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Preface

Roughly 1.6 billion people, 40 percent of the world's popul-
ation, live in urban areas today. At the beginning of the last
century, the urban population of the world totaled only 25 mil-
lion. According to recent United Nations estimates, about 3.1
billion people, twice today's urban population, will be living
in urban areas by the year 2000.

Rapid rates of urban demographic and economic growth in-
crease the difficulties of providing a population with adecguate
supplies of food, energy, employment, social services and infra-
structure. The investment needed just to maintain present
standards in many rapidly urbanizing countries calls for a doubl-
ing or trivling of institutional plant within the next 25 years.

Scholars and policy-makers often disagree when it comes to
evaluating the desirability of current rapid rates of urban
growth in many parts of the globe. Some see this trend as
fostering national processes of socioeconomic development, partic-
ularly in the poorer and rapidly urbanizing countries of the
Third World; whereas others believe the consequences to be largely
undesirable and argue that such urban growth should be slowed
down.

Professor Nathan Keyfitz of Harvard University spent the
month of May this year collaborating with HSS scholars in their
research on migration, urbanization and development. During his
stay, he formulated a model of the urbanization process that
stimulated a number of us. In particular, Jacques Ledent re-
sponded by writing a series of three vapers dealing with exten- \
sions of the Keyfitz model. This paper, the second of the series,
focuses on the dynamics of urbanization under constant regimes
of natural increase and migration.

A list of related papers in the Population, Resources and

Growth Series appears at the end of this publication.

Andrei Rogers
Chairman

Human Settlements
and Services Area

November 1978
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Abstract

This paper is the second of a series intended to shed some
light on the urbanization phenomenon. Its main purpose is to
contrast the results provided by two alternative models--the
model proposed by Keyfitz (1978) and the continuous version of
the multiregional model of population growth and distribution
developed by Rogers (1968)--under constant regimes of natural in-
crease and migration.

In both cases, the evolution of the magnitude of urbaniza-
tion as well as that of the relative importance of natural increase
and migration in accounting for urban growth are examined. A
particular emphasis is placed on the time spans necessary to
reach two cross-over points: the point at which natural increase
starts exceeding inmigration in the urban region (cross-over point
of type I) and the point at which the urban population becomes
larger than the rural population (cross-over point of type II).

The contrast between the alternative models is illustrated
with the help of an application to two actual rural-urban popu-
lation systems presenting polar characteristics: those of the
USSR and India.
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The Factors and Magnitude of Urbanization
Under Unchanged Natural Increase and Migration Patterns

INTRODUCT ION

Keyfitz, in a recent paper (1978), suggests a simple model
intended to shed some light on whether cities grow through nat-
ural increase or inmigration. The appropriateness of the model
to deal with such a problem was, however, gquestioned by Ledent
(1978) . Ledent argues that the Keyfitz model, which views migra-
tion as a net flow from the rural to the urban region, intro-~-
duces a rather undesirable asymmetry between thé rural and ur-
ban regions. Instead, he proposed to use a continuous version
of the multiregional model of population growth and distribution,
first developed by Rogers (1968) and whose long-term properties
are well behaved: the ratio of urban to rural population tends

toward a limit instead of increasing indefinitely.

The purpose of this paper is to examine the evolution of
the factors and magnitude of urbanization implied by the two al-
ternative models under constant regimes of natural increase and
migration. The case of varying regimes will be dealt with in a
forthcoming paper. The analysis is carried out mainly with an
emphasis on the time spans necessary to reach two particular
points in time (or cross-over points): the point at which nat-
ural increase starts exceeding inmigration in the urban region
(cross-over point of type I) and the point at which the urban
population becomes larger than the rural population (cross-over
.point of type II).

This paper consists of two parts which carry out the analy-
sis of the urbanization problem from the two alternative models
distinguished above: the first part is based on the Keyfitz
model, while the second relies on the two-region continuous ver-
sion of the Rogers model. A short contrast of the insights pro-
vided by the alternative models appears in the conclusion with
the help of a comparison between the numerical results obtained
by applying the alternative models to two actual rural-urban pop-
ulation systems presenting polar characcteristics: those of the
USSR and India.




I. ANALYSIS BASED ON THE KEYFITZ MODEL

Basically, Keyfitz (1978) considers a population system di-
vided into two regions, urban and rural, which exhibit constant
rates of natural increase, denoted by u and r respectively. 1In
addition, he assumes a net outmigration rate from rural to urban

taken as a constant fraction m (strictly positive) of the rural
population. The mathematical analysis of the ensuing model has

been extensively studied in Ledent (1978).

Analytics of the Model

The equations describing the population growth of the rural

and urban regions are respectively:

dPr(t)
and
dPu(t)
4 = uw Py(E) *m P (E) (1b)

in which Pr(t) and Pu(t) are the populations at time t of the ru-

ral and urban regions respectively.

It has been shown (Ledent, 1978) that the population system
described by (1a) and (1b) evolves from an initial state charac-
terized by a concentration of the whole population in the rural

region if the parameters of the system are such that

r < u-+m lié



in which S is the ratio of urban to rural population in the per-
iod at which the system is observed. Thus to remain general,
i.e., to prevent any peculiarities due to the value of S,

we impose here

r <u+m (2)

Then, if t = 0 denotes the initial period, the solution of the
system of equations (1a) and (1b) is given by

P_(t) = P(0) elrmt (3a)
and
P(t) = P(0) o [e"F - o lrmt] (3b) "

in which P(0) is the initial population of the system. Note
that

P_(0) = P(0) and P (0) = 0

Letting S(t) denote the ratio of urban to rural population, and

dividing (3b) by (3a), we obtain:

*Note that utm-r > 0, as a consequence of the restriction on the
parameters of the system adopted in (2).



a relationship which indicates that S({t) mcnctonically increases

from zero (for t = 0) to + o (for r = + =),

The part of the population of the whole system that is
urban is given by:

T 1+s(t) . (5)

It is then readily established that a(t) monotonically

increases from zero (for t = 0) to one (for t = + o).

We now introduce mu(t), the urban net inmigration rate:

mPr(t)

_ _ m .
m,(t) = P_(E) ~ S(t) ’ 6)

—

an equation which permits one to conclude that mu(t) monctonical~

ly decreases from + o (for + = 0) +n 0 (Far + — & Y

The ratioc R(t) of urban net inmigration to urban natural
increase,

is thus linked to S(t) by the following (Keyfitz 1978)

_ _m :
R(t) = us (£) . (8)



This relationship suggests that, in consideration of the

problem examined here, we must impose
u > 0 (9)

so that R(t) monotonically decreases from + « (for t = 0) to zero

(for t = + «).

Note that as a consequence of (9), Pu(t) monotonically in-
creases from zero (for t = 0) to become infinitely positive as
t > + . By contrast, the direction of the variations of Pr(t)
which is also monotonic depends on the relative values of r and
m: Pr(t) increases from P(0) (for t = 0) to + « (for t > + ) if

r > m, but decreases to zero (for t = + ) if r < m.

