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ABSTRACT

The COVID-19 pandemic has devastated lives and economies around the world. Initially a primary re-
sponse was locking down parts of the economy to reduce social interactions and, hence, the virus’ spread.
After vaccines have been developed and produced in sufficient quantity, they can largely replace broad
lock downs. This paper explores how lockdown policies should be varied during the year or so gap be-
tween when a vaccine is approved and when all who wish have been vaccinated. Are vaccines and lock-
downs substitutes during that crucial time, in the sense that lockdowns should be reduced as vaccination
rates rise? Or might they be complementary with the prospect of imminent vaccination increasing the
value of stricter lockdowns, since hospitalization and death averted then may be permanently prevented,
not just delayed? We investigate this question with a simple dynamic optimization model that captures
both epidemiological and economic considerations. In this model, increasing the rate of vaccine deploy-
ment may increase or reduce the optimal total lockdown intensity and duration, depending on the values
of other model parameters. That vaccines and lockdowns can act as either substitutes or complements
even in a relatively simple model casts doubt on whether in more complicated models or the real world
one should expect them to always be just one or the other. Within our model, for parameter values re-
flecting conditions in developed countries, the typical finding is to ease lockdown intensity gradually after
substantial shares of the population have been vaccinated, but other strategies can be optimal for other
parameter values. Reserving vaccines for those who have not yet been infected barely outperforms sim-
pler strategies that ignore prior infection status. For certain parameter combinations, there are instances
in which two quite different policies can perform equally well, and sometimes very small increases
in vaccine capacity can tip the optimal solution to one that involves much longer and more intense
lockdowns.

© 2023 The Author(s). Published by Elsevier B.V.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

* Corresponding author.

1. Introduction
1.1. Motivating question and countries’ policies to date

The COVID-19 pandemic has been devastating for health and
livelihoods. Millions died; more than one hundred million lost
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concentrated among older populations. Hence, most of the eco-
nomic dislocation comes not directly from death and disease but
rather from efforts to stem transmission.

Some measures, such as wearing masks and having knowledge
workers telecommute, are relatively painless, but most govern-
ments also 'locked down’ varying proportions of their economies.
Lockdowns are expensive in terms of lost economic output and
lost freedom to travel, and only a handful of countries succeeded
in avoiding widespread infection altogether until the majority had
been vaccinated.

Vaccines are relatively cheap and confer at least partial immu-
nity for a period of time. Several were invented, tested, and ap-
proved in record-breaking time, but it took approximately 6 — 24
months (depending on the country) to produce and distribute
enough to vaccinate everyone who wants it.

That raises the question of what should happen to lockdown
intensity during a vaccine roll out. Put differently, the response
to COVID-19 or any subsequent viral pandemic may have (at
least) three phases. In phase I, the response is limited to non-
pharmacological interventions (NPI), notably lockdowns. In phase
11, widespread vaccination lets economic, social and travel activity
return close to normal. In between, there is a crucial intermediate
phase during which nations needs to figure out how to balance
lockdowns and vaccination.

Even before vaccines were developed, most countries adjusted
lockdown intensity up and down in response to changing con-
ditions, trying to strike some balance between economic hard-
ship and infection. Intuitively, increasing rates of vaccination
ought to affect that balancing, but it’s not immediately clear
how.

At least two arguments spring to mind, albeit pointing in oppo-
site directions. One is that since vaccination removes people from
the pool of susceptibles, thereby reducing the epidemic’s effec-
tive "reproductive rate” if all else were held equal (Adam (2020)),
one can relax the lockdown commensurately without triggering a
resurgence. That approach views vaccines and lockdowns as sub-
stitutes; as vaccines arrive, they ease up on lockdowns.

Another view is that harsh lockdowns might not be feasible
or desirable for decades on end, but if full vaccination is right
around the corner, it would be foolish to risk getting sick now.
Sticking with stiff lockdowns just a little longer might prevent
death or lifelong complications of “long COVID”. According to that
view, vaccines and lockdowns can be complements. The vaccine in-
creases the appeal of a strict lockdown that would otherwise be
prohibitively long and expensive.

The stakes in this balancing are high. Total years of life lost in
developed countries is approximately two to nine times that of the
typical year of seasonal flu (Arolas et al. (2021)). A June 2021 Con-
gressional Research Service report put that global total in just the
first year or so at 3.7 million deaths, lost work equivalent to 255
million full-time jobs, 95 million more people living in extreme
poverty and 80 million more people malnourished because of the
combined effects of COVID-19 infections and lockdowns (Jackson,
Weiss, Schwarzenberg, & Nelson (2021)).

Auld & Toxvaerd (2021) approach this question empirically, de-
scribing what countries actually did. They find substitution: coun-
tries that rolled out vaccines quickly relaxed their lockdown poli-
cies faster than did countries that rolled out vaccines slowly, al-
though not so much as to override the health-protecting effects of
vaccination.

We think the history is a bit more complicated. Fig. 1 plots the
average lockdown intensity vs. proportion of the population that
had been vaccinated to date using data from OurWorldInData.org.
It is a vector field with an arrow for each country showing how
those quantities changed between April and August, 2021 for a
range of countries distinguished by their income level.
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The horizontal axis measures the proportion of the population
that is fully vaccinated plus 0.5 times those who are partially vac-
cinated (so two partially vaccinated people is equivalent to one
fully vaccinated). The vertical axis is the average lockdown inten-
sity over the preceding four months (averaging is preferred since
the current month’s lockdown intensity can be affected by partic-
ular outbreaks).

Whereas Auld & Toxvaerd (2021) find only substitution and we
find below that countries should dynamically adjust lockdowns as
vaccination expands, the flatness of most arrows in Fig. 1 suggests
that most countries maintained a relatively stable lockdown inten-
sity over this period. A few arrows point down, consistent with
substitution, but there are almost as many up as down arrows on
the left side of the graph (places that had barely started vaccina-
tion).

These descriptive historical data are interesting, but countries
may or may not have behaved optimally for COVID-19, and the
world may be challenged by other pandemics in the future. That
makes it desirable to investigate this question within a prescrip-
tive framework.

Hence, we investigate a simple dynamic optimization model of
the epidemic’s spread and resulting health and economic costs. The
analysis starts with time O being the moment when the vaccine
has been approved. The decision maker can then modulate lock-
down intensity up or down as vaccinations are deployed.

We find that even within this relatively simple model, it can
be sensible for lockdowns and vaccinations to co-exist, although
there is not a monotonic relationship between lockdowns and vac-
cines either over time or in total. Sometimes it is optimal to ease
lockdowns steadily as vaccination progresses, but sometimes it
is optimal first to increase lockdown stringency for a time, and
only begin reducing it later. Likewise, there are conditions un-
der which expanding vaccine production capacity reduces the to-
tal lockdown effort, and conditions when the opposite is true.
Section 4 investigates this analytically, and shows that when vacci-
nation proceeds sufficiently slowly, there is a complementary rela-
tionship, and when vaccination proceeds sufficiently fast, they are
substitutes. Numerical examples in Section 5 confirm that and find
other surprises, including situations with multiple optimal solu-
tions, times when it makes sense to "allow” some of the popula-
tion to get infected before imposing strict lockdowns, and even in-
stances in which expanding vaccination capacity slightly increases
rather than reduces COVID-19 deaths under the optimal policy.
Much depends on the parameter values and initial conditions (i.e.,
the state of the epidemic at the time the vaccine is approved), but
in ways that support sensible economic interpretation.

2. Literature review

The literature on COVID-19 is vast. We confine ourselves to
discussing some prescriptive societal-level dynamic optimization
models that address at least two of the following three topics:
COVID-19, lockdowns, and vaccination. For the papers on COVID-
19 and lockdown we only concentrate on some of the first papers.
An overview of the considered literature can be found in Table 1,
where we characterize the papers by the type of model, the con-
trol instruments and whether vaccination and lockdowns are found
to complement or substitute each other (if applicable).

Papers in which lockdowns and vaccination are simultaneously
considered as controls are still scarce. Most papers have focused
either on vaccination or lockdowns, but not on both. At the be-
ginning of COVID-19 pandemic, the first set of papers modeled the
optimal start and end time of a lockdown and assumed that the
intensity of the lockdown was constant (Bosi, Camacho, & Des-
marchelier, 2021; Caulkins et al., 2020). Bosi et al. (2021) show that
the intensity of the lockdown depends on the degree of altruism
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Fig. 1. Change of lockdown stringency (vertical axis) and proportion vaccinated (horizontal axis) over four months in 2021. Source: Authors’ calculations using Hannah
et al. (2020). Each arrow is associated with a single country. The color of the arrow represents the income level of the country according to the World Bank income level

classification.

Table 1

Summary of the literature on COVID-19.
Reference Epidemiological model ~ Optimal policies/Controls Complementarity

Lockdowns  Vaccination  vs. sustitutability

Acemoglu et al. (2020, 2021) Heterogeneous SIR v Complements
Alfaro et al. (2020) Heterogeneous SIR v
Alvarez et al. (2021) SIR v Complements
Aspri et al. (2021) SEAIRD v
Bosi et al. (2021) SIS v
Buratto et al. (2022) SIR v v Complements
Caulkins et al. (2021, 2022) SLIR v
Caulkins et al. (2020) SIR v
Eichenbaum et al. (2022) SIR v Complements
Farboodi et al. (2021) Heterogeneous SIR v
Federico et al. (2022) SIRS v
Federico & Ferrari (2021) SIR v
Freiberger et al. (2022) Heterogeneous SIR v
Fu et al. (2021) SIR v
Fu et al. (2022) SIRV v v Complements
Garriga et al. (2022) SIRSV v v Complements
Giagheddu & Papetti (2023) Heterogeneous SIR v Complements
Gonzalez-Eiras & Niepelt (2020)  SIR v Complements
Hsu et al. (2020) Heterogeneous SIR v
Huberts & Thijssen (2023) SIR v
Jones et al. (2021) SIR v
Kaplan et al. (2020) SEIR v
Libotte et al. (2020) SIR v
Mak et al. (2022) Heterogeneous SEIR v
Makris (2021) Heterogeneous SIR v
Piguillem & Shi (2022) SEIR v Both
Rao & Brandeau (2021, 2022) Heterogeneous SIR v

in a society. Caulkins et al. (2020) show, using the valuation of life
by a decision marker, that the overall performance of an eradica-
tion strategy and a curve flattening strategy can be the same under
certain conditions.

