , which 
g i v e s  f ( h )  = 0  where 

and 

W e  now have i n  ( 1  0)  and (1  1 )  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  
v a r i a b l e s  xi and ui i n  which t h e  o n l y  unknown i s  X .  To f i n d  X 

- - 

we mere ly  need t o  s o l v e  f ( A )  = 0. T h i s  c a n n o t  i n  g e n e r a l  h e  done 
a n a l y t i c a l l y ,  b u t  it i s  r e a d i l y  amenable t o  n u m e r i c a l  s o l u t i o n  
by t h e  Newton-Raphson procedure .  To prove  t h i s  we need t o  05- 
t a i n  an  a n a l y t i c  e x p r e s s i o n  f o r  f ' (X)  and t o  d e m o n s t r a t e  t h a t  
f ( X )  and f ' (X)  have s u i t a b l e  p r o p e r t i e s  i n  t h e  r a n g e  o f  X which 
i s  o f  i n t e r e s t .  

F i r s t  we r e c a l l  t h a t  we a r e  s e a r c h i n g  f o r  s o l u t i o n s  i n  
t h e  r a n g e s  g i v e n  by 



From inspecting (10) and (1 1) we see that these ranges imply 
X > 1. 

From (12) and (13) we may obtain the following analytic 
expression for f' (A) : 

where 

We can now establish that f(A) and f'(X) have the proper- 
ties required for using the Newton-Raphson process. First we 
note that f (1) and f'(X) are both continuous in the range X 2 1. 
Second it can be observed, from (14), that £'(A) is negative 
throughout this range since for X t 1 both +i(A) and ei(X) are 

positive for all i (see (1 3) and (1 5) ) . Third, recalling the 
fact that the model is applicable for B < 1 XiUi, we see from 

I 

(1 2) that f (1) > 0. From these three facts it follows that 
there is only one root, a real one, to f(X) = 0 in the range 
X 2 1, and that this root can be found using the Newton-Raphson 
process. 

Accordingly a small computer programme has been written 
to solve equation (12) by the Newton-Raphson method; it is 
described in a separate paper [lo]. Computational experience 
[lo] has shown that a good solution can be obtained in a small 
number of iterations over a wide range of parameters and starting 
values. 



4. PARAMETER ESTIMATION 

In order to run the model we require values for the 
following parameters: 

- the Xi and Uir the ideal admission rates and lengths 

of stay; 

- the ni and Bi, the power factors of the functions 

gi(xi) and h. (ui) . 
Three possible situations are considered in this paper: 

Case 1: Exogenous estimates available for all parameters, 

Case 2: Exogenous estimates available for none of the 
parameters, 

Case 3: Exogenous estimates available for the Xi and Ui 

but not for the a and Bi. i 

Although we need to consider Case 1 because of its theo- 
retical iniportance we shall argue that it is unlikely to be 
relevant in practice. Case 2 describes the practical situation 
we expect to encounter in those countries where the HCS does not 
have a strong degree of central planning. Case 3 is relevant 
for those countries which d o  have a strong degree of central 
planning of the HCS; here we may find that pianning norms exist 
which can serve as appropriate values for the X and Ui. i 

This chapter is mainly concerned with describing methods by 
which parameter values may be estimated for Cases 2 and 3 from 
certain empirical data on past resource allocations in the HCS. 
The computations for these methods can be carried out by simple 
Fortran programmes. For the convenience of the model user the 
programmes for parameter estimation have been incorporated with 
the programme for solving the model, for given parameter values, 
which was described in the previous chapter. Thus the corporate 
programmes take the empirical data on past allocations as part 
of their input set and provide the model solution, the simula- 
tion results, as their output; the computed parameter values 
are, in effect, intermediate quantities within the corporate 
programme. Some illustrative runs of these programmes are given 
in the following chapter using empirical data from England. A 
complete user's guide to the programmes is given in a separate 
publication [ l o ] .  We will now consider the process of parameter 
estimation for each of the three cases. 



Case 1 

Exogenous e s t i m a t e s  o f  t h e  Xi  may b e  o b t a i n a b l e  from a  

combina t ion  o f  m o r b i d i t y  e s t i m a t i o n  and e x p e r t  o p i n i o n  on 
h o s p i t a l i s a t i o n  r a t e s ,  and e s t i m a t e s  o f  t h e  U i  from c l i n i c a l  

o p i n i o n .  Indeed i n  some c o u n t r i e s  where t h e r e  i s  a  s t r o n g  
d e g r e e  o f  c e n t r a l  p l a n n i n g  i n  t h e  HCS e s t i m a t e s  o f  t h i s  t y p e  
a r e  u s e d  w i t h i n  a  fo rmal  p l a n n i n g  p r o c e s s ,  a s  d e s c r i b e d  i n  
Gibbs  [ 2 1 .  

I t  is  more d i f f i c u l t  t o  s e e  how exogenous e s t i m a t e s  o f  
t h e  a i  and B i  migh t  be  o b t a i n e d .  I t  migh t  b e  p o s s i b l e  t o  es t i -  

mate  t h e  u t i l i t y  f u n c t i o n s  g i ( x i )  and h i ( u i )  d i r e c t l y  by s u b j e c -  
- 

t i v e  judgements u s i n g  methods s u c h  a s  t h o s e  employed by Keeney 
and R a i f f a  [ I l l .  However, even i f  it were  p o s s i b l e  t o  o b t a i n  
e s t i m a t e s  o f  a l l  t h e s e  p a r a m e t e r s  by means o f  s u b j e c t i v e  judge- 
ments ,  t h e  v a l i d i t y  o f  u s i n g  them i n  p r a c t i c e  i s  open t o  ques -  
t i o n .  The problem is t h s t  t h e s e  s u b j e c t i v e  judgements  d e f i n e  
t h e  u t i l i t y  f u n c t i o n  o f  t h e  i n d i v i d u a l  g i v i n g  t h e  j u d g e m e n t s  
and t h e r e  i s  no r e a s o n  t o  suppose  t h a t  t h i s  w i l l  c o r r e s p o n d  t o  
t h e  u t i l i t y  f u n c t i o n  o f  t h e  HCS. Thus t h e  r e s u l t s  o f  r u n n i n g  
t h e  model w i t n  p a r a m e t e r  v a l u e s  o f  t h i s  t y p e  w i l l  d e s c r i b e  a  
t h e o r e t i c a l  a l l o c a t i o n  o f  bed-days t h a t  i s  o p t i m a l  from t h e  
i n d i v i d u a l ' s  p o i n t  o f  v iew b u t  t h i s  w i l l  n o t ,  i n  g e n e r a l ,  c o r -  
r espond  t o  t h e  r e s o u r c e  a l l o c a t i o n  b e h a v i o u r  o f  t h e  HCS i n  
p r a c t i c e .  Such r e s u l t s  would o n l y  b e  r e l e v a n t  f o r  HCS p l a n n i n g  
i f  t h e  u s e r  o f  t h e  model had good r e a s o n  t o  b e l i e v e  t h a t  e i t h e r  
( a )  t h e  s u b j e c t i v e  judgements c o r r e s p o n d e d  t o  t h e  p r e v a i l i n g  
p r e f e r e n c e s  and p r i o r i t i e s  i n  t h e  HCS o r  ( b )  t h a t  t h e  p r e f e r -  
e n c e s  and p r i o r i t i e s  i m p l i e d  by t h e  s u b j e c t i v e  judgements  c o u l d  
b e  implemented i n  t h e  HCS i n  p l a c e  o f  t h e  p r e v a i l i n g  o n e s .  

