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PREFACE 

Methodo log ica l ly ,  t h e  IIASA r e s e a r c h  program on Regional  
Development r e f l e c t s  t h e  g e n e r a l  a t t i t u d e  o f  t h e  m a j o r i t y  of  
r e g i o n a l  s c i e n t i s t s .  Among o t h e r  th inc js ,  t h i s  means t h a t  t h e  
models developed d e a l  w i t h  d i s c r e t e  sets o f  r e g i o n s  o r  l o c a -  
t i o n s .  For p l a n n i n g  p u r p o s e s ,  t h i s  approach i s  e x t r e m e l y  
e f f i c i e n t ,  due t o  c o m p u t a t i o n a l  a d v a n t a g e s .  On t h e  o t h e r  
hand,  s y s t e m a t i c  i n f o r m a t i o n  a b o u t  r e g i o n a l  s t r u c t u r e s ,  o f  
t h e  g e o m e t r i c  f l a v o r  a s s o c i a t e d  w i t h  c l a s s i c a l  l o c a t i o n  
t h e o r y ,  i s  h a r d  t o  o b t a i n  i f  one d i s c r e t i z e s  s p a c e  from t h e  
o u t s e t .  

To complement t h i s  main s t r e a m  o f  r e g i o n a l  a n a l y s i s ,  
two s c i e n t i s t s  c u r r e n t l y  t r y i n g  t o  r e v i v e  c o n t i n u o u s  modeling 
o f  t h e  space  economy, Mar t in  J .  Beckmann and Tonu Puu, were 
i n v i t e d  t o  IIASA i n  September 1979. They s t a r t e d  w r i t i n g  a  
comprehensive monograph i n t e n d e d  t o  p r e s e n t  t h e  s t a t e - o f - t h e -  
a r t  i n  t h e  f i e l d  o f  c o n t i n u o u s  r e g i o n a l  modeling.  The comple- 
t i o n  of  such an e x t e n s i v e  work was n o t  p o s s i b l e  i n  t h e  b r i e f  
p e r i o d  o f  t h r e e  weeks. 

The a u t h o r s  a r e  c u r r e n t l y  c o n t i n u i n g  work on t h e  p r o j e c t .  
T h i s  paper  by Tonu Puu c o n s t i t u t e s  one c h a p t e r  o f  t h e  f o r t h -  
coming monograph. I t  was completed d u r i n g  h i s  v i s i t  t o  IIASA 
i n  August 1982 and f o l l o w s  t h e  c h a p t e r  c i r c u l a t e d  a s  CP-82-11. 



Whereas the preceding chapters dealt with commodity trade 
models with unique patterns of flow, the present one describes 
a simple interaction model cast in a continuous format. Given 
a specified need for communication and accommodation, optimal 
land use (balancing traffic congestion and population crowding) 
is discussed. In addition to the problems of optimal communica- 
tion routes, the paper focuses on equilibrium population distri- 
butions such that communication and housing costs are in balance. 

Laxenburg, August 1982 
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AN INTERACTION MODEL 

Introduction 

A l l  t h e  p rev ious  chap te rs  have d e a l t  w i t h  t r a d e  models o f  v a r i o u s  

k i nds .  For each commodity t h e r e  was a  un ique  f low,  r e p r e s e n t a b l e  by a  

wel l -behaved v e c t o r  f i e l d .  In-some cases t h e r e  were seve ra l  commodity 

f lows ,  b u t  t h e i r  number was always f i n i t e ,  and t h e  f l ow  f o r  each com- 

m o d i t y  unique. 

Uniqueness r e s u l t s  f r o m  r a t i o n a l i t y  o f  behav iour  i n  our  s i m p l i f i e d  

w o r l d  o f  s i n g l e  t r a n s p o r t a t i o n  systems, where backhaul i n g  i s  r u l e d  

ou t .  Whenever t h i s  i s  t h e  case i t  seems supe r f l uous  t o  r e c o r d  t h e  i n -  

f o r m a t i o n  o f  t h e  o r i g i n  and d e s t i n a t i o n  o f  each s i n g l e  p i e c e  o f  commo- 

d i t y .  It i s  imma te r i a l  whether such a  p iece,  d e l i v e r e d  t o  consumers a t  

a  c e r t a i n  l o c a t i o n ,  has f o l l o w e d  a  f l o w  l i n e  a l l  t h e  way f r o m  p ro -  

ducers a t  a  d i s t a n t  l o c a t i o n ,  o r  has been en te red  a t  an i n t e r m e d i a t e  

l o c a t i o n  t o  s u b s t i t u t e  an i d e n t i c a l  p i e c e  i n  t h e  o r g i n a l  f l ow .  

But,  what i f  t h e  p i e c e s  "produced" a t  d i f f e r e n t  l o c a t i o n s  a re  a l l  

un ique? As l o n g  as we dea l  w i t h  commodity t r a d e  t h i s  would seem t o  be 

an unnecessary comp l i ca t i on ,  as any r e a l  commodity has a  s u f f i c i e n t  

degree o f  homogeneity t o  j u s t i f y  t h e  m i l d  a b s t r a c t i o n  f r om i n d i v i d u a l  

v a r i a t i o n s .  A t  l e a s t  we should be ab le  t o  break t h e  s e t  o f  commodit ies 

down i n  a  more r e f i n e d ,  b u t  s t i l l  f i n i t e ,  se t  o f  brands f o r  which t h e  

a b s t r a c t i o n  i s  j u s t i f i e d .  

I f  we, however, dea l  w i t h  genera l  purpose communication ( o r  i n t e r a c -  

t i o n )  between i n d i v i d u a l s  a t  d i f f e r e n t  l o c a t i o n s ,  r a t h e r  than  w i t h  

commodity t r ade ,  t hen  t h e  "p ieces"  produced and consumed a re  a l l  d i f -  

f e r e n t  as soon as e i t h e r  t h e  o r i g i n s  o r  t h e  d e s t i n a t i o n s  d i f f e r .  

A l l  l o c a t i o n s  need t o  communicate w i t h  a l l  t h e  o t h e r  l o c a t i o n s ,  and no - - 
such communication c o u l d  be rep laced  by  an e q u i v a l e n t  communication, 

ob ta i ned  by changing t h e  o r i g i n  o r  t h e  d e s t i n a t i o n .  There e x i s t  no 

e q u i v a l e n t s !  



By t h i s  we a re  i n  t h e  wo r l d  o f  i n t e r a c t i o n  models. I f  we wish t o  main- 

t a i n  our  contin.uous paradigm, we have t o  deal  w i t h  a  non-denumerable 

i n f i n i t y  o f  v e c t o r  f i e l d s ,  each one cor respond ing  t o  a  f i x e d  o r i g i n  o r  

a  f i x e d  d e s t i n a t i o n .  These v e c t o r  f i e l d s  do n o t  f u s e  t o  one r e s u l t a n t  

f i e l d ,  as t h e y  w i l l  do i n  any p h y s i c a l  a p p l i c a t i o n .  They c o - e x i s t  

separa te ly ,  so t h a t  th rough  each l o c a t i o n  t h e r e  pass an i n f i n i t y  o f  

f l o w s  i n  d i f f e r e n t  d i r e c t i o n s ,  a l l  o f  them hav ing  d i f f e r e n t  o r i g i n s .  

The aggregate o f  t h e  norms o f  a l l  t h e r e  f l o w s  i s  a  measure o f  t r a f f i c  

th rough  t h a t  l o c a t  ion .  

T r a f f i c ,  d e f i n e d  i n  t h i s  way, w i l l  be one of t h e  impo r tan t  v a r i a b l e s  

i n  t h e  f o l l o w i n g  model o f  r e g i o n a l  s t r u c t u r e .  U l t i m a t e l y ,  t r a f f i c  

depends on t h e  demand f o r  communication between va r i ous  l o c a t i o n s ,  and 

on t h e  cho ices  o f  op t ima l  r o u t e s  f o r  a l l  these  communications. 

The demand f o r  communications i s  assumed t o  depend mu1 t i p l  i c a t  i v e l y  on 

p o p u l a t i o n  d e n s i t i e s  a t  t h e  l o c a t i o n s  o f  o r i g i n  and d e s t i n a t i o n .  T h i s  

i s  a  v e r y  s imp le  v a r i a n t  o f  i n t e r a c t i o n  t heo ry ,  where t h e  c o s t - d i s -  

tance  dependence i s  a l t o g e t h e r  de le ted ,  a long w i t h  t h e  so c a l l e d  

ba lanc ing  f a c t o r s .  

The reason f o r  t h e  f i r s t  d e l e t i o n  i s  t h a t  o t h e r w i s e  m i n i m i z a t i o n  o f  

communication cos t s  c o u l d  be a t t a i n e d  by  t h e  absurd method o f  making 

communication so d i f f i c u l t  t h a t  peop le  a b s t a i n  f rom i t  a l t o g e h t e r .  O f  

course, we c o u l d  eva lua te  communication and ba lance  t h e  va lue  o f  com- 

mun i ca t i on  aga ins t  t h e  c o s t  o f  i t. But, i t i s  e a s i e r  t o  j u s t  s t i p u l a t e  

a  p a t t e r n  and volume o f  communication as a  c o n s t r a i n t  and min im ize  t h e  

cos t s  o f  r e a l i z i n g  i t .  As we have a  l i m i t e d  urban a rea  i n  mind, t h i s  

i s  n o t  t o o  unreasonable.  

The s k i p p i n g  o f  t h e  ba lanc ing  f a c t o r s  i s  reasonab le  as we dea l  w i t h  

genera l -purpose communication. As absurd as i t  i s  when d e a l i n g  w i t h  

commuting t h a t  a  doub l i ng  o f  workers and j o b s  e n t a i l s  a  quad rup l i ng  o f  

t r i p s ,  as s e n s i b l e  i s  i t  t h a t  t o t a l  communication quadruples i n  a  

doubled popu la t i on .  T h i s  i s  so because a  growing p o p u l a t i o n  a l s o  

e n t a i l s  an i nc rease  i n  t h e  d i v e r s i t y  o f  a c t i v i t i e s .  



