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PREFACE 

I n  r e c e n t  y e a r s  t h e r e  h a s  been c o n s i d e r a b l e  i n t e r e s t  i n  
deve lop ing  models f o r  r i v e r  and l a k e  e c o l o g i c a l  sys tems ,  much 
o f  it d i r e c t e d  towards l a r g e  and complex s i m u l a t i o n  models .  
However, t h i s  t r e n d  h a s  g i v e n  rise t o  concern  on s e v e r a l  
impor t an t  c o u n t s ,  n o t a b l y ,  f o r  example, on  methodolog ica l  
q u e s t i o n s  o f  model v a l i d i t y  and c r e d i b i l i t y  and i n  a ccoun t i ng  
f o r  t h e  e f f e c t s  o f  u n c e r t a i n t y .  Task 2 o f  I I A S A ' s  Resources 
and Environment Area,  on  "Environmental  Q u a l i t y  C o n t r o l  and 
Management", a d d r e s s e s  problems such a s  t h e s e .  One o f  t h e  
p r i n c i p a l  themes o f  t h e  Task ' s  work i s  t o  develop a framework 
f o r  modeling poor ly-def ined environmenta l  sys tems.  

Th i s  paper  r e - a s s e s s e s  some p r o p e r t i e s  o f  t h e  c l a s s i c a l  
advec t i on -d i spe r s i on  model f o r  d e s c r i b i n g  i n t e r a c t i o n s  between 
d i s s o l v e d  oxygen and b iochemica l  oxygen demand c o n c e n t r a t i o n s  
i n  a  r e ach  of r i v e r .  I n  p a r t i c u l a r ,  a  frequency-domain approach 
i s  used f o r  de t e rmin ing  a s u f f i c i e n t  accuracy  f o r  choos ing  
approximate  t r a n s f o r m a t i o n s  o f  t h e  c l a s s i c a l  model t h a t  a r e  
c o n s i s t e n t  w i t h  co r r e spond ing  indexes  o f  accuracy  r e l a t e d  t o  
t h e  f i e l d  d a t a  a v a i l a b l e  f o r  model e v a l u a t i o n .  The approach 
i s  i l l u s t r a t e d  f o r  t h e  c a s e  of  t h e  River  Cam i n  e a s t e r n  England 
(see a l s o  RR-78-19). 



SUMMARY 

T h i s  p a p e r  d e a l s  w i t h  t h e  a n a l y s i s  o f  t h e  s t r u c t u r a l  p roper -  
t ies o f  s i m p l i f i e d  r i v e r  w a t e r  q u a l i t y  models w i t h  t i m e  i n v a r i a n t  
c o e f f i c i e n t s .  The s t r u c t u r e  o f  t h e  s i m p l i f i e d  models s h o u l d  b e  
chosen i n  such  a  way a s  t o  p r o v i d e  a  s a t i s f a c t o r y  compromise 
be  tween model a c c u r a c y  and complex i ty  . 

The approach d i s c u s s e d  h e r e  i s  based  on a n  a n a l y s i s  o f  t h e  
dynamic p r o p e r t i e s  o f  t h e  sys tem a s  w e l l  a s  on t h e  f requency  
c h a r a c t e r i s t i c s  o f  t h e  i n p u t  s i g n a l s .  The a n a l y s i s  o f  t h e  
dynamical  p r o p e r t i e s  o f  t h e  s y s t e m  h a s  been performed f o r  a  
one-dimensional  ( i n  s p a c e )  t i m e - i n v a r i e n t  d i s  t r i b u t e d - p a r a m e t e r  
model. The uns teady  s o l u t i o n s  f o r  coup led ,  p a r t i a l ,  d i f f e r e n t i a l  
e q u a t i o n s  ( w i t h  two v a r i a b l e s :  DO and BOD c o n c e n t r a t i o n s )  w i t h  
t i m e - i n v a r i a n t  c o e f f i c i e n t s  a r e  c o n s i d e r e d .  The model e q u a t i o n s  
a r e  t r ans fo rmed  i n  a  s p e c i a l  way i n t o  d i f f u s i o n  e q u a t i o n s ,  whose 
s o l u t i o n  can  be  o b t a i n e d  by u s i n g  t h e  s e p a r a t i o n  o f  v a r i a b l e s  
method (SVM). A s  a  r e s u l t ,  a  l i n e a r  i n f i n i t e  o r d e r ,  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n  sys tem,  w i t h  t h e  same e i g e n v a l u e s  a s  t h o s e  
of  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i s  o b t a i n e d .  The dynamical  
p r o p e r t i e s  o f  t h e  s y s t e m  a r e  c h a r a c t e r i z e d  h e r e  on t h e  b a s i s  of  
a  t r a n s m i t t a n c e  a n a l y s i s  a s  w e l l  a s  on t h e  b a s i s  o f  a  modal 
a n a l y s i s  ( a n a l y s i s  o f  e i g e n f u n c t i o n s ) .  

The p a p e r  conc ludes  w i t h  t h e  p o s s i b i l i t y  of c h o o s i n g  a  
s i m p l i f i e d  lumped-parameter ( f i n i t e - o r d e r )  dynamic o r  s t a t i c  
model of  w a t e r  p o l l u t i o n ,  which e n s u r e s  a  compromise between 
accuracy  and complex i ty  o f  t h e  model. I t  o f f e r s ,  i n  p a r t i c u l a r ,  
answers t o  t h e  f o l l o w i n g  q u e s t i o n s  : 

- what i s  t h e  d i m e n s i o n a l i t y  of  t h e  s i m p l i f i e d  
lumped-parameter model? 

- what  i s  t h e  s t r u c t u r e  of t h i s  model? 

The approach i s  i l l u s t r a t e d  w i t h  r e s u l t s  from a  c a s e  s t u d y  of  
t h e  R i v e r  Cam i n  e a s t e r n  England. 
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STRUCTURAL PROPERTIES AND FREQUENCY RESPONSE 
ANALYSIS O F  SIMPLIFIED WATER QUALITY MODELS: 
THE CASE O F  TIME-INVARIAXT COEFFICIENTS 

A. Lewandowska 

1.  INTRODUCTION 

One of t h e  most impor tan t  p o i n t s  t o  remember when des ign ing  

a water  q u a l i t y  moni tor ing system, i s  t o  formula te  an adequate 

model of t h e  p o l l u t a n t  d i s t r i b u t i o n  process .  There a r e  s e v e r a l  

such models, t h e  most complex be ing  i n  t h e  form of coupled,  

p a r t i a l  d i f f e r e n t i a l  equa t ions ,  t h e  s i m p l e s t  one being i n  t h e  

form of black-box models de r ived  from, f o r  example, a t ime- se r i e s  

a n a l y s i s .  Many of t h e m  have been examined i n  t h e  l i t e r a t u r e  on 

the  s u b j e c t  (R ina ld i  e t  a l . ,  1979; Thomann, 1972; Beck, 1978, 1980; 

V a s i l i e v ,  1979) . 
For p r a c t i c a l  a p p l i c a t i o n s ,  t h e  fo l lowing  problem must be 

solved:  what would be t h e  op t imal  model i n  t h i s  c o n t e x t  where 

"opt imal"  i s  understood i n  t h e  s ense  of ensu r ing  a compromise 

between accuracy and complexity? I n  t h i s  paper ,  a method f o r  s o l v i n g  

t h i s  problem i s  p re sen ted .  This approach i s  based on a frequency 

response a n a l y s i s  of t h e  system and t h e  s p e c t r a l  d i s t r i b u t i o n  

of t h e  i n p u t  d i s tu rbances  a c t i n g  on t h e  system. Two 



methods have been app l ied- - the  Laplace  t r a n s f o r m  and modal 

a n a l y s i s  o f  t h e  se t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  On t h e  

b a s i s  o f  t h i s  i n v e s t i g a t i o n ,  it i s  p o s s i b l e  t o  answer t h e  

fo l l owing  q u e s t i o n s :  

- is  it neces sa ry  t o  app ly  a  s t a t i c  model o r  a  dynamic 

one? 

- what i s  t h e  d i m e n s i o n a l i t y  o f  t h e  s i m p l i f i e d ,  lumped 

parameter  model? 

- what i s  t h e  s t r u c t u r e  o f  t h i s  model? 

L e t  us examine a l s o  t h e  r o l e  of  t h e  methodology p r e s e n t e d  

h e r e  i n  system i d e n t i f i c a t i o n .  Gene ra l l y ,  t h e r e  a r e  two p o s s i b l e  

ways o f  i d e n t i f y i n g  a  model: 

- t h e  black-box approach,  when it i s  o n l y  assumed t h a t  

a  g e n e r a l  c l a s s  of  models can p o s s i b l y  be t a k e n  i n t o  

account  ( f o r  example, t h o s e  w i th  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s )  ; 

- t h e  p h y s i c a l  appraoch,  where one s t a r t s  w i t h  t h e  

a n a l y s i s  o f  p h y s i c a l  phenomena. 