A c c o r d i n g l y  we w i l l  examine Case 1 no f u r t h e r  and t u r n  o u r  
a t t e n t i o n  t o  Cases  2 and 3 which d e s c r i b e  s i t u a t i o n s  which a r e  
l i k e l y  t o  b e  more r e l e v a n t  i n  p r a c t i c e .  

Case 2 

H e r e  we assume t h a t  i n  i t s  p a s t  r e s o u r c e  a l l o c a t i o n s  t h e  
HCS h a s  o p t i m i s e d  a  u t i l i t y  f u n c t i o n  o f  t h e  form d e f i n e d  i n  t h e  
p r e v i o u s  c h a p t e r .  W e  d e s c r i b e  a  method, b a s e d  on t h i s  a ssumpt ion ,  
by which v a l u e s  o f  t h e  p a r a m e t e r s  o f  t h e  f u n c t i o n - - t h e  a i ,  B i t  

X .  and U.--can be i n f e r r e d  from e m p i r i c a l  d a t a  on p a s t  a l l o c a -  
1 1 

t i o n s .  With s u c h  p a r a m e t e r  v a l u e s  w e  c a n  t h e n  u s e  t h e  model t o  
g e n e r a t e  p r e d i c t i o n s  o f  how t h e  HCS would a l l o c a t e  r e s o u r c e s  i n  
t h e  f u t u r e  f o r  d i f f e r e n t  l e v e l s  o f  a g g r e g a t e  r e s o u r c e  a v a i l a b i l -  
i t y ;  s u c h  p r e d i c t i o n s  a r e  c o n d i t i o n a l  upon t h e  p r e v a i l i n g  p r e f -  
e r e n c e s  and p r i o r i t i e s  i n  t h e  HCS r e m a i n i n g  unchanged. I l l u s -  
t r a t i v e  examples  o f  u s i n g  t h e  model i n  t h i s  way a r e  g i v e n  i n  
t h e  f o l l o w i n g  c h a p t e r .  



In this section we start by defining a set of empirical 
resource allocation data. We then derive equations which relate 
the model parameters to this data; these equations define a set 
of parameter values which is consistent with the empirical data. 
Finally we describe an algorithm for solving the equations and 
producing the required parameter values. 

Data for Case 2 

Let us consider a geographical region with constituent sub- 
regions and let us suppose that we can observe, for a given time 
period, the admission rates, x and the average lengths of stay, i' 
ui1 for each sub-region. From these observations we can compute 

the corresponding quantities for the region as a whole: 

xi = regional admission rate for category i; 
- 
ui = regional length of stay for category i; 

B = regional aggregate bed supply; 

and these quantities have the natural property 

Let us now define the following elasticities: 

y i  = elasticity of admission rate, xi, for category i 

with respect to aggregate bed supply; 

qi = elasticity of average length of stay, ui, for 

category i with respect to aggregate bed supply. 

Thus, in terms of the model, 

and 



Now estimates, 9i and G . ,  of these elasticities may be obtained 
from cross-section analysis of the sub-region data. For example 
Feldstein [9] obtained such estimates from English hospital data 
in 1960 using the following types of regression equation (having 
previously experimented with other specifications): 

log xi = Ti log B + constant 

and 

A 

log u. = 0 log B + constant . i 

Some illustrative elasticity estimates, based on some of 
Feldstein's results, are shown in Table 1. 

Table 1. Elasticities of hospital admissions and lengths of stay 
with respect to total bed supply* for England, 1960, 
for certain diseases (adapted from Feldstein [91). 

Disease 

Varicose Veins 

Haemorrhoids 

Ischaemic Heart** i 
Pneumonia 

Bronchi t i s  

Appendici t is  

I E l a s t i c i t y  o f :  I 

*Per thousand populat ion.  
**Excluding acu te  myocardial i n f a r c t i o n .  

***The va lues  obtained by Fe lds te ln  f o r  these  e l a s t i c i t i e s  were nega t ive  bu t  
no t  s i g n i f i c a n t l y  d i f f e r e n t  from zero.  Since negat ive e l a s t i c i t i e s  a r e  
somewhat i n p l a u s i b l e  i n  t h i s  context  these  r e s u l t s  have been i n t e r p r e t e d  
a s  i n d i c a t i n g  t h a t  t h e  t r u e  values f o r  these  e l a s t i c i t i e s  a r e  c l o s e  t o  
ze ro  but  p o s i t i v e .  For the  purposes of t h e  c a l c u l a t i o n s  i n  t h i s  paper 
they have been assigned t h e  value of 0.05. 

Admissions* per  Year 

0.78 

Average Stay 

0.62 



Case 2: Equations for Parameter Estimation 

We now derive equations which relate the values of the 
model parameters to the empirical data defined above. First 
we derive equations relating the ai and Bi to the empirical 
estimates qi and fi From (12) we have i' 

Therefore at the optimum, where f(X) = 0, we have 

where 

and the expression for @i in terms of X is given at (13). Now, 

But we see from (12) and (19) that F'(X) = f'(X). Therefore 

We can now express the yi and q in terms of the a and Bi. i i 
From (1 8) 



d(log ui) 
q .  = 

dX 
dX d (log B) - 

From (10) and (20) 

and from (17) 

d (log xi) dX 
Yi = d(log B) 

Therefore from (1 1) 

If we have the empirical estimates Ti and Gi of regional 
elasticities at the current regional average aggregate bed 
supply, B, we can use equations (21) and (22) to derive ex- 
pressions for a. and B Let i' 

Then from (21) 



and from (22) 

Turning now to the values of parameters X and U. we may i 
derive equations gelatin9 them to the observed regional quanti- 
ties, the xi and ui, using the inverses of equations (10) and 

1/(Bi+l) 
U .  = i . X  , tri 

We now have the required equations--(23) through (27)--re- 
lating the model parameters which are to be estimated--the a ; ,  

f 3  , Xi and U. --to empirical data--B and the Gi, , and E-. i 

Case 2: Algorithm for Parameter Estimation 

We now describe a procedure for estimating the nodel param- 
eters using the equations described above. The procedure is 
based on the requirement that the parameter values should be 
such that the consequent behaviour of the model is consistent 
with the empirical data. In other words it is required that if 
bed supply is set to the level B then the model solution should 
be given by 