So f a r  we have discussed t h e  demand f o r  communication. I n  o rder  t o  

determine the  ( i n f i n i t y  o f )  f l o w  f i e l d s  i n  our  model, we a lso  have t o  

cons ider  t h e  cho ice  o f  rou tes .  Th i s  problem w i l l  be d e a l t  w i t h  as 

elsewhere i n  t h e  book, by choosing rou tes  so t h a t  t h e  pa th  i n t e g r a l s  

o f  l o c a l  t r a n s i t  cos ts  are minimized along them. The t r a n s i t  cos t  i s  

again a  l o c a t  ion-dependent, bu t  d i r e c t  ion- independent ( i s o t r o p i c ) ,  

s c a l a r  f i e l d .  However, we p r e s e n t l y  do no t  t ake  i t  as a  g iven  datum, 

b u t  assume i t t o  depend on congest ion measured as t h e  r a t i o  o f  t r a f f i c  

t o  road c a p a c i t y  a t  t h e  l o c a t i o n .  

These two piece-s o f  theory,  t h e  s imple i n t e r a c t i o n  model f o r  communi- 

c a t i o n  demand, and t h e  op t ima l  r o u t i n g  paradigm, make i t  p o s s i b l e  t o  

d e r i v e  a l l  t h e  f l o w  f i e l d s  and hence t h e  t r a f f i c  d i s t r i b u t i o n .  We 

should no te  t h a t  a  compl icated feed-back mechanism i s  invo lved ,  as 

t r a f f i c  depends on op t ima l  r o u t i n g ,  which depends on t r a f f i c !  So, t he  

r e s u l t i n g  t r a f f i c  d i s t r i b u t i o n  i s  an e q u i l i b r i u m  one and may be hard  

t o  ac tua l  l y  compute. 

The g iven data, r e s u l t i n g  i n  an e q u i l i b r i u m  t r a f f i c  d i s t r i b u t i o n ,  are: 

t h e  d i s t r i b u t i o n s  o f  popu la t i on  and o f  road capac i t y .  

Before cons ide r i ng  those, and t h e  r e s t  o f  our model, l e t  us j u s t  n o t e  

t h a t  we are i n  t h e  p o s i t i o n  o f  computing t h e  communication cos ts  f o r  

each l o c a t i o n  along w i t h  t h e  f l o w  f i e l d  having i t s  o r i g i n  t he re .  We 

know t h e  numbers o f  communications t e r m i n a t i n g  a t  each one o f  t h e  

o t h e r  l oca t i ons ,  we know t h e  bes t  r o u t e s  o f  communication, and we know 

t h e  l o c a l  t r a n s i t  cos ts  along them. We can imagine t h a t  a  l o c a t i o n  

separated from t h e  main p a r t  o f  t h e  popu la t i on  by some h i g h l y  congest- 

ed area w i l l  s u f f e r  from h igh  communication cos ts .  

Suppose people are f r e e  t o  move from one l o c a t i o n  t o  another.  What 

then can make them accept such h i g h  communication cos ts?  Low cos ts  o f  

housing i s  an obvious answer. So, l e t  us s t i p u l a t e  a  s p a t i a l  i n v a r i -  

ance o f  t h e  sum o f  communication and housing cos ts  as a  c o n d i t i o n  f o r  

e q u i l i b r i u m  i n  t h e  s p a t i a l  popu la t i on  d i s t r i b u t i o n .  



L i k e  we assumed t h a t  each i n d i v i d u a l  needed a  c e r t a i n  number o f  commu- 

n i c a t i o n s  w i t h  each o f  t h e  o t h e r  i n d i v i d u a l s  we a l so  assume t h a t  each 

i n d i v i d u a l  needs a  c e r t a i n  l i v i n g  space. I f  few people l i v e  i n  an area 

we can house them i n  one-storey b u i l d i n g s  o f  weak cons t ruc t i on ,  b u t  

w i t h  a  growing popu la t i on  d e n s i t y  we have t o  b u i l d  h ighe r  and h igher ,  

a t  an i nc reas ing  c a p i t a l  cos t  per  u n i t  o f  a r t i f i c i a l  housing space 

created.  The assumption i s  t h a t  i t  i s  more expensive t o  p r o v i d e  an i n -  

d i v i d u a l  w i t h  h i s  r e q u i r e d  l i v i n g  space t h e  h ighe r  t h e  r a t i o  o f  popu- 

l a t i o n  t o  t h e  space a v a i l a b l e  f o r  housing. 

We are now i n  t h e  p o s i t i o n  o f  c l o s i n g  t h e  model. The n a t u r a l  space 

a v a i l a b l e  f o r  housiqg obv ious l y  i s  t h e  p a r t  o f  i t no t  used f o r  t h e  

t r a n s p o r t a t i o n  network. For each patch o f  land  we have t h e  o p t i o n  o f  

us ing  i t  t o  f a c i l i t a t e  housing o r  communication. I f  we use i t  f o r  t h e  

f i r s t  purpose, t h e  r e s u l t  w i l l  be decreased crowding o f  popu la t i on  and 

r e s i d e n t i a l  c o n s t r u c t i o n  costs ,  and increased t r a f f i c  congest ion and 

l o c a l  t r a n s i t  cos t .  A balance obv ious l y  has t o  be s t r u c k  f o r  land-use 

a t  each l o c a t i o n  so t h a t  t h e  sum o f  housing and communication c o s t s  i s  

as smal l  as poss ib le .  

On t h e  o the r  hand, we a l so  s t i p u l a t e d  t h a t  t h i s  sum should be a  s p a t i -  

a l  i n v a r i a n t .  Th i s  was t h e  c o n d i t i o n  f o r  a  popu la t i on  d i s t r i b u t i o n  i n  

s p a t i a l  e q u i l i b r i u m .  T h i s  e q u i l i b r i u m  c o n d i t i o n  removes our  l a s t  

degree o f  freedom. 

Optimal f l o w s  

Let  us now f o r m a l i z e  t h e  model. As usual denote t h e  r e g i o n  s t u d i e d  A 

and i t s  boundary 3A.  I n  t h e  present  model we deal  w i t h  p a i r s  of o r i g i n  

and d e s t i n a t i o n  l o c a t i o n s .  Le t  them be denoted 5 = (c1,c2) and x  = 

x ) r e s p e c t i v e l y .  Next, d e f i n e  t h e  popu la t i on  d e n s i t y  f u n c t i o n  
(X1 '  2  



For convenience we abbreviate population p' = p(S1,S2) at the origin, 
whereas we let p = p(x ,x ) denote population at the destination. This 1 2  
convention is useful as we keep the origins fixed as long as we deal 
with individual flow fields. (We could have chosen the destinations as 

fixed instead. This would have worked equally well). Total population 

As already indicated, an individual flow field can be defined uniquely 

when the origin is fixed. Denote it 

Of course, the vector field also depends on the location 5 of origin, 

but keeping it fixed we can delete it as an explicit argument in (3). 
It should be noted that with a fixed origin all the vector operations, 

like taking the divergence, are carried out with respect to the vari- 

able x-coordinates, not the fixed S-coordinates. 

According to our assumption on communication demand the number of 

"communications" originating in 5 and leaving the flow + in the desti- 
nation x equals the product pp of population densities. This is the 
sink density, and so we obtain 

div q~ = - pp 

as our relevant divergence law. To avoid confusion we state once more 
that the divergence, aml/axl + a@ /ax is taken in the x-coordinates. 

2 2' 

In order to write down the gradient law we must define the transit 

cost function. Presently, it is not a given function of location, but 

depends on the ratio of traffic to capacity as a measure of conges- 

tion. Denote traffic by i and capacity by m. Then transit cost is 



Using t h i s ,  t h e  g r a d i e n t  law, as always, reads 

Two observa t ions  on X are i n  o rder .  F i r s t ,  l i k e  4 ,  it must depend on 

t h e  l o c a t i o n  o f  o r i g i n  5, and o n l y  when we keep t h e  o r i g i n  f i x e d  can 

we d e l e t e  i t s  coord ina tes  as arguments o f  t h e  s c a l a r  f i e l d .  When we 

regard  5 as v a r i a b l e  we ge t  a double continuum o f  vec to r  f i e l d s  I$, and 

l i k e w i s e  a  double continuum o f  s c a l a r  f i e l d s  A .  Second, X i s  p r e s e n t l y  

an undetermined Lagrangean m u l t i p l i e r  f u n c t i o n ,  associated w i t h  t h e  

c o n s t r a i n t  ( 4 ) .  Below we w i l l  g i v e  an i n t e r p r e t a t i o n .  But observe t h a t  

( 6 )  t e l l s  no th ing  more than t h a t  t h e  u n i t  f l o w  f i e l d  i s  g r a d i e n t  t o  

some, y e t  undetermined, f u n c t i o n  whose g r a d i e n t  norm equals l o c a l  

t r a n s i t  cost .  

L e t  us m u l t i p l y  bo th  s ides  o f  ( 6 )  by t h e  u n i t  vec to r  $ / I +  1.  I n  t h e  

l e f t  hand s i d e  t h e  u n i t  vec to rs  m u l t i p l y  t o  s c a l a r  u n i t y  and so 

k ( 1 $ / 1 $ ( ) ~  = k. I n  t h e  . r i g h t  hand s i d e  we ge t  grad X I  = d ~ l d u ,  

where u i s  an arc l eng th  parameter. Th is  i s  so because $ / ( @ I  i s  t h e  

u n i t  vec to r  i n  t h e  d i r e c t i o n  o f  t h e  op t ima l  rou te .  Thus 

and, i n t e g r a t i n g  along any op t ima l  r o u t e  having i t s  o r i g i n  a t  5, we 

o b t a i n  

s  
A = J' kdu 

0 

because ( d ~ / d ~ ) d ~  = dX i s  an exact  d i f f e r e n t i a l .  I n  equat ion (8)  we 

have chosen t h e  a r b i t r a r y  i n t e g r a t i o n  cons tan t  t o  be zero. By t h i s ,  X 

becomes t h e  pa th  i n t e g r a l  o f  l o c a l  t r a n s i t  cos ts  along t h e  most e f f i -  

c i e n t  rou tes  o f  communication. Thus, t h e  p o t e n t i a l  X w i l l  have zero 



va lue  a t  t h e  o r i g i n  and increases i n  a1 1  d i r e c t i o n s  a t  t h e  r a t e  o f  

l o c a l  t r a n s i t  costs .  Any p o s i t i v e  X de f i nes  a  c losed  curve  sur round ing  

t h e  o r i g i n  5 ,  and c o n s i s t s  o f  p o i n t s  as f a r  as p o s s i b l e  f rom 5 when 

t h e  t o t a l  amount X i s  spent on t r a n s p o r t a t i o n .  