Various models started including the possibility of several full
lockdowns (Huberts & Thijssen, 2023) or that the lockdown in-
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tensity could vary over time. For instance, Aspri, Beretta, Gandolfi,
& Wasmer (2021) determine the optimal end of lockdowns of an
economy and distinguish different optimal policies related to how
much life is valued. The authors find testing of particular impor-
tance for reducing mortality with only mild economic losses. Sim-
ilar results as those presented by Aspri et al. (2021) are found
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by Eichenbaum, Rebelo, & Trabandt (2022) in a SIR-macro model
with different degrees of disutility for social distance. Alfaro, Faia,
Lamersdorf, & Saidi (2020) also shows that the intensity of the
lockdown and its evolution over time depend on social prefer-
ences (i.e., the degree of altruism, patience, etc.). Jones, Philippon,
& Venkateswaran (2021) include the possibility of working from
home and show that a social planer will reduce the number of fa-
talities more than if decisions about social distance are made by
households, though at the expense of a sharper drop in consump-
tion.

Caulkins et al. (2021, 2022) confirm that decision makers with
similar preferences can prefer dramatically different lockdown
strategies, extending Caulkins et al. (2020) by studying the op-
timal lockdown intensity and including lockdown fatigue effects.
Federico & Ferrari (2021) identify the optimal lockdown inten-
sity for different phases of a pandemic, where the transmission
rate evolves according to a stochastic differential equation. Makris
(2021) consider the social distance (i.e. the lockdown) as individual
decision in a non-cooperative game.

Fu, Xiang, Jin, & Wang (2021) allow for the possibility of im-
posing a different lockdown to susceptible and infected people.
Kaplan, Moll, & Violante (2020) study the costs associated with
lockdowns across individuals working in different economic sec-
tors and how to distribute the costs. Freiberger, Grass, Kuhn, Seidl,
& Wrzaczek (2022) determine the optimal target transmission rate
of the disease (which is influenced by social distancing measures
such as isolation and lockdowns) and the optimal testing efforts in
a model that accounts for different population groups or regions.
Lockdowns in context of multiple regions are also studied in Hsu,
Lin, & Yang (2020), which show that lockdown policies may differ
across countries and may lead to different welfare effects depend-
ing on the epidemiological situation.

Various authors have started to introduce the possibility of a
vaccine arrival exogeneously into models with optimal lockdown
strategies. Some examples are Acemoglu, Chernozhukov, Wern-
ing, & Whinston (2020, 2021); Alvarez, Argente, & Lippi (2021);
Farboodi, Jarosch, & Shimer (2021); Giagheddu & Papetti (2023);
Gonzalez-Eiras & Niepelt (2020); Piguillem & Shi (2022) which in-
vestigate the consequences of different vaccine arrival times, which
is frequently modeled through a Poisson process, on the strength
of the lockdown. In many of these models, once that the vac-
cine is made available, it is assumed that all individuals are vac-
cinated and the pandemic is over. They find that an earlier arrival
of the vaccine implies a stringent lockdown, which Acemoglu et al.
(2020) denote as “wait-for-the-vaccine” effect and Alvarez et al.
(2021) denote this effect as “dynamic complementarity”. Buratto,
Muttoni, Wrzaczek, & Freiberger (2022) also address a similar
question with a stochastic arrival time of a vaccine. They find that
at the time when the vaccine becomes available, the lockdown in-
tensity is intensified discontinuously, which is a result of the ad-
ditional possibility for susceptibles to obtain protection against the
disease. However, Piguillem & Shi (2022) also find that the impact
of the vaccine arrival may have a non-monotonic effect on lock-
downs. In particular, if vaccines are either not expected or they are
expected to arrive immediately, the optimal strategy is not to use
lockdowns, while if vaccines are expected in the near future they
find that stringent lockdowns can also be optimal.

Another set of models considers that only the vaccination rate
can be optimally decided. For instance, Libotte, Lobato, Platt, &
Silva Neto (2020) consider an optimal control model where the
control is the vaccination rate and the objective is to minimize the
number of infected individuals as well as the amount of vaccines
used. Rao & Brandeau (2021, 2022) include heterogeneous agents
and additional objectives such as minimizing deaths or the quality-
adjusted life years lost. Federico, Ferrari, & Torrente (2022) solve
an optimal vaccination problem in which immunized individuals
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can become susceptible. Mak, Tiglong, & Tang (2022) analyze the
inventory dynamics associated with rolling out a COVID-19 vaccine
that requires two doses to be spaced apart by a fixed time interval.
However, neither Mak et al. (2022), Federico et al. (2022); Rao &
Brandeau (2021, 2022), nor Libotte et al. (2020) deal with whether
vaccination should replace or complement a lockdown.

Closer to our paper are Fu, Jin, Xiang, & Wang (2022) and
Garriga, Manuelli, & Sanghi (2022), which analyze the impact of
vaccines on lockdown policies and hence whether lockdowns and
vaccines are complements or substitutes. Fu et al. (2022) consider
an optimal control problem in which the policy maker optimizes
lockdown intensity while recognizing that takes time to vaccinate
the population. They find it necessary to establish a lockdown
upon vaccine arrival, however, the lockdown should gradually be
relaxed as vaccination expands. Garriga et al. (2022) design a dy-
namic macro model in which a lockdown decreases output but re-
duces infections within a standard SIR model with endogenously
chosen vaccination rates. Our model differs from Garriga et al.
(2022) in that we force the decision maker to grapple with limi-
tations in intensive care capacity. While Garriga et al. (2022) find
that lower vaccination capacities lead to a less restrictive lockdown
policy, our results show that lockdown intensity and vaccination
can be substitutes, not just complements.

3. The model

The backbone of the present model is a so-called SIR model
(see Kermack & McKendrick (1927)) in which people with active
infections (denoted by state I(t)) spread the infection to those who
are susceptible (state S(t)) before moving on to a non-infectious or
‘recovered’ state. The familiar Bass model from marketing (com-
pare Bass (1969)) is very similar, with early adopters of a new
product ’infecting’ others through word of mouth or ’viral’ spread
of new product adoption.

We adapt the COVID-19 SIR model presented in Caulkins et al.
(2021) in two ways. First, there are now two distinct ways for
someone to be 'recovered’. One, denoted R;(t), is for people who
have already been infected before time ¢ but not vaccinated. The
second, R,(t), is for people who have been vaccinated. It is pos-
sible for someone who has recovered in the first sense to then
be vaccinated, in which case they move from state R;(t) to state
Ry (t).

Second, for simplicity, we do not consider the possibility that
the population rebels and undermines lockdown restrictions, re-
ferred to as lockdown fatigue in Caulkins et al. (2021). Thus, the
instantaneous effectiveness of locking down is assumed to be de-
termined by its current intensity and is independent of its past his-
tory.

3.1. Control variables

The key time-varying policy variable is y (t), the proportion of
the economy that is allowed to operate, i.e., that is not 'locked
down’. This proportion is allowed to move continuously between 0
and 1 (0 means full lockdown, 1 means no lockdown). In practice,
lockdowns tend to be chunky. E.g., restaurants may be restricted
to delivery and take-out or they may allowed also to operate in-
person dining at 25%, 50%, 75% or full capacity. That is only five
options, not a continuum. However, restaurant restrictions can be
applied to just some jurisdictions within the country and not oth-
ers, and they can be mixed and matched with similar restrictions
on other industries. Considering all of those many combinations, it
is not unreasonable to view the extent of locking down as a con-
tinuously varying control variable.

Having big parts of the economy shut down is costly, but ad-
justing rates of employment takes time and is costly too. That is,
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Table 2
Notation.

Control variables:

Lockdown intensity adjustment u(t)
State variables:

Susceptibles S(t)
Infected I(t)
Recovered from infection Ry (t)
Vaccinated Ry (t)
Proportion of economy that is not 'locked down’  y (t)
Functions:

Infection rate By (@)
Lockdown adjustment costs Vi (u(t))
Economic costs Vi(W (), y(t))
Health costs Vi ((t))
Residual economic costs at time T S(X(T))

bouncing back and forth between having 10 or 30% percent of the
economy shut down is more costly than maintaining a steady 20%
lockdown. So rather than setting y (t) directly, it is adjusted by the
control variable u(t), which is costly to employ.

As in Caulkins et al. (2021), we make those costs quadratic (so
rushed changes are more costly than slow and steady adjustments)
and allow re-opening activity to be more difficult (costly) than
closing down. Here, though, both costs are only one-tenth as large
as in our previous papers.! This permits y (t) to adjust quickly so
the specific value chosen for y (0) is not terribly important.

2
Va(u(0)) = {22‘,28

In general, ¢; and ¢, can differ, meaning that increasing or relaxing
the lockdown can involve different costs.