Both approaches  have some d i s advan t ages .  The f i r s t  one ha s  

a  l a r g e  number o f  pa ramete rs  t h a t  have t o  be  e s t ima ted .  I n  

p r a c t i c e ,  one o f  t h e  p o s s i b l e  canon ica l  forms have t o  be  used 

and a l l  t h e  paramete rs  i n  t h i s  c anon ica l  form must be e s t i m a t e d .  

Very complex models--usually d e s c r i b e d  i n  terms o f  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n s  (PDE), namely, d i s t r i b u t e d  parameter  

sys tems (DPS) --are d e r i v e d  from an a n a l y s i s  o f  p h y s i c a l  cons ide ra -  

t i o n s .  I t  i s  n o t  a  ve ry  ea sy  t a s k  t o  s o l v e  t h e s e  k i n d s  o f  

models and t o  e s t i m a t e  t h e i r  pa ramete rs .  I t  is  p o s s i b l e ,  

however, t o  u t i l i z e  t h e  i n fo rma t ion  con t a ined  i n  t h e s e  models. 

Usual ly  they  a r e  c h a r a c t e r i z e d  by a  sma l l  number o f  



paramete rs - - th i s  number i s  sma l l  when compared t o  t h e  number o f  

unknown c o e f f i c i e n t s  i n  canon ica l  form, i n  a  lumped parameter  

system (LPS). On t h e  b a s i s  o f  some t h e o r e t i c a l  i n v e s t i g a t i o n s ,  

it i s  p o s s i b l e  t o  show t h a t  t h e  paramete rs  i n  lumped model 

c anon ica l  form a r e  n o t  independent-- they depend e n t i r e l y  on 

t h e  paramete rs  o f  t h e  d i s t r i b u t e d  model. I n  such a  way, w e  

o b t a i n  a  k ind o f  s p e c i a l i z e d  canon ica l  form--a set o f  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s  (ODE) depending on a  r e l a t i v e l y  smal l  

number o f  pa r ame te r s .  Th i s  k ind  of  approach can be t r e a t e d  

a s  s t r u c t u r a l  a n a l y s i s  ( o r ,  a  p r i o r i  i d e n t i f i c a t i o n ) ;  it makes 

t h e  i d e n t i f i c a t i o n  p r o c e s s  e s s e n t i a l l y  s i m p l e r .  

I t  i s  neces sa ry  t o  p o i n t  o u t  a g a i n ,  t h a t  a s  a l l  t h e  con- 

s i d e r a t i o n s  a r e  f o r  a  g e n e r a l  model it i s  n o t  neces sa ry  t o  know 

t h e  v a l u e s  o f  t h e  paramete rs  a t  t h i s  s t a g e  o f  t h e  i n v e s t i g a t i o n .  

The i d e n t i f i c a t i o n  p r o c e s s  i s  performed l a t e r ,  when a  s i m p l i f i e d  

model has  been o b t a i n e d  (F igu re  1 )  . 

2. MATHEMATICAL MODEL 

L e t  u s  c o n s i d e r  t h e  l i n e a r ,  one-dimensional ,  d i s t r i b u t e d  

parameter  d i s p e r s i o n  model, w i t h  c o n s t a n t  c o e f f i c i e n t s  

d e s c r i b i n g  p o l l u t i o n  p ropaga t i on  i n  a s e c t i o n  o f  t h e  r i v e r .  

Th is  model has  been cons ide red  i n  many p u b l i c a t i o n s  

( R i n a l d i  e t  a l . ,  1979; Thoxann, 1972; V a s i l i e v ,  1979) : 



Possible parameters 
of LPS 

Possible responses 
of DPS 

F i g u r e  1 .  Schemat ic  S y n t h e s i s  o f  a  S i m p l i f i e d  Model 
M - se t  o f  p a r a m e t e r s  depending on  p a r a m e t e r s  o f  

DPS o b t a i n e d  by t r a n s f o r m a t i o n  @, 

Q - se t  o f  r e s p o n s e s  o f  t h e  s y s t e m  o b t a i n e d  f o r  
p a r a m e t e r s  from M. 

Comment: LPS h a s  t o o  many d e g r e e s  o f  freedom, n o t  a l l  
combina t ions  o f  p a r a m e t e r s  a r e  f e a s i b l e .  Only p a r a -  
meters i n  M shou ld  b e  t a k e n  i n t o  a c c o u n t  d u r i n g  
i d e n t i f i c a t i o n ;  t r a n s f o r m a t i o n  @ c a n  be  found a  p r i o r i  
e. g. s e p a r a t i o n  o f  v a r i a b l e s  method (SVM) . 



where 

s i s  t h e  p o l l u t a n t  concen t r a t i on  o r  va lue  o f  BOD; 

c  i s  t h e  c o n c e n t r a t i o n  o f  d i s s o l v e d  oxygen ( D O ) ;  

Dx i s  t h e  l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t ;  

u  i s  t h e  v e l o c i t y  o f  s t ream d ischar7e  a long  x-ax is ;  

k,  k l l ,  k12 ,  k13 a r e  c o e f f i c i e n t s  o f  l i n e a r  approximation 

of  t h e  f u n c t i o n ,  which g e n e r a l l y  repre-  

s e n t s  biochemical  and oxygen r e a c t i o n  

r a t e s .  

When making a  comparison between equa t ions  ( 1  ) , ( 2 )  and 

t h e  S t r ee t e r -Phe lps  d i s p e r s i o n  model ( R i n a l d i  et a l . ,  19791, it 

i s  easy  t o  n o t i c e ,  t h a t  

k  i s  t h e  BOD decay c o e f f i c i e n t ,  

k I 2  t h e  r e a e r a t i o n  c o e f f i c i e n t ,  

k l l  t h e  deoxygenation c o e f f i c i e n t ,  

where cs  i s  t h e  oxygen s a t u r a t i o n  concen t r a t i on ,  

ko t h e  n e t  r a t e  of  a d d i t i o n  of  DO t o  t h e  reach due t o  e f f e c t s  

o t h e r  than those  accounted f o r  i n  t he  S t r ee t e r -Phe lps  model ( i n  

which ko = 0 ) .  However, i t  i s  very easy t o  extend t h i s  model i n .  

o r d e r  t o  cons ide r  t h e  i n f l u e n c e  of  s o l a r  r a d i a t i o n  on a l g a l  growth 

and photosynthes i s .  

The assumptions concerning t h e  l i n e a r i t y  and t h e  c o n s t a n t  

c o e f f i c i e n t s  of  t h e  model a r e  u s u a l l y  s a t i s f i e d .  I t  fo l lows ,  

t h a t  i f  we on ly  cons ide r  s h o r t  pe r iods  of  t ime,  we can assume 

t ime c o n s t a n t  c o e f f i c i e n t s  ( t h e  s t ream d i scha rge  and t h e r e f o r e ,  

v e l o c i t y  u,  can be c o n s t a n t  i n  t i m e ) .  S i m i l a r l y ,  t h e  l i n e a r  

model can be used f o r  smal l  v a r i a t i o n s  o f  p o l l u t i o n  concentra-  

t i o n s  (it  i s  a  c l a s s i c a l  assumption i n  t h e  c a s e  o f  l i n e a r i z a t i o n ) .  



I t  i s  p o s s i b l e  t o  c o n s i d e r  t h e  DO d e f i c i t  i n s t e a d  o f  DO concen- 

t r a t i o n s .  I t  i s  n o t  i m p o r t a n t  f o r  us  however,  what k i n d  o f  

s t a t e  v a r i a b l e s  a r e  used ,  because  t h e  r e l a t i o n s h i p  between con- 

c e n t r a t i o n  ( c )  and d e f i c i t  ( d )  i s  v e r y  s imple :  

T h e r e f o r e ,  t h e  e q u a t i o n s  w i l l  have  t h e  same form i n  b o t h  c a s e s .  

I n  t h e i n t e r e s t s  o f  s i m p l i c i t y ,  w e  a l s o  assume t h a t  t h e  d i s -  

t r i b u t e d  s o u r c e s  and s i n k s  a r e  e q u a l  t o  z e r o .  

Cons ide r  t h e  boundary c o n d i t i o n s  f o r  e q u a t i o n s  ( 1 )  and ( 2 )  . 
I n  t h e  c a s e  o f  a  f i n i t e  s e c t i o n  o f  t h e  r i v e r ,  two boundary con- 

d i t i o n s  must b e  t a k e n  i n t o  accoun t .  However, because  o f  t h e  

as 
a C  i n  e q u a t i o n s  l a r g e  i n f l u e n c e  o f  t h e  c o n v e c t i o n  t e r m s  and - ax 

( 1 )  and ( 2 )  t h e  r o l e  o f  t h e  r i g h t  boundary c o n d i t i o n s  f o r  

a r r i v i n g  a t  t h e  s o l u t i o n  can  i n  p r a c t i c e  b e  n e g l e c t e d .  T h i s  

means t h a t  w e  c a n  assume any r e a s o n a b l e  boundary c o n d i t i o n ,  

f o r  example, e q u a l  t o  z e r o .  The s i m p l e s t  way t o  d e f i n e  t h e  

boundary c o n d i t i o n s  i s  a s  f o l l o w s :  

where R i s  t h e  l e n g t h  o f  t h e  r i v e r  s e c t i o n .  