Le t  us go somewhat deeper i n t o  t h e  ma t te r  o f  t h e  de te rm ina t i on  o f  t h e  

u n i t  f l o w  f i e l d  $ / ( $ I  f rom equa i ton  (6 )  above t o  make sure t h a t  i t  

does n o t  ma t te r  t h a t  X i s  an unknown Lagrangean. To accomplish t h i s  

task  we w i l l  make a  1  i t t l e  abuse o f  t h e  te rm ino logy  from vec to r  ana- 

l y s i s  and regard  c u r l s  and c ross  produc ts  as s c a l a r  q u a n t i t i e s .  A 

c ross  product  o f  two vec to rs  ( i n  three-space) a c t u a l l y  i s  a  vec to r ,  

perpend icu la r  t o  t h e  p lane spanned by those vectors,  and p o i n t i n g  i n  

t h e  d i r e c t i o n  t h a t  forms a  r i g h t  handed s e t  o f  axes w i t h  those two. 

The norm o f  t h e  c ross  produc t  i s  t h e  area o f  t h e  pa ra l l e l og ram spanned 

by t h e  two o r i g i n a l  vectors.  

Likewise, t h e  c u r l  a c t u a l l y  i s  a  vec to r  a long t h e  a x i s  o f  r o t a t i o n  i n  

a  f low,  p o i n t i n g  i n  t h e  d i r e c t i o n  which makes t h e  r o t a t i o n  counter-  

c lockwise,  and having a  norm equal t o  t h e  v e l o c i t y  o f  r e v o l u t i o n .  

As we deal  w i t h  vec to rs  i n  t h e  plane, bo th  t h e  c ross  products and t h e  

c u r l s  always p o i n t  i n  d i r e c t i o n s  perpend icu la r  t o  t h i s  plane. Thus, 

t hey  have o n l y  one nonzero component. Our abuse w i l l  be t o  d i s r e g a r d  

t h e  v e c t o r i a l  cha rac te r  o f  these two concepts and t r e a t  them as i f  

they  were i d e n t i c a l  w i t h  t h e  ( s c a l a r )  va lues o f  t h e  s i n g l e  non-zero 

components. Th i s  s i m p l i f i c a t i o n  can cause no confus ion.  The o n l y  rem- 

nant  o f  t h e  v e c t o r i a l  cha rac te r  i s  t h e  s ign  ( o r  sense), which depends 

on whether t h e  r e s u l t a n t  vec to rs  p o i n t  outwards o r  inwards f rom t h e  

plane. 

Using t h i s  abuse terminology,  t h e  formal  d e f i n i t i o n  o f  t h e  c ross  p ro -  

duct  of two a r b i t r a r y  vec to rs  $ and ) i s  4 x $ = - $2)1. 

Likewise, f o r  an a r b i t r a r y  vec to r  f i e l d  , we d e f i n e  c u r l  $ = ag2/axl 

- a+ / a x  1 2 '  



About t he  c ross  product  we should no te  t h e  t r i g o n o m e t r i c  fo rmula  (x$ = 

( ( 1  ( $ 1  s i n  a, where a  i s  t h e  angle between t h e  d i r e c t i o n s  o f  t h e  

vectors.  As we s i m i l a r l y  have ( * $  = ) ( )  ($1  cos a we d e r i v e  t h e  u s e f u l  

r e l a t i o n  ( (x$) / ( ( -$ )  = t a n  a. 

A f t e r  these p r e l i m i n a r i e s  we-are prepared t o  s t a r t  o u t  w i t h  equat ion  

( 6 )  by t a k i n g  t h e  c u r l s  o f  bo th  s ides.  Now a  g rad ien t  f i e l d  i s  always 

i r r o t a t i o n a l  and t h e  c u r l  i s  hence i d e n t i c a l l y  zero. So, 

c u r l  ( k  ( / I$ ( )  = 0  (9) 

Expanding t h i s  express ion we get  

grad k  x  ( / I $ (  + k  c u r l  ( ( / I + ( )  = 0  (10 

(Note t h e  s i m i l a r i t y  o f  t h i s  express ion t o  t h e  corresponding one f o r  

t h e  d ivergence) .  

Next, denote t h e  d i r e c t i o n  o f  grad k  by w and t h e  d i r e c t i o n  o f  ( l ( ( 1  
by  0 .  Using our t r i g o n o m e t r i c  r e l a t i o n  betweeen c ross  and do t  

products,  and n o t i n g  t h a t  grad k - ( / I ( (  = dkldu, we ge t  

dk ldu s in(0-w) + k  c u r l ( ( / ( ( l )  cos(0-w) = 0  (11)  

But, ( / I ( (  = (COS 0,sin 0) and so, by d e f i n i t i o n  o f  t h e  c u r l ,  and 

u s i n g  t h e  cha in  r u l e ,  

c u r l  ((/1(1) = cos e aelax + s i n  e aelax 1 2  (12)  

However, as (cos 0,sin 0) = (dxl/du,dx I d a ) ,  we immediately t r ans fo rm 
2  

(12 )  i n t o  

S u b s t i t u t i n g  i n t o  (11) we get 



Let  us cons ider  (14) a  l i t t l e .  The angle w i s  de f i ned  by  the  g rad ien t  

d i r e c t i o n  t o  k , . the l o c a l  t r a n s i t  cost ,  which i s  known. The v a r i a t i o n  

o f  t h i s  c o s t  i n  t h e  d i r e c t i o n  o f  t h e  rou te ,  dkldu, o n l y  depends upon 

t h e  d i r e c t  ion.  Accordingly ,  (14) i nvo l ves  as unknowns o n l y  t h e  d i r e c -  

t i o n  o f  t h e  rou te ,  8,  and i t s -  r a t e  of change, doIda, as we f o l l o w  t h e  

rou te .  We thus  have a  d i f f e r e n t i a l  equat ion f o r  t h e  r o u t e  d i r e c t i o n  

w i t h  arc l eng th  as argument. 

T h i s  d i f f e r e n t i a l  equat ion, i n  f a c t ,  j u s t i f i e s  our asse r t i on  t h a t  (6 )  

would a l l ow  us t o  d e r i v e  t h e  f l o w  l i n e s ,  desp i te  t h e  fac t  t h a t  X i s  

unknown. I t s  charac ter  i s  most e a s i l y  understood by  some spec ia l  

cases. 

F i r s t ,  assume t h a t  w i s  i n v a r i a n t  i n  space, so t h a t  dk/da = 0  and we 

can drop t h e  f i r s t  term i n  (14) .  What remains can be w r i t t e n  

which has t h e  f i r s t  i n t e g r a l  

k  s in(8-w) = cons tant  (16) 

Obviously,  t h e  s ine  o f  angular d i f f e r e n c e  between t h e  d i r e c t i o n s  of 

maximum t r a n s i t  cos t  increase and o f  t h e  r o u t e  i s  r e l a t e d  r e c i p r o c a l -  

l y  t o  t r a n s i t  cos t .  I f  the  r o u t e  takes us t o  l o c a t i o n s  where t r a n s i t  

cos t  increases, we decrease t h e  angular d i f f e r e n c e  i n  order  t o  pass 

t h e  h igh  cos t  reg ion  as f a s t  as poss ib le .  I f  t r a n s i t  cos t  decreases 

along t h e  r o u t e  we increase t h e  d i f fe rence i n  order  t o  p r o f i t  f rom t h e  

low cos ts  du r ing  as long a  t r a n s i t  as poss ib le .  

Equation (16) again reminds us of geometr ica l  o p t i c s .  I n  a  separa t ion  

p o i n t  between two media w i t h  r e f r a c t i o n  i n d i c e s  kl and k 2  (and o = 0  

a r b i t r a r i l y  as i t  i s  no t  de f i ned  when kl and k  are s e c t i o n a l l y  con- 
2  

s t a n t )  we have 



"/k2 = sin el/sin e 2 

This is Snell's law telling that the sines of incidence angles have 
the same ratio as the refraction indices. It is noteworthy that the 

corresponding refraction law for transportation, partly on land, part- 

ly on sea, with different transit costs (kl,k2), was discovered by two 

economists, Pal ander (1935) and v Stackel berg (1938). 

Second, relax the constraint of a constant k, but assume it to display 
2 2 circular symmetry. So, we can write k(p), where p = 4(xl + x2). In 

view of our complete model this, of course, means that the congestion 

ratio, i/m, itself depends on location x via p = 1x1 only. From this 

circular symmetry of k, we get 

grad k = dkldp(xl/p,x2~p) (18) 

But, as w was defined to be the angle of the gradient of k, we can 

identify the vectors (xl/p,x2/p) and (cos w,sin a). So, 

Xl = p cos w 

x = p sin w 
2 (20 

and we note that what we have done is to introduce polar coordinates 

for the cartesi.an ones. 

Let us now differentiate (19)-(20) with respect to the arc length 

parameter a, and for convenience denote derivatives with respect to 

arc length by a dot. So, 

. . 
x1 = P cos w - PO sin w 

. . 
x2 = P sin + pw cos 



However, 8 be ing  t h e  d i r e c t i o n  o f  t h e  r o u t e ,  il and i2 denote t h e  

d i r e c t i o n  cos ines  as d i f f e r e n t i a t i o n  i s  w i t h  r e s p e c t  t o  a rc  l eng th .  