The lockdown affects economic output (discussed below) and
decreases the SIR model’s infection rate 8 through some combina-
tion of fewer contacts (e.g., people staying home) and lower risk
of infection per contact (e.g., because of rules requiring minimum
separation distances). The infection rate is assumed to be decreas-
ing and convex with respect to the intensity of the lockdown, since
an intelligent social planner would close first those businesses that
generate the highest infection risks per unit of employment or
economic output (e.g. night clubs or large public events might be
closed first). A simple functional form that captures this idea is:

By)=py’. B1>006>1 )

In theory this equation permits the social planner to eliminate
all transmission by shutting down the entire economy (i.e., push-
ing y down to 0), which may not be realistic since various essen-
tial services must continue to operate. That might suggest a need
to place a rigid lower bound on how low y can become. However,
the diminishing returns in this relationship and the objective func-
tion make exceedingly low y suboptimal, even if they are formally
allowed. In practice, optimal trajectories tend to keep y above 0.5
or 0.6, which correspond to reducing transmission by two-thirds to
three-quarters, not driving it to 0.

Different countries were in different stages of the epidemic
when vaccines first became available, but with some notable ex-
ceptions (e.g., Australia, New Zealand) in many developed countries
between two (Germany) and seven (US) percent of the population
was already known to have been infected. Given how many cases
are asymptomatic or otherwise not recorded, we start the model
with ten percent of the population in the R; state. Also at that
time, the number of new cases detected per day was roughly in
the range of 20 (Canada and the EU) to 90 per 100,000 (in the

u() <0

u(t) >0 (1)

1 The parameters used in the present paper are summarized in Section 5, Table 3.
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US and UK).? That suggests initial rates of infection in the range
of 0.6% to 2.7%, assuming people remain in the I state for 15 days
and half of all infections are detected. So we set I(0) = 1.67%.

Having recovered from a past infection is at least partially
protective even if it does not confer full immunity. Hence, the
infection-minimizing strategy would focus vaccination on people
who are susceptible, and administer it to previously infected in-
dividuals in the R; state later. However, most countries did not
do this. So in our basic model vaccinations are randomly spread
across susceptible and those in the R; state. In a sensitivity anal-
ysis we explore how much better a country could do if it were to
prioritize vaccinating those who had not yet been infected.

We assume that the rate of vaccination is constrained by some
exogenous rate, b, that reflects physical limits on production and/or
distribution. We focus primarily on results for b large enough that
it does not take very long until substantially everyone could be
vaccinated. That time appears to have been on the order of six
months for Israel, the UK., U.S., Europe and some Gulf Arab states,
and as long as two years in some places, so we vary this parameter
in sensitivity analysis below.

The dynamic optimization continues through a fixed time hori-
zon T that is long enough for everyone in such countries to get
vaccinated; specifically, we set T = 1095 days, or three years. Some
sensitivity analyses will show results for smaller values of b, mean-
ing that the country’s own vaccine production capacity is insuf-
ficient to vaccinate everyone within 3 years. For those countries,
terminating the dynamic modeling after three years is equivalent
to assuming that at that point, some international body swoops
in and vaccinates everyone who is still susceptible. It is somewhat
artificial to model such a vaccine "end game” as happening instan-
taneously, but we are primarily interested in b values large enough
that this termination condition would not come into play.

Vaccines are extremely cheap compared to both the COVID-19’s
health harms and the economic harms created by lockdowns. In-
deed, vaccines are so cheap that their monetary costs are effec-
tively negligible for rich countries and poorer countries often re-
ceive them free or at subsidized rates.> Consequently, vaccination
costs are not considered and vaccination is never withheld; the
rate of vaccination continues at a pace of b until demand for vacci-
nation has been met. That happens at a time that is approximately
the reciprocal of b, but the total number of people who get vacci-
nated depends slightly on how many get infected and die, so the
exact end point of the dynamic optimization is not trivial to com-
pute a priori.

This approach ignores "vaccine hesitancy”. We of course under-
stand that not everyone will get vaccinated, but modeling in this
way does not assume that. It only assumes that enough people will
get vaccinated - or infected - that economy-wide lockdowns are
no longer optimal.

We do think there are interesting dynamic optimization ques-
tions that arise when a large proportion of the population is vac-
cine hesitant, including the issuing of "vaccine passports” and pos-
sibly opening some activities only to those who have been vacci-
nated, but those issues are not the focus here.

3.2. State equations

Infected individuals recover at rate o, which is the inverse of
the average dwell time in the infectious state, taken here to be 15
days. Since we assume an infection fatality rate (IFR) of 1% (dis-

2 https://91-divoc.com/pages/covid-visualization/

3 Vaccines cost about $40 per person. So vaccinating everyone in the United
States would cost about $40 % 330 million people = $13B, which is about the GDP
produced in 5—6 hours. Even partial lockdowns extended for months destroy
vastly more economic value than that.
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Table 3
Parameter values.
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Parameter  Value Description

o 0.066667 reciprocal of the 15-day average duration of the infection

B 0.13333 leading coefficient governing how lockdowns affect infection risk

0 2 exponent of lockdown efficiency in the infection risk term

v 2.7397e — 005  birth rate (1 percent per year as a daily rate)

i 2.7397e — 005 death rate not caused by COVID-19 (also 1 percent per year as a daily rate)

Uy 0.01 x« Daily rate of death for infected COVID patients, equal to an IFR of 0.01 x «

p 0.02311 probability that an infected person needs critical care

I 5000 parameter in the continuous approximation of the max-function

Imax 0.000176 capacity of intensive care units to treat COVID-19 patients

o 0.66667 labor elasticity in the Cobb-Douglas production function

K 1 coefficient of economic activity; it defines the units with which the objective
function is measured to be daily GDP per capita

M * social cost of a premature death due to COVID-19

& 0.03 daily death rate of infected individuals who receive critical care,
set equal to a 45% probabiliy times alpha to convert to a daily rate

& 0.036667 incremental death rate if ICU capacity is exceeded, set equal to 55% x «

q 100 parameter in adjustment costs representing the costs of shutting businesses down

Cr 500 corresponding adjustment cost parameter for the costs of reopening businesses

b * daily vaccination rate

T 365 constant in salvage value function

cussed below), that suggests including an outflow from the I state
due to COVID-19 deaths at a rate u; = 0.01/15. We also allow nat-
ural fertility and mortality at rates, v and w, of 1% per year.

COVID-19 deaths in the objective function are modeled using a
more sophisticated two-part function that recognizes an incremen-
tal death risk when hospitals’ critical care capacity is swamped.
That is omitted from the state dynamics for simplicity; COVID-19
deaths are sufficiently rare that it matters little whether this incre-
mental bump in COVID-19 death risk is modeled explicitly.

Because the planning horizon is relatively short, we do not con-
sider the possibility that recovered individuals may lose their im-
munity, i.e. there is no backflow from R; (t) or R, (t) to S(t).

As a result the model dynamics are (surpressing the time argu-
ment)

. SI bS
S = vN—,B(y)N

TSR

i= BNy~ (e
Ry =al— Slf;h — Ry
Ry =b— Ry
y=1u
B() =1+ B2y’
O<y()<1, WVt (3)

where Xy = (5(0),1(0), R1(0),R,(0), ¥ (0)) is a set of initial condi-
tions that correspond to the state of the epidemic when the vac-
cine is approved.

3.3. Objective function

As in Caulkins et al. (2021), the decision maker optimizes an
objective function which consists of i) lockdown adjustment costs
Vu(u(t)) (as stated in (1)), ii) economic costs, and iii) health costs.

Economic costs concern lost economic output. We assume pro-
duction obeys a Cobb-Douglas production function where capital
K is constant (since the time horizon is short) and o is the labor
share (set to %). It is assumed that infected people are sick or quar-
antined and so cannot work, i.e. in the absence of a lockdown, the
number of workers would be W(t) = S(t) + Ry (t) + Ry (t). Since
(1 -y (t)) denotes the proportion of the economy that is shut
down, W(t)y (t) is the number of people who are able to work.
That means that economic output at time t is KW (t)y (t).
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Since we assume the birth rate matches the death rate, v =
W, if there had never been an epidemic, the number of work-
ers would have been a fixed constant which without loss of gen-
erality is scaled to 1.0. There also would have been no reason
to lockdown, so the rate of production would have simply been
K. Thus the economic loss at any given time is V(W (t), y (t)) :=
K — KWe (t)y° (t).

Dynamic modeling of infections ends at time T, but there may
be residual economic costs that accrue beyond that time if the
economy is below full employment at time T. We model those as
being equal to the output gap at time T times a proportionality
constant T:

T(K = KW (T)y°(T)). (4)

We set T to 1 year. One way to interpret that value of T is that
residual unemployment decays linearly over the course of two
years. This salvage value function is included for completeness but
it turns out not to be large compared to costs incurred before time
T.

Health costs related to COVID-19 are dominated by costs of lost
lives and are primarily modeled based on the CDC's best guess
scenario (Scenario 5) as described in their May 2021 guidance
for COVID-19 planning scenarios. We motivate the key parameters
here, but see Caulkins et al. (2020, 2021, 2022) for additional de-
tails. Note that our epidemic parameters are intended to reflect the
virus as of the time that vaccination began in late 2020. In real-
ity, the delta and omicron variants subsequently came to dominate,
and their parameters would be different.

The infection fatality rate (IFR) grows exponentially with age, so
the population-wide average IFR depends on the age distribution of
infections. Weighting the CDC’s age-specific IFR’s (as of May 2021)
by the overall age distribution of the U.S. population would suggest
an average IFR of 1.3%, but younger people tend to have more so-
cial contacts and so may be more likely to get infected (even if the
consequences of infection are much more severe for older people),
so we round this down to 1%.