These boundary c o n d i t i o n s  p r o p e r l y  r e f l e c t  t h e  r e a l  s i t u a t i o n - -  

a s  u s u a l ,  t h e  p o i n t  s o u r c e  o f  t h e  p o l l u t a n t  i s  on  t h e  l e f t  s i d e  

o f  t h e  r i v e r  segment.  A s  was mentioned b e f o r e ,  t h e  boundary 

c o n d i t i o n  on t h e  r i g h t  s i d e  c a n  b e  a r b i t r a r i l y  assumed. 



To comple te  t h e  problem f o r m u l a t i o n ,  we must c o n s i d e r  t h e  

i n i t i a l  v a l u e s  f o r  b o t h  s t a t e  v a r i a b l e s  s ( x ,  t )  and c ( x ,  t )  , 

i f  t E [0 ,  t f ]  

where so ( x )  , c ( x )  a r e  t h e  g i v e n  f u n c t i o n s .  
0 

3 .  TRANSFORMATION OF MODEL EQUATIONS 

Our g o a l  i s  t o  i n v e s t i g a t e  t h e  i n p u t - o u t p u t  behav iour  o f  

t h e  sys tem d e f i n e d  above. I n  o r d e r  t o  s i m p l i f y  o u r  work, w e  

w i l l  i n t r o d u c e  a  u s e f u l  t r a n s f o r m a t i o n  which e l i m i n a t e s  t h e  

t r a n s p o r t a t i o n  t e r m  i n  e q u a t i o n s  ( 1 )  and ( 2 )  . I t  i s  n e c e s s a r y  

t o  p o i n t  o u t  t h a t  t h i s  i s  o n l y  a  fo rmal  o p e r a t i o n  w i t h o u t  any 

p h y s i c a l  meaning; moreover t h e  same a n a l y s i s  can  be performed 

w i t h o u t  a p p l y i n g  t h i s  t r a n s f o r m a t i o n .  

L e t  u s  c o n s i d e r  t h e  new s t a t e  v a r i a b l e s  d e f i n e d  i n  t h e  

f o l l o w i n g  way 

where a i s  a  p a r a m e t e r ,  acR. 

By s u b s t i t u t i n g  e q u a t i o n s  ( 9 )  , ( 10) f o r  e q u a t i o n s  ( 1  ) , ( 2 )  

w e  o b t a i n  



I t  i s  p o s s i b l e  t o  choose  pa ramete r  a i n  s u c h  a  way a s  t o  s a t i s f y  

t h e  e q u a t i o n  

For t h e  v a l u e  A 

e q u a t i o n s  ( 11 ) , ( 1  2) c a n  b e  r educed  t o  a  s i m p l e r  form, w i t h o u t  

t h e  c o n v e c t i o n  t e r m  ( f i r s t  o r d e r  d e r i v a t i v e )  

L e t  us  d e n o t e  

By comparing e q u a t i o n s  ( 15) and ( 1  6)  w i t h  e q u a t i o n s  ( 17) and ( 1  8 )  

w e  o b t a i n  t h e  r e s u l t i n g  sys tem o f  e q u a t i o n s :  

I t  i s  n e c e s s a r y  t o  p o i n t  o u t  t h a t  t h e  t r a n s f o r m a t i o n  used does  

n o t  change t h e  boundary  c o n d i t i o n s  ( 3) - ( 6 )  . 



4 .  D I F F U S I O N  EQUATIONS W I T H  TIME INDEPENDENT 
COEFFICIENTS:  THE SEPALPATION OF VA2IABLES PETHOD 

Consider equa t ions  (19)  and (20)  i n  t h e  fo l lowing  form: 

where 

For t h e  sake  o f  g e n e r a l i z a t i o n ,  we s h a l l  a l s o  cons ide r  t h e  

boundary c o n d i t i o n s  i n  t h e  fo l lowing  form 

Note, t h a t  t h e  boundary c o n d i t i o n s  ( 3 )  - ( 6 )  a r e  t h e  p a r t i c u l a r  

c a s e s  of t h e  ones  above. 

Le t  t h e  i n i t i a l  c o n d i t i o n s  t a k e  t h e  form 

There a r e  many p o s s i b l e  t echniques  a v a i l a b l e  t o  s o l v e  t h e s e  

equa t ions .  Our goa l  however i s  n o t  t o  o b t a i n  a  s o l u t i o n  f o r  

s p e c i f i e d  boundary c o n d i t i o n s  b u t  t o  ana lyze  t h e  input -ou tpu t  

p r o p e r t i e s  of  t h e  system. The s e p a r a t i o n  of  v a r i a b l e s  method 

(SVM) seems t o  be  t h e  b e s t  one f o r  t h i s  purpose.  



I t  i s  we l l  known t h a t  it i s  p o s s i b l e  t o  fo rmula te  t h e  solu-  

t i o n  of  t h e s e  equa t ions  i n  t h e  form o f  a  Four i e r  s e r i e s  expansion 

based on e igen func t ions  genera ted  by t h e  corresponding S t u r m -  

L i o u v i l l e  o p e r a t o r  ( P o r t e r ,  1 9 6 6 )  : 

w 
nIIx i ( x ,  t )  = 1 T s n ( t )  sin(-) 

m= 1 
R 

where t h e  expansion c o e f f i c i e n t s  a r e  

T ( t )  = 1 nilx S(X,  t )  ~ i n ( ~ ) d x  
s n  

R nIIx 
6 (x, t )  s i n  dx 

f o r  n  = 1 , 2 ,  .... 
By i n t e g r a t i n g  equa t ions  (33)  and ( 3 4 )  i n  two s t a g e s ,  we 

o b t a i n  o r d i n a r y  d i f f e r e n t i a l  equa t ions  ( s e e  Appendix). 

21-10 II ox 
d  nII 2 .  a f~cn( t )  + (TI Dx T cn ( t )  = [ $ l c ( t )  - ( - l ) n * $ 2 c ( t )  I + 

R 





The i n i t i a l  c o n d i t i o n s  f o r  e q u a t i o n s  ( 4 1 )  and ( 4 2 )  can  b e  

o b t a i n e d  i n  a  s i m i l a r  way 

nilx 
Tsn(0)  = - R Q s  ( x )  s i n  (-1 dx I R 

f o r  n=1,2 ,  .... 

5. TRANSMITTANCE ANALYSIS 

During t h e  p r e v i o u s  s t a g e s  o f  o u r  i n v e s t i g a t i o n s ,  w e  

o b t a i n e d  a n  i n f i n i t e - d i m e n s i o n a l  se t  o f  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  t h a t  w e r e  s t r i c t l y  e q u i v a l e n t  t o  t h e  o r i g i n a l  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n s .  One d i f f i c u l t  problem a r i s e s  h e r e ;  f o r  

p u r e l y  t e c h n i c a l  r e a s o n s ,  w e  a r e  n o t  a b l e  t o  h a n d l e  a n  i n f i n i t e  

se t  o f  e q u a t i o n s  and w e  must t r u n c a t e  t h e  s e r i e s  (31)  and ( 3 2 ) .  

T h i s ,  however, e n a b l e s  t h e  c o n s t r u c t i o n  o f  a  s i m p l i f i e d  model,  

s i n c e  it i s  s u f f i c i e n t  t o  c o n s i d e r  o n l y  a  f i n i t e  d i ~ e n s i o n a l  s e t  o f  

d i f f e r e n t i a l  e q u a t i o n s ,  which i s  i n  f a c t  a  t r u n c a t e d  s u b s e t  o f  

e q u a t i o n s  (41)  and (42)  . The o n l y  c r u c i a l  p o i n t  i s  how b e s t  t o  

choose  t h e  l e n g t h  N o f  t h e  t r u n c a t e d  s e r i e s .  T h i s  number s h o u l d  

be  chosen a s  a  compromise between t h e  a c c u r a c y  o f  t h e  s i m p l i f i e d  

model and t h e  r e l a t e d  c o m p u t a t i o n a l  e f f o r t .  S i n c e  t h e  assumpt ions  

d e a l  w i t h  t ime-independence sys tem c o e f f i c i e n t s ,  it i s  

p o s s i b l e  t o  p ropose  a  more c o n s t r u c t i v e  approach f o r  s o l v i n g  

t h i s  problem. T h i s  approach u t i l i z e s  a  f r equency  domain 

a n a l y s i s  o f  t h e  sys tem.  