- - 
x .  = x. and ui = ui , tr i , (28) 

and that the response of the model solution at this point to 
perturbations in bed supply should be consistent with the 
empirical elasticity data, i.e. that if the bed supply is 
perturbed by a small amount 6B where 6B = o(B) then the per- 
turbations, 6xi and 6ui, in the model solution should satisfy 

the following: 



We note that the above mentioned requirement--that the 
model output should be consistent with the input data--can only 
be satisfied if the data represent a feasible model solution; 
this leads to two conditions which the data must satisfy: 

The derivation of these conditions is given in Appendix 1, al- 
though (16) has already been noted in connection with the source 
of the data on xi, ui and B. (It is possible that because of 

- - 

measuring errors and other reasons the input data will not pre- 
cisely satisfy (16) and (30) ; in this case the parameter esti- 
mation procedure will be spuriously prevented from converging. 
Accordingly the computer programme incorporates checks that the 
data satisfy (16) and (30) . In the case that (30) is not sat- 
isfied within the necessary margin, a procedure is available in 
the programme for scaliqg the input elasticity values by the 

multiplicative factor so as to remedy the 
- 

situation. ) 

Let us now consider how to solve equations for estimating 
the model parameters from this data. We have 4N + 1 equations 
--(23) to (27)--for 4N + 3 unknowns--C, A, f'(A) and the Xi, Ui, 

a and Bi (where N = the number of patient categories). Thus i 
two additional equations are needed to generate a unique solu- 
tion. Let us consider two equations which, at first sight, 
appear to be suitable. The first is obtained from the optimal- 
ity requirement that f (A) = 0 where f (A) is given by (12) and 
(1 3) ; this gives us 



The second is an expression for f'(X) in terms of X and the Xi, 

Ui, ai and Bi, which can be derived from substituting (13) and 

(15) in (14). 

Unfortunately (31) and (14) add no definition to the equa- 
tion system. Using equations (26) and (27) it is possible to 
reduce equation (31) to the data identity given by equation (16). 
Furthermore it can be shown that equation (14), in conjunction 
with equations (23) to (271, can be reduced to the data identity 
given by equation (30). (The proofs of these two results are 
given in Appendix 1.) 

Thus although we have 4N + 3 equations--(23) to (27), (31) 
and (14) --for 4N + 3 unknowns--C, A, £'(A) and the Xi, Ui, ai 

and Bi--it turns out that only 4N + 1 of them are independent. 

Thus there are two degrees of freedom in the equation system 
and an infinite number of solutions. Accordingly the following 
computational procedure was adopted: 

i. Set C and X at arbitrary initial values. 
- 

ii. Using the input data on the 2 uir Gi and Gi and i ' 
equations (24) to (27), estimate values for the 
parameters Xi, Ui, a and Bi. i 

iii. With these parameter values the model can now be 
used to simulate the allocation of any given bed 
supply B', using equations (10) , (1 1) and solving 
£(A) = 0 for the value B = B by the Newton-Raphson 
Method, as for Case 1. 

Naturally the values of the parameter estimates obtained 
by this procedure (in stage (ii) ) , depend strongly on the arbi- 
trary initial values selected for h and C in stage (i). However, 
and this is a most important result, the final outputs of the 
model--the values of the xi and ui obtained in the simulation 

process in stage (iii)--are n o t  s e n s i t i v e  to the initial values 
of X and C. For reasons given in Appendix 2 certain bounds on 
the values of X and C can be defined a p r i o r i .  If the initial 



values of X and C are restricted to vary within these bounds, 
computational experience (described in Appendix 2) suggests that 
the mean absolute variation in the output values (the xi and ui) 

will usually be about 0 . 1 % .  Since this is a high level of ore- 
cision in the field of health services research the computational 
procedure described above seems to be adequate for practical 
purposes. 

Case 3 

We now consider the situation where estimates of the X. and 

Ui are supplied exogenously. As mentioned above, for Case 1 ,  

they might be obtained during the formal planning process in 
those countries where there is a strong degree of central 
planning in the HCS. Given such estimates of the X and Ui i 
we now need to estimate only the ai and Bi; we describe bel-ow 

a method by which this may be done using empirical data on 
elasticities of the same type as described for Case 2 above. 
However in this case we encounter some difficulty because we 
are using two completely different sources of data. The esti- 
mates of the Xi and Ui have a prescriptive quality since they 

involve a degree of subjective judgement about what the HCS 
ought to be doing, either at present or in the future; by 
contrast the elasticity data are descriptive of what the HCS 
has done in the past. If we then run the model with such 
parameter estimates to predict future resource allocations we 
need to assume that the behaviour of the HCS will be consistent 
with both the prescribed ideal allocations and the prevailing 
elasticities. From the behavioural point of view this assump- 
tion is tenable if the prescriptive estimates of the X and Ui i 
are based on a realistic understanding of the behaviour of the 
actors in the HCS. It seems reasonable to assume that there 
are several countries where the HCS has a strong degree of 
central planning and where the prescriptive quantities, or 
planning norms, are indeed derived from a careful analysis of 
HCS behaviour; for example Popov [12] has described how such an 
analysis is performed within the central planning of the HCS in 
the USSR. In the belief, therefore, that it is likely to be 
relevant in several countries we now describe a procedure for 
estimating the parameters ai and 0 

i' 

The following procedure was considered initially: 

i. Set C and X to arbitrary initial values. 

ii. Using data on B and the qi and Gi and equations (24) 
and (25) estimate values for the parameters ai and 



iii. Using the estimates of ai and pi from (ii) and the 

exogenous estimates of the parameters Xi and U. solve 

equations (31), (14) and (23) for A, f'(X) and C. 

iv. Repeat (ii) and (iii) until convergence--i.e. until 
at t h e  e n d  of s t a g e  ( i i l  the current values of X and 
the ai and pi satisfy equation (31) to within a given 
criterion. (Note that in this case, unlike Case 2, 
equation (31) cannot be reduced to a data identity 
because the X. and U are supplied exogenously.) The i 
parameter estimation process is now complete. 

v. With the parameter values so obtained the model can 
be used to simulate the allocation of any given bed 
supply B', using (lo), (11) and solving f(X) = 0. 

This procedure is less demanding of empirical data on 
resource allocation than she prosedure for Case 2. It requires 
data on the elasticities y, and n, but not on the regional allo- 

I I 

cations xi and u thus the latter data can be used to validate i' 
the model's performance, as shown in the next chapter. 

