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Abstract

The ”Hotelling rule” (HR) called to be ”the fundamental principle of the eco-

nomics of exhaustible resources” [1] has a logical deficiency which was never

paid a sufficient attention to. This deficiency should be taken into account

before attempting to explain discrepancies between the price prediction pro-

vided by the HR and historically observed prices. Our analysis is focused

on the HR in its original form, we do not touch upon other aspects such

as varying extraction costs and other ways of upgrading the original model

underlying the Hotelling rule. We conclude that HR can not be derived from

the simple models as it was claimed, therefore it should be understood as

an assumption on its own, and not as a rule derived from other more basic

assumptions.
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1. Introduction

In his seminal paper [2] devoted to economics (and pricing) of exhaustible

resources Harold Hotelling hypothesized that in a perfect competition case

”it is not unreasonable to expect that the price p will be a function of the

time of the form p = po exp(γt)”. While there are later studies providing

plausible explanations e.g. [3], Hotelling did not provide his own explanation

in that seminal paper [2]. Solow [1] provided a justification for selecting that

specific price function, which we discuss below in the Section A.

In that same paper [2] in Chapter 3 Hotelling provided a justification for

the same exponential price path also for the case of the ”maximum social

value”. We discuss this case in the Section B of this manuscript.

2. Section A

The logic in a perfect competition case is that a company—a price taker—

wants to find an optimal resource extraction schedule to maximize its dis-

counted profit from selling the resource over a time period when the price

path is given i.e. the function p(t) is known and fixed. It turns out that the

solution of that problem exists only in the specific case if p(t) = po exp(γt),

where γ is the market interest rate. As Solow comments [1] on page 3, if the

price would grow slower – the company will aim at extracting all its quan-

tity of resource immediately, if it would grow faster – the company would

aim at waiting until the very end of the modeling period and then extract

at that moment everything. Since the extraction of the full quantity of the

2



resource in a moment of time (instantaneously) is assumed to be infeasible,

the specific case of p(t) = po exp(γt) is declared to be a solution. Solow in [1]

emphasizes that in that case the company is indifferent to extracting or not

extracting any particular quantity of resource in any time moment within

the planning time interval.

There are three remarks to consider just before we conclude with the

summary for this section:

a) the initial posed problem on finding an optimal extraction schedule

was not solved by this consideration as there is no unique solution found,

moreover, any resource extraction schedule would be a solution under the

suggested price path, which in turn makes the initially posed problem mean-

ingless;

b) to remove the problem highlighted by Solow [1] and have a well-defined

solution for any ad hoc fixed price path p(t), one could alternatively assume

that the quantity of the resource available to a company is extractable within

one modeled time moment (decade, year, month, or week), which only re-

quires to legitimately get rid of the mathematical abstraction on infinitely

small length of the time subintervals where company makes its extraction

plans; alternatively, a limit on the maximum feasible rate of extraction would

achieve the same goal;

c) in the posed problem, the resource price p(t) was supposed to be given,

and if it was different from p(t) = po exp(γt) then one has to live with that

and accept p(t) still to be valid and the problem to not have a solution.

The situation when an economic problem does not to have a solution is

not something extraordinary: even a very basic problem might not have

a solution. Here is an example of that mere fact, disconnected from the

resource extraction problem: there are two suppliers and each supplier has
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2 apples and wants to sell them all at $1 per unit price. A customer has $2

and wants to buy two apples. How many apples would each supplier sell?

Nobody can provide a definite solution: there are many ”ifs” attached to

it – would the first supplier talk to the customer before the second has a

chance? Does the customer want to buy two apples at once or, one apple in

the morning and another one in the afternoon? There are other questions

that one could ask and which are not part of the initial problem setting,

whereas they could help to define a solution. In this situation, it would be

illegitimate to instead assume that the price of the first supplier is actually

$4 per apple, in order to come up with a solution of a customer buying

apples from the second supplier.

In summary, the assumption of the very specific case — if p(t) = po exp(γt)

— is providing an answer to a wrong question. While the original question

was ”what is the optimal extraction plan”, the answer provided is ”the price

is X if the company should not care about the optimal extraction plan”. We

find this logic to be deficient as the initial driving question is completely

disregarded in the answer.