For t h e  s a k e  o f  s i m p l i c i t y ,  w e  w i l l  c o n s i d e r  o n l y  t h e  i n f l u e n c e  

of  t h e  l e f t  boundary c o n d i t i o n s  (i .e., t h e  i n p u t ,  ups t ream d i s t u r -  

b a n c e s ) ,  and w e  w i l l  t a k e  z e r o  i n i t i a l  v a l u e s .  Due t o  t h e  l i n e a r i t y  



of  t h e  system e q u a t i o n s ,  w e  can omi t  t h e  i n f l u e n c e  of  t h e  term 

c o n t a i n i n g  k13  and t h a t  p a r t  o f  t h e  s o l u t i o n  which r e l a t e s  t o  t h e  

i n i t i a l  va lue s .  The s u p e r p o s i t i o n  theorem h o l d s  t r u e  i n  t h i s  c a s e ,  

s i n c e  t h o s e  components o f  t h e  s o l u t i o n  t h a t  r e l a t e  t o  t h e s e  t e r m s  

a r e  n o t  impor tan t  from t h e  p o i n t  o f  view of  t h e  t r a n s m i t t a n c e  

p r o p e r t i e s  of  t h e  system. 

Now, we can compute t h e  t r a n s m i t t a n c e s  between i n p u t s  

(boundary c o n d i t i o n s  $ ( t)  , $ l c  ( t ) )  and s t a t e  v a r i a b l e s  (expan- 
1 s 

s i o n  c o e f f i c i e n t s  T s n ( t )  , Tcn (t) , n  = 1 , 2 , .  . . , N )  . 

k  s n  
Gsn(p) = 1 + p  . 

'sn 

I 

Gcn(p) = 1  + p  . 
'cn 

n  = 1 , 2 ,  ..., N ,  p  i s  t h e  complex v a r i a b l e .  

I t  i s  p o s s i b l e  t o  o b s e r v e  t h a t  equa t i ons  ( 4 1 )  and ( 4 2 )  a r e  COu- 

p l e d  by t h e  d i s t r i b u t e d  f o r c i n g  f u n c t i o n  fcn ( t )  ; f o r  t h i s  r ea son ,  

w e  should  c o n s i d e r  two types  of  dynamic b locks  Gsn ,  Gcn (two 

types  o f  denominators)  . 
The s t r u c t u r e  o f  t h e  sys tem can be r e p r e s e n t e d  u s ing  t h e  

block-scheme formal ism (F igu re  2 ) .  Parameters  o f  t h e  i n d i v i d u a l  

b locks  have t h e  fo l l owing  va lues :  

- g a i n  c o e f f i c i e n t s  





and time constants: 

'cn nlI 2 
3c- Dx 

It is easy to compute the poles of the above transmittances 

where Bs, 8, are determined by equations ( 17) and (1 8 )  . 
Laplace transforms the output signals, which approximate that 

solutions of equations (21) and (22) are equal 



6. FREQUENCY ANALYSIS 

I n  t h e  prev ious  s e c t i o n s  of t h i s  paper ,  we have determined 

t h e  t r a n s m i t t a n c e s  d e s c r i b i n g  t h e  system dynamics. Our goa l  w i l l  

now be t o  use t h e s e  r e s u l t s  t o  formulate  t h e  s i m p l i f i e d  model. 

This  can be  achieved by an a n a l y s i s  of t h e  model 's  frequency 

response p r o p e r t i e s .  

Each dynamic block i n  F igure  2 i s ,  i n  f a c t ,  a  low frequency 

f i l t e r ,  wi th  frequency c h a r a c t e r i s t i c s  a s  shown i n  F igure  3 .  

On t h e  o t h e r  hand, every  s i g n a l  a c t i n g  i n  a  r e a l  system has  a  

f i n i t e  frequency band - o r  can be approximated by a  f i n i t e  

frequency band s i g n a l .  This  means t h a t  it i s  p o s s i b l e  t o  d e t e r -  

mine a  l i m i t e d  frequency f  w i th  a  p rope r ty  such,  t h a t  a l l  ( o r  
g, 

almost  a l l )  t h e  s i g n a l  energy Is conta ined  i n  t h i s  frequency band. 

I n  p r a c t i c e ,  t h i s  frequency can be ob ta ined  by apply ing  

s p e c t r a l  a n a l y s i s  methods and Four i e r  s e r i e s  t echniques  (see, 

e .g . ,  Jenkins  and Watts ,  1968) .  I t  i s  i n t e r e s t i n g  t o  compare 

t h e  two f r equenc ie s  f, ( s i g n a l  frequency band) ,  and f  t h e  
P 

frequency corresponding t o  t h e  f i r s t  po l e  o f  t h e  system, where 

Only two c a s e s  a r e  i n t e r e s t i n g :  

This  means t h a t  t h e  s i g n a l  frequency band i s  so  narrow t h a t  

w e  can n e g l e c t  t h e  dynamic behaviour of  t h e  system. I n  t h i s  

c a s e ,  w e  can cons ide r  a  s t a t i c  model a s  s u f f i c i e n t l y  a c c u r a t e .  

I t  i s  necessary  t o  expect ,however ,  t h a t  t h i s  s i t u a t i o n  w i l l  n o t  

occur  very o f t e n .  The second case  i s  f o r  

fp  < fa 
I n  t h i s  ca se ,  t h e  dynamic p r o p e r t i e s  of  t h e  system should be 

taken i n t o  account .  I t  i s  p o s s i b l e  t o  observe however, t h a t  



t h e  c h a r a c t e r i s t i c  f requency  o f  system t r a n s m i t t a n c e s  Gsn,  Gcn 

i n c r e a s e s  when n i n c r e a s e s .  I t  fo l lows  t h a t  N i s  such  t h a t  

where 

This  means t h a t  a l l  dynamic b locks  w i th  t r a n s m i t t a n c e s  GSn(p) 

and Gcn(p) can be  t r e a t e d  a s  s t a t i c  b l o c k s ,  i f  n > N .  These 

i n e r t i a  (dynamic) t e r n s  can  b e  r e p l a c e d  by t h e  p r o p o r t i o n a l  t e r m s  

Now, w e  can  compute t h e  sums 

and c o n s i d e r  t h e  s i m p l i f i e d  model a s  shown i n  F i g u r e s  4 and 5 .  

I t  i s  neces sa ry  t o  p o i n t  o u t  t h a t  t h e  b e s t  approximat ion o f  t h e  

o r i g i n a l  system has  t hus  been ob ta ined- -bes t  i n  t h e  s e n s e  t h a t  t h e  

e igenva lues  o f  t h e  lumped paramete r  sys tem a r e  t h e  same a s  t h e  

e igenva lues  o f  t h e  d i s t r i b u t e d  parameter  system. From t h i s ,  

it fo l l ows  t h a t  t h e  f requency and t i m e  r e sponses  o f  t h e  

approximate sys tem w i l l  match w e l l  t h e  responses  

o f  t h e  o r i g i n a l  system. This  c anno t  be  expected f o r  o t h e r  

approaches ,  f o r  example, t h a t  p r e s e n t e d  by R i n a l d i  e t  a l .  , ( 1979) . 
There i s  ve ry  poor correspondence between t h e  p o l e s  o b t a i n e d  i n  



Figu re  3 .  Asymptotic  Frequency C h a r a c t e r i s t i c  o f  t h e  I n e r t i a  T e r m  

F igu re  4 .  S t r u c t u r e  of t h e  S i m p l i f i e d  Model 





R i n a l d i ' s  work and t h e  p o l e s  o f  t h e  DPS model o b t a i n e d  i n  t h i s  

p a p e r .  I t  would b e  a n  i n t e r e s t i n g  e x e r c i s e  t o  compare t h e  

f requency  c h a r a c t e r i s t i c s  o b t a i n e d  f o r  b o t h  a p p r o a c h e s .  

The above r e s u l t s  can  b e  u t i l i z e d  i n  two ways: t o  a n a l y z e  

t h e  q u a l i t a t i v e  p r o p e r t i e s  o f  t h e  sys tem and t o  b u i l d  a s i m p l i f i e d  

computer model o f  t h e  p r o c e s s  c o n s i d e r e d .  

I t  would be  i n t e r e s t i n g  t o  a n a l y z e  more s ~ e c i f i c a l l y  t h e  

formula  d e s c r i b i n g  t h e  p o l e s  o f  t h e  system: 

i n  o r d e r  t o  i n v e s t i g a t e  t h e  i n f l u e n c e  of t h e  d i f f u s i o n  c o e f f i c i e n t  

Dx on sys tem behav iour .  I t  i s  n e c e s s a r y  t o  p o i n t  o u t ,  however, t h a t  

t h e  above formula  c a n n o t  be  u t i l i z e d  f o r  s t u d y i n g  t h e  l i m i t  b e h a v i o u r  

when Dx t e n d s  t o  z e r o .  T h i s  f o l l o w s  from t h e  f ac t  t h a t  t h e  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n s  change i n  t h i s  c a s e  and t h e r e f o r e  f u r t h e r  

i n v e s t i g a t i o n s  o f  t h i s  c a s e  s h o u l d  be  c a r r i e d  o u t .  