Unfortunately the parameter estimation part of this proce- 
dure does not in general converge because the combination of 
prospective data on the X and U. and descriptive data for the 

A i * 
yi and ni is not, in general, consistent with any feasible model 
solution. To understand why this is so and to remedy the situa- 
tion we need to examine stage (iii) in more detail. In this 
stage values of B and the Xi, Ui, a and pi are given and the i 
equation £(A) = 0 is solved by the Newton-Raphson method. We 
can regard the computations in this stage as being equivalent 
to the situation for Mark 1 where the parameters are supplied 
exogenously and the model is used to simulate the allocations 
of B bed-days; a solution, A, to the equation £(A) = 0 is ob- 
tained and simulation results xi and ui are calculated. However 

such results do not in general satisfy the condition 

- 1 xfuf (Ti + Gi) = B 
i 

By similar arguments to those given in Appendix 1 it can 
be shown that unless the elasticity data satisfy this condition 
there are no values for the parameters ai and pi that are con- 

- - 

sistent with the data; hence the lack of convergence of the 
procedure described above. The data inconsistency is a direct 
consequence of the fact we observed above, that for Case 3 the 
values of the Xi and Ui are supplied from one source, whereas 



t h e  e l a s t i c i t y  d a t a  G i  and :. a r e  o b t a i n e d  i n d e p e n d e n t l y  from 
1 

a n o t h e r .  S i n c e  s u c h  mixed d a t a  do n o t ,  i n  g e n e r a l ,  c o n s t i t u t e  
a  f e a s i b l e  s o l u t i o n  t o  t h e  model t h e  o n l y  way t o  p roceed  i s  t o  
a d j u s t  t h e  d a t a  u n t i l  it does c o n s t i t u t e  a  f e a s i b l e  s o l u t i o n  
and t h e n  t o  f i t  t h e  model p a r a m e t e r s  t o  t h i s  a d j u s t e d  d a t a ,  a s  
w i t h  Case  2 .  W e  s t a t e d  above t h a t  o u r  d i s c u s s i o n  o f  Case  3 i s  
based  on t h e  p remise  t h a t  t h e  e s t i m a t e s  o f  t h e  Xi  and Ui  a r e  

d e r i v e d  f rom a  c a r e f u l  prospective a n a l y s i s  o f  HCS b e h a v i o u r  
whereas  t h e  e s t i m a t e s  o f  e l a s t i c i t i e s  a r e  d e r i v e d  from o b s e r -  
v a t i o n s  o f  past b e h a v i o u r .  T h i s  s u g g e s t s  t h a t  it is more 
r e a s o n a b l e  t o  a d j u s t  t h e  l a t t e r  d a t a  r a t h e r  t h a n  t h e  f o r m e r .  
A c c o r d i n g l y  we p ropose  below a  means o f  s c a l i n g  t h e  e l a s t i c i t y  
d a t a  s o  t h a t ,  t o g e t h e r  w i t h  t h e  d a t a  on t h e  Xi  and U i ,  it i s  

- 

c o n s i s t e n t  w i t h  a  f e a s i b l e  model s o l u t i o n .  I n  p r a c t i c e  it is  
p r o b a b l y  r e a s o n a b l e  t o  employ s u c h  a  s c a l i n g  p r o c e d u r e  p r o v i d e d  
t h a t  t h e  consequen t  a l t e r a t i o n  o f  t h e  e l a s t i c i t y  d a t a  i s  n o t  
v e r y  l a r g e .  I f  however l a r g e  a l t e r a t i o n s  w e r e  r e q u i r e d  w i t h i n  
t h i s  p r o c e d u r e  t h e n  one  would doub t  t h e  v a l i d i t y  o f  u s i n g  t h e  
d a t a  i n  t h i s  manner. 

The e l a s t i c i t y  d a t a ,  t h e  yi and n .  may be  s c a l e d  by a  
1' - 

m u l t i p l i c a t i v e  f a c t o r ,  r ,  g i v e n  by 

and x: and uf have t h e  meanings  d e s c r i b e d  i n  t h e  p r e c e d i n g  

p a r a g r a p h .  T h i s  s c a l i n g  can  b e  pe r fo rmed  i n  s t a g e  (ii) f o r  
each i t e r a t i o n  a f t e r  t h e  f i r s t .  (Note  t h a t  f o r  Case 2 a  s i m i -  
l a r  s c a l i n g  p r o c e d u r e  i s  r e q u i r e d  o n l y  a t  t h e  i n i t i a t i o n  o f  
t h e  p r o c e d u r e . )  The same e f f e c t  c a n  a l s o  b e  a c h i e v e d ,  and more 
c o n v e n i e n t l y  from a  c o m p u t a t i o n a l  p o i n t  o f  v iew,  by comput ing 
t h e  new v a l u e  o f  C  a t  t h e  end o f  s t a g e  (iii) by t h e  e x p r e s s i o n  

r a t h e r  t h a n  

With t h i s  m o d i f i c a t i o n  t h e  p r o c e d u r e  i s  found t o  c o n v e r g e  
r a p i d l y .  



A s  w i th  Case 2, t h e  equa t ion  system i s  under-defined b u t  
i n  t h i s  c a s e  t h e r e  i s  only  one degree  of freedom, whereas w i th  
Case 2 t h e r e  a r e  two. Th i s  occu r s  because,  i n  Case 3, equat ion  
(31)  cannot  be reduced t o  a d a t a  i d e n t i t y  s i n c e  t h e  Xi and Ui 

a r e  supp l i ed  exogenously. Thus f o r  Case 3 we have 2N + 2 equa- 
t i o n s - - ( 2 3 ) ,  (241, (25)  and (31 ) - - fo r  2N + 3 unknowns--C, A ,  
f ' (A)  and t h e  a i  and B i .  Computational expe r i ence  (desc r ibed  

i n  Appendix 2) has  shown t h a t  t h e  f i n a l  model o u t p u t s ,  t h e  xi 
- 

and ui,  a r e  f a i r l y  i n s e n s i t i v e  t o  t h e  a r b i t r a r y  i n i t i a l  va lues  

f o r  C and A .  Thus, f o r  t h e  same r ea sons  a s  f o r  Case 2, t h e  
computat ional  procedure sugges ted  above i s  cons ide red  adequate  
f o r  p r a c t i c a l  purposes.  

5 .  ILLUSTRATIVE MODEL RUNS 

To i l l u s t r a t e  how t h e  model can be used we s h a l l  examine a 
h y p o t h e t i c a l  example of an HCS re sou rce  a l l o c a t i o n  s i t u a t i o n - - t h e  
a l l o c a t i o n  of  a c u t e  h o s p i t a l  bed-days i n  t h e  South Western Region 
of  England i n  1968 between p a t i e n t s  s u f f e r i n g  from s i x  d i s e a s e s :  

- v a r i c o s e  ve ins ;  

- haemorrhoids; 

- ischaemic h e a r t  d i s e a s e ,  exc luding  a c u t e  myocardial  
i n f a r c t i o n ;  

- pneumonia; 

- b r o n c h i t i s ;  and 

- a p p e n d i c i t i s .  