Acco rd ing l y  

X1 = cos 8 

x2  = s i n  8 (24 

We s u b s t i t u t e  f rom (23 ) - (24 )  i n t o  ( 21 ) - (22 )  and use Cramer's r u l e  t o  

so l ve  f o r  and p i ,  which a re  t r e a t e d  as t h e  two unknowns i n  t h e  r e -  

s u l t i n g  system. I n  t h e  e x p l i c i t  s o l u t i o n s  we make use of t h e  f o rmu las  

f o r  t h e  cos ine  and t h e  s i n e  o f  a  d i f f e r e n c e  t o  o b t a i n  

These t r i g o n o m e t r i c  express ions  a re  now s u b s t i t u t e d  back i n t o  ou r  o r i -  

g i n a l  d i f f e r e n t i a l  equa t ion  (14), which reads 

I f  we now d i f f e r e n t i a t e  (26)  w i t h  r espec t  t o  a rc  l e n g t h  once more and .. 
use (25)  f o r  cos(8-w),  we g e t  k i 8  = 2ki; + kpw. S u b s t i t u t i n g  t h i s  i n t o  

(27)  and c o l l e c t i n g  terms (27)  t u r n s  i n t o  

But  t h i s  i s  t h e  same as 



which has t h e  f i r s t  i n t e g r a l  

2  kp w = constant  (30)  

The l a s t  fo rmula  i s  w e l l  known f rom t h e  mechanics o f  c e n t r a l  f i e l d s  

( l i k e  p lane to ry  mot ion) .  To understand t h e  charac ter  o f  t h i s  new d i f -  

f e r e n t i a l  equat ion, l e t  us denote t h e  cons tant  by c, w r i t e  ou t  k = 

dwlda, and note  t h a t  t h e  arc l eng th  element do equals f + p12)dw 

(where p 1  = dpldw). Thus ; i s  t h e  r e c i p r o c a l  o f  f ( p2  + P I )  and (30) 

reads 

which i s  an o r d i n a r y  d i f f e r e n t i a l  equat ion expressed i n  p o l a r  coo rd i -  

nates. It has been much s tud ied  i n  t h e o r e t i c a l  mechanics, and i n  f a c t  

i t s  s o l u t i o n  can always be obta ined by i n t e g r a t i o n  ( i f  t he  independent 

and dependent v a r i  ables are in terchanged).  

E x p l i c i t  s o l u t i o n s  are hard o r  easy t o  ob ta in ,  depending on t h e  cha- 

r a c t e r  o f  k. Before g i v i n g  some i l l u s t r a t i o n s ,  l e t  us j u s t  n o t i c e  t h a t  
2 2  if we s u b s t i t u t e  arc l eng th  da = J ( P  + P '  )dw i n t o  ( 8 )  i t  reads 

I f  we regard P (w) as an unknown func t ion ,  t h a t  we have t o  choose so as 

t o  min imize A ,  then we get  (31) as t h e  proper Eu ler  equat ion f o r  t h i s  

v a r i a t i o n a l  problem. Th i s  cor robora tes  t h e  g rad ien t  law as we obvious- 

l y  ge t  t h e  same c o n d i t i o n  by seeking t h e  op t ima l  rou tes  one by one (as 

parameterized curves p ( w ) )  so t h a t  they  min imize t r a n s p o r t a t i o n  

costs.  We a lso  see t h a t  once we have solved f o r  t he  f low l i n e s ,  so 

t h a t  we know p (a ) ,  then we can c a l c u l a t e  A.  Th is ,  o f  course, i s  t r u e  

f o r  t h e  g iven o r i g i n  5 .  For another o r i g i n  we have t o  r u n  through t h e  

whole process again. 



L e t  us f i n i s h  t h e  s e c t i o n  by g i v i n g  a  ve ry  s imp le  i l l u s t r a t i o n  by 

power func t ions  

Unless a  i s  zero, t h e  s o l u t i o n  i s  

Th i s  i s  a  two-parameter f a m i l y  o f  rou tes ,  b u t  f i x i n g  a  p o i n t  o f  o r i g i n  

removes one, and so we o b t a i n  a  se t  o f  r a d i a t i n g  curves. From (32)  we 

can a lso  c a l c u l a t e  A, us ing  (33)- (34) ,  and o b t a i n  

where and w are t h e  p o l a r  coord ina tes  f o r  t h e  f i x e d  p o i n t  o f  o r i g i n  

5 ,  and p and w are t h e  p o l a r  coord ina tes  f o r  t h e  v a r i a b l e  p o i n t  o f  de- 

s t i n a t i o n .  The c a l c u l a t i o n  o f  (35)  i s  a  b i t  awkward and the re fo re  n o t  

reproduced. The l o g i c  i s ,  however, s imple e v a l u a t i o n  of (32)  w i t h  sub- 

s t i t u t i o n ' s  f rom (31) - (34)  being made. 

For cons tan t  A,  (35) descr ibes  a  s e t  o f  c o n c e n t r i c  t r a n s p o r t a t i o n  c o s t  

contours t o  which t h e  rou tes  de f i ned  b y  (34)  are o r thogona l .  I t  should 

be s t ressed t h a t  t h e  su f f i cency  c o n d i t i o n s  f o r  e x t r e m a l i t y  a re  f u l -  

f i l l e d  f o r  (34) - (35)  o n l y  i n  a  neighbourhood o f  t h e  o r i g i n ,  more spe- 

c i f i c a l l y  i n  a  wedge w i t h  ve r tex  i n  t h e  o r i g i n  ( o f  t h e  coo rd ina te  

system, n o t  t h e  c e n t r a l  f l o w  f i e l d ) .  

I t  i s  easy t o  recogn ize  t h e  geomet r ica l  cha rac te rs  o f  these s o l u t i o n  

curves f o r  low i n t e g r a l  values o f  a. The va lue  zero i s  a  spec ia l  case 

f o r  which (34)  does n o t  hold.  It w i l l  be d e a l t  w i t h  below. The s imp l -  

e s t  o f  t h e  remain ing cases i s  when a  = 1. Then, t r ans fo rm ing  (34)  back 

i n t o  c a r t e s i a n  coord inates,  we ge t  



cos B x  - s i n  B x  = a 1 2  ( a  = 1 )  

Th i s  i s  o b v i o u s l y  a  two-parameter f a m i l y  o f  s t r a i g h t  l i n e s .  T h i s  cha- 

r a c t e r  o f  t h e  r o u t e s  i s  i n t u i t i v e l y  obv ious  as k  = P O  = 1 makes t r a n -  

s p o r t a t i o n  c o s t  equal t o  r o u t e  l e n g t h  accord ing  t o  (32) .  

I f  we l e t  a  = 2, so t h a t  k  = p, we dea l  w i t h  a  case where t r a n s p o r t a -  

t i o n  i s  cheap i n  t h e  c e n t r e  and ge t s  more and more expensive towards 

t h e  pe r i phe ry .  We expect  t h a t  o p t i m a l  r o u t e s  a re  d e f l e c t e d  f rom t h e  
s t r a i g h t  l i n e  and become convex t o  t h e  o r i g i n .  T h i s  i s  v e r i f i e d  by  t h e  

f o rma l  s o l u t i o n .  Pass ing again t o  c a r t e s i  an c o o r d i n a t e s  we have 

2  2  cos B(xl-x2) - s i n  B(2x1x2) = a ( a  = 2 )  

T h i s  f o rmu la  rep resen ts  t h e  f a m i l y  o f  a l l  hyperbo las  t h a t  can be 

arranged symmet r i ca l l y  around t h e  c e n t r e  ( o f  t h e  c o o r d i n a t e  system). 

By v a r y i n g  a we f i l l  t h e  four  sec to rs ,  formed b y  a  p a i r  o f  o r thogona l  

axes th rough t h e  cen t re ,  by  r e c t a n g u l a r  hyperbolas.  By v a r y i n g  B, we 

s i m p l y  r o t a t e  any such s e t  o f  axes and i t s  co r respond ing  fami  l y  o f  

hyper bo 1  as. 

Next, l e t t i n g  a  = 3, so t h a t  k  = p 2  we n o t e  t h a t  t h e  t r a n s p o r t a t i o n  

advantages i n  t h e  c e n t r a l  p a r t s  become g r e a t e r .  We suspect t h a t  t h e  

c o n v e x i t y  o f  t h e  r o u t e s  i s  even more pronounced. T h i s  i s  con f i rmed  b y  

t h e  fo rma l  s o l u t i o n  

3  2  2  3 cos B(xl-3xlx2) - s i n  B(3x1x2-x2) = a ( a  = 3 )  

Now, f o r  any f i x e d  B t h e  space i s  s p l i t  i n  s i x  equal s e c t o r s  ( w i t h  

v e r t i c e s  i n  the. c e n t r e ) .  T h i s  i s  l i k e  t h e  p r e v i o u s  case where space 

was s p l i t  i n  four  sec to r s .  Again, t h e  s e c t o r s  a re  f i l l e d  b y  h y p e r b o l i c  

curves, now more s h a r p l y  convex as t h e y  are compressed i n  angles of 

60' ( i n s t e a d  o f  90'). We dea l  w i t h  a  so c a l l e d  monkey saddle f l o w ,  

whereas we d e a l t  w i t h  o r d i n a r y  saddles i n  t h e  p rev ious  case. Changing 

t h e  va lue  o f  B again r o t a t e s  t h e  whole system o f  s o l u t i o n  curves.  



From t h e  f a c t  t h a t  space i s  s p l i t  i n t o  sec tors  ( o f  600 o r  900) i n  t h e  

two l a s t  cases,-we can understand t h a t  t h e r e  i s  no s o l u t i o n  curve 

according t o  (34) t h a t  j o i n s  an o r i g i n  and a d e s t i n a t i o n ,  separated by 

a  l a r g e r  acute angle than one o f  60° o r  90°. So, it becomes i n t e l l i g i -  

b l e  t h a t  (34) o n l y  p rov ides  a  l o c a l  s o l u t i o n  as h i n t e d  a t .  Fotunate ly ,  

f o r  t h e  remain ing cases t h e r e  e x i s t s  another s o l u t i o n  t o  t h e  op t ima l  

r o u t i n g  problem, namely r a d i a l l y  from t h e  o r i g i n  i n  t o  t h e  cen t re  and 

ou t  t o  t h e  d e s t i n a t i o n  again. 

As we know s u f f i c i e n t l y  much about p o s i t i v e  values o f  a, l e t  us now go 

i n  t h e  reverse  d i r e c t i o n .  Put a  = -1. Then (34)  i n  c a r t e s i a n  coo rd i -  

nates reads 

2  2  
cos B xl - s i n  B x2 = a(xl + x2)  ( a  = -1) 

Th is  equat ion represents  t h e  se t  o f  a l l  c i r c u l a r  arcs through t h e  

c e n t r e  o f  coord ina te  space. As expected, t h e  shape o f  t h e  rou tes  i s  
-2 now concave t o  t h e  o r i g i n .  As k  = P i t  i s  l e a s t  expensive t o  t r a v e l  

i n  t h e  per iphery  and avoid t h e  cen t re  as much as poss ib le .  