Rather than just imposing a single fixed IFR, we distinguish the
death risk when adequate critical care is available from the situ-
ation in which so many people are infected that many cannot re-
ceive adequate care. In particular, we estimate the probability p
that an infected person will need an ICU bed or other critical care,
and then the death rate per day for such people when they do
receive that care (&;) and the additional, incremental death risk
when they do not (&;).
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Weighting the CDC's age-specific probabilities of death given
hospitalizations by the age-distribution of COVID-19 hospitaliza-
tions reported by COVID-NET gives an overall probability of death
given hospitalization of 11.1%, which in turn implies a probability
of hospitalization given infection of 1% over 11.1% = 9%. The simi-
larly age-weighted CDC probabilities of needing an ICU given hos-
pitalization is 25%, suggesting that the probability of needing an
ICU given infection is 2.25%. Our past papers set this parameter p
to 2.311%, which is nearly identical, so we retain the previous value
for continuity.

Apart from the initial surge in certain places, notably New York
City, for the most part demand for critical care did not exceed sup-
ply in the U.S. Hence, dividing the overall IFR by this probability p
suggests that those who reached the point of needing critical care
had a 45% probability of dying even if such a person received crit-
ical care. If all such very sick individuals would have died if they
did not receive care, that implies an incremental death risk of 55%,
and so the corresponding COVID-19 specific death rates per day are
& =3% and & = 3.667%.

Tsai, Jacobson, & Jha (2020) suggest that 58,166 of the 84,750
ICU beds in the U.S. could be used for treating COVID-19 patients.
That is 176 per million people. The age-weighted average time in
hospital for those needing critical care is 12.4 days according to
CDC scenario planning guidance. Since that is close to the aver-
age dwell time in the I state, we set Hpax = 0.000176, which is
rather similar to Charpentier, Elie, Lauriére, & Tran (2020)’s value
of 0.0002 based on data from France.

Thus we would like to model COVID-19 deaths as

(&1pI(t) + &, max {0, pI(t) — Hmax}). (5)

but the maximum-function is not differentiable at pl = Hpax,
which hinders a qualitative analysis of the numerical solution. Thus
we use %log (1 + e¢®I=Hma)) a5 an approximation. The larger ¢ is,
the better the approximation, and for the value of ¢ = 5000 used
here, the approximation is excellent, as illustrated in Caulkins
et al. (2020, 2021). Thus, introducing a parameter M for the cost
per premature death due to COVID-19, the health costs can be
modeled as:

V() :=M <-§1pl(t) - %log (1+¢€f “’““”"””)) (6)

It is very difficult to place a relative value on lost work vs. lost
lives, but without loss of generality we set K = 1 (meaning that the
value function is denominated in days-of-GDP) and then consider
a very wide range for M. Economic analyses often value prevent-
ing a premature death at between 20x and 150x annual GDP per
capita (Alvarez et al. (2021), Kniesner, Kip Viscusi, Woock, & Zil-
iak (2012)), but Hammit (2020) argues that lower values may be
preferred for analysis of COVID-19 deaths, so we consider a range
from 10x to 150x annual GDP per capita.

One argument for lower values is that COVID-19 is much more
deadly for people who are older, which might suggest that years-
of-life lost (YLL) per death is low. But the age distribution of
COVID-19 deaths resembles that for all other causes combined. E.g.,
in the U.S. about 70 per cent of COVID-19 deaths are among those
70 years old and older, which is only slightly greater than that
group’s 64 per cent share of all deaths. Hence, the years of life
lost per fatality is around 11.7 years (Goldstein & Lee (2020)). That
is less than for deaths from homicide or traffic crashes, but more
than for some diseases of old age, such as Alzheimer’s.

Of course, deaths are not the only health-related cost. There are
also costs of treatment and illness, but for COVID-19 they tend to
be smaller than the social costs of death. Since the model’s con-
trols do not materially alter the ratio of severe vs. mild cases, the
costs of non-fatal illness can be incorporated by adopting some-
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what larger values of M than one would to account for just deaths
alone.

Conversely, readers who believe that lockdowns harm outcomes
not captured in current GDP (e.g., mental health anguish from
isolation, loss of education, etc.) may prefer smaller values of M.
There is no one right value of M, so it is treated as a bifurcation
parameter to explore the implications of a full range of M values.

In sum, the policy maker aims to minimize the following objec-
tive function, where (X (t) denotes a vector of all state variables at
t):

T
V(Xo) 1=/0 VW (D), y (£)) + Vi ((©)) + Vu(u(t))dt + SX(T)),  (7)

where
VIW (@), v (£)) 1= K1 =W )y (t))
&

Va(I(0)) 1= M<slp1<r> + 5 log(1+ E“"'(”H'““))>
o qur@®) u@) <o
Vu(u(®)) = {CiUZ(t) u)>0

SX(T)) := T(K — KW (T)y°(T))
W (t) := S(t) +Ri (t) + Ry (¢). (8)

Table 2 summarizes the state and control variables, as well as
the function of the model.

4. Analytical insights

Overview of analytical results

Our central question is how the arrival of vaccines should affect
the overall duration and intensity of the optimal lockdown policy.
Here we address that question analytically, but numerical analyses
are also needed (see Section 5) because the answer can depend on
the values of two key parameters: M, which stands for the value
of preventing a COVID-19 death, and b which denotes the rate of
vaccine production.

To be clear, the outcome of interest here is the total amount of
locking down done over the entirety of the planning horizon, not
the intensity of the lockdown at any single point in time. Formally,
it is the integral over time of one minus y.

A natural jargon for this question is the economic concept of
substitutes vs. complements. As vaccines become "cheaper” (more
available) should society "buy” more or less locking down? To the
extent that vaccines are an alternative way to "purchase” the sav-
ing of lives, vaccines may substitute for lockdowns, meaning that
there should be less locking down if the rate of vaccination is
higher. Alternately, lockdowns - which slow the costly ("bad”) way
of exiting the susceptible state - might become more appealing if
vaccines create a complementary (”"good”) exit path, in which case
one would "spend” more (in terms of lost economic output) buying
more lockdown protection if vaccine availability increased.

One can also think about this by analogy to the Slutsky equa-
tion that decomposes a change in the price level of a good into
a substitution and income effect. Increasing vaccine production b
not only changes the relative price of saving lives via lockdowns or
vaccination, it also makes society better off. So increasing vaccine
production capacity b may have both an "income” and a "substitu-
tion” effect.

Slutsky applied that decomposition in a comparative statics
framework, whereas here we have optimization over time. So we
examine effects on the total (i.e., integral over time) amount of
locking down, loss in economic production, and number of COVID-
19 deaths. When we say that one policy uses lockdowns to a
greater degree than does another policy, that doesn’t mean it is
more stringent at every point in time. Indeed, there is no specific
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Fig. 2. Optimal trajectories over time for employment (left panel) and infections (right panel) with a larger (solid lines) or smaller (dashed lines) vaccine production capacity,

where both trajectories share the same total amount of locking down.

requirement as to the "shape” of the policy. Rather, it just means
that in total over the planning horizon (or, equivalently, on aver-
age), there is more lockdown effort.

We derive two fundamental results. First, if the value of pre-
venting a COVID-19 death, M, is small enough, then increasing the
rate of vaccination will reduce the total amount of locking down
(substitution) if b is sufficiently large, and increase it (complemen-
tarity) if b is sufficiently small. Second, when M is large enough,
then increasing the rate of vaccination will always reduce the total
amount of locking down (substitution).

Thinking about the b — M parameter space, these theorems ex-
plain what happens near two corners and along the opposite edge.
They do not explain what happens in the middle or how large that
middle is. The next section’s numerical solutions suggest that more
complicated behavior can emerge in the middle, but that the mid-
dle is not so large. lLe., the qualitative insights summarized in the
theorems for extreme cases are fair guides as to the character of
the overall solution in most cases.

Before stating these theorems, we define three aggregate per-
formance measures, with which different optimal solutions can be
compared.

Contour lines

Definition 1. Consider the optimal control problem (7), (8) and
(3) and let the superscript * denote variables that are optimal.
Then the total amount of locking down I'*(b, M), the total value
of lost economic production V; (b, M), and the total cost of COVID-
19 deaths V; (b, M) are defined as

T
T (b, M) ::/0 (1= y*(t))dt

T
Vi (b.M) 1= /0 VW™ (), y* (£))dt

T
Vi (b, M) i= /0 Vi (I (6))dt. 9)

where T; denotes the end time of the lockdown. In case of multiple
lockdowns, T; denotes the end time of the last one.

These performance measures give intuition about the qualita-
tive change of the optimal solution when certain model parame-
ters are changed. In particular, here and in Section 5 we focus on
the parameters b and M.

The following lemma characterizes the slope of the three sets of
contour lines defining b — M pairs that produce the same value of
one of these performance measures. The proof of this lemma and
all other results in this section can be found in Appendix C.
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Lemma 2. Consider the optimal control problem (7), (8) and (3) and
let the superscript = denote variables that are optimal. Then the
derivative of b with respect to M along the contour lines of the per-
formance measures defined in Definition 1 can be derived as follows:

db 0 3
M I+ (b,M)=const. - _foTl ;}5((;)) dt
db Jo Fege
AM |y 0.0y —const. _W
db B I4 Jull gy “
M ly; ea=const. [ 22O ¢

Ay, (0)

where T; denotes the time when the lockdown is finally terminated,
ie. y(Ty) =1, and Ax(t) denotes the shadow price of x.

This analytic representation of the contour lines permits an in-
tuitive interpretation. A ratio of shadow prices refers to the ex-
change rate (or, in other words, marginal rate of substitution)
between two variables or parameters given that a certain per-
formance measure remains constant. Consider, for instance, the
contour line with respect to the total amount of locking down
I'*(b, M). The denominator equals the ratio of the shadow prices of
b and y. That denotes their exchange rate, i.e. how much y would
the decision maker trade for a marginal increase of b. The numera-
tor denotes the exchange rate between y and M. Both the numer-
ator and denominator are integrated over time, since I'*(b, M) is
defined as the total lockdown over the planning period. Thus the
derivative of the contour line equals the aggregated exchange rate
between M and y over the aggregated exchange rate between b
and y. Le. due to the intertemporal property of the total lockdown,
both M and b are first exchanged to y at every t and then related
by the fraction of the summation of the instantaneous effects over
time.