To o b t a i n  t h e  r e q u i r e d  i n p u t  q u a n t i t i e s  we s h a l l  u se  hospi-  
t a l  d a t a  f o r  t h e  15 Hosp i t a l  Regions of England f o r  1968 and t h e  
e l a s t i c i t y  e s t i m a t e s  of F e l d s t e i n  shown i n  Table I .  I l l u s t r a t i v e  
runs  f o r  Cases 2 and 3 a r e  p re sen ted  below. 

Case 2 

- A 

The r equ i r ed  i n p u t  c o n s i s t s  of d a t a  on t h e  x ui ,  yi and i f  
G ,  and B. For t h e s e  i l l u s t r a t i v e  runs  t h e  va lues  used f o r  t h e  
-= - 
x .  u and a r e  taken from d a t a  [ I  31 on t h e  a c t u a l  use  of  hos- 
1' i 

p i t a 1  beds i n  t h e  South Western Region i n  1968. The e l a s t i c i t y  
d a t a  a r e  de r ived  from t h e  r e s u l t s  of  F e l d s t e i n ,  Table  1.  The 
f u l l  l i s t  of i n p u t  d a t a  i s  shown below i n  Table  2. 



T a b l e  2. I n p u t  d a t a  f o r  i l l u s t r a t i v e  r u n s  o f  DRAM f o r  Case 2 .  

I P a t i e n t  Category Mean Admission Rate Mean Length o f  S t a y  
- - 
x .  u .  

1. Varicose  Veins 
2. Haemorrhoids 
3. Ischaemic  

Hear t  Disease  
4. Pneumonia 

T o t a l  bed-days used = B ! 1 x.;. = 1094.2 
1 1  

i 

5. B r o n c h i t i s  
6. A p p e n d i c i t i s  

A l l  C a t e g o r i e s  

Two i l l u s t r a t i v e  r u n s  f o r  Case 2  a r e  d e s c r i b e d  below.  I n  
t h e  f i r s t  r u n  t h e  bed s u p p l y  i n p u t ,  f i g u r e  B ,  i s  s e t  a t  a  l e v e l ,  
800 bed-days ,  which is  c o n s i d e r a b l y  below t h e  l e v e l  B (1094.2 
bed-days p e r  m i l l i o n  p o p u l a t i o n ) ,  which e x i s t e d  i n  t h e  Sou th  
Western Region i n  1968. I n  t h e  second r u n  t h e  f i g u r e  f o r  bed 
s u p p l y  i s  set  a t  a  h i g h e r  l e v e l ,  1200 bed-days .  The r e s u l t s  of  
t h e  two r u n s  a r e  d i s p l a y e d  below i n  T a b l e  3 .  

6.3 
4.1 

4.6 
12.3 

T a b l e  3 .  Outpu t  from two i l l u s t r a t i v e  r u n s  of  DRAM f o r  Case 2. 

11.8 
24.8 

63.9 

Run 1: B = 800 bed- Run 2: B = 1200 bed- 
days /mi l l i on  days /mi l l i on  

11.3 
13.1 

40.2 
14.7 

1 Pa t i en t iCa tegory  Admission Av. Length Admission Av. Length 

o f  S t a y  Rate  o f  S t a y  

t 
0.78 
0.70 i::: 1 
1.14 
0.71 0.23 

27.4 
11.3 

17.1 

1. Var icose  Veins 
2. Haemorrhoids 
3. Ischaemic  

Hear t  Disease  
4 .  Pneumonia 
5. B r o n c h i t i s  
6 .  A p p e n d i c i t i s  

1.13 0.05 
0.05 0.31 

- - 

A l l  C a t e g o r i e s  



N a t u r a l l y  b o t h  t h e  admiss ion  r a t e  and t h e  l e n g t h  o f  s t a y  
f o r  e a c h  c a t e g o r y  i n c r e a s e  from Run 1  t o  Run 2  a s  a  consequence 
o f  t h e  i n c r e a s e  i n  bed s u p p l y .  However t h e  amount o f  i n c r e a s e  
v a r i e s  c o n s i d e r a b l y ,  i n  a c c o r d a n c e  w i t h  t h e  v a l u e s  of  t h e  c o r -  
r e s p o n d i n g  e l a s t i c i t i e s .  For  example ,  t h e  admiss ion  r a t e  f o r  
a p p e n d i c i t i s  i n c r e a s e s  v e r y  l i t t l e ,  from 24.4 i n  Run 1  t o  24.9 
i n  Run 2  ( s e e  T a b l e  3 ) ;  t h i s  i s  a  d i r e c t  consequence of  t h e  low 
v a l u e  o f  t h e  e l a s t i c i t y  f o r  a p p e n d i c i t i s  a d m i s s i o n s ,  0 .05 ( s e e  
T a b l e  2 ) .  By c o n t r a s t  t h e  admiss ion  r a t e  f o r  b r o n c h i t i s  changes  
a  g r e a t  d e a l ,  from 8.4 i n  Run 1  t o  12.9  i n  Run 2,  b e c a u s e  of  t h e  
r e l a t i v e l y  h i g h  v a l u e ,  1 .13 ,  o f  t h e  e l a s t i c i t y  o f  b r o n c h i t i s  
a d m i s s i o n s .  For  s i m i l a r  r e a s o n s  t h e  l e n q t h  of  s t a y  f o r  b r o n c h i -  
t i s  i n c r e a s e s  v e r y  l i t t l e  between r u n s  b u t  t h e  l e n g t h  o f  s t a y  
f o r  i s c h a e m i c  h e a r t  d i s e a s e  i n c r e a s e s  a g r e a t  d e a l .  

Case  3  

The r e q u i r e d  i n p u t  c o n s i s t s  o f  d a t a  on t h e  X i ,  U i ,  ii and 

fi i  and B. The d a t a  f o r  t h e  e l a s t i c i t i e s  was t a k e n  a s  b e f o r e  

from-the F e l d s t e i n  r e s u l t s  shown i n  T a b l e  1 .  The v a l u e  used  
f o r  B i s  set ,  a s  b e f o r e ,  a t  t h e  l e v e l ,  1094.2,  o f  a c t u a l  usage  
i n  t h e  Sou th  Western Region i n  1968. I n  a  r e a l  a p p l i c a t i o n  d a t a  
on t h e  Xi  and Ui would be  o b t a i n a b l e  from m o r b i d i t y  e s t i m a t e s  

and c l i n i c a l  o p i n i o n ,  a s  d e s c r i b e d  i n  t h e  p r e v i o u s  c h a p t e r .  
S i n c e  such  d a t a  were n o t  a v a i l a b l e  f o r  t h i s  e x e r c i s e ,  p roxy  
measures  were used .  These were o b t a i n e d  u s i n g  d a t a  [ I31  f o r  
t h e  15  r e g i o n s  o f  England and Wales i n  1968; f o r  e a c h  i n d i v i d u a l  
p a r a m e t e r  t h e  h i g h e s t  f i g u r e  from t h e  15  r e g i o n s  was s e l e c t e d .  
For  example t h e  l a r g e s t  f i g u r e  f o r  pneumonia a d m i s s i o n s  p e r  m i l -  
l i o n  p o p u l a t i o n  i s  12 .8 ,  from t h e  Nor th  West M e t r o p o l i t a n  Region,  
and t h i s  f i g u r e  was used f o r  t h e  p a r a m e t e r  v a l u e ,  X i ,  f o r  pneu- 

monia a d m i s s i o n s .  A f u l l  l i s t  o f  t h e  i n p u t  d a t a  i s  shown i n  
T a b l e  4  below. 