Our f i n a l  case o f  (34) i s  w i t h  a  = -2. We expect t h e  avoidance o f  t h e  

c e n t r a l  p a r t s  t o  be even more pronounced. The formal  s o l u t i o n  

2  2  2  2 2  
cos B(xl-x2) - s i n  B(2x1x2) = a ( x  1 2  +x ) (a  = -2) 

represents  t h e  f a m i l y  o f  lemniscates through t h e  cent re .  Again, f o r  

each B, space i s  s p l i t  i n  f o u r  sectors.  These sec tors  are now e l l i p t i c  

(no t  hype rbo l i c ) .  These cases should be enough t o  he lp  i n t u i t i o n  t o  

understand t h e  s o l u t i o n  ( 3 4 )  i n  general.  

Le t  us f i n a l  l y  reco rd  t h e  spec ia l  case o f  (33)  where a  = 0. Then 



i s  t he  s o l u t i o n  t h a t  rep laces  (34) .  The va lue  o f  (32)  i s  ob ta ined 

according t o  

which rep1 aces (35) .  

Traffic 

As i n d i c a t e d  i n  t he  i n t r o d u c t i o n ,  we d e f i n e  t r a f f i c  a t  t h e  l o c a t i o n  x  

by 

We i n t e g r a t e  t h e  norms o f  a l l  t h e  vec tor  f i e l d s  passing through x  w i t h  

respec t  t o  a l l  p o s s i b l e  p o i n t s  o f  o r i g i n  5 .  But be fo re  be ing  ab le  t o  

i n t e g r a t e  accord ing t o  (38)  we must c a l c u l a t e  t h e  norms ) $ I ,  which we 

do n o t  know ye t .  A l l  t h e  p rev ious  d iscuss ion  concerns t h e  r o u t e s  o f  

communication, n o t  t h e  volumes. 

I n  t h e  i n t r o d u c t i o n  we i n d i c a t e d  how t h e  demand f o r  communication, by  

a  g r a v i t y  t ype  o f  model, determines s ink  d e n s i t y  and thus  f l o w  v o l -  

umes. As a  mat te r  o f  f a c t  we have a l ready  w r i t t e n  down t h e  exac t  

mathematical  c o n d i t i o n  f o r  how f l o w  volume changes w i t h  s i nk  d e n s i t y  

i n  equat ion ( 4 )  above. 

Observe t h a t  when we know t h e  u n i t  f l o w  f i e l d  $ / l $ l  then equat ion  ( 4 )  

renders a  p a r t i a - l  d i f f e r e n t i a l  equat ion i n  f l o w  volume alone. As 4 = 

I we get  

d i v  $ = grad 141 $ / ( $ I  + ($1  div(41($)) (39)  

where ( / I $  ( and d i v ( $ l l $ ( )  are known as soon as we know t h e  f l o w  

l i n e s .  The o n l y  unknowns i n  (39)  are $ 1  and grad I $ ( ,  i e, t h e  f l o w  

volume and i t s  p a r t i a l  d e r i v a t i v e s .  So, ( 4 )  indeed supp l i es  a  

d i f f e r e n t i a l  equat ion  fo r  I $  1 .  



Once we know (+I  f o r  a l l  5  we can proceed t o  t h e  i n t e g r a t i o n  (38 )  and 

c a l c u l a t e  t r a f f i c .  

We w i l l  i l l u s t r a t e  t h e  procedure by  a  few examples. F i r s t ,  suppose 

t h a t  t r a n s i t  c o s t  i s  cons tan t ,  i e, k  = 1 on t h e  whole reg ion .  More- 

over ,  suppose we dea l  w i t h  u n i f o r m  p o p u l a t i o n  dens i t y ,  p  = l, every-  

where and t h a t  t h e  r e g i o n  we deal  w i t h  i s  t h e  u n i t  d i sk ,  

A  = { ( X  x ) x2 + x2 < 1). T h i s  i s  t h e  s i m p l e s t  imag inab le  case. 
1 ' 2 1 1  2  

Pu t  a  = 1 i n  (33 ) .  Then we know t h a t  ( 34 )  i s  a  s o l u t i o n .  For t h e  p re -  

sen t  case i t  reads 

which i s  t h e  f a m i l i a r  equa t ion  o f  a  s t r a i g h t  l i n e  w r i t t e n  i n  p o l a r  co-  

o r d i n a t e s .  It i s  n o t  s u r p r i s i n g  t h a t  t h e  o p t i m a l  r o u t e s  w i t h  cons tan t  

t r a n s i t  c o s t  are s t r a i g h t  l i n e s ,  as i n  a l l  c l a s s i c a l  l o c a t i o n  models. 

It i s  more conven ien t  t o  p u t  t h e  equa t i on  o f  t hese  s t r a i g h t  l i n e s  i n  

pa rame t r i c  form. Using our  f a m i l i a r  n o t a t i o n ,  where E1,E2 a re  t h e  co- 

o r d i n a t e s  o f  t h e  p o i n t  of o r i g i n ,  and 0 i s  the,  p r e s e n t l y  cons tan t ,  

angle o f  t h e  f l o w  l i n e ,  we w r i t e  

X1 = c1  + u COS 0 ( 41  

x  = E2 + u s i n  0 
2 (42 

As always, u denotes t h e  a rc  l e n g t h  parameter.  Obv ious ly  ( 41 ) - (42 )  i s  

an express ion  e q u i v a l e n t  t o  (40)  when we deal  w i t h  a  s e t  o f  l i n e s  w i t h  

a  common p o i n t  o f  i n t e r s e c t i o n .  

From (41 ) - (42 )  we can e a s i l y  c a l c u l a t e  arc  l e n g t h  



L e t  us now check t h e  g rad ien t  o f  t h i s  arc l e n g t h  measure. Obv ious ly  

grad u = ((xl-S1)/u, ( x ~ - S ~ ) / ~ )  

= (cos 8,sin 8 )  

We can thus  i d e n t i f y  t h e  u n i t  f l o w  f i e l d  w i t h  t h e  g rad ien t  o f  t h e  a rc  

leng th .  As arc l eng th  i s  measured a long s t r a i g h t  l i n e s ,  we o b v i o u s l y  

deal w i t h  an enc l idean me t r i c .  The l o c i  o f  equal d i s tance  then are  

concen t r i c  c i r c l e s  as de f i ned  by  (43)  f o r  any g iven  a, and t h e  penci  1  

o f  r a d i a l s  through t h e i r  common c e n t r e  o b v i o u s l y  i s  t h e  g r a d i e n t  f i e l d  

t o  t h i s ,  t h e  s imp les t  o f  a l l ,  me t r i cs .  

Now, us ing  (44),  

grad $ 1  ( / I $ (  = grad I(( . grad a 

and 

d i v  ( ( / ($ I )  = d i v  grad 0 

2  2  2  But t h e  Lap lac ian  d i v  grad u = 3 u/ax2 + a u/ax2 can e a s i l y  be 1 
c a l c u l a t e d  from (43)  t o  equal 110. On t h e  o t h e r  hand grad I $ (  grad u 

obv ious l y  i s  t h e  d e r i v a t i v e  a ) $ l / a a .  So, accord ing t o  (39) ,  and (45) -  

(46)s  

d i v  4 = a l $ ( / a ~  + ( $ I / u  (47 

Using our in fo rmat  i o n  t h a t  : p z 1, equat ion ( 4 )  becomes 



which i s  q u i t e  easy t o  so lve .  As n e i t h e r  8 ,  no r  any d e r i v a t i v e  w i t h  

r e s p e c t  t o  i t  appears i n  (48) ,  we can t r e a t  it as an o r d i n a r y  d i f f e -  

r e n t i a l  equa t i on  w i t h  a  as t h e  o n l y  independent v a r i a b l e .  The depen- 

dence on t h e  angle 8  i s  c o n f i n e d  t o  a  v a r i a t i o n  o f  t h e  a r b i t r a r y  i n t e -  

g r a t i o n  cons tan t  on l y .  

Denot ing t h i s  cons tan t  by s2, we o b t a i n  t h e  s o l u t i o n  

As we deal  w i t h  communication w i t h i n  t h e  c l osed  d i s k  on l y ,  t h e r e  i s  no 

f l o w  c r o s s i n g  t h e  boundary. As, moreover, t h e  r o u t e s  a re  s t r a i g h t  

l i n e s ,  r a d i a t i n g  f r om i n t e r i o r  p o i n t s  o f  t h e  c i r c u l a r  r e g i o n  we see 

t h a t  no r o u t e  can be t a n g e n t i a l  t o  t h e  boundary curve.  So, t h e  cond i -  

t i o n  t h a t  no f l o w s  c ross  t h e  boundary t r a n s l a t e s  t o  a  c o n d i t i o n  

t h a t  a l l  f l o w  volumes a re  zero on t h e  boundary, i e, ( ( I  = 0. From 

(49)  we see t h a t  S  = a  on t h e  boundary which means t h a t  S  can be 

i n t e r p r e t e d  as t h e  s t r a i g h t  l i n e  d i s t a n c e  t o  t h e  boundary aA f r om t h e  

p o i n t  5 .  I n  another  wording, S  i s  t h e  d i s t a n c e  f rom 5 t o  t h e  boundary 

i n  t h e  d i r e c t i o n  8. T h i s  l a s t  f o r m u l a t i o n  i n d i c a t e s  - how S depends on 

8.  