The results of the above model defined by the system (l1a) -

(1b) and the restrictions (2) and (9) are summarized in Table 1.

The Factors of Urbanization and the Cross-over Point of Type I

Substituting expression (4) into (8) yields an analytic

expression of R(t)

u+m-r (10)

an expression which permits one to visualize the variations of

R(t), appearing on Figure 1.

The variations of R(t) indicate that net inmigration is in~
itially preponderant in accounting for the growth of the urban
region but as time passes, its role diminishes so as to make
natural increase the unique source of urban growth in the long-
run. Keyfitz (1978) refers to the point in time at which natur-
al increase is equal to net inmigration as the cross-over point.

We call it here cross-over point of type 1, denoted by T, -




a mode

Table 1: The Kevfit- model as 1 cf vrbonizaticn:
the variations of the main functions.

t 0 4+

(a) r > m P(0) o — e

Pr(t) (b) r = m P(0) w— = P (0)
(b) ¥ < m P(Q) *— + o

R(t)
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|

1

Figure 1. The Keyfitz model as a model of urbanization:
the variations of R(t).



Clearly we have:

m (T;) =u (1)
and
R(T1) = 1 (12)
Therefore from (4) we have that:
_ mm .
S(T1) = (13)

At the cross-over point T4, the ratio of urban to rural pop-
ulation is simply equal to the ratio of the rural net (out) mi=-
gration rate to the urban rate of natural increase. Consequently

the part of the whole population which is urban at time T, is:

m

@(Ty) = grm

(14)

An expression of T1 can be derived by combining (10) and (12)

thus giving (Keyfitz 1978)

_ 1 utm-r
T1 = u_+mTr 1n (1 + T) . (15)

What is the impact of a parameter change on the value of T,?

1
Differentiating T1 with respect to each of the three parameters




yields:
dT1 - 1 r-m - 1 n /1 L utm-r (16)
du u+m-r |u(2u+m-r) u+m-r \ Q
L -
[ 7
dT
! L 1 1 ( utm-r
= - +
dr u+m-r 21+m-r + T——— 1n \1 - )J (17)
and
aT
! 1 1 1 ut+m-r
= - . 1
dm u+tm-r 2utm-r u+tm-r In (1 + "“a—-) (18)

It is possible to show, through tedious manipulations of
(16) and (17) (see Appendix 1), that, whatever the values of the

parameters u, r, and m,

dT1 19a)
a
du <0 (
and
dTl (19b)
ar > 0 - )

The conclusion here is that the higher (smaller) the rate of
natural increase in the urban (rural) region, the sooner the
cross-over.¥ In addition, (19a) and (19b) permits one to state
that, for a given u or a given r, the larger the difference r-u

the later the cross-over.

*Note the contrast with the statement made by Keyfitz (1978, p.5)
in the special case u=r, that "the more rapidly the pcopulation as
a whole increases the sooner the cross-over."



From the comparison of (17) and (18), one finds that:

aT aT

1 _ 1
dm dr (20)
and that, whatever the values of the parameters u, r, and m,
dT1
am <0 (21

Thus we have demonstrated the suggestion made by Keyfitz (1978,
p-5) that "the larger the value of m, the fraction of the country-
side migrating, the sooner comes the day when natural increase ex-

ceeds migration as a factor."

Moreover, (20) suggests that, for a given u, an increase X,
in the difference r-u has an impact on T, which has the same mag-
nitude as a decrease x in the net outmigration rate m. Such a re-
sult is clear if one observes that m and r always intervene through

their differences.

The impact of parameter éhanges on the part of the popula-
tion which is urban at the cross-over point can also be assessed.
Differentiating (14) with respect to each of the parameters

yields:

da(T1)
du B

da(T,) da (T,)
R —Fe 0 T - 122)
(m+u) 2 (m+u) 2




Therefore the proportion of the population which is urban

at the cross-over point is independent of the rural rate of nat-
ural increase. Moreover,

the smaller the urban rate of natural
increase and the higher the rural outmigration rate, the higher
this proportion.

The Magnitude of Urbanization and the Cross-over Point of Type II

Substituting expression (4) in (5) yields an analytic expres-
sion of a(t)

e(u+m—r)t -1
a(t) = (23)
e(u+m—r)t 4 u-r

an expression which permits one to visualize the variations of
a(t), appearing in Figure 2.

a(t)

Figure 2: The Keyfitz model as a model ot urbanization:
the variations of a(t).



The variations of a(t) indicate that an initial totally
rural population system becomes totally urban. But, how fast
does the process of urbanization take place? For this purpose,
following a suggestion by Andrei Rogers, we define a cross-over
point, said to be of type II, as the point at which the whole
population of the system is equally distributed among the rural

and urban regions. Denoted by T it is clearly defined by

2’

a(Tz) = % (24)
i.e.,

S(T2) =1 . (25)
From (6) we have that

mu(Tz) =m (26)
and from (8) that

R(T,) = g ) ' (27)

At the cross-over T2, the net inmigration rate of the urban
region is equal to the net outmigration rate of the rural area
(which one could expect since the populations in both regions are

equal).

An expression of T, can be derived by combining (23) and (24)

to obtain:

-1 utm-r
I e (1 + 2 ) (28)




Note that T2 differs from T1 by the parameter at the denom-
inator of the logarithmic term (m replaces u). Also, T, can be
obtained from T4 by simply exchanging u and m. Now, what is the
impact of a parameter change on the value of T2? We could
differentiate (28) to obtain the first derivatives of T2 with
respect to each of the three parameters. However, the above
remarks on the similarity of T1 and T, allows one to write at
once the following formulas obtained by exchanging u and m in
(16) through (18):

dT

2 _ 1 1 _ 1 u+m-r
du = u+m-r ut2m-r u+m-r In (1 + m ) (29)
dT

2 _ 1 _ 1 1 u+m-r
dr = u+m-r u+2m-r + u+m-r In (1 + m ) (30)
aT, _ 1 r-u _ 1 1n [ 1 + Wtm-r . (31)
dm utm-xr Lm(u+2m—r) u+m-r m

We can also conclude immediately that, since changes in u and
m had impacts of the same sign on T1, the first derivatives of

T2 have the same signs as the first derivatives of Ty i.e.,

de de de
—-—— < 0 H ar >0 and —-— < 0 . (32)

Then, as one would expect, the higher (smaller) the urban
(rural) rate of natural increase, the sooner the cross-over. More-
over, the larger the value of m, the net outmigration rate from the
rural area, the sooner alsc comes the day when the urban population

exceeds the rural population.



Note that T2 depends on u and r through their difference

u-r. Differentiating (28) with respect to u-r, we have

daT
2 _ 1 1 _ 1 u+m-r
d(u-r) - urm-r | wim-r ~ uim-t (1 + ——) (33)

dT

a quantity which is equal to au and thus negative.