I t  is p o s s i b l e  t o  u t i l i z e  t h e  p r e s e n t  approach t o  b u i l d  

a computer model of  t h e  p r o c e s s .  The o n l y  problem, however, i s  con- 

c e r n e d  w i t h  t h e  p r o p e r t i e s  of t h e  F o u r i e r  ser ies ,  because  computing 

t h e  sum o f  a F o u r i e r  series i s  an  i l l - d e f i n e d  p r o c e s s  (see 

Tikhonov and A r s e n i n ,  1977) .  On t h e  o t h e r  hand,  t h e  sys tem 

e i g e n f u n c t i o n s  a r e  e q u a l  t o  z e r o  a t  b o t h  ends  o r  b o u n d a r i e s  o f  

t h e  i n t e r v a l .  For  t h e s e  r e a s o n s ,  t h e  v a l u e  of R s h o u l d  b e  

de te rmined  i n  a n  a p p r o p r i a t e  way ( F i g u r e  6 )  and s p e c i a l  methods 

s h o u l d  be  a p p l i e d  t o  compute t h e  sum o f  t h e  F o u r i e r  series.  
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'0 X + 

1 / Source 

River section 

F i g u r e  6 .  S c h e m a t i c  D e f i n i t i o n  o f  t h e  R i v e r  S e c t i o n  

b 

L 



7. NUMERICAL EXAMPLE 

The s i m p l i f i e d  model p r e sen t ed  i n  t h e  p r ev ious  s e c t i o n  

was u t i l i z e d  t o  d e s c r i b e  t h e  d i s t r i b u t i o n  o f  p o l l u t a n t s  i n  a  

s e c t i o n  of t h e  r i v e r  Cam, w i t h  t h e  i n p u t  p o i n t  a t  B a i t ' s  B i t e  

lock  and t h e  o u t p u t  p o i n t  a t  Bott isham lock  (see Beck, 1978) . 
This  model was used t o  p r e d i c t  DO and BOD c o n c e n t r a t i o n s  a t  t h e  

measurement p o i n t  4 . 5  km d i s t a n t  from t h e  sou rce  (see F igu re  

6 )  . The parameter  v a l u e s  assumed f o r  t h e  model a r e  shcwn i n  

Table  1 .  I t  i s  e a s y  t o  n o t i c e  t h a t  t h e s e  paramete r  va lue s  

a r e  t h e  same a s  t h o s e  i n  Model I ( i n  Beck's  paper ,  1979) 

excep t  f o r  k13,  t h e  v a l u e  o f  which i n  Beck 's  Model I ,  i s  equa l  

t o  -1.0 f o r  t - < t lg  and + l  . O  f o r  t > t lg .  (The i n f l u e n c e  o f  

t h i s  d i f f e r e n c e  i s  a p p a r e n t  when comparing t h e  p l o t  o f  DO o u t p u t  

i n  Model I o f  Beck 's  paper  (1978) w i t h  t h e  p l o t  o f  t h e  s i m p l i f i e d  

model ' s  DO o u t p u t  a s  shown i n  F igu re  14, )  DO and BOD concen t ra -  

t i o n s  measured a t  B a i t ' s  B i t e  lock  and a t  Bot t i sham lock ,  once 

d a i l y  through a  3-month p e r i o d  (see Beck, 1978) w e r e  t aken  a s  t h e  

i n p u t  and t h e  o u t p u t  s i g n a l s .  

8. CRITERIA FOR MODEL COMPARISON 

I t  i s  one o f  t h e  most impor t an t  and d i f f i c u l t  problems t o  

f i n d  adequa te  c r i t e r i a  f o r  t h e  comparison o f  models. A number 

o f  p o s s i b l e  approaches  e x i s t  (see Raibman, 1975) . Here t h e  

mean va lue  and mean squa re  o f  t h e  r e s i d u a l s  a r e  cons ide red .  

These va lue s  have been normal ized,  us ing  average  and mean 

squa re  va lue s  o f  t h e  s y s t e m ' s  o u t p u t s .  



Table  1 .  Model Parameter  Values 

t Parameter  D e f i n i t i o n  I Value I I 

j 5 3  
/ Volumetric  ho ld  up i n  t h e  r each  i1 .51* 1 0  m 

1 Average s t r eam d i s c h a r g e  

Average r e c t a n g u l a r  c r o s s  s e c t i o n  

9 .  SIXULATION RESULTS 

The most i n t e r e s t i n g  q u e s t i o n s  d e a l  w i th  t h e  d i m e n s i o n a l i t y  

o f  t h e  s i m p l i f i e d  model, t h e  l e n g t h  o f  t h e  r i v e r  s e c t i o n  and t h e  

va lue  f o r  t h e  d i s p e r s i o n  c o e f f i c i e n t .  The s i rnu la t ion  exper iments  

were performed i n  two s t a g e s .  

1 .  Assuming t h e  d i m e n s i o n a l i t y  o f  t h e  s i m p l i f i e d  model i s  

equa l  t o  1 ,  t h e  s i m u l a t i o n  e x p e r i n e n t s  were r epea t ed  w i th  

d i f f e r e n t  v a l u e s  f o r  t h e  l e n g t h  o f  t h e  r i v e r  s e c t i o n  and 

f o r  t h e  d i s p e r s i o n  c o e f f i c i e n t .  The mean squa re  o f  t h e  

r e s i d u a l s  (normal ized by u s i n g  p r o c e s s  mean squa re )  a s  

k 1  2 

k  = k l l  

k1 3  

a  f u n c t i o n  o f  t h e  d i s p e r s i o n  c o e f f i c i e n t  f o r  a f i x e d  

va lue  o f  t h e  r i v e r  s e c t i o n  l e n g t h ,  i s  shown i n  F i g u r e s  

7, 8 and 9 .  The same q u a l i t y  index of  t h e  model, a s  a  

f u n c t i o n  o f  t h e  r i v e r  s e c t i o n  l e n g t h  and f i x e d  va lue s  f o r  

Reae ra t i on  r a t e  c o e f f i c i e n t  

BOD decay c o e f f i c i e n t  

= k12  Cs + ko 
k1 3 

0.17 l /day 

0.32 l /day 

mg 
L - d a y  

i 
I 



E = BOD mean square ratio + DO mean square ratio 

F i g u r e  7 .  Q u a l i t y  Indexes f o r  River Cam, N-1, L=25 km. 







t h e  d i s p e r s i o n  c o e f f i c i e n t ,  i s  shown i n  F igu res  1 0 ,  1 1 ,  and 

1 2 .  From F igu res  1 0 ,  1 1 ,  and 1 2 ,  i t  i s  easy  t o  s e e  t h a t  

t h e  s m a l l e s t  va lues  f o r  q u a l i t y  indexes  have been ob ta ined  

f o r  a  chosen l e n g t h  of  t h e  r i v e r  s e c t i o n  equa l  t o  50 km. From 

Figures  9 ,  1 0 ,  1 1 ,  and 1 2 ,  one can conclude t h a t ,  assuming 

t h e  l e n g t h  Q t o  be l a r g e r  than 100  k m ,  t h e  f i t  of  t h e  model i s  

s i g n i f i c a n t l y  worse, From Figures  7 and 8 it i s  easy  t o  

2 conclude t h a t  f o r  Dx > 1 0 0  km /day t h e  v a l u e s  o f  t h e  q u a l i t y  

indexes  a r e  a lmost  c o n s t a n t  ( t h e  curves  being very f l a t ) .  

2 .  Assuming t h e  l e n g t h  R = 50 km and Q = 1 0 0  km and va r ious  va lues  

f o r  t h e  d i s p e r s i o n  c o e f f i c i e n t  Dx ,  s imu la t ion  exper iments  

were r epea t ed  f o r  f i x e d  d i m e n s i o n a l i t i e s  of  t h e  model equa l  

t o  2 and 5 ,  The r e s u l t s  a r e  p resen ted  i n  F igure  13, 

From a  comparison of  t h e  s imu la t ion  r e s u l t s  ob t a ined ,  it 

fo l lows  t h a t  t h e  b e s t  f i t  of  t h e  s imp l i - f i ed  model f o r  the svstem 

2 i s  given by a  va lue  f o r  t h e  d i s p e r s i o n  c o e f f i c i e n t  of  1 0 0  km /day, 

when we assume t h e  r i v e r  s e c t i o n  l eng th  t o  be 50 km. These 

r e s u l t s  have been ob ta ined  aga in  f o r  v a r i o u s  o t h e r  d i m e n s i o n a l i t i e s  

a s  w e l l  (Table 2 ) .  

I t  can be seen  from Table 2 t h a t  f o r  va r ious  dimension- 

a l i t i e s  of  t h e  s i m p l i f i e d  model, t h e  q u a l i t y  indexes  of t h e s e  

models have a lmost  t h e  same va lues ,  The s i g n i f i c a n t  conc lus ion  i s  

t h a t  a  one-dimensional model i s  i n  f a c t  s u f f i c i e n t l y  a c c u r a t e .  The 

o u t p u t  p l o t s  f o r  t h e  b e s t  ca se  a r e  shown i n  Figure  1 4 .  

I t  should be noted t h a t  t h e  r e s u l t i n g  va lue  of  t he  r i v e r  

s e c t i o n  l eng th  of 50 km i s  a  consequence o f  t he  compromise 

between two e f f e c t s ;  ( a )  t h e  e r r o r  i n h e r e n t  i n  t h e  F o u r i e r  method, 

and (b )  t h e  i n f l u e n c e  of  t h e  r i g h t  boundary c o n d i t i o n ,  which has  

been assumed t o  be  e q u a l  t o  zero.  