Our nex t  t a s k  i s  t o  eva lua te  t h e  double i n t e g r a l  ( 38 )  f r om (49) .  But  

i n  o rde r  t o  make t h e  i n t e g r a t i o n  e f f i c i e n t l y  we s t a r t  by  changing 

i n t e g r a t i o n  v a r i a b l e s  f rom t o  a , .  Now, ( 41 ) - (42 )  t e l l  us t h a t  
- 
- X1 

- a  cos 8  and E2 = x  - a  cos 8. Observe t h a t  when we 2  
i n t e g r a t e  accord ing  t o  (38)  we t r e a t  t h e  p o i n t  xl,x2 as f i x e d ,  t hus  

r e v e r s i n g  t h e  r o l e s  o f  5  and x  i n  comparison t o  t h e  p rev ious  d i scus -  

s i on .  I t  i s  easy t o  e v a l u a t e  t h e  Jacobian o f  t h e  c o o r d i n a t e  t r a n s f o r -  

mat ion  as 



A c c o r d i n g l y  

and, f r om (38)  and (49) ,  

The e v a l ~ ~ a t i o n  o f  t h e  innermost  i n t e g r a l  i s  messy, b u t  s t r a i g h t -  

forward,  and y i e l d s  t h e  r e s u l t  

where 

2  2  
S' = J(1-p s i n  8 )  - p cos e 

2  2 S" = J(1-p s i n . 8 )  + p cos 8  

Note t h a t  S' and S" a re  t he  l e n g t h s  o f  t h e  two segments i n t o  wh ich  F 

d i v i d e s  a  chord o f  t h e  u n i t  c i r c l e  i n  t h e  d i r e c t i o n  8 .  Now, 

(S '  + s.)3 - s ' 3  - s"3 = 3S'S"(S '  + S") 

and f rom (54) - (55)  

2  
S'S" = (1-p ) 

2 
(S t  + S") = 2J(1 - p2 s i n  8) 

s u b s t i t u t i n g  f r om (56 ) - (58 )  i n t o  (53)  y i e l d s  

2  2  i = / % J ( l  - p s i n  e)d8 



2 where we note that we have been able to move S'S" = (1-P ) outside the 

integration sign, as it does not depend on 0. The rest of our expres- 
2 2 sion too is a handy one. We note that the integral of f(l-P sin 0) 

taken over an angle n/2 defines the complete elliptic integral of the 
2 second kind. As sin 8 has a perfect periodicity over sr/2 our integral 

is simply four times the elliptic integral, denoted as usually by 

E(P). And so, finally, 

For the convenience of the reader we record the Taylor series for 

E(P), which is the most handy way of computing it. Thus 

The resulting traffic distribution is illustrated in Figure 1. Several 

comments are in order. First, we note that, even though the volumes of 

each flow, according to (49), did not possess circular symnetry, the 

traffic distribution has such symmetry. This is reasonable as the 

whole model is symmetric. The region is a circular disk, population is 

uniformly distributed, and transit cost is spatially invariant. So, 

traffic, i, should, according to intuition, have the symetric proper- 

ty. On the other hand, the origin 5 ,  associated with the flow volume, 

( $ 1 ,  is in general asymmetrically located in the disk, and so we 

should not expect any symmetry. 

Our second observation is that the traffic distribution was relatively 

hard to derive despite the fact that we dealt with an extremely simple 

case. As our second example we will take one that is much easier to 

treat, but this is an 'exception. In general, we can expect a lot of 

computational difficulties. For a detailed discussion of traffic 

distributions and simulation techniques the reader is referred to Puu 

(1979). 



F igu re  1 

Now consider  our second example. What happens w i t h  t h e  s o l u t i o n  (34)  

i f  the  exponent i n  (33)  increases? I f  we draw t h e  curves (34)  f o r  i n -  

c reas ing  a  we see t h a t  t hey  become more and more s h a r p l y  convex t o  t h e  

o r i g i n .  I n  t h e  l i m i t ,  as a  goes t o  i n f i n i t y ,  t h e  r o u t e s  become as con- 

vex as they  can, i e, they  degenerate i n t o  p a i r s  o f  r a d i a l s  j o i n i n g  

t h e  p o i n t s  o f  o r i g i n  and d e s t i n a t i o n  t o  t h e  c e n t r e  o f  t h e  reg ion ,  

which i s  s t i l l  t he  u n i t  d i sk .  So we a r r i v e  a t  t h e  case o f  r a d i a l  

t r a n s p o r t a t i o n  t h a t  i s  so f a m i l i a r  f rom von Thunen and t h e  New Urban 

Economics w i t h  i t s  CBD. 

Along w i t h  t h e  disk-shaped reg ion  we r e t a i n  t h e  assumption o f  a  u n i -  

fo rmly  d ispersed popu la t ion .  As now f rom each p o i n t  o f  o r i g i n  a l l  com- 

munations f i r s t  go t o  t he  c e n t r e  and then r a d i a t e  ou t  from t h e r e  i n  

a l l  d i r e c t i o n s  we conclude t h a t  t h e  present  f l ows  a l l  a re  i n  t h e  

d i r e c t i o n  o f  grad p .  So, ( I ) ( \  = grad p and a11 t h e  formulas f rom (43)  

t o  (48)  go through w i t h  u rep laced by P and El = E p  = 0. The d i f f e r e n -  

t i a l  equat ion, equ i va len t  t o  (48) ,  i s  now 



I t s  s o l u t i o n  resembles (49) ,  b u t  i s  s imp le r :  

The main s i m p l i c i t y  i s  due t o  t h e  f a c t  t h a t  t h e  d i s t a n c e  t o  t h e  bound- 

a r y  i s  p r e s e n t l y  a  u n i t a r y  cons tan t ,  independent o f  0 .  Accord ing ly ,  

i n t e g r a t i o n  w i t h  r espec t  t o  a l l  t h e  o r i g i n s  amounts t o  m u l t i p l i c a t i o n  

o f  (63)  by t h e  area n o f  our  r eg ion .  T h i s  r e s u l t s  f rom t h e  i n v a r i a n c e  

o f  (63)  w i t h  r e g a r d  t o  5 .  F i n a l l y  we have t o  keep i n  mind t h a t  we have 

o n l y  accounted f o r  communication r a d i a t i n g  - o u t  f rom t h e  cen t re .  There 

i s  as much communication r a d i a t i n g  - i n  t o  t h e  cen t re ,  and hence we must 

double our  measure. Thus, we g e t  

T h i s  t r a f f i c  d i s t r i b u t i o n  i s  i l l u s t r a t e d  i n  F i g u r e  2. As t r a f f i c  

becomes i n f i n i t e  i n  ou r  cen t re ,  we have removed t h e  i n f i n i t e  peak a t  a  

c e r t a i n  l e v e l .  It i s  n o t  s u r p r i s i n g  t h a t  r a d i a l  t r a n s p o r t a t i o n  leads 

t o  a  h i g h e r  degree o f  t r a f f i c  c o n c e n t r a t i o n  a t  t h e  c e n t r e  than  does 

1  i n e a r  t r a n s p o r t a t i o n .  

We should no te  t h a t  t h e  f a c t  t h a t  t r a f f i c  i s  i n f i n i t e  i n  t h e  c e n t r e  

does n o t  mean t h a t  t o t a l  t r a f f i c ,  t h e  volume under t h e  su r f ace  shown 

( i n c l u d i n g  t h e  i n f i n i t e  peak),  i s  i n f i n i t e .  I n  f a c t  t o t a l  t r a f f i c  

!IAidxldx2 i s  an improper i n t e g r a l  t h a t  converges. Thus 

which can be compared t o  



F i g u r e  2 

As 4n2/3 - 13.2 and 128~145 = 8.9 about 50 percen t  more t r a f f i c  i s  

c rea ted  by  r a d i a l  t han  by  l i n e a r  t r a n s p o r t a t i o n .  As l i n e a r  t r a n s p o r t a -  

t i o n  should lead  t o  minimum t o t a l  t r a f f i c ,  because i t  corresponds t o  

t h e  cho ice  o f  t h e  s h o r t e s t  r o u t e  f o r  each communication, t h e  excess 

c rea ted  by r a d i a l  t r a n s p o r t a t i o n  i s  s u r p r i s i n g l y  smal l .  

These two examples, e x p r e s s l y  chosen t o  admit a n a l y t i c a l  t r ea tmen t ,  

should n o t  g i v e  t h e  impress ion t h a t  i t  i s  an easy t ask  t o  d e r i v e  ex- 

p l i c i t l y  a l l  t r a f f i c  d i s t r i b u t i o n  f o r  any case we may w ish  t o  t r e a t .  

On t h e  c o n t r a r y ,  t h e  computat ion i s  i n  genera l  v e r y  hard. T h i s  i s  par -  

t i c u l a r l y  un fo r t una te ,  because we should deal  w i t h  t h e  f o r m i d a b l e  t ask  

o f  d e r i v i n g  an e q u i l i b r i u m  t r a f f i c  d i s t r i b u t i o n  when t r a f f i c  i s  f e d  

back, v i a  congest ion,  i n t o  l o c a l  t r a n s i t  cos t ,  which determines t h e  

cho i ce  o f  r o u t e s  and u l t i m a t e l y  t h e  t r a f f i c  d i s t r i b u t i o n  i t s e l f .  We 

have t o  conc lude t h a t  we a re  n o t  ab le  t o  a c t u a l l y  compute t h e  f i n a l  



e q u i l i b r i u m  t r a f f i c  d i s t r i b u t i o n  by a n a l y t i c a l  methods. Computer simu- 

l a t i o n  cou ld  be h e l p f u l ,  bu t  cons ide r i ng  t h e  whole model i t  w i l l  be a  

fo rmidab le  task.  

Comnunication cost 

As we noted above, we are ab le  t o  c a l c u l a t e ,  i n  p r i n c i p l e ,  o f  course, 

t h e  communication cos ts  f o r  each p o i n t  o f  o r i g i n  once we are so f a r  

t h a t  we can c a l c u l a t e  t r a f f i c .  

L e t  us s t a r t  b y . d e r i v i n g  a  genera l  r e l a t i o n  between va r i ous  expres-  

s ions  f o r  communication cos ts .  According t o  our  assumption, i f  p peo- 

p l e  1  i v e  a t  5 and p  l i v e  a t  x, then they  need t h e  number pp o f  comnu- 

n i c a t i o n s .  Each o f  these has a  cos t  o f  A, as de f i ned  by ( 8 )  when o p t i -  

mal rou tes  are chosen i n  view o f  t h e  g iven  t r a n s i t  c o s t  f u n c t i o n  k. 