Clearly the larger the difference r-u, the later the
cross-over.* Subtracting (33) from (31) yields:

dm d(u-r) m{u+m-r) ' (34)

dr-w < T @ : (35)

In other words, an increase in the difference r-u has a smaller

impact (in absolute value) on T, than an identical increase in
the rural net outmigration rate.

*Note that in contrast to the similar statement made earlier and
concerning Ty this statement is valid regardless of the value of

r (or u) permitted by the constraints (2) and (9).




Comparison of the Two Cross-over Points

Which of the two cross-over points defined above is reached
first? Substracting (15) from (28) yields:

, 1 + u+$—r
T2 - T‘l = utm-r In 1+ u+m-r N (36)
u

It follows that T2 is greater than T, if the numerator of the
logarithmic term is greater than its denominator, i.e., if u is lar-
ger than m. In other words, the relative values of the urban rate
of natural increase and the rural net outmigration rate determine
which one of the two cross-over points is reached first. This re-
sult can be obtained alternatively from the formula (27) giving
the value of R(t) at the cross-over T,. Indeed if u is larger than
m, (27) indicates that R(T2) <1, i.e., that the cross-over T1 has

already been reached.

Application to Actual Population Systems

Let us suppose that in a given year, we observe an actual
population system characterized by parameters u, r, and m (such

that r < u+m) and a proportion of urban population equal to o.

Clearly, in the hypothetical population system (an initial
totally rural population that is submitted to the constant regimes
of natural increase and migration defined by u, r, and m) there is
a subsequent state offering the same characteristics as the ob-

served population system.

The time t at which this correspondence occurs, is simply

DI
obtained as the root of a(t) = a , which is unique due to the
course of the evdlution of a(t) (see Figure 2). It is readily

established from (23), that

1 utm-r 1-a
= 37
ty = Wrmr 1° (1 * = ) (37a)



or, alternatively, after noting that liﬁ is the ratio S of the ur-
a

ban to rural population in the observed year,

_ 1 utm-r =
tD —a:m_—r ln<1 + S) . (37b)

Consequently, if around the observation period the actual popula-
tion system exhibits the constant regimes of natural increase and
migration defined by u, r, and m, we can simply determine whether
this system has already reached or will reach the two types of

cross-over points defined above.

L} ]
Let T1 and T2

cross-over points, of types I and II respectively, from the ob-

denote the time spans necessary to reach the

served period. Indeed:

T =T, - t (38a)

and

T) =T, - t (38b)

and we have

-
]
b—
o]

1 utm-r u+m-r (39)

ut+tm-r 1 ut+m-r
(40)




From these formulas it is easy to show that T% 1s positive

if S < % and Té is positive if S < 1 [results that also follow

from formulas (13) and (25)].

Hence, the simple comparison of the observed ratio of popula-
tion S with the quotient % permits one to determine immediately
whether the cross-over point of the first type has already been
reached. 1In addition, the relative values of S and the number 1
determine whether the cross-over point of the second type has been

reached or not.

By differentiating (39) and (40) with respect to the three
parameters u, r, and m, we can also obtain the formulas determin-
ing the impact of a parameter change on Ta and Té. However, these
formulas, not shown here,* does not lead to a well defined sign
for the first derivatives of Ti and Té, as in the case of the

first derivatives of T1 and T2.

Note that T and T! also depend on S. One can establish that:

2

ar! 4aT!
T2 ! i (41)
ds as m + (u+m-r) S

*Recalling (38a) and (38b), one can simply obtain the first
derivatives of T; (and Té) by subtracting from the first deriva-
tives of T, (and T2), the first derivatives of ty with respect to

the three parameters u, r, and m:

dtD =__dtD ) 1 5

dm dr u+m-r m + (u+m-r) B

(42a)
_ 1 1n (l1 + u+m-r §)
u+m-r m
and
r-u —
dtD - 1 m 5 1 1n (1 + u+m-r 3
du u+m-r m + (u+m-r) S u+m-r m



Then, the higher the proportion of the observed population
which is urban, the smaller the time necessary to reach the cross-
over (if Ti or Té are positive) or the longer the time elapsed

since the cross-over (if Ti or Té are negative).

Note that the impact on the various cross-over times of param-
eter changes can also be obtained by exogenously changing the pa-
rameters of the system and then comparing the new cross-over times
calculated with the initial ones.*

* ¥
Numerical Illustrations

Rogers (1976) reports that the urban population of the USSR
was growing at an annual rate of approximately 2.5 percent during
the early 1970's. This rate was the sum of a rate of natural in-
crease of 0.9 and a net migration rate of 1.6 percent. At the same
time, the rural population was declining at an annual rate of 1.1
percent which was the sum of a rate of natural increase of 1.0 per-

cent and a net migration rate of -2.1 percent. Then, in this system:

u=20.009 ; r=20.010 ; m=20.021 ; S =

1.3125,

This observed population system corresponds to the subsequent

state of a hypothetical population system, characterized as in

* In this illustration, the impact ©f exogenous parameter changes
is obtained from the multiplier formulas derived above.
**These numerical illustrations are summarized in Table 2.
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the above discussion and occurring at time ty given by

1

b= 5,02 In 2.25 = 40.5 years

t

In this system, the rural population monotonically decreases
toward zero (since r < m) whereas the urban population increases
toward + » (as t = + «),

The urban net inmigration rate (= + « initially) monotonical-
ly decreases toward zero (as t = + ») reaching the value 1 corres-

ponding to the cross-over point of type I at time Tqr given by

1
T1 = m In 3.222 = 58.5 years

The time span necessary to reach this cross-over point from the

observed period is then:

Ty =T, - ty = 18.0 years

At this cross-over point, the part of the population which is ur-

ban is equal to

= : = 0.70

i.e., 70 percent, a value which is higher than the observed 56.76

percent (an expected result since T{ is positive).



However, o (t) monotonically increases toward one (for t -
+ ©) and takes on the value % corresponding to the cross-over

point of the second type at time T,, given by

. = ' _1n 1.925 = 33.5 years

2 0.02

It follows that this cross-over point has been reached 7.1 years

before the observation period as Té = T2 - tD = =-7.1 years, a re-

sult which was expected since S > 1.

The impact of small parameter changes on the time spans nec-
essary to reach the cross-over points has been calculated with
reference to both the Keyfitz time frame (the one of the hypothet-
ical system leading to the observed population system of USSR)
and the actual time frame (see Table 2, under the heading "sensi-

tivity analysis").

Therefore, a slightly less urban rate of natural increase
(0.8 percent versus 0.9 percent) would delay the cross-over of
type I by 4.4 years (occurring 24.4 years after the observed
period) and hasten the cross-over of type II by 0.2 years (occur-
ring 7.3 years before the observed period). Also, a slightly
higher rural-urban migration rate (2.2 percent versus 2.1 percent)
would delay the cross-over of type I by 0.8 years and hasten

the cross-over of type II by 0.4 years.