X = BOD mean square ratio + DO mean square ratio 

2 2 
F i g u r e  10 .  Q u a l i t y  I n d e x e s  f o r  R i v e r  Cam, N=l ,  Dx=30 km /day  a n d  ~ , = 5 5 . 9  km / day .  
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Figu re  1 4 .  I n p u t  S i g n a l s  o f  t h e  R e s u l t i n g  S i m p l i f i e d  Model 
f.or t h e  River  Cam 



Table  2 .  Comparison o f  Q u a l i t y  Index  Values  f o r  t h e  
S i m p l i f i e d  Models 

Model I* 

ndim S t a t i c  1  2 1  2 3 i 

Model i 

1 I 

i 
i 
jav. r . B O D  

1m.sq.r. 
1 BOD 
I 
J m . s q . r .  

I Do 

av.r.BOD = a v e r a g e  r a t i o  o f  BOD r e s i d u a l  = a v e r a g e  o f  BOD 
r e s i d u a l / a v e r a g e  o f  measured BOD. 

m.sq.r.BOD = mean s q u a r e  r a t i o  o f  BOD r e s i d u a l  = mean s q u a r e  
o f  BOD re s idua l /mean  s q u a r e  o f  measured BOD. 

* 
Beck, 1978. 

I t  i s  known t h a t  u s i n g  t h e  F o u r i e r  method f o r  a p p r o x i m a t i o n  

o f  t h e  s i g n a l  g e n e r a t e  s t h e  l a r g e s t  e r r o r  n e a r  t h e  b o u n d a r i e s  o f  

t h e  s p a c e  v a r i a b l e ,  and t h e  smallest o n e  n e a r  t h e  midd le  o f  

t h i s  domain. Consequen t ly ,  f o r  x  = 4.5 km, t h e  r e s u l t i n g  

l e n g t h  o f  t h e  r i v e r  s e c t i o n  o u g h t  t o  b e  e q u a l  t o  a b o u t  10 km. 

On t h e  o t h e r  hand,  we c a n n o t  t a k e  t o o  small a  v a l u e  f o r  R ,  

b e c a u s e  w e  assumed a n  a r b i t r a r y  r i g h t  boundary c o n d i t i o n  f o r  t h e  

PDE model ( f o r  s i m p l i c i t y ,  e q u a l  t o  z e r o ) .  The i n f l u e n c e  o f  t h e  

r i g h t  boundary c o n d i t i o n  would b e  n e g l i g i b l e  i f  t h e  l e n g t h  R 

t a k e n  i n t o  a c c o u n t  i s  s u f f i c i e n t l y  l a r g e .  I t  f o l l o w s  t h a t  t h e  

s i m p l i f i e d  model f i t s  b e t t e r  f o r  R = 50 km t h a n  f o r  R 10 km 

( w i t h  x  = 4 . 5  km i n  t h e  midd le  o f  t h e  l e n g t h ) .  The q u e s t i o n  



2 a r i s e s  why Dx = 100  km /day g i v e s  t h e  b e s t  f i t  o f  t h e  model 

even though it a p p e a r s  t o  be f a r  t o o  l a r g e  a  v a l u e .  According  

t o  Thomann (1973) , t h e  c o e f f i c i e n t  P = k l l  * c h a r a c t e r i z e s  

q u i t e  w e l l  t h e  main p r o p e r t i e s  o f  t h e  r i v e r .  H e  p r o p o s e s  t h e  

f o l l o w i n g  r i v e r  c l a s s i f i c a t i o n :  

P < 0.01 f o r  ups t ream f e e d e r  s t r e a m s  

0.01 < P < 0 . 5  f o r  main d r a i n a g e  r i v e r s  

0.5 < P < 1.0 f o r  l a r g e  r i v e r s  

1  .0 < P < 10.0 f o r  t i d a l  r i v e r s  

P > 10.0 f o r  e s t u a r i e s .  

The C a m  approx imates  a  main d r a i n a g e  r i v e r ,  s o  t a k i n g  k l l  and  u  

from Tab le  1  w e  o u g h t  t o  o b t a i n  the b e s t  model f i t  f o r  

2 2 2 1  km /day < Dx < 30 km /day. The v a l u e  Dx = 100 km /day s u g g e s t s  

t h a t  t h e  C a m  is  a t i d a l  r i v e r .  

I t  w a s  shown by Beck (1978) t h a t  t h e  i n c o r p o r a t i o n  o f  " sus -  

t a i n e d  s u n l i g h t  e f f e c t s "  i n t o  t h e  BOD and DO e q u a t i o n s ,  t o  r e p r e s e n t  

t h e  e f f e c t  o f  i n t e r a c t i o n  o f  an  a l g a l  p o p u l a t i o n  w i t h  DO and 

BOD dynamics,  g i v e s  a  s i g n i f i c a n t  improvement i n  t h e  model 

r e s p o n s e s  and a l s o  i n  t h e  model f i t .  I n c o r p o r a t i n g  " s u s t a i n e d  

s u n l i g h t  e f f e c t s "  i n  b o t h  e q u a t i o n s  (BOD and D O ) ,  Beck (1978) 

a c h i e v e d  t h e  r e s u l t s  shown i n  Tab le  3 .  

The s i m p l i f i e d  model d e s c r i b e d  above does  n o t  i n c l u d e  t h e  

term o f  " s u s t a i n e d  s u n l i g h t  e f f e c t s " ;  a l t h o u g h  it would be  e a s y  

t o  do s o .  The o m i s s i o n  of  t h i s  s i g n i f i c a n t  e f f e c t  c a u s e s  

t h e  r e s p o n s e s  o f  t h e  s y s t e m  ( e s p e c i a l l y  BOD r e s p o n s e )  t o  be  

t o o  low, compared t o  a c t u a l  measurements.  Consequen t ly ,  i n  

o r d e r  t o  compensate  f o r  t h e  i n f l u e n c e  o f  s u n l i g h t ,  t h e  g a i n  

c o e f f i c i e n t  ksn (see e q u a t i o n  ( 4 7 ) )  must  b e  a r t i f i c i a l l y  



Table 3. Comparison of  Q u a l i t y  Index Values f o r  Beck rilodels 

I I I 

* 
Model w i th  " s u s t a i n e d  s u n l i g h t  e f f e c t ' '  i n c o r p o r a t e d  

1 
I Model I 

I ' BOD m.sq.r .  0.370 

i n c r e a s e d .  Th is  i s  t h e  reason  why t h e  v a l u e  o f  Dx i s  s o  

l a r g e ;  when Dx i n c r e a s e s ,  t hen  t h e  v a l u e  o f  ksn a l s o  i n c r e a s e s  

2 
e s p e c i a l l y  f o r  n=l and f o r  Dx < 150 km /day (see F igure  15) . 

To show t h a t  t h e  above s t a t e m e n t  i s  v a l i d ,  n i n u l a t i o n  

exper iments  w i th  t h e  s i m p l i f i e d  model which i n d i c a t e s  t h e  e f f e c t s  

of s u n l i g h t  have been performed.  I t  was assumed t h a t  t h e  t e r m  

r e p r e s e n t i n g  t h e  i n f l u e n c e  o f  s u s t a i n e d  s u n l i g h t  (hours  o f  s u n l i g h t  

p e r  day) has  t h e  fo l l owing  t e r m :  

Model 11* 

BOD m.sq . r .  0.169 

where 

S ( t )  - s u n l i g h t  i n c i d e n t  upon l o c a l  a r e a  ( h r s / d a y ) ;  

k 3  - c o e f f i c i e n t  f o r  s u s t a i n e d  s u n l i g h t  e f f e c t I  same a s  i n  

t h e  BOD and DO e q u a t i o n s .  

The term (65) has  been added t o  t h e  PDE e q u a t i o n s  ( 1  ) , ( 2 )  , 

consequen t ly  t h e  t e r m :  

h a s  been added t o  t h e  e q u a t i o n s  ( 4 1 ) ,  (42)  . 





T h e  r e s u l t s  of t h e  e x p e r i m e n t s  p e r f o r m e d  f o r  t h e  s i m p l i f i e d  

m o d e l  w i t h  t h e  s u n l i g h t  effects  and w i t h  t h e  p a r a m e t e r s  t aken  

f r o m  T a b l e  1 ,  a r e  s h o w n  i n  T a b l e  4 .  