Of course, one could attempt to fix that logical deficiency: knowing the

”answer” one could ask a ”compatible” question: ”what should be the mar-

ket price if a company does not care whether to extract its resource now or in

the future”. When seen from the systems analysis perspective, this question

is posed at both macro-level (market price) and micro-level (no incentive

for a company to extract resource). Because of inclusion of both macro

and micro levels, this question now presents another logical deficiency: at

the macro level the economy needs the resource to work and hence assumes

incentives for companies at micro level to provide a supply at each time

moment, whereas these incentives are denied by requiring a company to not
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care about supplying the resource at each time moment. In other words, the

question is posed to determine the market price, whereas the only specifica-

tion of the market given is that nobody from the sellers has any incentives

to sell. This specification of the ”market” is by far not complete because

(while the extraction cost of suppliers is known), the buyers on that market

are not described in any way.

So, in the perfect competition case the logical deficiency existing in the

suggested solution p(t) = po exp(γt) cannot be fixed by posing another prob-

lem, which is compatible with this suggested solution.

3. Section B

In the ”maximum social value” case presented by Hotelling in the Chapter 3

of his seminal paper [2] he is deducing the same exponential form of the price

path. Here the logic is different from the case of the perfect competition.

First, the price for the incremental unit of resource is described by the

demand curve p = p̃(q), which is a diminishing function of the quantity q.

Second, the social planner is supposed to maximize the total time-discounted

utility, which at each time moment is represented as the consumer and

producer surplus (assuming zero production/extraction cost for simplicity).

Then the conclusion is made on the optimal price being p(t) = po exp(γt).

We argue that in this ”maximum social value” case the logic is broken,

because, from the systems perspective, economic social planner (by making

decisions on resource extraction schedule) is shaping economic development.

Naturally, different achievabe levels of economic development imply different

levels of demand for the resource, but the economic development dynamics

is not included in the demand curve p̃(q).
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In an attempt to fix that logical deficiency, one has to include into the

problem formulation a representation of economy that the social planner

should take into account (and aparently regulate) when deciding on resource

extraction schedule aimed at maximization of social welfare. This effort has

already been undertaken and the respective problem including economic dy-

namics was formulated by Dasgupta and Heal (see (1.6) in [4]). The appli-

cation of the optimal control theory and the Pontryagin Maximum Principle

to this problem (p.234 (10.59) in [5], p.199 (60) in [6]) leads to consideration

of co-state variables, where the one corresponding to the resource stock —

the shadow resource price — is indeed described as p(t) = po exp(γt).

While the shadow price has been declared as the optimal resource price,

there is no justification for doing so. The economic meaning of the shadow

price is that it is the increment of the optimal total welfare correspond-

ing to an increase in the availability of the constrained resource at a fixed

time moment [7–9]. Naturally, the social planner would be willing to pay

any amount below that price to increase available resource if that would be

possible, because by doing so (and using additional amount of resource),

the social welfare could be increased. However, since the Dasgupta (and

Hoteling) problem is formulated with the strict resource constraint, such

possibility will never be seen by the social planner within the problem’s

context. So, the social planner will not pay that price under any circum-

stances, and nobody else would, as the control is supposed to be all with the

social planner. As the shadow price is never paid and even cannot be paid

within the problem’s context, this value has no economic meaning and only

serves as a technical means for obtaining the optimal resource extraction

schedule. ”No economic meaning” means here also that this value cannot

be seen as the resource market price.
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In short, within the the social planner paradigm, for the social planner,

at the whole economy scale, the cost of resource extraction (constant in

HR) and the created total economic welfare (utility) are sufficient to define

the optimal extraction schedule. The path of the resource price — the

price actually paid from one economic sector to another — has nothing

to do with it. The resource price is used internally by economy to trade

between its sectors, so that price is irrelevant to the simple social planner

paradigm (that does not even include any representation of the inter-sectoral

trade). Logically, one cannot derive the value of a parameter irrelevant to

a paradigm from that paradigm. Therefore HR cannot deliver economically

meaningful resource price also in the ”social planner” case — even after

attempting to fix the initial logic deficiency with the disconnect between

the importance of the resource for economy and the absence of the economy

representation in the initial optimization problem.

4. Conclusion

Logical analysis of HR carried out in sections A and B for the two problem

settings – perfect competition and social planner, from where the HR is

originally derived – has lead to a discovery of severe logical deficiencies.

Since one could hardly build ”the fundamental principle of the economics”

based on such a deficient logic as the HR is build upon, we suggest to discard

HR as a ”rule” completely. In case of the perfect competition, HR should

be understood as an assumption on its own, and not as a rule derived from

other assumptions. In case of maximization of social value, HR should not

be deemed as carrying any economic meaning.
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