Existence of both complementarity and substitution for suf-
ficiently small M

It might be tempting to think that vaccination would always
substitute for locking down, since they are both ways to reduce
COVID-19 deaths, but the following theorem shows that is wrong.
In particular, the following existence result formalizes conditions
that determine whether the vaccination is a complement or a sub-
stitute to lockdowns for a fixed M.

The initial premise of the theorem is that when M = O there is
an optimal solution that does not lock down the economy. That is
reasonable since if COVID-19 infections are costless, then there is
little reason to take expensive steps to avert them. The premise is
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Fig. 3. How the optimal total amount of locking down varies with vaccine produc-
tion capacity for M = 7300.

not entirely innocuous because infections also keep people away
from work for the (relatively brief) time people are in state I. But
as a practical matter, few would advocate shutting down the econ-
omy if COVID-19’s only downside was keeping people away from
work while they are in state I. Thus, for parameter sets that rea-
sonably model the real world, the premise of the theorem will be
satisfied.

Theorem 3 (Existence). Let for M=b =0 and yy =1 the optimal
solution of problem (7), (8) and (3) be (y*(t),u*(t)) = (1,0) for all
t. Then there exists M > O such that for every M with 0 <M <M, b
and b exist, where the lockdown intensity reaches a maximum with
respect to b, at b*  [b, b]. For lower values of b, i.e. b < b, vaccination
and lockdown are complements. For higher values of b, i.e. b > b, they
are substitutes. This translates into

dT* (b, M)
—a 0 for b<b (11)
w -0 for bsbh (12)

If b* is the unique maximum, b= b = b* holds.

The theorem tells us that for values of M not too large, the total
amount of locking down goes up with vaccination capacity b if b
is small (b < b), whereas it goes down with b if b is large (b > b).
In other words, the theorem proves the existence of both a com-
plementary region located at b < b, and a substitution region lo-
cated at b > b. In most cases (for example, see Figs. 3 and 4 in the
next section) it holds that there is just one complementary region
that transitions into the substitution region at b = b = b. However,
uniqueness of the maximum of I'* is not guaranteed, implying that
it does not always hold that b= b, so there may be not just one
complementary and one substitution region.

Corollary 4. Let the properties of Theorem 3 be satisfied, then y
exists such that the result holds for all initial values of y (-) with

Yy <y(@0) =1

Non-existence of only complementarity for sufficiently large
M

When M is large, preventing deaths is of prime importance.
So, when vaccination capacity is low, it is optimal to implement
a strict lockdown. That lockdown can be relaxed when vaccination
capacity increases (substitution), as is proved in the following the-
orem.
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Theorem 5 (Existence). Consider the optimal solution of problem (7),
(8) and (3). Then there exists a sufficiently high M such that for all
M=>M, all b>0 and all y, € (0, 1] vaccination and lockdown are
substitutes.

First order condition and interpretation

The optimal solution permits some additional, economic in-
terpretation. The model above can be solved with the Maximum
Principle of optimal control theory (see e.g. Grass, Caulkins, Fe-
ichtinger, Tragler, & Behrens (2008)), the derrivations of which are
included in Appendix A. From the Hamiltonian maximizing condi-
tion with respect to the lockdown adjustment control (see (15) in
Appendix A) we get the following necessary first order condi-
tion that has to hold whenever there is a lockdown, i.e. when
O<y() <1,

T
_AV(T)—/; (f"’l(ai"‘;»WJr()\,_xs)%g’)%)ds. (13)

As usual in optimization theory this condition balances marginal
costs and effects. The left hand side of (13) denotes the marginal
adjustment costs at t and the right hand side the marginal net
benefit of the relaxation of the lockdown. While the adjustment
costs at t are static (accruing at t only), the effect of the marginal
lockdown relaxation is intertemporal. It consists of the marginal
effect of the lockdown on the economic loss during the economic
recovery (term outside the integral), marginal production during
the pandemic (first term in integral), and the marginal value of
changes in transmissions times the contact probability times A; —
XAs. The latter two effects are intertemporal and therefore inte-
grated over time. A; — Ag is the difference in the marginal value
of infected and susceptible people and can be interpreted as the
value of one susceptible person getting infected.

As a final result, the following corollary formulates a certain
property of the optimal solution under the condition that the op-
timal solution prescribes that the lockdown will not be intensified
over the remaining planning period. In particular, we find that in
that case vaccination and lockdown are substitutes. Such a situa-
tion typically occurs during a final time interval leading up to the
point in time when all susceptibles are vaccinated.

W)
ou

Corollary 6. Consider the optimal control problem (7), (8) and (3).
For fixed b and M vaccination and lockdown are substitutes if the
lockdown is never intensified during the planning period, i.e. y (t) >0
fort €[0,T].

5. Numerical results

We next investigate numerically how should lockdown intensity
change after a vaccine is approved? And does that change depend
on whether the vaccine production capacity is higher or lower?

For the basecase parameter values given in Table 3 and a value
of life equal to 20 times annual GDP per capita (so M = 7300 since
time is measured in days), Fig. 2 shows two very different optimal
solutions depending on the vaccination capacity b. The left-hand
panel plots the evolution over time of the state variable y, which
is one minus the optimal lockdown intensity, and the right-hand
panel plots the resulting number of people who are infected. The
fact that two sharply divergent trajectories can both be optimal
shows that the overall answer to our central motivating question
is "it depends”. In this case it depends on the parameter values,
specifically the vaccination rate.

The lines are color coded with blue indicating periods of in-
creasing lockdown stringency, green indicating relaxation, and red
indicating that the lockdown is over.

For the solid line (large b), the change in lockdown intensity is
monotonic over time, apart from a brief initial adjustment because
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Fig. 4. Contour lines showing equal numbers of COVID-19 deaths (left panel, the value of the leftmost curve is
110 x ﬁ) and total amounts of locking down (right panel) for varying annual rates of vaccination (vertical axis) and values on preventing a COVID-19 death.

Vertical line at M = 7300 indicates the value of M used in the preceding figure.

the initial lockdown was not severe enough. If the parameter y (0)
had been chosen optimally, the solid time path would have been
monotonic (i.e., green from the outset). As more people are vacci-
nated, less lockdown is needed, as described in Corollary 6. That is
perhaps the expected pattern, but the dashed line shows that it is
not the only type of solution that can be optimal.

The dashed curve has one additional segment. As with the solid
curve, the brief initial (green in this case) phase is an adjustment
phase of little consequence. The same initial lockdown intensity is
now too heavy to be optimal when vaccination capacity b is low.
Therefore, the decision maker starts by briefly reducing the lock-
down, i.e., increasing y.

Naturally infections increase (roughly doubling for these param-
eter values) until the lockdown is expanded enough to be fairly
strong (midway through the blue part of the trajectory). At some
point, i.e. when blue passes into green, enough people have been
vaccinated (or infected) that it is possible to start relaxing the lock-
down without the infection rate rebounding. This relaxation phase
(green) ends when everyone is vaccinated (joins the red curve),
which happens later than in the solid line case because the vac-
cination capacity, b, is smaller.

To summarize, the solid and dashed lines show almost opposite
optimal responses to the onset of vaccinations, depending on the
potential vaccination rate. In neither case is the lockdown trajec-
tory monotonic over time, and the non-monotonicity in the dashed
curve is fundamental. We include in Appendix B a more detailed
analysis of the dynamics of the lockdown intensity.

In Fig. 2, the larger b induced a tougher lockdown at its peak,
but the lockdown was shorter. The total amount of locking down is
exactly the same for both trajectories. Of course, it is hard to assess
from just those two runs what is the overall dependence of lock-
downs on b. So Fig. 3 plots the total lockdown-induced suppression
of employment on the vertical axis (i.e., the integral of one minus
y over time, or ['* from Definition 1) versus the vaccine produc-
tion capacity parameter b.

Where this curve slopes upward, vaccines and lockdowns are
complements, as a greater vaccination capacity produces a greater
total lockdown effort. Where the curve slopes down, a greater
vaccination capacity substitutes for locking down. That the curve
slopes up to a peak at b= 8.9 x 10~ (i.e., requiring roughly three
years to vaccinate everyone) before declining, shows that vaccines
can be either complements or substitutes for lockdowns. le., it
shows that the conditions of Theorem 3 pertain not just for some
arbitrarily small M, but even for the basecase value of M.

These results all pertained to M = 7300, meaning that prevent-
ing a COVID-19 death is valued at 20 times annual GDP per capita.
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Other things can happen for other values of M. For instance, when
M is rather small, the analog to Fig. 3 has two humps, not just
one (figure not shown). That is why in Theorem 3 in Section 4,
there could be complementarity for all b < b and substitution for
all b > b, but b and b could be different, with b < b.

Fig. 4 is a bifurcation diagram that simultaneously varies not
only the vaccine production capacity (b, on the vertical axis), but
also M (horizontal axis). For ease of interpretation the vertical axis
measures the annual rate not the daily rate of vaccination (i.e., 365
times b not b), so 0.5 corresponds to it taking 2 years to vaccinate
everyone, 1 corresponds to being able to vaccinate everyone in one
year, etc.