T a b l e  4 .  Q u a l i t y  Index V a l u e s  f o r  t h e  S i m p l i f i e d  M o d e l s  w i t h  
Sus t a ined  S u n l i g h t  E f f e c t  Incorporated 

QV.T.BOD 

QV.T.DO 

m . s q . t .  
BOD 

m . s q . r .  
DO 

r 

Dx 
l k m 2 /  

1 day1 

m . s q . r .  
BOD 1 0 . 2 0 5  0 . 1 4 7  0 . 1 1 2  0 . 1 0 3  0 . 1 0 4  0 . 2 1 5  

m . s q . r .  
BOD 1 

S i m p l i f i e d  M o d e l  w i t h  Sus t a ined  S u n l i g h t  1 

E f f e c t  Incorporated 
n d i m  =. 1 ,  !L = 5 0  k m  

1 

M o d e l  
* I 

I1 i 

Q u a l i t y  
Indexes 

'QV.T.EOD = average r a t i o  of BOD r e s i d u a l  = average r a t i o  of 
BOD residual/average of m e a s u r e d  BOD. 

k3 - 
0 . 1  0 . 2 5  0 . 4  0 . 5  0 . 6  1  . O  

m . s q . r . B O D = m e a n  square r a t i o  of BOD r e s i d u a l  = m e a n  square of 
BOD r e s i d u a l / m e a n  square of m e a s u r e d  BOD. 

* 
M o d e l  w i t h  " sus t a ined  s u n l i g h t  e f fec t"  incorporated ( B e c k ,  1 9 7 8 )  



I t  i s  e a s y  t o  see from Tab le  4 ,  t h a t  t h e  b e s t  model f i t  can  

2  
be  o b t a i n e d  f o r  k3 = 0.4 ,  Dx = 30 km /day. I n  t h i s  c a s e  t h e  

v a l u e s  o f  t h e  q u a l i t y  i ndexes  a r e  b e t t e r  t h a n  i n  t h e  c a s e  o f  

t h e  model w i th  t h e  s u s t a i n e d  s u n l i g h t  e f f e c t s  i n c o r p o r a t e d  a s  

proposed by Beck ( 19 7  8) . 

10. FREQUENCY ANALYSIS 

L e t  us c o n s i d e r  t h e  i n p u t  s i g n a l s ,  i . e . ,  BOD and DO c o n c e n t r a t i o n s  

measured a t  B a i t ' s  B i t e  l o ck .  Using t h e  F o u r i e r  expans ion  

a lgo r i t hm,  w e  can  de te rmine  how many harmonic components must 

be  t aken  i n t o  accoun t  t o  o b t a i n  50%,  7574, and 90% o f  t h e  s i g n a l  

energy  c o n t a i n e d  i n  t h e  f requency  band. The r e s u l t s  o f  t h e  

F o u r i e r  expans ion  f o r  bo th  i n p u t  s i g n a l s  a r e  shown i n  Table  5 .  

On t h e  o t h e r  hand,  w e  shou ld  c o n s i d e r  t h e  f requency  c o r r e s -  

ponding t o  t h e  f i r s t  p o l e  o f  t h e  sys tem (see e q u a t i o n s  (53)  , (54)  , 

and (57)  ) . Thi s  f requency  f o r  Dx = 30 km2/day, % = 50 km and t h e  

v a l u e s  o f  t h e  o t h e r  pa r ame te r s  t a k e n  from Tab le  1  i s  equa l  t o  

T i m e  c o n s t a n t s  co r r e spond ing  t o  t h e  f i r s t  two p o l e s  o f  t h e  

2  
r e s u l t i n g  model (Dx  = 30 km /day) a r e  e q u a l  

Os = 1.70 [ d a y ] ,  Oc = 2.27 [day] . 

By comparing t h e  BOD and DO ( i n p u t )  s i g n a l  f requency  bands 

w i th  t h e  f requency  co r r e spond ing  t o  t h e  f i r s t  p o l e  o f  t h e  r e s u l t i n g  

model (D, = 30 km2/day) , w e  can conclude t h a t  t h e  s i g n a l  f requency 

bands a r e  s m a l l e r  o r  comparable w i t h  t h e  f requency  cor responding  

t o  t h e  f i r s t  ? o l e  o f  t h e  r e s u l t i n g  model (see F i g u r e s  16 and 17) . 
I n  F igu re s  16 and 17,  t h e  dependence o f  t h e  f i r s t  two p o l e s  on 

t h e  v a l u e s  o f  t h e  d i s p e r s i o n  c o e f f i c i e n t  i s  shown. I t  can  be  s een  
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Table  5. R e s u l t s  o f  F o u r i e r  Expansion o f  I n p u t  S i g n a l s  

t h a t  f o r  a  r a t h e r  b road  range  of  v a l u e s  f o r  t h i s  c o e f f i c i e n t  

2 2 
Dx < 20 km /day o r  Dx > 60 km /day,  t h e  sys tem dynamics c a n  b e  

n e g l e c t e d ;  i n  o t h e r  words, t h e  f i r s t  o r d e r  model s h o u l d  b e  s u f -  

2 2 f i c i e n t l y  a c c u r a t e  f o r  20 km /day < Dx < 60 km /day.  On t h e  o t h e r  

hand,  t a k i n g  i n t o  a c c o u n t  t h e  r e s u l t s  p r e s e n t e d  i n  Tab le  2, n o t i c e  

t h a t  t h e  q u a l i t y  i n d e x e s  f o r  a  s t a t i c  model a r e  a  l i t t l e  b i t  

worse t h a n  f o r  t i le s i m p l i f i e d  model w i t h  one i n e r t i a  term, 

a l t h o u g h  t h e y  a r e  b e t t e r  t h a n  q u a l i t y  i n d e x e s  f o r  Model I o f  

Beck (1978). 

i I n p u t  
1 S i g n a l  

Number o f  
Harmonic 
component 

K 

L i m i t  Frequency 
Band o f  I n p u t  

S i g n a l  
~ I I  

[rd/dayl  - 
Tk 

78 

39 

26 

7.8 

3.12 

2.36 

4.33 

2.69 

2.17 

Energy % 
O f  Input 

S i g n a l  

0.08 

0.16 

0.24 

0.81 

2.01 

2.66 

1.45 

2.34 

2.90 

I 

1 

2 

3 

Tk [day]  

P e r i o d  o f  
~ - t h  corn- 

ponen t  

1 

50 % 

75% 

90% 

50% 

75% 

90% 

BOD 

DO 

I 
I 

10 

25 

33 

18 

29 

36 
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Figure  17. Comparison of DO I n p u t  S igna l  Frequency Band with 
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Le t  us a l s o  compare t h e  ga in  c o e f f i c i e n t  va lues  f o r  t h e  

dynamic p a r t  and f o r  t h e  p r o p o r t i o n a l  term of  t h e  s i m p l i f i e d  model 

( s e e  Table 6 ) .  We can s e e  t h a t  corresponding t o  t h e  f i r s t  two 

i n p u t s ,  t h e  ga in  c o e f f i c i e n t s  a r e  more than  twice  a s  l a r g e  f o r  

t h e  p r o p o r t i o n a l  terms a s  f o r  t h e  dynamic p a r t  of t h e  model. 

These r e s u l t s  i l l u s t r a t e  t h e  p o i n t  t h a t  t h e  p r o p o r t i o n a l  terms 

( s e e  equa t ions  ( 6  1 )  and ( 6 2 )  have fundamental i n f l u e n c e  on model 

accuracy.  

Compare now t h e  models developed by Beck ( 1978) and t h e  

2 
s i m p l i f i e d  model f o r  Dx = 30 km /day, t a k i n g  i n t o  account  t h e i r  

parameters .  The r e s u l t s  a r e  summarized i n  Table 6. From t h i s  

comparison, it i s  obvious t h a t  t h e  ga in  c o e f f i c i e n t s  have s i m i l a r  

va lues  f o r  bo th  models ( a  l i t t l e  b i t  s m a l l e r  f o r  t h e  s i m p l i f i e d  

model wi th  Dx 30 km2/day). The t i m e  c o n s t a n t s  a r e  a l s o  very 

c l o s e ,  a l though i n  Model I1 i n  Beck's  paper ,  they a r e  a  l i t t l e  

b i t  sma l l e r .  The b a s i c  d i f f e r e n c e  a r i s e s ,  however, i n  t h e  shape 

of  t h e  frequency c h a r a c t e r i s t i c  caused by t h e  d i f f e r e n t  s t r u c t u r e  

of  t h e  models. These c h a r a c t e r i s t i c s  a r e  s chema t i ca l ly  p resen ted  

i n  F igure  18. The frequency c h a r a c t e r i s t i c  of t h e  s i m p l i f i e d  

model, which i n  f a c t  i s  t h e  p a r a l l e l  connect ion of  one i n e r t i a  

t e r m  and p r o p o r t i o n a l  t e r m  ( s e e  Figure  5 )  has  one po le  and one 

zero,  whereas Model I1 i n  Beck's paper c o n t a i n s  on ly  one po le .  

I t  i s  necessary  t o  p o i n t  o u t ,  however, t h a t  w i t h i n  t h e  frequency 

band of  i n t e r s s t ,  t h e s e  c h a r a c t e r i s t i c s  a r e  very c l o s e .  