We provide here another illustration for India observed in
the late sixties, for which data can be found in Rogers and Willekens

(1976) :

u=0.020 ; r 0.022 ; m= 0.005 ; S = 0.294.

This observed population system appears to be identical to the
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subsequent state of a hypothetical population system, character-
ized as in the above discussion, and occurring at time tD given

by

t, = 1 In 1.1764 = 54.2 years

D 0.033

In this system, both rural and urban populations monotonical-
ly increase and become infinitely positive as t = + . Neverthe-
less, in such a system, a(t) monotonically increases (tending to-

ward + ©» as t > + ») while R(t) monotonically decreases (tending

toward zero as t > ). The cross-over point of type I is reached
at time T1 given by
= 1 =
T1 = 07033 In 1.15 = 46.6 years .

Thus, the urban growth in the observed Indian system is due
rather to natural increase than to net migration since the cross-

over point was passed 7.6 years earlier (54.2 - 46.4).

Note that, at this cross-over point, the part of the popula-~

tion of the whole system which is urban is equal to:

_m _ 0.005 _
a(Ty) = o0 = 0,025 - 0-20

i.e., 20 percent (compared to 22.71 percent in the observed per-
iod). On the other hand, the cross-over point of the second type

is reached at time T2 given by

In 1.6 = 156.7 years .

o
Ty = 97003
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Thus, the cross-over point of type II will be reached in 102.5
years from the observed period. Again, the impact of small pa-
rameter changes on the time span necessary to reach the cross-over
points has been calculated with reference to the Keyfitz and
actual time frames. (See Table 2).

It appears that a slightly less urban rate of natural increase
(1.9 percent versus 2.0 percent) would delay both cross-over points,
the first by 1.8 years (occurring 5.8 years before the observa-
tion period) and the second by 9.2 years (occurring 111.7 years
after the observation period). On the other hand, a higher rate
of rural-urban migration (.6 percent versus .5 percent) would
delay the cross-over of type I by 10.4 years (occurring after
the observation period exactly 2.8 years later)} and hasten that

of type II by 24.2 years (occurring 80.1 years after the observa-
tion period).

Note that additional applications of the Keyfitz model to
the world, macroregions, and regions, as defined by the United
Nations (1976) for the year 1960, appear in Appendix 2. The

results shown in Tables 3 and 4 suggest the following comments.

a) on the one hand, the more developed regions, as would
be expected since their urban areas as a whole are more
populated than their rural regions, have already passed
the cross-over of type II; on the other hand, the less
developed regions, on the basis of present rates, are
expected to reach this cross-over in the distant future

(in about 200 years for South Asia and Western Africa).

b) Surprisingly, the results relating to the cross-over
of type I lead to an opposite conclusion. If present
rates are unchanged, the more developed countries will
reach this cross-over in the near future (in about 27
years for Western Europe). By contrast, the less
developed countries have already passed this cross-over
(by as much as 25 years in the case of South Asia:
their urban areas are already growing more from natural

inerease than from immigration.



There are exceptions in both groups of regions: North-
ern America has already reached the cross-over of type

I and China has not yet reached it. This follows from
the fact that in these countries, rural and urban rates
of natural increase are very similar, unlike the other
countries, which exhibit a higher natural increase rate
in the rural region. Consequently, if the Keyfitz model
is correct, the rural-urban differential in the rate of
natural increase has an important impact on the time span
necessary for natural increase to exceed inmigration in
the urban region.

Finally, because the rural population decreases after
the observed period in most of the developed regions
considered, some doubts arise concerning the usefulness
of the Keyfitz model. An alternative framework is thus

needed to analyze the sources of urban growth.
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II. ANALYSIS BASED ON THE ROGERS MODEL

As an alternative to the Keyfitz model, Ledent (1978) con-
siders a continuous version of a two-region, components-of-change
model (Rogers 1968). 1In such a model, a more symmetric hypothesis
concering migration flows between the rural and urban regions is
presented: constant gross migration rates out of the rural and
urban regions, regpectively denoted by o, and o (supposed to be
pcsitive). Again, the analytics of this model have been extensive-

ly developed in Ledent (1978).

Analytics of the Model

The equations describing the population growth of the rural

and urban regions are, respectively:

dPr(t) .

T = (r—or) Pr(t) + O,L:l Pu(t) (43a)
and

dPu(t)

T = Or pr(t) + (u—ou) Pu(t) . (43b)

It has been shown (Ledent 1978) that the population system
described by (43a) and (43b) evolves from an initial state char-
acterized by a concentration of the whole population in the rural

region if the parameters of the system are such that

- - - +-d -0 _-r+ 2 4+
u-o, (r Or) (u o,°f Or) 40rou

S <

20
u

in which S is the ratio of urban to rural population in the per-

iod at which the system is observed. Thus to remain general,



i.e., to

prevent any peculiarities due to the value of S, we im-

pose here

’ - 2
u-o, - (r-o.) +A\/(u—ou r+o_)* + 4o o
0 < ) (44)
20
u
Then, if t = 0 denotes the initial period, the solution of the

system consisting of equations (43a) and (43b) is given by

in which

i)

x1t x2t
Pr(t) = A e - B e (45a)
x1t xzt
Pu(t) =C e - De (45b)
X4 and x2 are the two real roots of:
2 - - - - - =
X (r or + u ou)x + (r or)(u ou) orou 0 . (46)

Note that the largest root, supposed to be Xq is nec-

essarily positive and that the following holds:

X, S u-o. < x4 (47a)
and
Xy S I=0p = Xy (47Db)



ii)
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A, B, C, and D are defined by

Xq - (u—ou)
A= P(0) —(——5 (48a)
1 2
Xy = (u-ou)
B = P(0) (48b)
X,‘ - X2
(o]
r
C =P(0) ——— (48c)
X1 - X2
(o]
D = P(0) X (u8d)
X1 7%

where P(0) is the initial population of the system,

Note that again we have:
p_(0) = P(0) and P (0) =0

One can see from (47a) that A, C, and D are positive

whereas B is negative. Substituting (48a) through (484d)
into (45a) and (45b) yields

x.t x,t
Pr(t) = Efugﬁgz [}x1 - u+ou) e L (x2 - u+ou) e 2 ]

(49a)



and
x. t x.t
P<t>=—P‘—‘Lor[e1-e2] (49b)

It can be shown that the urban population monotonically
increases with t, becoming infinitely positive as t - + «.
Note that this result is identical to the one derived with the

Keyfitz model, although the restriction u > 0 is not necessary

here to obtain it.