T a b l e  4. I n p u t  d a t a  f o r  i l l u s t r a t i v e  r u n s  of  DRAM f o r  Case 3 .  

Patient Category 

i 

1. Varicose Veins 
2. Haemorrhoids 
3. Ischaemic 

Heart Disease 
4. Pneumonia 
5.  Bronchitis 
6. Appendicitis 

Ideal 
Elasticities I 

All Categories 
- 

Bed-day supply for which elasticity estimates apply = B = 1094.2 

- - 98.0 22.8 



With this data two illustrative runs of the model were 
performed with bed supply, B, set at 800  and 1 2 0 0  respectively, 
as before. The results are displayed in Table 5 below. It will 
be seen that they are somewhat similar to those of the illustra- 
tive runs for Case 2 .  The similarity arises for two reasons: 

i. the elasticity data is the same in both cases, and 

ii. the observed mean regional allocation (the xi and Ui), 
used for the Case 2  runs, are, within fairly small 
margins, consistent with the data on ideal allocations 
(the Xi and Ui) used for the Case 3 runs and with the 

elasticity data. In other words the proxy estimates 
of the ideal allocations used here are, reassuringly, 
reasonably consistent with the ideals i m p l i e d  by the 
actual regional allocation data used for Case 2. 

Thus if DRAM Mark 3 is run with the bed supply B set equal to 
the value, 1094.2,  used for B in the runs for Case 2  then the 
outputs from this run are approximately equal to the corre- 
sponding figures for mean regional allocations used for the 
input data for the runs for Case 2. This can be seen in Table 
6 where the results of this run are displayed. 

Table 5. Output from two illustrative runs for Case 3. 

I Run 1: B = 800 bed- I Run 2: B = 1200 bed- I 

1. Varicose Veins 
2. Haemorrhoids 
3. Ischaemic 

Heart Disease 
4. Pneumonia 
5. Bronchitis 
6. Appendicitis 

Patient Category 

days/million 

Admission 

i I Rate 

days/million 

Av. Length 
of Stay 

Admission 
Rate 

Av. Length 
of Stay 



Table 6. Output from run for Case 3 compared with data used for 
Case 2 runs. 

For Case 3 it is possible to compare the output quantities, 
x. and u. with the corresponding ideal quantities X and Ui, 

1' i 
supplied exogenously. As can be observed from Tables 4 and 5, 
the output quantities which vary little between runs because of 
their low elasticities are closer to the corresponding ideals 
than the quantities for which the elasticities are large. Thus 
in both sets of results shown in Table 5 the admission rates for 
appendicitis are close to the ideal level, 24.8, whereas those 
for bronchitis are relatively far from the ideal level, 21.3. 
Thus we can interpret a low elasticity, yi, as implying high 

Patient Category 
i 

1. Varicose Veins 
2. Haemorrhoids 
3. Ischaemic 

Heart Disease 
4. Pneumonia 
5.  Bronchitis 
6. Appendicitis 

All Categories 

priority for admission and vice versa. This situation is illus- 
trated in Figure 2 which shows admission rate as a function of 
bed supply for appendicitis and bronchitis. Even if bed supply is 
low a high proportion of appendicitis cases are admitted whereas 
for bronchitis, with a lower implied priority, the admission 
rate is low and only rises as the bed supply is increased. 

Data used for Case 2 
(actual regional al- 
locations for bed 
usage = 1094.2)  

The response of average length of stay to changing bed 
supply can be interpreted in a similar way. For example in the 
results of both of the runs for Case 3, shown in Table 5, the 
length of stay for bronchitis is close to the ideal level, 34.2, 
quoted in Table 4; this is a consequence of the low elasticity, 
0.05. By contrast the result for the length of stay for varicose 
veins increases considerably from Run 1 to Run 2, as a result of 
its relatively high elasticity, 0.62. This situation is illus- 
trated in Figure 3; in regions with a low bed supply the length 
of stay for varicose veins will be much shorter than in regions 
with high supply whereas the length of stay for bronchitis is 
much less affected by bed supply. It is possible to interpret 

Admission 
Rate 
- 
X .  

6.3 
4.1 

4.6 
12.3 
11.8 
24.8 

63.9 

Output from Case 3 run 
for B = 1094.2 bed- 

days/million 

Av. Length 
of Stay 

- 
U. 

11.3 
13 .1  

40.2 
14.7 
27.4 
11.3 

17.1 

. 
Admission 

Rate 

x .  

7.9 
5 . 1  

4 . 9  
13.9 
11.2 
24.1 

6 7 . 1  

Av. Length 
of Stay 

U .  

10.9 
10.2 

28.3 
17.3 
33.2 

8.5 

16.3 



t h i s  s i t u a t i o n ,  i n  t h e  E n g l i s h  c o n t e x t ,  a s  f o l l o w s .  I n  t h e  c a s e  
o f  v a r i c o s e  v e i n s  it i s  o f t e n  p o s s i b l e  t o  d i s c h a r g e  p a t i e n t s  
a f t e r  a  s t a y  a s  s h o r t  a s  two d a y s  [ 1 4 ] .  T h e r e  i s  e v i d e n c e  [ I 3 1  
from t h e  E n g l i s h  h o s p i t a l  s e r v i c e  t h a t  t h i s  p r a c t i c e  i s  more 
common i n  r e g i o n s  where t h e  bed s u p p l y  is  low t h a n  where it 
i s  h i g h ,  t h u s  b r i n g i n g  t h e  average  l e n g t h  o f  s t a y  down i n  t h e  
fo rmer .  By c o n t r a s t  t h e r e  i s  less p o s s i b i l i t y  f o r  such  p r a c t i c e  
i n  t h e  c a s e  o f  b r o n c h i t i s  b e c a u s e  o f  t h e  r i s k  o f  r e l a p s e  i f  t h e  
p a t i e n t  i s  d i s c h a r g e d  e a r l y .  