Computation has  been done us ing  t h e  s tandard  v e r s i o n  o f  t h e  

f o u r t h  o r d e r  Runge-Xutta a lgo r i t hm from t h e  SSP l i b r a r y .  The 

s imu la t ion  program was w r i t t e n  us ing a  s p e c i a l i z e d  s imu la t ion  

package ( s e e  Computing a t  I I A S A  No.2) s p e c i a l l y  developed f o r  

t h i s  purpose. Sums of t h e  Four i e r  s e r i e s  have been c a l c u l a t e d  

by Eule r  t r ans fo rma t ion ,  which i s  r e a l i z e d  by sub rou t ine  TEUL 

from t h e  SSP l i b r a r y .  



T a b l e  6 .  Comparison o f  Gain C o e f f i c i e n t  V a l u e s  and  T i m e  
C o n s t a n t  Va lues  i n  t h e  R e s u l t i n g  S i m p l i f i e d  
Model and  i n  Beck ' s  Model 

I n p u t s  t o  BOD 
e q u a t i o n  

and 
DO e q u a t i o n  

BOD i n  BOD e q .  

DO i n  DO e q .  

BOD i n  DO e q .  

1 ( t )  i n  DO e q .  

T i m e  C o n s t a n t s  

'BOD 

'DO 

The Gain  C o e f f i c i e n t s  i n  
t h e  R e s u l t i n g  S i m p l i f i e d  

Elodel Dx = 30 km2/day 

Dynamic P r o p o r t i o n a i  Resul -  
P a r t  T e r m s  t a n t  

Gain  

0 . 1 2 0  0 .534  0 .654  

0 .171  0 .580  0 .751  

0 .087  0 .247  0 .334  

0.290 0.399 0.689 

1.70 

2.27 

The Gain  C o e f f i -  
c i e n t s  i n  Model 

I1 
(Beck and  Young, 

1975 )  

1  . O  

1  .0  

0 .378  

1 .183  

1 .18  

1.18 



Model I G, = 
ks 

1 +8,* jw 

-, ,-- 
k s ~  + ksp 

The Simplified Model G, = (kSD + kSp) 
1 +O, jw 

F i g u r e  18.  Frequency C h a r a c t e r i s t i c s  f o r  BOD I n p u t ,  BOD 
O u t p u t  T r a n s m i t t a n c e s .  

- 

k, - g a i n  c o e f f i c i e n t  i n  Model I (Beck, 1978)  
- g a i n  c o e f f i c i e n t  o f  Dynamic P a r t  o f  S i m p l i f i e d  

ksa Model 
k  - g a i n  c o e f f i c i e n t  o f  P r o p o r t i o n a l  Te rm o f  

SP S i m p l i f i e d  Model 
3 - t i m e  c o n s t a n t .  s 



APPENDIX 

By u s i n g  t h e  s e p a r a t i o n  o f  v a r i a b l e s  method (SVM), a  l i n e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  second o r d e r  can  b e  reduced t o  

a  se t  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  T h i s  method i s  d e s c r i b e d  

by P o r t e r  (1966) a s  a  g e n e r a l  c a s e .  

W e  t h e n  d e s c r i b e  SVM f o r  t h e  d i f f u s i o n  e q u a t i o n  w i t h  t h e  

c o n s t a n t  c o e f f i c i e n t  

as 2 
- = D x a  a t  a + f ( x , t )  2 (A1 1 

w i t h  boundary c o n d i t i o n s ,  

and i n i t i a l  c o n d i t i o n ,  



Cons ide r  e q u a t i o n  (Al)  w i t h  f  = 0 .  A s o l u t i o n  t o  t h i s  

e q u a t i o n  ( a u x i l i a r y  c o n d i t i o n s )  i n  t h e  form 

i s  assumed t o  e x i s t ,  when X,T a r e  s c a l a r  va lued  f u n c t i o n s  o f  a  

s i n g l e  v a r i a b l e .  By s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  e q u a t i o n  

(Al)  w i t h  f  = 0 and d i v i d i n g  i t  by s ( x , t ) ,  w e  o b t a i n  

where t h e  n o t a t i o n  

i s  used.  

Cons ide r  e q u a t i o n  ( A 6 ) .  The l e f t s i d e  i s  indenenden t  of  x  and 

t h e r i g h t  s i d e  i s  independen t  of  t. So t h e  c o n c l u s i o n  i s  t h a t  b o t h  

s i d e s  a r e  c o n s t a n t .  Hence, f o r  t h e  s c a l a r  X e q u a t i o n  (A61 i s  

r e p l a c e d  by two o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

I f  t h e  f u n c t i o n  s s a t i s f i e s  a u x i l i a r y  c o n d i t i o n s ,  t h e n  T and X 

must i n h e r i t  e q u i v a l e n t  c o n s t r a i n t s .  During t h e  f i r s t  s t a g e  we 

c o n s i d e r  t h e  c a s e  o f  homogenous boundary c o n d i t i o n s ,  t h i s  means 

= $, = 0 .  The e q u i v a l e n t  boundary c o n d i t i o n s  on  X a r e  

To s o l v e  t h e  o r i g i n a l  problem, w e  must l o c a t e  t h o s e  v a l u e s  {An} 

f o r  which e q u a t i o n s  (A8) ,  (A9) have s o l u t i o n s  {xn1 and 



a s s o c i a t e d  s o l u t i o n s  {T,} f o r  e q u a t i o n  (A7) .  A l i n e a r  combina- 

t i o n  CCn Xn Tn must be  c o n s t r u c t e d  t o  s a t i s f y  e q u a t i o n  (All  

and t h e  sys tem i n i t i a l  c o n d i t i o n s .  

The s o l u t i o n  o f  e q u a t i o n  (A81 i s  g i v e n  by 

Taking i n t o  c o n s i d e r a t i o n  t h e  boundary c o n d i t i o n s  o f  (A9) ,  w e  can  

compute C 1 ,  C 2  i n  e q u a t i o n  (A10).  A s  a  r e s u l t  we o b t a i n  C1 = 0 ,  

C 2  # 0  a n d t h e  e i g e n v a l u e s  a r e  e q u a l  t o  

The e i g e n f u n c t i o n s  b e i n g  t h e  s o l u t i o n s  f o r  e q u a t i o n s  (A8) ,  ( ~ 9 )  

a r e  o f  t h e  f o l l o w i n g  form 

nilx x n ( x )  = C 2  I n  = 1 , 2 ,  .... 

~t i s  e a s y  t o  n o t i c e  t h a t  t h e  e i g e n - f u n c t i o n s  o f  (A12) c r e a t e  t h e  

o r t h o g o n a l  b a s i s  i n  t h e  L 2 ( O I R )  s p a c e  ( f o r  s i r p l i c i t y  w e  can  assume 

c2 = 1 ) .  

Each f u n c t i o n  

s a t i s f i e s  e q u a t i o n  ( A 1  ) w i t h  boundary c o n d i t i o n s  (A2) , (A31 . 
From t h e  l i n e a r i t y  o f  problem (Al)  it f o l l o w s ,  t h a t  t h e  f u n c t i o n  

can  a l s o  s a t i s f y  e q u a t i o n  (Al)  w i t h  t h e  c o n d i t i o n s  i n  ( A 2 )  , (A3) , 

( A 4 ) ,  i f  t h e  expans ion  i n  (A141 converges .  



Not ice  t h a t  e q u a t i o n  (A141 r e p r e s e n t s  a  F o u r i e r  series expan- 

s i o n  ( i n  x )  f o r  t h e  f u n c t i o n  s ( x . t )  . The c o e f f i c i e n t s  o f  t h i s  

expans ion  have t h e  form 

I n t e g r a t i n g  t h e  r i g h t  s i d e  of  e q u a t i o n  (A15) by p a r t s ,  w e  

o b t a i n  

2 n  nIIx 
T n ( t )  = - n*II 

f o r  n=1,2 ,  .... 

Once more, i n t e g r a t i n g  

nIIx c o s  

by p a r t s ,  w e  o b t a i n  

nIIx nIIx 1" s i n ( T ) d ~  . -- c o s  (-)dx = - - (A1 7 )  
R n*II 

P. ;x 

f o r  n=1,2 ,  .... 
NOW w e  c an  compare e q u a t i o n  (A1 7)  and e q u a t i o n  (A16) 

f o r  n=1,2 ,  .... 



Comparing equa t ions  ( A 1 8 )  and ( A l l  w e  conclude t h a t  

D i f f e r e n t i a t i n g  equa t ion  ( A 1 5 )  i n  t we g e t  

From a  comparison of equa t ions  ( A 1 9 )  and ( A 2 0 )  it fo l lows  t h a t  

expansion c s e f  Z i c i e n t  T ( t )  must s a t i s f y  tile fo l lowing  equa t ion :  n  

where 

The i n i t i a l  c o n d i t i o n s  can be ob ta ined  i n  a  s i m i l a r  way 

Summarizing, t h e  i n f i n i t e  s e t  of  o r d i n a r y  d i f f e r e n t i a l  equa t ions  

( A 2 1 )  t oge the r  wi th  t h e  i n i t i a l  cond i t i ons  i s  e q u i v a l e n t  t o  t h e  

d i s t r i bu t ed -pa rame te r  boundary-value problem (A1 ) - ( A 4  ) . 
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