The contour lines in the left hand panel denote combinations
of b and M that produce the same number of COVID-19 deaths,
with large numbers of deaths in the lower left and few deaths in
the upper right. The contour lines are widely spaced to the up-
per right of the black line, and densely packed below it. That is
because in broad terms two different - indeed almost opposite -
strategies can be optimal. When b and M are large enough, the
optimal strategy is to lock down hard and long enough that rel-
atively few people get infected. In that part of the graph, even
big increments in M produce modest reductions in deaths, be-
cause there are already relatively few deaths. The other strategy
is to lock down sparingly even though that means herd immunity
is achieved by allowing people to get infected, not just through
vaccination. Within that region, increasing either b or M alters
the proportion of people who reach the recovered state via in-
fection vs. vaccination, so it more greatly affects the number of
deaths.

One surprising result is that in a small region with high M
and small b the contour lines of death are backward bending. That
means there are some M — b combinations such that increasing b
moves to a higher not lower contour line. Le., increasing vaccine
production capacity can slightly increase not reduce the number
of COVID-19 deaths when following the optimal strategy. The rea-
son is that lockdowns are relaxed so much in response to greater
vaccination rates, that more people get infected.

The contour lines in the right hand panel denote combinations
of b and M that elicit the same total amount of locking down (i.e.,
the same integral of one minus y (t)). That amount is greatest in
the lower right, when averting a COVID-19 death is highly valued
(large M) and the vaccinate production capacity is low (small b),
so it is optimal to maintain an intense lockdown for a long time,
until enough vaccine is finally produced.

When M is large, increasing b sharply reduces the total amount
of locking down. That is not because lockdowns become much less
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intense, but rather because they can be shorter; the larger b means
it does not take as long for everyone to be vaccinated.

On the far left side of the graph, when M is very low - or,
equivalently, job losses are seen as very painful - it is optimal not
to use lockdowns much regardless of the vaccine production ca-
pacity, b.

But for a broad range of M values that the literature views as
reasonable - between about 10 and 75 times GDP per capita - in-
creasing the vaccination rate b from 0 up to the black or blue line
increases the total amount of locking down that is optimal. (Vacci-
nation and lockdowns are complements.) Beyond that, further in-
creases in vaccination capacity substitutes for locking down.

For the rest of this section, we will refer just to "the black line”.
The blue line in the lower right is a Skiba curve where there are
multiple optimal solutions. It reveals some mathematically fasci-
nating behavior, but we defer its discussion to the next section be-
cause it only appears for combinations of M and b that would
be rare (i.e., a wealthy country that highly values saving lives but
which nonetheless has very limited access to the vaccine). The blue
line is not exactly an extension of the black line; there is a tiny
overlap, but for purposes of thinking about whether vaccines com-
plement or substitute for lockdowns, it is not too great a simplifi-
cation for now to think about the blue line as just extending the
black line.

This model is highly stylized, but roughly speaking, one can
position different countries in different places on this plane. The
UK is in the upper right, with both intensive lockdowns and high
rates of vaccinations. Brazil might be in the lower left, with low
rates of vaccinations and less intense lockdowns. Arguably Portugal
is towards the lower right (hard lockdown with lower - at least
initially - vaccination rates) and the U.S. in the upper left, with
high rates of vaccination following relatively low concern and lack-
adaisical lockdowns (in at least some states).

Unless new variants emerge that defeat current vaccines, most
rich nations are probably above the black line, in the substitu-
tion region. They committed to protecting most of their popula-
tion from infection by doing whatever amount of locking down
was necessary. For them, increasing vaccination production capac-
ity translates primarily into less (shorter) unemployment.

Other parts of the world had to wait longer for full vaccina-
tion (lower b), and at least some may exhibit values of M that are
below the black line. For them, in this model expanding vaccina-
tion capacity reduces COVID-19 deaths, but it might also reduce
their economic output (if they feel obligated to use any vaccines
received) because that can induce longer lockdowns.

Whether any given country is below the black line is hard to
judge; the numerical value of M represents an ethical judgment,
not a scientific fact, and people will differ. Larger values of M are
not necessarily "better” or "more humane”. Nor should lower M
values be seen as materialistc or shallow. M can be seen as trad-
ing off death by COVID-19vs. poverty and death by poverty. It also
embodies the tradeoff between COVID-19 deaths and other adverse
health outcomes. Even in rich countries the "discretionary” health-
care interrupted by lockdowns included important services like
cancer screening. In sub-Saharan Africa lockdowns also interrupted
actions against major Kkillers like malaria Aborode et al. (2020).

The contour lines for total economic loss (not shown) are very
similar to those for the total amount of locking down because al-
most all of the reduction in economic output comes from locking
down, not from people being sick or dying of COVID-19. That hap-
pens within this model even though it does not distinguish ages.
In reality, since COVID-19 deaths are concentrated among retirees,
even less of the reduction in economic production would be due
to COVID-19 deaths than is shown in this model; almost all of it
would be due to locking down.

243

European Journal of Operational Research 311 (2023) 233-250

We can integrate the two panels of Fig. 4 by thinking about
how a country should "spend” the potential wealth created by hav-
ing greater vaccination capacity. That the contour lines in the up-
per right of the left hand panel are nearly vertical shows that rich
countries should use greater vaccine production capacity almost
exclusively to buy reductions in unemployment; for them, increas-
ing b has almost no effect on deaths. The right hand panel shows
that countries that start out below the black line are in the op-
posite situation. For them, there is always some increase in vac-
cine production capacity that leaves them on the same isolock-
down contour line but on the other side of the black line, and so
with far fewer people dying, but essentially the same amount of
economic dislocation. Such countries would be using that greater
vaccine capacity to buy reductions in COVID-19 deaths.

6. Sensitivity analysis

This section explores several sensitivity analyses.

6.1. Restricting vaccination to susceptibles

Only vaccinating those who are still susceptible would avert
more infections than would distributing vaccines also to those who
have already developed (at least partial) immunity by previously
being infected. That is not the policy most nations are pursuing.
However, Fig. 5 shows how much better the outcomes could be in
that case, while holding all other parameters at their base case val-
ues (including that 10 percent of the population begins in the R,
at time 0).

The left-hand panel shows that the bottom-line answer is "not
much” because the optimal lockdown policy is similar (center
panel) and there are only modestly fewer deaths (right panel), at
least with these parameter values.

The benefit of wiser vaccine allocation is largest (biggest gap
between dashed and solid lines in left-hand panel) when vaccine
capacity is intermediate. When vaccination capacity is very small,
there is less lost by not using it efficiently. When vaccine capacity
is great, there is little penalty from "wasting” some vaccines on
people who already have (some) immunity due to prior infection,
although the benefit could be larger if more than 10 percent of the
population began in the Ry state.

6.2. Skiba points

We return now to the blue curve in the lower right of Fig. 4.
It is hard to see, but the contour lines are discontinuous along the
blue curve. That is because every point on that curve is a Skiba
point from which two entirely different optimal solutions emanate,
so two entirely different amounts of locking down are optimal.

One solution involves intense locking down and few deaths; it
is an extension of the (unique) solutions that are optimal for pa-
rameter constellations to the upper right of the blue curve. The
other, an extension of the (unique) solutions to the lower left, in-
volves much less locking down and so more deaths. Exactly on that
blue curve, either approach performs equally well in terms of total
social cost.

For a thorough discussion of Skiba curves, also called DNS or
DNSS curves, see Grass et al. (2008), but they can informally be
thought of as the optimized version of "tipping points”. Here the
thresholds are depicted in parameter space, but they are easier to
think about in a space defined by initial conditions for state vari-
ables, although the principles are similar. Starting at any point on
one side of a Skiba curve, there is one well-defined, unique op-
timal solution. By continuity these are all similar to each other
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Fig. 5. Improvement when only vaccinating susceptibles (dashed lines) not also those previously infected (solid lines) for total social cost (left panel), the total amount of

locking down I'* (center panel), and the number of deaths (right panel).

and so can thought of as a family reflecting one strategy or ap-
proach. Likewise, starting at any point on the other side of a Skiba
curve, there is also one unique optimal solution, but those solu-
tions are qualitatively different from the first family of solutions.
If one starts exactly on the Skiba curve, then there is a member
of the first family of solutions and a member of the second that
perform equally well, so there are multiple optimal solution tra-
jectories that can be entirely different.

In many models involving a societal "bad”, such as drug abuse
or terrorism, the Skiba thresholds separate strategies that "eradi-
cate” the problem (if not literally, at least by driving it to a low-
level) vs. an "accommodate” approach that still tries to reduce the
problem, but more modestly. Loosely speaking that is also what
happens here. To the upper right of the Skiba curve, it is optimal
to lockdown so forcefully and for so long that relatively few people
get infected or die. To the lower left of the Skiba curve, one should
accept a higher rate of infection in order to be able to preserve
more jobs.

The Skiba curve does not extend all the way across the b — M
plane. For many b — M combinations, those two strategies are end
points on a continuum with a smooth transition between them.
But where the Skiba curve exists, there is a discrete point where
one should make an abrupt pivot from one strategy to the other.

This is best visualized by replicating Fig. 3’s plot of the opti-
mal amount of locking down (vertical axis) vs. the vaccine produc-
tion capacity (b, on the horizontal axis), but for a larger value of
M. Fig. 6 does this when M = 21,900, or 60 times GDP per capita,
and so is effectively a vertical slice through the b — M bifurcation
diagram at that value of M.
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As in Fig. 3, the curve slopes upward for small b, indicating that
vaccines and lockdowns are complements, and the opposite is true
for large b. In Fig. 3 that hump-shaped curve was continuous, but
in Fig. 6 it jumps discontinuously at 365b = 0.0462 since the point
(21,900; 0.0462) is a Skiba point on the blue curve in the bifurca-
tion diagram in Fig. 4.