The rural population, on the contrary, always becomes infin-

itely positive as t » + », growing at the same rate as the urban

population. (Compare this result with the corresponding one ob-
tained with the Keyfitz model). However, if r > S the rural
population increases monotonically whereas if r < O+ it first

decreases, reaches a minimum and then increases indefinitely.
Letting again S(t) denote the ratio of urban to rural popula-

tion and dividing (45b) by (45a) we obtain

C e —De (50a)

which after substitution of (48a) through (48d) leads to

X t X, t
1 _ 2

S(t) = x1t th (50Db)
(X1 - u+ou)e - (x2 - u+ou)e
Differentiating S(t) with respect to time leads to
o_ (x, - x,)?2 e(X‘I—Xz)t
ds
() _ r 1 2 (51)

dt
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an expression which indicates that d%;f) is positive and thus
that S(t) monotonically increases: initially equal to zero, it

x.t
tends toward the quotient ¢ of the coefficients of e 1 in (45a)

A
and (45b).

This quotient can be obtained from (48a) and (48c) as

£ = (52a)

a quantity which, after recalling (46), appears to be also equal
to

C _
x = . (52b)

Note that in the same way it can be shown that

D _ =
= = . (53)

The relationship (5) expressing the part a(t) of the popula-

tion which is urban in terms of S(t) remains valid:

S(t)

= T4 (E) ()

a(t)

Consequently, the variations of a(t) are similar to those of S(t):

a(t) monotonically increases from zero (for t = 0) to K%E (for
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t ™ «) where

then, while the Keyfitz model leads in the long run to a concen-
tration of the population in the urban area, the Rogers model

leads to an equilibrium regional distribution.

The urban net inmigration rate mu(t) is now defined by

orPr(t) - ouPu(t) o

mu(t) = Pu(t) = sy o4 : (54)

a relationship which permits one to conclude that mu(t) monoton~-

ically decreases from + o (for t = 0) to Xq4-u (for t 7 + ©).

The ratio R(t) of urban net inmigration to urban natural in-

crease still given by

is now linked to S(t) by the following

Or Ou
R(t) = 5e7oy ~ o (55)

Again, we must impose here the constraint




so that R(t) monotonically decreases from + = (for t = 0) to

(for t 2> + =),

u
The results of the above model defined by the system (43a) -~

(43b) and the restrictions (44) and (9) are summarized in Table

3.

Table 3: The Rogers model as a model of urbanization:
the variations of the model's functions.

(a) r < Or \//
4+ o
(b) r > o, p(O)____—

alt) -
. ‘——_——ﬂ____,‘_————'>ﬁ u+o,+o.

m_(t) T
u ‘_‘-~‘~‘~““--____‘x1 - u

+ «
R(t) ‘h‘"‘““-~§~§__§__§h-‘ X, - u

Finally, note that since S(t) tends toward a finite limit
rather than becoming infinite in the Keyfitz model, one can expect
that in some circumstances no cross-over point of type II is

X .=
rather

reached. In the same way, since R(t) tends toward

than zero as in the Keyfitz model, this model does not necessarily

lead to a cross-over point of type I either.



The Factors of Urbanization and the Cross-over Point of Type I

Substituting (50a) into (55) yields an analytic expression

x.t x.t

(oA - 0. Cle - (o_.B - o D)e
R(t) = r u r u (56)

u(C eX1t - D exzt)

Substituting (48a) through (48d) allows rewriting this expression

as

X.t x2t
(x1-u)e - (x2—u)e
R(t) = (57)

U(eX1t - eXZt)

and thus to visualize the variations of R(t), appearing in Figure 3

R (t)

Figure 3. The Rogers model as a model of urbanization:
the variations of R(t).




The variations of R(t) indicate that net inmigration is in-
itially preponderant in accounting for the growth of the urban
region, but as time passes, its role diminishes and natural
increase may or may not be the main source of urban growth. Clear-

X, - u
ly, Figure 3 indicates that if ——— < 1 (i.e., x; < 2u),. then R(t)
tends toward a limit less than one: there is a cross-over point
of type I (denoted by T1) such that for t > T, natural increase
becomes preponderant. By contrast, if X4 > 2u, there does not ex-
ist such a point and net inmigration accounts for the largest part

of urban growth at any time t.

Again T, is defined by

(11)

Il
c

mu(T1)
and

R(T1) = 1 . (12)

From (54) it can be shown that

e}

s(T,) = E;Z— ) (58)
u

Then, at the cross-over point T1, the ratio of urban to rural pop-
ulation is simply equal to the ratio of the rural outmigration

rate to the sum of the urban rates of natural increase and outmigra-
tion. Consequently, the part of the whole population which is ur-

ban at time T1 is

o
r
a(T,) = ———— (59)
1 u+ou+or .



An expression of T, can be arrived at by combining (57) and
(12) . We obtain

1 X, - 2u
T = T 1n > - 5. * (60)
1 X4 X, X, 2u
Xy _ 2u
Note that T, is defined only if S — is greater than one, which

1
since Xy < Xy requires x, < 2u: thus, we have obtained analytically
the result previously suggested by Figure 3.

What is the impact of a parameter change on the value of T1?
It is clear that the derivation of the first derivatives of T, with
respect to the parameters of the model is more complicated than in
the case of the Keyfitz model. Since the value of T, depends on

X and x it is necessary to first derive the impact of a small

2I
parameter change on X and X, and then to determine the consequences

of the changes in X4 and x., on T,. The corresponding calculations

2 1
which are rather tedious (and thus are only outlined in Appendix 3)
do not lead to the occurrence of definite signs for the first de-

rivatives of Tq., as in the Keyfitz model . *

However, the impact of parameter changes on the part of the
population which is urban at the cross—-over point can be easily de-
rived. Differentiating (59) with respect to each of the parameters

yields:

da(T1) Qr da(T1)

du = - i dr =0

(u+to _+o0_)?2
u
(61)

da(T1) _ o, . da(T1) B u+ou

do B 2 ! do - 2

u (u+ou+or) r (u+ou+or)

*In practice, the derivation of the impact of parameter changes is
simply obtained by comparing the new value of T1 with the initial
one.




It can be seen that the proportion of the population which is
urban at the cross-over point is independent of the rural rate of
natural increase. Moreover, the smaller the urban rates of natural
increase and outmigration and the higher the rural outmigration

rate, the higher this proportion.

The Magnitude of Urbanization and the Cross-over of Type II

Substituting expression (50b) into (5) yields:

alt) = or(eX1t ol ) (62)

(x1 - u+ou+or)eX1t th

- X, - uto + )
( 2 u ©r/€

an expression which permits one to visualize the variations of a(t)

appearing in Figure 4.

a(t)

Figure 4. The Rogers model as a model of urbanization:
the variations of a(t).



The variations of g (t) indicate that the population system,

totally rural initially, becomes more and more urbanized but a(t)
o

tends toward a limit equal to L
X - u+o_ +o
1 u r
, Or 1
Clearly, Figure 4 indicates that X, = Ut *o, > 5 (i.e.,

X4 < u—ou+or ), then a(t) tends toward a limit greater than % and

thus there exists a cross-over point of type II (denoted by T2)

defined as in Section I.