So, t he  most obvious express ion f o r  t r a n s p o r t a t i o n  cos ts  i s  

To be exact  T  depends on t h e  l o c a t i o n  o f  o r i g i n  5 .  Th is  p o i n t  i s  f i x e d  

and t h e  i n t e g r a t i o n  runs  over a l l  p o i n t s  o f  d e s t i n a t i o n .  Observe t h a t  

t h i s  i s  t h e  reverse  o f  t h e  case when we de r i ved  t r a f f i c  d i s t r i b u t i o n s .  

Now, equat ion (2 )  makes it p o s s i b l e  t o  s u b s t i t u t e  -d i v  4 f o r  t h e  pro-  

duc t  pp. So, 

T  = A d i v  4 dxl dx2 (68)  

We can t rans fo rm t h i s  express ion i n  a  n i c e  way by us ing  Gauss's theo-  

rem, bu t  t h e r e  i s  one snag i n  it. The theorem i s  n o t  a p p l i c a b l e  t o  t h e  

r e g i o n  A, because t h e  v e c t o r  f i e l d  i s  no t  r e g u l a r  on it. The t r o u b l e -  

some p o i n t  i s  j u s t  t h e  s i n g l e  l o c a t i o n  5 o f  o r i g i n .  I f  t h e r e  were no 

n e t  o u t f l o w  f rom t h i s  s i n g u l a r i t y  t h e r e  would be no t r o u b l e ,  b u t  we 

know t h e r e  i s !  



So, we w i l l  use t h e  a r t i f i c e  o f  de f i n i ng  a  new s o r t  of r eg ion  w i t h  a  

smal l  h o l e  i n  it. The h o l e  must c o n t a i n  5, b u t  can be as smal l  as we 

wish. For convenience,!as we know t h a t  t h e  cons tan t  X contours a re  

concen t r i c  c losed curves surrounding 5, we l e t  t h e  boundary o f  t h e  

h o l e  be de f i ned  by some X = constant .  Denote t h i s  boundary a ' A  and t h e  

reg ion  w i t h  t h e  h o l e  A ' .  Obviously,  we can make t h e  h o l e  as smal l  as 

we wish by l e t t i n g  A + 0. I n  o the r  words, we can make A '  as equal t o  A 

as we wish by t h i s  l i m i t i n g  procedure. The impor tan t  f e a t u r e  o f  A '  i s  

t h a t  + i s  r e g u l a r  on it, which makes Gauss's theorem app l i cab le .  

Consider t h e  formul  a  

s t a t i n g  t h a t  t h e  surface i n t e g r a l  o f  t h e  d ivergence o f  va lue  f l o w  A $  

equals t h e  curve  i n t e g r a l  o f  t h e  normal component o f  t h i s  f l o w  a long 

t h e  boundary. Th is  boundary a ' A  i s  t h e  i nne r  boundary o f  t h e  hole.  O f  

course, t h e r e  i s  an o u t e r  boundary, aA, o f  t h e  whole reg ion ,  but ,  as 

we o n l y  s tudy  i n t e r n a l  communication i n  t h e  reg ion ,  we can d e l e t e  t h i s  

boundary i n t e g r a l  f rom t h e  ou tse t ,  ( o n  be ing  zero on a1 1  o f  aA. 

I n  (69)  we can move X o u t s i d e  t h e  s ign  o f  i n t e g r a t i o n ,  as t h e  cu rve  

a ' A  was conven ien t l y  de f i ned  by a  cons tan t  A. Next we use Gauss's the-  

orem once more t o  t ransform t h e  remain ing curve  i n t e g r a l  o f  ( + )  t o  a  
n  

sur face  i n t e g r a l  o f  d i v  +. Thus, 

I 3  ' A  ~ ( + - ) ~ d a  = X!JA, d i v  + dxl dx 2  

But, d i v  + = -pp, where p as a  constant  can be moved o u t s i d e  t h e  i n t e -  

g r a t i o n  s igns.  What then remains i n  (70)  t o  be i n t e g r a t e d  i s  popula- 

t i o n  dens i ty .  Le t  us denote t o t a l  populat. ion o f  A '  by P I ,  i n  analogy 

t o  (2 ) .  Accord ingly ,  



By l e t t i n g  X approach zero  p remains cons tan t  whereas P' goes t o  P, 

t h e  p o p u l a t i o n  o f  t h e  whole r e g i o n  A. Forma l l y ,  

because 6 and P  a r e  f i n i t e ,  whereas X goes t o  zero.  

I n  t h i s  l i m i t i n g  process A' goes t o  A, and so we ge t  f r om  (69)  t h e  

f o l l o w i n g  r e l a t i o n  f o r  ou r  ( imp rope r )  i n t e g r a l  on A  

/IA div(X ( )  dx, dx = 0 
2 

Next, use d i v (X ( )  = g rad  X 4 + d i v  4 t o  g e t  

/ / A  g rad  X ( dx, dx2 = - /IA d i v  $J dxl dx2 

We are  now prepared f o r  t h e  l a s t  s tep.  From ( 6 )  

g rad  X ( = k l ( (  

and t h i s  s u b s t i t u t e d  i n t o  (74)  y i e l d s  

- /IA X d i v  ( dx, dx = /IA k l $ )  dxl dx2 2  

Bu t  t h i s ,  accord ing  t o  ( 68 )  equa ls  t r a n s p o r t a t i o n  c o s t  and so 

I t  i s  i n t e r e s t i n g  t o  compare t h e  s t a r t i n g  equa t i on  ( 67 )  w i t h  t h e  f i n a l  

d e r i v e d  equa t i on  ( 77 ) .  T r a n s p o r t a t i o n  cos t s ,  o r i g i n a l l y  expressed as 

t h e  aggregate o f  t h e  number o f  t r i p s  f rom t h e  o r i g i n  t o  o t h e r  loca-  

t i o n s  m u l t i p l i e d  by  t h e  c o s t  of each t r i p ,  can o b v i o u s l y  a l s o  be ob- 

t a i n e d  b y  t a k i n g  t h e  aggregate of t h e  f l o w  volume a t  each of t h e  o t h e r  



l o c a t i o n s  m u l t i p l i e d  by  t h e  l o c a l  t r a n s i t  c o s t .  I n  pass ing  we shou ld  

n o t e  t h a t  t h e  equ iva lence  o f  (67)  and (77)  a p p l i e s  t o  a l l  f l ow f i e l d s ,  

no t  o n l y  t h e  op t ima l  ( c o s t  m i n i m i z i n g )  one, p rov ided  X i s  d e f i n e d  as 

accumulated t r a n s i t  c o s t  a long t h e  a r b i t r a r y  f l o w  l i n e s .  Th i s  i s  so as 

we do n o t  need t h e  o p t i m a l i t y  c o n d i t i o n  ( 6 )  i t s e l f ,  b u t  o n l y  i t s  weak- 

e r  consequence (75) .  

Our equa t ion  (77)  i s  much more u s e f u l  than  (67)  bo th  i n  a c t u a l  compu- 

t a t i o n  and i n  t h e  genera l  d i scuss ion  t o  f o l l o w .  

L e t  us now g i v e  a  s imp le  example o f  how t r a n s p o r t a t i o n  c o s t s  can be 
2 2 

d e r i v e d  f o r  t h e  case o f  k  a 1, p  I 1, and A = { (xl ,x2) 1 xl + x2 < 1). 
T h i s  i s  t h e  f a m i l i a r  case o f  homogeneous space, and hence l i n e a r  

t r a n s p o r t a t i o n ,  and u n i f o r m l y  d i s t r i b u t e d  p o p u l a t i o n  on t h e  u n i t  

d i s k .  We d e r i v e d  t r a f f i c  d i s t r i b u t i o n  f o r  t h i s  case. 

As i n d i c a t e d  i t  i s  u s e f u l  t o  s t a r t  f rom (77 ) .  As k  = 1 we g e t  

Note t h e  d i f f e r e n c e  between t h i s  and t h e  express ion  (38 )  above, d e f i n -  

i n g  t r a f f i c .  The i n t e g r a t i o n  w i t h  r espec t  t o  d e s t i n a t i o n s  x, n o t  t h e  

o r i g i n s  5 ,  makes a  b i g  d i f f e r e n c e ,  and t h e  outcome w i l l  be d i f f e r e n t  

f rom (60) .  

However, p a r t  of t h e  d e r i v a t i o n  l e a d i n g  t o  (60)  i s  s t i l l  r e l e v a n t .  So, 

we can use (49)  d i r e c t l y .  To f a c i l i t a t e  i n t e g r a t i o n ,  we again use t h e  

c o o r d i n a t e  t r a n s f o r m a t i o n  (41 ) - (42 ) .  The Jacobian i s  

It happens t o  be t h e  same as t h e  one i n  (50)  due t o  t h e  symnetry of x  

and 5 i n  t h e  fo rmu las  (41 ) - (42 ) .  Accord ing ly ,  



and so we ge t  f r om  s u b s t i t u t i n g  ( 4 )  and (80 )  i n t o  ( 7 8 )  

Now, we remember t h a t  S  denotes t h e  d i s t a n c e  f r om 5 i n  d i r e c t i o n  8 t o  

t h e  boundary c i r c l e .  The chord  segments ( d i s t a n c e s  i n  d i r e c t i o n s  8 and 

8+m) have been recorded  i n  (54)  and ( 5 5 ) .  However, we o n l y  need one o f  

them. So, we can p u t  

-2 2  
S  = J(1-p s i n  8 )  - i cos 8 (82 

Observe t h a t  we t a k e  c ,  n o t  p, which aga in  has t o  do w i t h  t h e  f a c t  

t h a t  p r e s e n t l y  t h e  o r i g i n ,  n o t  t h e  d e s t i n a t i o n ,  i s  f i xed .  

We s t i l l  have t o  f i x  t h e  l i m i t s  o f  i n t e g r a t i o n  i n  (81) .  Obv ious ly ,  8 

has t o  make a  f u l l  round  o f  2m, b u t  as t h e  second h a l f  round  o n l y  

r e p e a t s  t h e  f i r s t  one, we can l e t  8 range  f r om 0  t o  n and t a k e  t w i c e  

t h e  i n t e g r a l  ( 81 )  w i t h  t h e  l i m i t s  f o r  8 t hus  f i xed .  As f o r  a i t  ob- 

v i o u s l y  ranges f r om 0  t o  S. 