Exactly at that point, it is optimal either to use a smaller
amount of locking down (a little over 100 on the vertical axis) or a
much greater amount of locking down (a little over 210). (The units
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are person-days of lockdown-induced unemployment measured on
a scale such that 365 corresponds to everyone being unemployed
for one year.)

Fig. 7 shows these two optimal solution trajectories for y (left
panel), I (center panel), and S (right panel). The solid line shows a
strong lockdown, few people getting infected and a steady decline
in S as people get vaccinated, but the slope is shallow because b is
small. Few people get infected, but it takes a long time to reduce
S via vaccination.

That solution is on the right side of the Skiba, in the substi-
tution region, so if b were increased then it would be possible
to achieve that relative low number of infections while using less
locking down.

The alternate optimal solution (dashed lines) involves a sharp
but modest spike in infections that is soon snuffed out by a lock-
down that is aggressive but slightly delayed. Those infections re-
duce the proportion of the population that is susceptible by about
20 percent. Thereafter, the optimal strategy locks down enough to
keep infections low, but the intensity of that requisite lockdown
is less severe because that initial surge of infections created some
partial herd immunity.

That solution is in the complementary region. That means
that less (total) lockdown effort would be expended if b were a
bit smaller, presumably because the lockdown would be delayed
longer.

That is rather interesting on a substantive level. Past models
tended to find that the optimal strategy was either to keep in-
fections low throughout (as in the solid line) or to use lockdowns
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only to flatten the curve a bit but still to have most people be-
come infected. This dashed line solution shows something differ-
ent, which is to let the epidemic run only for a bit before getting
serious about pushing infections down to very low levels.

It also adds an interesting wrinkle to the question of whether
vaccination and lockdowns are substitutes or complements. Right
around the Skiba curve, infinitesimal increases in vaccination ca-
pacity can induce very large increases in the optimal total amount
of locking down, which is a sort of extreme form of complemen-
tarity.

6.3. Virus variants

The analysis above was all done with an Ry = 2. That value
should be understood as the epidemic reproductive number after
factoring in containment strategies that do not involve job losses,
such as asking knowledge workers to telecommute and requiring
masks to be worn.

That value would seem right for the original virus to someone
who thinks such "soft” containment measures can only reduce in-
fections by 20% - since 2.0 is 20% below the uncontrolled Ry esti-
mate of 2.5 the CDC offers for the original virus. It may also seem
correct for some more contagious variants if those soft measures
are more effective. E.g., if the new variants’ Ry were 4.0 and "soft”
measures cut transmission by 50 percent, that would also be well-
modeled by our base case Rg.

But it is also of interest to consider how the results might differ
for variants that are considerably more contagious even after soft
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measures have been factored in. So Fig. 8 contrasts the b — M bifur-
cation diagrams with the original Ry = 2 (solid line) and a higher
Rg = 4 (dashed line). Here we suppress the contour lines in favor
of showing regions in b — M parameter space that correspond to
substitution vs. complementarity.

Increasing Rg shifts the black line to the right, making the com-
plementarity region bigger. The reason is that it is more expensive
to contain a more contagious virus via lockdowns, so it takes a
larger M-value to justify prolonged lockdowns when the vaccina-
tion rate is low.

The curves are not exactly hyperbolas, but away from the axes
they are very roughly approximated by one, and the hyperbola’s
constant is about twice as great with Ry =4 as with Ry = 2. So
as a very rough rule of thumb, one might say that if the prod-
uct bMRy is greater than some cut-off, then vaccines substitute for
lockdowns, but below that threshold greater vaccination capacity
should induce wider use of lockdowns.

7. Discussion and conclusions
7.1. Overview of results

There are at least three broad types of responses to a pan-
demic such as COVID-19. One is masking and other relatively pain-
less forms of social distancing that do not seriously disrupt the
economy. We assume such measures are always in place, and so
consider here a baseline epidemic reproductive number R of 2.0,
which is somewhat lower than the totally uncontrolled R, for the
original virus.

The second is locking down parts of the economy, despite the
high cost of doing so in terms of lost jobs, income, and economic
well-being. The third is vaccination — which is highly desirable but
takes time to invent and deploy.

We start our optimization model at the moment when vac-
cines are first approved. We presume it is optimal to vaccinate
people as rapidly as possible, since vaccines are so very cheap
compared to death and unemployment, and investigate how lock-
downs should be adjusted over time after vaccinations start, for
lesser and greater rates of vaccine production (governed by the
parameter b).
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We described circumstances in which increased vaccination ca-
pacity should substitute for lockdowns, effectively meaning greater
vaccination capacity buys reduced unemployment. Within this
simple model, that would be the case for countries that both
highly value preventing COVID-19 deaths and can vaccinate their
population quickly (within a year or two). However, when those
two parameters are lower, increased vaccination capacity could
stimulate greater not less locking down (complementarity), in
which case greater vaccination capacity is used to "buy” better
health outcomes. There are even so-called Skiba points where an
infinitesimal increase in b can trigger a very large increase in the
amount of locking down that is optimal.

We also identified parameters for which a rather interesting
strategy is optimal, namely letting about 20 percent of the popu-
lation get infected before implementing lockdowns severe enough
to keep infections quite low for the remaining years until vaccina-
tions confer herd immunity.

The model is sufficiently stylized that we do not claim it
shows that any actual country should necessarily follow this pre-
scription. That simplicity is actually a virtue, however, with re-
spect to our central qualitative conclusion. If a highly complicated
model produces the result “It depends on the parameters” one
can be forgiven for wondering whether it is only arcane details of
the model that produce that ambiguity. However, when a simple
model shows complicated behavior, that increases the likelihood
that the complexity emanates from something quite fundamental
in the nature of the problem at hand.

For COVID-19, this intermediate stage of the COVID-19 pan-
demic is drawing to a close, so it is too late for policy mak-
ers to apply this model directly. However, given that further
pandemics are possible looking at this question analytically may
pay dividends if it prevents naive or uncritical application of
"lessons learned” form COVID-19 to future epidemics. Indeed, the
results even caution against unthinking transfer of what worked
in one country to another country. E.g., rich countries might be
wary of presuming that what was optimal for them will nec-
essarily be optimal for countries facing very different economic
constraints.

7.2. Strong modeling assumptions that may be limitations

COVID transmission dynamics and the effects of lockdowns on
transmission, economic activity, and other social outcomes are all
very complicated. The model in this paper necessarily made quite
a few significant simplifications in order to remain tractable. We
hope that the broad qualitative findings are robust to those sim-
plifications, but we want to explicitly acknowledge here simplifica-
tions that could be seen as real limitations.

We do not distinguish between lockdown policy and actual be-
havior. There is a literature that worries about whether the public
may relax its vigilance over time, creating gaps between policy and
actual behavior (e.g., Gozzi, Bajardi, & Perra (2021) and Caulkins
et al. (2021)). That complexity is omitted here on the grounds that
vaccine rollout is a relatively short process.

We are modeling an intermediate stage that begins when vac-
cines are approved and ends when lockdowns are no longer
needed. The terminal conditions at which point societies are will-
ing to end lockdowns seem to vary from country to country, some-
times depending on which political party or politician is in power.
To abstract away from such complexity, as well as the transition to
endemic conditions with an ongoing sequence of virus variants, we
assume that enough people are willing to be vaccinated that broad
lockdowns will no longer be employed.

We look forward to a time when more empirical work has been
done on the effectiveness of lockdowns at reducing transmission
rates, so the parameters of Eq. 2 can have a firmer basis.
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The model considers only one type of virus. There is no mod-
eling of multiple competing virus variants, loss of vaccine effec-
tiveness because of mutations, etc. Furthermore, it is assumed that
there are no re-infections.

The model considers only one type of person. It does not distin-
guish by age, sex, occupation, or any other category besides disease
state.

The model considers one society. There is no migration, travel
across international borders, or macroeconomic consequences from
borrowing, international trade, or other economic interactions with
other countries or regions.

The model does not consider distributional issues. Lockdowns
reduce employment of working age people to prevent deaths that
would otherwise fall (mostly) on retirees. Hence, lockdowns create
a massive reallocation of welfare from younger to older citizens,
something that is not considered here.

Elementary SIR models assume random mixing, but there is
heterogeneity across people in how many social contacts they
have. Because of stochastic selectivity, the proportion of social in-
teractions that are negated by past infections will be greater than
the proportion of people who have been infected, and that is not
reflected here.

Infection by asymptomatic individuals would be better cap-
tured by an SEIR not an SIR model, although in earlier modeling
of societal-level lockdown strategy SIR and SEIR models produced
very similar results. That does not mean asymptomatic transmis-
sion is unimportant, only that in a national model with extended
time horizons its effects can reasonably be reflected via a suitable
choice of the reproductive number.

In reality, vaccine production capacity increases over time,
whereas in our simple model we left it as a fixed constant.

7.3. Closing comments

The COVID-19 pandemic is moving beyond the period addressed
here, which is the time right after vaccines are first approved.
However, there may be future pandemics, and the devastation
wrought by COVID-19 suggests society would do well to invest
now in creating planning models for the next pandemic. In that
regard, we offer a few closing comments.

At least within this model, very different lockdown policies
could be optimal for different sets of parameter values that all
seem plausible, at least for some countries. That suggests people
may want to be humble in their certainty as to what strategy
is optimal and to invest more in trying to pin down those pa-
rameter values, including the societal value of preventing a pre-
mature death from COVID-19. It is not clear that standard val-
ues for preventing deaths are necessarily the best for this specific
situation.

Also, some parameters are at least partially controllable within
a higher-level meta-optimization. It is clear that larger values of b
can be beneficial, and even billion-dollar vaccine production facil-
ities are cheap compared to the costs of COVID-19 deaths and/or
the costs of locking down the economy. Nations spend a great deal
maintaining militaries during peacetime as precaution and preven-
tion measure. It may be equally prudent for nations to spend sub-
stantial sums in vaccine research and in maintaining idle vaccine
production capacity even though pandemics come along only ev-
ery few decades.