S
I
N =
[y
=

I
—
[\]
w

S(T2)

From (55) we find that

R(T,) = ——— (63)
and from (54) that
m(T2) = 0, = 04 (64)

At the cross-over T2 , the net inmigration rate of the urban
region is equal, as one would expect, since both populations are

equal, to the difference of the rural and urban outmigration rates.

An expression of T2 can be arrived at by combining (62) and




(24). We obtain

1 X2 - u + o0 - Or
T, = - 1n (65)
2 X X, X, - u+o +o
X, = u + Ou ~ O,
Note that T, is defined only if ” S T is greater than
1 u r
one. Since X, < X, requires x, < u - du + o,, thus we have

demonstrated analytically the result suggested by Figure 4.

What is the impact of a parameter change on the value of T2?
Again, the derivation of the first derivatives of T2 with respect
to the parameters of the model does not lead to formulas showing
a definite sign as in the Keyfitz model. Such a derivation is

also ocutlined in Appendix 3.

Comparison of the Two Cross-over Points

When both cross-over points exist, which of the two points

defined above is reached first? By subtracting (6) from (65) we

obtain
X. — u+ 0 -0 X, — 2u
1 2 r 1
T, - T, = — 1n — — (66)
2 1 x1 x2 x1 u + o o Xy = 2u .

Since X4 <u = o4 + or and X, < 2u, it follows that T2 > T1 if
(x2 - u + o, ~ or)(x1 - 2u) > (x1 - u + Oy ~ or)(x2 - 2u), i.e.,
if

u>o_ -o0 . (67)



Application to Actual Population Systems

Let us suppose that, in a given year, we observe a popula-

tion system characterized by parameters u, Oyr T and o, and a
proportion of urban population equal to o

If those parameters satisfy the condition (44), there exists
a hypothetical population system, initially totally rural and
submitted tothe constant regimes of natural increase and migra-
tion defined by u, r, and m, that at some point presents charac-

teristics as the observed population system.

The time tD’ at which this correspondence occurs, is simply
obtained as the root of a(t) = o, which is unique due to the
course of evolution of a(t) (see Figure 4). It is readily estab-
lished from (62) that

o - a (x, - u+ o._ + o)
t. = ! 1n r 2 4 r (68a)
D 2 ) o - a (X, —u+o0_+ o)
r 1 u Y
or alternatively,
o -8 (x, - u+ o0)
ty = L 1n|-= 2 u (68%5)
X1 7 % o_ -5 (x4, —u + 0)
r 1 u

Consequently, 1f around the observation period the actual popu-
lation system exhibits the constant regimes of natural increase
and migration defined by u, Oy’ T and ©,., We can simply determine
whether this system has already reached or will reach the two

types of cross-over points defined above.

Again, let Ta and Té denote the time spans necessary to

reach the cross-over points, of types I and II respectively, from




the observed period. Using (39) we have

—_—
ol
)
[
o
O
1
R
o]
—_—
1
o
+
O
+
@)

(69)
and
o - 1 n x2 - u + o, + o, O, - « (x1 - u + o, + Or)
S X T X - u + - a (x, - u + + o_)
X1 u %4 t o Or x2 u %4 Or .

(70)

From these formulas, it is easy to show that Ta is positive if

o o
a T re) r v C s .
@< o7 o * o, (or S < I* o, ) and that T, is positive if

o < % (or'§ < 1) . Note that the knowledge of the variations of

S(t) and formulas (58) and (25) lead to the same results.

Hence, the simple comparison of the observed ratio of popu-

o
lation S with the gquotient ﬁ_¢£5_ permits one to immediately
u
determine whether the cross-over point of the first type has
already been reached. 1In addition, the relative values of §
and the number 1 determine whether the cross-over point of the

second type has been reached or not.

1 1}
1 and T2

can be obtained after tedious computations (See Appendix 3).

Again, the impact of small parameter changes on T



*
Numerical Illustrations

The parameters relevant to the application of the Rogers

model to the USSR case are:

u = 0.009; o, = 0.011; r = 0.010; o, = 0.035; S = 1.3125

This observed population system corresponds to the subsequent
state of a hypothetical population, characterized as in the above

discussions and occurring at time t. given by:

D

* %

tD = 30.2 years

In this system, the urban population monotonically increases
while the rural population first decreases, passes through a mini-
mum and then increases. Both populations become infinitely posi-

tive, growing at the same rate Xy = 0.925 percent.

The urban net migration rate (+ « initially) monotonically
decreases toward Xy - u = 0.00025 (as t > x)reaching the value 1
corresponding to the cross-over point of type I at time T1 given
by

1

1 = m-g In 6.2 = 40.1 years

The time span necessary to reach this cross-over point from

the observed period is then

T% = t1 - tD = 9.9 years .

*These numerical illustrations are summarized in Table 4.
**The two roots of (46) are Xq = 0.00925 and Xy = -0.03625.
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At this cross-over point, the part of the population which

is urban is equal to

i.e., 63.6 percent, a value higher than the observed 56.76 per-

cent (which was expected since T% is positive).

However, o (t) monotonically increases toward a limit which
appears to be 0.7568 (i.e., 75.68 percent is ultimately concen-
trated in the urban region). It takes on the value 1 correspond-

2
ing to the cross-over point of type II at time T, given by

T, = 23.5 years

It follows that this cross-over point has been reached 6.7

years before the observation period.

The impact of small parameter changes on the time spans nec-
essary to reach the cross-over points has been calculated with
reference to both the Keyfitz time'frame (the one of the hypo-
thetical systems leading to the observed population system of
the USSR) and the actual time frame. '

It turns out that, a slightly smaller urban rate of natural
increase (0.8 percent versus 0.9 percent) would delay the cross-
over of type I by 2.2 years and hasten the cross-over of type II
by 0.2 years. Also, a slightly higher rural outmigration rate
(3.6 percent rather than 3.5 percent) would delay both cross-over
points (by 0.6 and 0.3 years respectively), while a slightly
higher urban outmigration rate (1.2 percent instead of 1.1 per-
cent) would hasten both cross-over points (by 1.3 and 0.4 years

respectively).




In the case of the rural-urban system of India in the late

sixties, the parameters of the Rogers model are

u=0.020; o, = 0.010; r = 0.022; o_ = 0.007; and S = 0.294.

This observed population system appears to be identical to
the subsequent state of a hypothetical population system, charac-
terized as in the above discussion and occurring at time t_ given

by

D

1

%*
D = 70775 In 2.396 = 49.9 years

In this system, both rural and urban populations monotoni-

cally increase, ultimately growing at a 2.125 percent rate.

R(t) monotonically decreases from + « (for t = 0) to Xy - u

= 0.00125 (as t & + =) reaching the value 1 corresponding to the

cross-over point of type I at time T, given by

1

1 = ’0—.—01_73' in 1.933 = 37.7 years

Thus, the urban growth in the observed Indian system is due
rather to natural increase than to net inmigration since the

cross-over point has been passed 12.1 years earlier (49.8 - 37.7).