Admission 
r a t e  a s  1 
f r a c t i o n  
of  i d e a l  
admission 
r a t e  : 

X .  
- 
X. 

1 I I Bed supply 
0 

low high 
B 

Figure 2. Admission rate as a function of bed supply. 

Figure 3. Length of stay as a function of bed supply. 

Average A 

l eng th  of  
s t a y  a s  1 
f r a c t i o n  
of i d e a l  
l eng th  of 
s t a y :  

u. 
- 
"i 

0 

-- Bronchi t i s  

Varicose Veins 

I I Bed supply 

low high 
B 



6 .  FUTURE DEVELOPMENT OF DRAM 

DRAM Mark 1 ,  t h e  v e r s i o n  of  t h e  model d e s c r i b e d  i n  t h i s  
pape r ,  r e p r e s e n t s  t h e  a l l o c a t i o n  of one HCS r e s o u r c e  ( such  a s  
h o s p i t a l  beds)  w i t h i n  one mode of  t r e a t m e n t  ( such  a s  i n - p a t i e n t  
t r e a t m e n t ) .  I n  t h e  f u t u r e  it is  planned t o  deve lop  more g e n e r a l  
v e r s i o n s  o f  t h e  model, i n  p a r t i c u l a r :  

- a  Mark 2  v e r s i o n ,  t o  r e p r e s e n t  t h e  a l l o c a t i o n  o f  
severaZ r e s o u r c e s  w i t h i n  one t r e a t m e n t  mode; and t h e n  

- a  Mark 3 v e r s i o n ,  t o  i n c l u d e  s u b s t i t u t i o n  between 
a l t e r n a t i v e  t r e a t m e n t  modes. 

The main preoccupa t ion  i n  t h i s  development work w i l l  be  t o  t r y  
t o  r e t a i n  t h e  computa t iona l  convenience o f  t h e  methods d e s c r i b e d  
f o r  DRAM Mark 1 . 

With DRAM Mark 2  t h e  u s e r  would be  a b l e  t o  e x p l o r e  a  wider  
range  o f  p l ann ing  i s s u e s  t han  w i th  DRAM Mark 1 ;  r a t h e r  t han  
merely s t u d y  t h e  consequences o f  changing t h e  supply  o f  one  r e -  
sou rce  he would a l s o  be a b l e  t o  s t udy  t h e  consequences o f  
changing t h e  mix of  r e s o u r c e s  w i t h i n  a  s e r v i c e .  For example 
t h e  h o s p i t a l  i n - p a t i e n t  s e r v i c e  could  be  r e p r e s e n t e d  a s  a  mix 
o f  d i f f e r e n t  resources--beds,  p h y s i c i a n s ,  n u r s e s ,  l a b o r a t o r i e s ,  
X-ray equipment ,  e t c . - - r a t h e r  t h a n  a s  a  s i n g l e  composi te  r e s o u r c e ,  
bed-days, a s  w e  have had t o  do f o r  DRAM Mark 1.  DRAM Mark 2  
would n o t  on ly  be  more u s e f u l  from a  p l a n n e r ' s  p o i n t  of view, 
b u t  it would a l s o  be a  more a c c u r a t e  model from t h e  s c i e n t i f i c  
p o i n t  o f  view s i n c e  it would r e p r e s e n t  bo th  how d i f f e r e n t  t y p e s  
o f  p a t i e n t  make d i f f e r e n t  demands on each r e s o u r c e  and how some 
r e s o u r c e s  have a  g r e a t e r  e f f e c t  on admiss ions  and l e n g t h  o f  s t a y  
t h a n  o t h e r s .  For  example F e l d s t e i n  [9] and P r e v e t t  [I51 have 
shown t h a t  l e n g t h s  o f  s t a y  a r e  much more e l a s t i c  t o  t h e  a v a i l -  
a b i l i t y  o f  p h y s i c i a n s  t h a n  t o  t h e  a v a i l a b i l i t y  of  n u r s e s .  

Computa t iona l ly  it should  n o t  p rove  t o o  d i f f i c u l t  t o  
deve lop  DRAM Mark 2 .  The change i n  f o rmu la t i on  is  f a i r l y  
s imp le .  An a d d i t i o n a l  s u b s c r i p t ,  k ,  t o  r e p r e s e n t  r e sou rce  t y p e  
i s  i n t roduced .  The s i n g l e  c o n s t r a i n t  ( 2 )  i n  DRAM Mark 1 i s  re- 
p l aced  by a  s e t  of  c o n s t r a i n t s  

and t e r m s  o f  t h e  form 1 1 xihik(uik) r e p l a c e  t h e  te rm 1 xihi(ui) 
i k  i 

i n  t h e  o b j e c t i v e  f u n c t i o n  ( 1 ) .  The problem can be  so lved  a s  
b e f o r e ,  u s ing  Lagrange M u l t i p l i e r s .  However i n  t h i s  c a s e  t h e r e  
a r e  a  se t  of  m u l t i p l i e r s ,  A k  (one f o r  each r e s o u r c e ) ,  r a t h e r  

t han  a  s i n g l e  m u l t i p l i e r ,  A ,  t o  be  de te rmined .  



The scope and usefulness of DRAM Mark 3 would be even 
greater since it would allow the user to examine the balance 
between alternative modes of treatment (e.g. in-patient and 
out-patient treatment) as well as the mix of resources within 
a mode. The difficulty here will be to retain sufficient sim- 
plicity in the formulation so as to allow efficient solution by 
Lagrange Multipliers (and so avoid being forced to use large and 
highly specialised computer programmes) while at the same time 
capturing the essence of the problem of the balance between al- 
ternative modes of treatment. Only future study will reveal 
whether this difficulty can he overcome. 
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Appendix 1 

Restrictions on the Data Used in Case 2 and the Consequent 
Degrees of Freedom in the Parameter Estimation Process 

In CaseA2 empirical input data are supplied for B and 
the Fir Tii, yi and 6 From these, estimates are made of the i' 
parameters--the Xi, Ui, ai and pi--by the procedure described in 

Chapter 4. This procedure is based on the proposition that the 
model solution for the value B = B should be consistent with the 
input data. Thus the data must itself be a feasible model solu- 
tion. This gives rise to two restrictions on the data, as shown 
below. It is then shown that these restrictions give rise to 
two degrees of freedom in the parameter estimation procedure. 

For a given bed supply, B, the model produces a solution, 
the xi and ui, to satisfy the constraint 

Thus the first restriction on the input data for the model is 

Let us now consider how the model solution changes in 
response to changes in the value of B. As before, let yi and 

- 

n .  be the elasticities of the xi and u with respect to B. From i 
(2) we have 

From the definition of yi and 0 (see (1 7) and (1 8) ) , we i 
can show that 



and 

Substituting these in (32) we have 

theref ore 

Thus there is a second restriction on the input data 

We will now show how these two restrictions on the data 
cause two degrees of freedom in the parameter estimation pro- 
cedure. One of the equations used in the procedure is 

By rearranging equations (26) and (27) we have 



and 

By substituting these equation (31) reduces to the data 
identity represented by (16); this creates one degree of freedom 
in the parameter estimation process. 