Appendix A. Derivations

Hamitonian:
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Appendix B. Understanding the dynamics of the lockdown
intensity

In this section we study the non-monotonic behavior of the
amount of locking down as shown in Fig. 2. To do so, we focus
on the cases in which the lockdown intensity reaches a local max-
imum or minimum.

From the dynamics of y and the first-order condition on u (see

Eq. (15) in Section Appendix A), we have

7 () = u(t) = —kA, (t) with k > 0. (18)

Let define the set of times during which there is lockdown but
the lockdown intensity does not change as 7 = {t € (0,T) : y(t) <
1 and y (t) = 0}. From Eq. (18) we have that A, () =0 or

T AW, 3B(y) SI
xy(r)+/r% f(/\ — ) 2P 5(”) 2ds =0, (19)
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for any t € 7. The first two terms on the LHS of (19) represent the
total reduction in the economic cost (i.e. economic benefit) from
relaxing the lockdown from time t until the end of the pandemic
T. From the transversality conditions for y» we have that A, (T) <
0. The last integral term on the LHS of (19) is the total cost of
marginally increasing the number of infected people from time t
until the end of the pandemic.

For the base case parameter values reported in Table 1, which
implies a moderate basic reproduction number, the set 7 can have
zero, one, or two elements. Fig. 2 shows one case in which 7 has
one element (see the solid line) and another case in which 7 has
two elements (see the dashed line). The number of elements of the
set 7 depends on two exogenous parameters: b (vaccination rate)
and M (value of a life lost). This is because b and M affect the
total cost of marginally increasing the number of infected people.
In particular, a higher b reduces the number of susceptible peo-
ple who can get infected, which diminishes the probability that
one infected infects more people and hence also the total cost of
marginally increasing the number of infected people. In contrast, a
higher M increases the value associated to each death, increasing
the total cost of having infected people. We distinguish the follow-
ing three cases:

a) Lockdown relaxation (i.e. 7 = {¢}):

a.l1) If b is sufficiently large to prevent infections (I ~ 0), the eco-
nomic benefit from relaxing the lockdown will always domi-
nate the total cost of increasing the number of infected until
the end of the pandemic.

a.2) If b is not large enough to prevent infections (I > 0) and M
is sufficiently small, it is expected that the economic benefit
from relaxing the lockdown will also dominate the total cost
of increasing the number of infected until the end of the
pandemic. In this scenario the economy is prioritized over
health.

b) Stringent lockdown followed by lockdown relaxation (i.e. 7 =
{t}):

b.1) If b is not large enough to prevent infections (I > 0), M is
sufficiently large, and the initial lockdown intensity y (0)
is sufficiently close to one, the total cost of increasing the
number of infected until the end of the pandemic will
exceed the economic benefit from relaxing the lockdown
until time 7 € 7. Given the transversality condition for y
(i.e, Ay (T) <0), it is a necessary that A, (t) <0, for T € T,
which implies that the reduction in the economic cost (i.e.,
economic benefit) from relaxing the lockdown at time 7 is
greater than the future cost of having more infected people
at time t or, equivalently,

WV (W(T),y (1))
—3]/(1') + (A(7)
9B (y (1)) S(D)I(7)
O @ N

Therefore, it becomes optimal to reduce the intensity of the

lockdown after time 7. Note that since W <0,

the reduction in the lockdown at t, }Ly (t) <0, can only oc-

cur in the middle of the pandemic when both S(t) and I(7)
differ from zero.

c) Lockdown relaxation-stringent lockdown-lockdown relaxation

(ie. 7= {7/, }):

c1) If b is not large enough to prevent infections (I > 0), M

is sufficiently large to prioritize health over the economy,

and the initial lockdown intensity is sufficiently strong (i.e.

y(0) « 1), the economic benefit from relaxing the lock-

down will initially dominate the total cost of increasing the

number of infected until the end of the pandemic. However,

if this policy leads to an increasing number of infected peo-

>0. (20)
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ple (due to a low vaccination rate), there will be a t/ € T
for which }Ly (/) > 0. At time t’ the future cost of hav-
ing more infected people is greater than the reduction in
the economic cost (i.e., economic benefit) from relaxing the
lockdown or, equivalently,

M W(), y ()

By (@) S@IT) _
ay ()

oy N@y -
(21)

Hence, it becomes optimal to increase the intensity of the
lockdown after time t’ e 7. Notice that since the transver-
sality condition imposes that A,(T) <0, and at /€T,
Xy (t’) > 0, the intermediate value theorem guarantees that
there exists an additional 7 € 7 for which 0 <t/ <7 <T.
The intermediate value theorem guarantees that after 7/, the
lockdown intensity will follow case b.1.

+ (M) = As()

Appendix C. Proofs of results in Section 4

Proof of Lemma 2

We find the derivative along the contour line of I'*(b, M) from
the total derivative. Since the value of I'*(b, M) is constant along
the contour line we get

ar*(b, M) ar*(b, M)
ob oM
Using the Leibnitz rule for the partial derivative, using the defini-
tion of a shadow price and manipulation leads to the assertion of

the Lemma.
The derivative along the contour lines of V' (b, M) and V} (b, M)
is obtained analogously.

dr=(b,M) = db + dM = 0. (22)

|
Proof of Theorem 3. In the following we distinguish two sets U
and S defined as

U := {(b, M) : the optimal solution is unique at (b, M)}

S :={(b, M) : two optimal solutions exist at (b, M)}.

For (bg, Mp) € U the function I'*(b, My) is continuously differen-
tiable at by and for (bg, Mg) € S the function I'*(b, My) is continu-
ously differentiable from below and above at by.

Specifically, the derivative at (0, M) from above exist for all M.
Thus, we set

M := sup M:wzo. (23)
M db
Additionally we define
. dr+(b, M) T dr*(b, M)
b._s%p{db >O} and b._nl}f{db+ <0¢.
(24)

To get an explicit expression for the derivative at (by, My) € U

dI™ (bo. Mo)
db

we consider the total derivative of I'*(bg, Mg), which equals

« _ 0" (bo, Mo) o™ (bo, Mo)
dT"*(bg, Mp) = b db+ M dM (25)

we obtain the derivative with respect to the parameter b by setting
dM = 0 (variation in direction of M is nil), i.e.
aT* (bg, M,

(bo, Mo) .

dT™*(bo, Mo) b

Ty

ay*(t)
= dt | db

ab

T
(1—y*<m)—/
——— 0

=0
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h dy*(t) 9V
(_fo ACS %dt>db

T )"b
- —dt |db.
( /0 Ay )

T
_ / Mg

0 )\y

In the following we show that M > 0 exists and tha
negative for b — +o0, which proves the existence of a global max-
imum of I'*(b, M) which is in general non-unique.

Starting with the latter case (i.e. b — +o00) we check the fraction
of (27). The numerator can be derived analogous to a usual adjoint
variable (deriving the adjoint equation and solving backwards). We
obtain

Ap(t) =

As straightforwardly can be shown Ag,(s) < As(s) and Ag,(s) <
Ag, (s) holds for all s, A,(t) is negative for all t. Considering the
denominator of the integrand A, (t) the analytic expression follows
from the canonical system, i.e.

T
Doy (6) = hoy (T) +ft (W%_V)‘CJ’) + (- )@%%)d& (29)

From the definition of S(X(T)) and V;(W(t), y (t)) if follows that
Ay (T) and W are both negative. For b tending to infinity S(t)
goes to 0 immediately and thus lim,_, , A, (t) < O for all t. This
implies limy,_, , % < 0 for all M.

For the case b = 0 we know by the assumption that the optimal
solution at M = O satisfies (y*(t), u*(t)) = (1, 0) for all t. Therefore
I'*(0,0) is minimal, i.e. equal to zero. Therefore % > 0. This
proves that M > 0, defined in (23), exists and that the result holds
for all M with 0 <M < M.

By the definition (24) of b and _B we find that a maximum
is achieved at b* satisfying b < b* <b and that b= b* =b if b* is
unique.

(26)

Thus,
dI'*(bo, Mo)

b (27)

¢ 40 M) o

T

1
SR (S(Ag, — As) + Ry (Ag, — Ag,))ds. (28)

d

Proof of Theorem 5.

For sufficiently high M the second term in the integral of
(29) dominates the first term after t = 0, such that A, (t) < 0. Fol-
lowing the same steps as in the proof of Theorem 3 proves the
assertion.

O

Proof of Corollary 6

y(t) >0 for t €[0,T] implies u(t) >0 for t € [0, T]. From the
first order condition (15) or (13) it follows that A, (t) <0 when-
ever u(t) > 0. From the proof of Theorem 3 we follow A,(t) < 0.
Then from (26) it follows that w < 0 which proves the asser-
tion of the Lemma.

O

Appendix D. Adaptations for the numerical calculations

To handle “critical” ratio

with §,S+R; ~ 0

S
S+ R] ’
we introduce a parameter t such that the state dynamics writes
as

. SI bS
S= VN—,B(V)N

_S+R1+‘L’_MS

i=ﬁ(y)% — (U + p+a)l
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; bR,

Ri=al— ————— — uR
V=Y TS R e M
. S+R]

fo=be g+ MR

For the calculations we use T = 10-3.%
We assume a constant normalized population size N(t) = S(t) +
I(t) + R1(t) + Ry(t) =1 for all t with initial conditions

S(0) =1-1(0) — Ry (0) — Ry(0) = %
with

10) = %

R1(0) =0.1,R;(0) =0

and

y(0)=0.38.
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