At this cross-over point, the part of population which was

urban was then

_0.007 _
*The two roots of (46) in this case are X = 0.02125 and x, =

0.00375.



i.e., 18.92 percent (compared to 22.73 percent in the observation

period) .

On the other hand, a(t) monotonically increases from zero
(for t = 0) to 38.36 percent (for t @ + »). Therefore, the
observed Indian system does not admit any cross-over point of

type II.

What about the effect of small parameter changes on the
cross-over of type I? The results of Table 4 under the heading
"Sensitivity Analysis" indicate that a slightly smaller urban
rate of natural increase would delay the cross-over points by
0.74 years (for a .1 percent decrease in u). Indeed, higher out-
migration rates also delay the occurrence of this cross-over (the
delay is 7.7 years if the rural outmigration rate increases from

.7 to .8 percent).

Note that, surprisingly, a larger rural rate of natural in-
Ccrease contributes to hasten even more the occurrence of the

cross-—-over.

CONCLUSION

This paper has sought to examine the importance and the for-
ces of urbanization under constant schemes of natural increase
and migration. Following up an earlier paper (Ledent, 1978) , we
have pointed out the problems raised by the use of the Keyfitz
model and evaluated the relevance of using an alternative frame-
work for this purpose, namely a continuous two-region version of
the Rogers model.

The main conclusion is that, if the second model removes some
of the limitations of the Keyfitz model (possible vanishing rural
population), it also brings its own difficulties. The existence
of a limiting regional distribution, a(») < 1 (contrasting with
a(»®) = 1 in the case of the Keyfitz model) does not ensure the
existence of cross-over points, especially in the case of the

cross-over of type II.

Table 5 shows the contrast between the results of the two

alternative models when applied to two actual population systems.




It indicates the existence of a large discrepancy between the

cross-over measures to which they lead.

Table 5. The results of the two models contrasted.
USSR INDIA

Keyfitz Rogers Keyfitz Rogers

Model Model Model Model
T, 58.5 40.1 be.6 37.7

a(T1) 0.70 0.64 0.20 0.19

T, 33.4 23.5 156.7 —_——
TD -40.5 ~30.2 -54.2 -49.9
Ta 18.0 9.9 7.6 -12.2
Té - 7.1 - 6.7 102.5 -——=-

Which of the two models is then the most relevant to give

insights into the urbanization phenomenon?

This paper has not

brought any definite answer to this guestion; nevertheless it

suggests that the Rogers framework is more appropriate because

a)

b)

In practice,

its limiting regional distribution (a consequence of

the Markov chain formulation of the model) is less re-
strictive than the vanishing of the rural population in

the alternative model, and

a rural-urban net migration rate is much more volatile
than the corresponding rural and urban outmigration
rates because of the relative variations of the urban

and rural populations.

however, the use of the Rogers framework might

well be hindered by the fact that actual migration data for most

regional systems generally consist of data on net migration only

(United Nations,

1976) .




Finally, since actual population systems do not exhibit con-
stant schemes of natural increase and migration, the question of
- whether urban areas grow from natural increase or from inmigra-
tion, ought to be reexamined in the context of varying rates.

This extension will be carried out in a forthcoming paper.




- U6 -
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Appendix 1

The Keyfitz model: Obtaining the signs of the first de-

rivatives of T1.

The first derivative of T, with respect to the urban rate
dT,
of natural increase Ja ! given by (16), has the sign of

_(r-m(u+m-=-r1) _ u+m-r
y = u(Z2u + m - 1) In (1 + u ) :

Because of the restrictions (2) and (9), it is obvious that
y 1is negative if r is less than or equal to m. 1In the case

r > m, we must analyze the variations of y to determine its sign.

Since the first component of y can be rewritten as

2 1
(U+m—r)|:2u+m—r E] !

the first derivative g% is obtained as




—LI'8—

This expression reduces to

(u+m-=-r)(m-1x)(u+m-=-r) r - m - r-m
u2(2u + m - r)? u(2u + m - r) u(2u + m - r)

in which the last two terms cancel out. Thus %% has the sign of
(m - r). Since r > m, %% is negative and y decreases. Moreover,

we note that if u = r - m [the smaller value that u can take be-
cause of the constraint (2)], y takes on the value zero. We then
conclude that y is also negative, whatever the values of the model

parameters, in the case r>m. Then, in all circumstances

and 75} , given by (17), has the sign of

which can be determined by analyzing the variations of z. Differ-

entiating z with respect to r yields:

dz u

dr - 2u+tm-nz 14+ 9 E - r '

+le =




an expression which reduces to

dz _ _ _ut+m-r
dr (20 + m - r)?2 !

which is indeed negative.

Then, z monotonically decreases. Because 0f the constraint
(2), z is always higher than the value it takes on when r = u + m,
i.e., zero. Thus, z is always positive and
aT
a 0 :
dT1 dar
Finally, since am - - ar ' we have
dT1
— < 0 .




Appendix 2

The Keyfitz model: Application to the world, macroregions,

and regions as defined by the United Nations.

The Model proposed by Keyfitz has been applied to the world,
macroregions as defined by the United Nations (1976) for the

year 1960.

Table A1 shows the input data found in the UN publication
and used to derive the parameters requested by the Keyfitz model.

The latter are displayed in Table AZ2.

Table A3 shows the various time spans necessary to reach
both of the cross-over points (in the Keyfitz time frame and
actual time frames). Comments suggested by the results of this

Table appear in the text at the end of the first section.

The impact of small parameter changes on the various cross-
over measures was calculated using the formulas that give their
first derivatives with respect to the model parameters. It was
also determined by comparing the new cross-over measures, calcu-
lated for small parameter changes equal to .1 percent, with the
reference measures. The corresponding results are shown in Table
A4 and A5 respectively; they indicate the existence of small

discrepancies.



Table A1.

REGTION

WORLD

I ZEE RS S EEEREREREEESENE R
MORE DEVFLOPED REG,
LESS DEVELOPED REG,

I ZE R RS R EREEEERER RS &N
AFRICA

NOQRTYHERN AMERTICA
LATIN AMERICA

EAST ASIA

SQUTH ASTA

EURDPE

NOCEANTA

USSR

ISR SRR EEEEEEERE AN
WESTERN AFRICA
EASTERN AFRICA
NORTHERN AFRICA
MIDDLE AFRICA
SQUTHERN AFRICA
NORTHERN AMERICA
TROPICAL SOUTH AMER,
MIDDLE AMER, (MAINL,)
TEMPERATE SOUTH AME,
CARIBBEAN