Next consider another equation used in the procedure 

X.U. 
1.1 l/(ai+l) -(ai+2)/(ai+l) fr(U = -1 (a, + I) Bi 'i ei , (14) 

i 1 

where Qi and Bi are given by (13) and (15). Substituting (34) 

and (35) in (14) we have 

From ( 13) we have 

We recall, see (1 5) , that Bi = 2 dX = 4 ' .  Thus we can write 



Therefore from (23), (24) and (25) 

Substituting this in (36) we have 

Thus equation (14) reduces to the data identity given by (28) 
and a second degree of freedom is created in the parameter 
estimation process for Case 2. 



Appendix 2  

S u i t a b l e  I n i t i a l  Va lues  i n  t h e  Paramete r  E s t i m a t i o n  P r o c e s s  

The p a r a m e t e r  e s t i m a t i o n  p r o c e s s  f o r  C a s e s  2  and 3 a r e  
d e s c r i b e d  i n  C h a p t e r  4 .  For  e a c h  Case t h e  s t a g e  (i) c o n s i s t s  
o f  s e t t i n g  a r b i t r a r y  i n i t i a l  v a l u e s  f o r  X and C. I n  t h i s  
Appendix s u i t a b l e  r a n g e s  f o r  t h e s e  i n i t i a l  v a l u e s  a r e  d e r i v e d .  
W i t h i n  s u c h  r a n g e s  t h e  f i n a l  o u t p u t s  o f  t h e  model a r e  shown t o  
b e  i n s e n s i t i v e  t o  t h e  i n i t i a l  v a l u e s  s e l e c t e d .  

F i r s t  o f  a l l ,  it can  b e  shown, by r e f e r e n c e  t o  e q u a t i o n s  
(24)  and  (251 ,  t h a t  t h e  s m a l l e s t  v a l u e ,  Cmin, o f  C  which g u a r -  

a n t e e s  p o s i t i v e  v a l u e s  f o r  e a c h  o f  t h e  a  and pi  i n  s t a g e  (ii) i 
o f  t h e  p a r a m e t e r  e s t i m a t i o n  p r o c e s s  i s  g i v e n  by 

Cmin = Max (qi + 6 i) . 
i 

I n  o r d e r  t o  se t  a n  upper  bound f o r  C  w e  need  t o  c o n s i d e r  p l a u -  
s i b l e  upper  bounds f o r  t h e  a i  and B i .  

W e  r e c a l l ,  from C h a p t e r  2 ,  t h a t  t h e  a i  and B i  a r e  r e l a t e d  

t o  t h e  e l a s t i c i t i e s  Ei and Fi o f  a d m i s s i o n s  and  l e n g t h  o f  s t a y  
- - 

w i t h  r e s p e c t  t o  m a r g i n a l  o p p o r t u n i t y  c o s t  ( a n d ,  e q u i v a l e n t l y ,  
m a r g i n a l  u t i l i t y )  

S u b s t i t u t i n g  t h e s e  i n  ( 2 4 )  and ( 2 5 )  w e  have  

and 

= CEi f o r  a  wide r a n g e  of  v a l u e s  o f  0 > 0 and X > 1 .  
i 



On a priori grounds it is reasonable that the hypothetical elas- 
ticities Ei and Fi with respect to opportunity cost should be 

- - 

similar in magnitude to the empirical elasticities and fii i 
with respect to bed supply. This implies a value of C that is 
within an order of magnitude of unity. 

Using the test problem described in Chapter 5 some 
sensitivity analysis was performed. The initial value of C 
was set first at the minimum value, Cminl given by (42) , which 
was 2.22, and second at the value 10.0.  It was found that 
the sensitivity of the final model outputs, the xi and ui, 

to this change was about 0.1% for Case 2 and 1% for Case 3. 
It was concluded that any value of C between Cmin and 10.0 would 

be suitable for most problems but the value, Cminr given by (43), 

being closest to unity, would be most suitable. Since the largest 
of the elasticities Pi and fii are rarely much in excess of unity, 

- 

the application of (42) will typically elicit a starting value 
for C that is of the order of two. 

From this definition of a suitable initial value for C we 
may deduce suitable values for X. In Case 2 we assume that we 
have no information about the ideal quantities given by the 
parameters Xi and Ui. We wish to use the model to explore the 

consequences of setting the bed supply B to a number of different 
values. Let us suppose that the largest conceivable value of 
interest is given by 

i.e. a bed supply of dcuble the current regional value. It is 
also necessary in solving the model that the parameters X. and 

1 
Ui should satisfy 

The £01 lowing equality satisfies both conditions : 



Computa t iona l  e x p e r i e n c e  w i t h  Case  2  s u g g e s t s  t h a t  t h e  
e s t i m a t e s  produced f o r  t h e  Xi  and Ui  depend on t h e  s t a r t i n g  

v a l u e s  f o r  X and C i n  a  manner g i v e n ,  a p p r o x i m a t e l y ,  by 

~ h u s ,  from ( 4 5 )  we have 

t h e r e f o r e  

I t  i s  s u g g e s t e d  t h a t  e q u a t i o n  ( 4 6 )  be  used  f o r  a s s i g n i n g  a  
s u i t a b l e  i n i t i a l  v a l u e  f o r  A .  S i n c e  t h e  most s u i t a b l e  v a l u e  f o r  
C is  o f  t h e  o r d e r  o f  two, t h e  a p p l i c a t i o n  o f  ( 4 6 )  w i l l  r e s u l t  i n  
a  s t a r t i n g  v a l u e  f o r  X t h a t  i s  o f  t h e  o r d e r  of f o u r .  

S e n s i t i v i t y  a n a l y s i s  u s i n g  t h e  t e s t  problem d e s c r i b e d  i n  
C h a p t e r  5 h a s  shown t h a t  i f  t h e  s t a r t i n g  v a l u e  o f  A i s  changed 
f rom 2.0 t o  10.0 t h e  s e n s i t i v i t y  o f  t h e  f i n a l  model o u t p u t s ,  
t h e  xi and u i ,  i s  o f  t h e  o r d e r  o f  0.1% f o r  Case 2  and o n l y  

0 .01% f o r  Case 3.  Thus t h e  p r o c e d u r e s  d e s c r i b e d  above f o r  
s e t t i n g  t h e  i n i t i a l  v a l u e s  o f  C and A a r e  c o n s i d e r e d  s a t i s -  
f a c t o r y  f o r  p r a c t i c a l  p u r p o s e s .  
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