CHINA

JAPAN

OTHER EAST AS]TA
MIDDLE SOUTH ASIA
SOLITH EAST ASIA

SOUTH WEST ASTA
WESTERN ELIROPE
SOUTHERN EUROPF
EASTERN EURQOPE
NORTHERN EURDPFE
AUSTRALIA AND N,7,
MELANESTA

MICRONESTA AND PO,
1J§SR

I ZE SR SRS S SRR RN R

RU
Bl
ou
RR
AR
DR

GRNWTH RATE

-51-

INPU

RU
33,0

23,5
45,5

44,8
24,3
44,6
48,6
36,7
17,9
2b,?
34,5

49,9
49,9
42,3
58,6
32,9
ed,.3
49,6
47,0
in,2
34,2
52,3
29,2
Sh,2
12,0
43,3
46,4
19,5
21,0
19,°
11,2
25,8
47,9
47,6
34,5

T DATA

BU
2T.7

22,1
37,9

41,6
2“.2
35,1
29,8
41,0
17,8
P2ed
23,8

41,1
44,6
43,8
47,2
32,1
24,2
31.1
42,7
24,3
30,8
33,9
15,8
35,8
39,6

4z2,2

38,0
17,4
19,3
17.3
17,4
22.°
45,8
35,5
Pli, B

nuy

11,6

8,6
21,2
-a'a
13.2
-1.0

17,9
e, 1
18,5
13,0
16,3
-loe
11,7
21,1
.9,
15,1
9,7
«5,9
14,9
et1,1
21,9
18,6
.6,5
2,2
-3.8
-b.“
1,8
2.4
25,8
'10“

47,8
24,8
44,2
36,7
47,1
21,8
36,3
26,5

50,2
46,9
47,4
44,8
47,6
24,8
45,0
47,9
34,3
41,9
38,2
18,5
43,3
47,2
46,7
48,9
29,9
23,0
22,6
17,6
AN
42,7
42,6
26,5

13,1

9.3

GROKWTH RATE OF URRAN POPULATION(®*1000)
HIRTH RATE 0OF LURBAN PUPULATION(x1000)
NEATH RATE OF URBAN PUPULATION(x1000)
NF RURAL POPULATION(w102@)
RIRTH RATE OF PURAL POPULATION(=1000)
DEATH RATE OF RJURAL pOPULATION(x1Q0Q)




Table A2. BASIC DATA

REGION u R M ] ALPHA
WORLD 90,0161 B.0207 A,0082 02,4852 8,.3267
RERER KRR AR AR A AR AR R AR
MORE DEVELOPED REG, 20,0112 2.0140 84,0166 1,3496 @,5744
LESS DEVELOPED REG, B,0225 0.0224 ”,P059 20,2565 g,2042
RARRA AR AR AR R AR RN AR RN
AFRICA 20,0236 @,0227 90,0047 P,2217 02,1815
NORTHERN AMERICA 92,0153 0.0155 09,0167 1,8556 02,6498
LATIN AMERICA 20,0243 B.7316 2,0189 P,9310 0,4821
EAST ASIA ,0169 B.0174 0.,0088 @,2776 B,2173
SOUTH ASTA 2,0228 Q.0242 A,n30 @,2158 @,1775
EUROPE 20,0876 Pe0118 2,0160 1,5534 0,6084
OCEANIA 2,0136 @,0232 3,0100 2,7937 8,0425
USSR 20,0143 @.0181 20,0195 29,9653 2,4912
KARRRRRARRAR R AR R AN A RN
WESTERN AFRICA a,0211 P.0231 2,0052 22,1806 8,1529
EASTERN AFRICA 92,0257 P,0221 #,0020 P,0826 2,8763
NORTHERN AFRICA p,m267 2.0253 28,0068 20,4359 2,3036
MIDDLE AFRICA 2,0266 et f,0041 02,1281 B,1136
SOUTHERN AFRICA 2,0170 Be0275S 2,0112 A,7044 B.4133
NORTHERN AMERICA P,2153 @.9155 2,0167 1,8556 P,6498
TROPICAL SOUTH AMER, 2,02199 P.N322 8,0205 02,6902 @,4084
MIDOLE AMER, (MAINL,) 0,0312 0.0340 p,8129 P,8165 80,4495
TEMPERATE SOUTH AME, 2,0152 @,0248 00,2339 2,2600 0,6933
CARIBBEAN 28,0195 B.2290 2,2139 P,9456 20,4860
CHINA 20,0185 @.0175 e,na78 20,2453 8,1970
JAPAN - 8,0092 8.00899 20,0158 82,7909 09,4413
OTHER EAST ASIA 90,0268 09,0297 ®,0148 2,5034 2,3348
MIDDLE SOUTH ASIA B,0217 20233 28,0022 @,2018 @,1679
SOUTH EAST ASIA 20,0260 2.0256 20,0037 R,2139 08,1762
SOUTH WEST ASIA 2,229 @.0294 20,2108 2,45986 P,3149
WESTERN EURQPE 02,0068 2.0297 N,A162 1,2756 A,5606
SQUTHERN EUROPE 20,0102 P.0136 P,0158 1,4630 82,5942
EASTERN EUROPE 20,0077 @.n133 22,0174 1,4870 ¥,5979
NORTHERN EURGPE P,0064 B.9065 90,0129 2,6875 82,7288
AUSTRALIA ANL N,Z, 2,033 0.2215 2,2197 1,5760 20,6118
MEL ANESIA 20,2320 8.02229 2,005 ",0314 2,.8305
MICRONESIA AND POL, n,0264 @.0297 2,00839 92,1840 8,1554
USSR 20,0143 .0181 0,0195 02,9653 8,4912

RAARRRARRARRARRRNARAR

U = NATURAL INCREASE RATE OF URBAN POPULATION
R = NATURAL INCREASE RATE OF RURAL POPULATION
M = NET OUTMIGRATION RATE UF RURAL POPULATIGN
§ = RATIO OF URBAN TO RURAL PQPULATION

ALPHA & PARY OF POPULATION IN URBAN AREA
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Appendix 3

The Rogers model: Sensitivity Analysis.

The two expressions (60) and (65), giving T, and T, respec-

tively, can be rewritten as

T, = 1 ln K for i = 1,2
i X, - X
1 2
so that
dTi = dk - d(X1 _ X2) for 1 = 1,2
Ti K 1n K Xy = X,
Since 1ln K = (X1 - X2)Ti, this can be rewritten as
dx2 dx1
g - 1 T U Rt B
i S Xq - 2u X, - 2u 1 du du
and
dX2 : dX,] -1
aT, 1 du _ du
du X, ~ X, X, - u+ o, - o, Xy - u+ o, - Op



dx dx

in which Tif'and (hf , obtained by differentiating (46) with

respect to u, are such that

Similar formulas are obtained in the case of small variations
in 0,7 r and o

In contrast to the case of the Keyfitz model, this model
does not lead to first derivatives having a definite sign (which

explains why we do not provide formal expressions of these deriva-

vatives). Recalling (38a) and (38b) also permits one to obtain

the first derivatives of Ta and Té. For example,

of a small variation in u, we have

in the case

1 ]
dT1 _ dT1 ) dtD g dT2 _ dT2 B dtD
du du du n du = du du
dt

in which aa obtained by differentiating (68b) is egual to:
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