To e v a l u a t e  t h e  innermost  i n t e g r a l  i s  t r i v i a l .  We j u s t  g e t  

Thus (81)  becomes 



w i t h  S be ing  d e f i n e d  i n  (82) .  Th i s  l a s t  i n t e g r a l  i s  a  b i t  compl i ca ted  

t o  eva lua te .  Expanding t h e  t h i r d  power of (82)  we g e t  f ou r  terms, two 
C)  

o f  which i n v o l v e  cos 0 and cos 0 s ince .  Now. t h e  i n t e s r a l s  o f  t h e s e  - 
-2 2  f rom 0 t o  n a re  zero. The remain ing  terms a re  (1 -p2) / ( l -P  s i n  0 )  and 

2  -2 2  4 i2cos 0  / ( I - p  s i n  0 )  r e s p e c t i v e l y .  Both t hese  have a  p e r f e c t  p e r i o d i -  

c i t y  over  n12 and so 

4  -2 -2 2  16 -2 2  
T  = $1-p ) 1;12/(1-~ s i n  0)de + 7 ];I2 p2cos20 / ( l - P  s i n  o)d0 (85 )  

Here we recognize,  again, t h e  d e f i n i t i o n  o f  t h e  complete e l l i p t i c  

i n t e g r a l  o f  t h e  second k i n d  i n  t h e  f i r s t  i n t e g r a l .  The second can a l s o  

be eva lua ted  i n  terms of complete e l l i p t i c  i n t e g r a l s ,  b u t  o f  bo th  t h e  

f i r s t  and second k i nds .  We a l r e a d y  recorded  t h e  s e r i e s  expansion o f  

t h e  e l l i p t i c  i n t e g r a l  o f  t h e  second k i n d  i n  (61)  above. For conven- 

ience  we w r i t e  t h e  cor respond ing  express ion  f o r  t h e  e l l i p t i c  i n t e g r a l  

o f  t h e  f i r s t  k i n d  

which i s  s i m i l a r  t o  ( 61 ) .  I n  f a c t  t h e  minus s i gns  have been reve rsed  

and t h e  denominators o f  t h e  powers o f  P de le ted ,  b u t  o the rw i se  t h e y  

a re  t h e  same. 

Us ing  these  e l l i p t i c  i n t e g r a l s  we f i n a l l y  have 

The d i s t r i b u t i o n  o f  t r a n s p o r t a t i o n  c o s t s  i s  i l l u s t r a t e d  i n  F i g u r e  3. 
Obviously,  t r a n s p o r t a t i o n  c o s t s  a re  lowest  f o r  those  l i v i n g  i n  t h e  

c e n t r e  and i nc rease  m o n o t o n i c a l l y  t h e  f a r t h e r  t h e  o r i g i n  o f  communica- 

t i o n s  i s  f rom t h e  cen t re .  Th i s  i s  appea l ing  t o  i n t u i t i o n .  

We cou ld  a l s o  compare F igu res  1 and 2. Both r e s u l t e d  f rom i n t e g r a t i o n  

o f  t h e  same ( 4  I , t h e  f i r s t  w i t h  r espec t  t o  6, t h e  second w i t h  r e s p e c t  

t o  x. 



F i g u r e  3 

The d i f f e r e n c e  between t h e  two F igu res  i l l u s t r a t e s  t h e  impor tance o f  

which coo rd ina tes  we t a k e  f o r  i n t e g r a t i o n .  However, t h e  volume under 

t h e  two surfaces i s  equal .  Whether we t a k e  t h e  i n t e g r a l  of (60) w i t h  

r espec t  t o  x o r  t h e  i n t e g r a l  of (87)  w i t h  r espec t  t o  5 ,  we a r r i v e  a t  

as t h e  o rde r  o f . i n t e g r a t i o n  i s  immater ia l .  One i n t e r p r e t a t i o n  of t h i s  

i n t e g r a l  i s  t o t a l  t r a f f i c ,  as we have seen. The o t h e r  one i s  t h a t  o f  

t o t a l  com~nunicat ion c o s t .  As l o c a l  t r a n s i t  c o s t  i s  u n i t a r y ,  we can 

equate t o t  a1 communication c o s t  t o  t o t a l  communication d is tance ,  o r  

t o t a l  t r a n s p o r t  work i n  a  more f a m i l i a r  te rmino logy .  Hence, t o t a l  

t r a f f i c  equals  t o t a l  t r a n s p o r t a t i o n  work. T h i s  i s  a  conc lus ion  t h a t  i s  

n o t  l i m i t e d  t o  t h e  i l l u s t r a t i o n  case, bu t  ho lds  i n  genera l .  



Land use and equilibrium settlement 

Up t o  now we have cons idered  how t h e  cho i ce  o f  optimum r o u t e s  i n  con- 

n e c t i o n  w i t h  t h e  demand f o r  t r a n s p o r t a t i o n  determined t h e  d i s t r i b u t i o n  

o f  t r a f f i c  on t h e  r e g i o n  cons idered  and t h e  d i s t r i b u t i o n  o f  communica- 

t i o n  cos t s  f o r  v a r i o u s  p o i n t s  o f  o r i g i n .  We cons idered  t h e  computa- 

t i o n a l  aspects o f  t h i s  i n  some d e t a i l  i n  o r d e r  t o  show how compl i ca ted  

an a n a l y t i c a l  s o l u t i o n  can become even i n  m i l d l y  compl i ca ted  cases. I n  

t h i s  process t h e  l o c a l  t r a n s i t  c o s t  was taken  as a  g i ven  datum. We 

o n l y  n o t i c e d  t h a t  i t  depended on t h e  conges t ion  r a t i o  o f  t r a f f i c  t o  

space a v a i l a b l e  f o r  t r a n s p o r t a t i o n ,  and we noted t h a t ,  due t o  t h e  feed  

.back mechanism v i a  t r a f f i c ,  we cou ld  n o t  r ega rd  t r a n s i t  c o s t  as a  

datum, even i f  we assumed t h e  f r a c t i o n  o f  space a l l o c a t e d  t o  t r a n s p o r -  

t a t i o n  as g i ven  everywhere. 

We must now t a k e  i n  c o n s i d e r a t i o n  t h e  f a c t  t h a t  t h e  q u a n t i t y  o f  land  

a v a i l a b l e  f o r  t r a n s p o r t a t i o n  r e s u l t s  f r om a  d e c i s i o n  concern ing  t h e  

use o f  land. What determines t h e  q u a n t i t y  a1 l oca ted  t o  t r a n s p o r t a t  ion,  

i s  t h e  va lue  o f  t h e  bes t  a l t e r n a t i v e  use o f  land, which, i n  t h e  frame- 

work o f  our  model, i s  hous ing.  The va lue  o f  l and  use f o r  housing, on 

t h e  o t h e r  hand, depends on popu la t i on .  I f  we, as i n d i c a t e d  i n  t h e  i n -  

t r o d u c t  ion,  seek a  s p a t i a l  e q u i l i b r i u m  where l o c a t i o n s  a re  i n d i f f e r -  

ent ,  due t o  e x a c t l y  ba lanc ing  c o s t s  o f  hous ing and communication, then  

we must cons ider  even t h e  d i s t r i b u t i o n  o f  p o p u l a t i o n  as something 

v a r i a b l e  i n  t h e  model. But l e t  us deal  w i t h  t h e  problems i n  o rde r .  

F i r s t ,  we cons ider  land  use, then  we proceed t o  e q u i l i b r i u m  s e t t l e -  

ment. 

We have a l ready,  i n  equa t i on  (5), d e f i n e d  l o c a l  t r a n s i t  cos t ,  k, as an 

i n c r e a s i n g  f u n c t i o n  o f  t h e  t r a f f i c  t o  c a r r y i n g  c a p a c i t y  conges t ion  

r a t i o ,  i/m. We a l r eady  have a  l e n g t h y  d e r i v a t i o n  o f  i. L e t  us t h e r e -  

f o r e  say t h a t  t o t a l  l and  ava iab le  a t  a  l o c a t i o n  i s  d i v i d e d  i n  two 

f r a c t i o n s ,  m, used f o r  t h e  t r a n s p o r t a t i o n  network,  and, n, used f o r  

hous ing.  "Housing" must be understood i n  a  broad meaning, t o  i n c l u d e  

c o n s t r u c t i o n  o f  b u i l d i n g s  f o r  p r o d u c t i v e  purposes, a long w i t h  r e s i d e n -  

t i a l  c o n s t r u c t i o n ,  i f  our  simp1 i f i e d  model i s  t o  make any sense. 



L e t  us now d iscuss  a  b i t  t h e  dependence o f  k  on i l m .  Obvious ly ,  numer- 

ous e m p i r i c a l ,  as w e l l  as t h e o r e t i c a l  s t u d i e s  ( o f  e  g  " f o l  low-the- 

l eade r "  t y p e ) ,  suggest a  m o n o t o n i c a l l y  i n c r e a s i n g  r e l a t i o n .  T h i s  i n -  

c rease  i s  v e r y  d r a s t i c  as t h e r e  i s  u s u a l l y  a  c r i t i c a l  conges t i on  l e v e l  

a t  which t h e  v e l o c i t y  o f  t r a f f i c  f l o w  comes down t o  zero, and hence 

i t s  r e c i p r o c a l ,  t h e  t r a n s i t  t i m e  ( a  p roxy  f o r  t r a n s i t  c o s t ) ,  goes t o  

i n f i n i t y .  The genera l  p i c t u r e  i s  n o t  a l t e r e d ,  even i f  we l e t  k  i n c l u d e  

c a p i t a l  c o s t s  f o r  maintenance, as t h e  need o f  r e p a i r  due t o  wear 

o b v i o u s l y  inc rease  w i t h  congest ion,  as do t h e  locomot ion c o s t s  pro-  

per .  We can a l s o  imagine t h a t  t h e  t r a n s i t  c o s t  f u n c t i o n  t akes  c a r e  o f  

th'e f a c t  t h a t  i t i s  p o s s i b l e  t o  push away t h e  c r i t i c a l  conges t i on  

r a t i o  t o  a  h i g h e r  value, by  c r e a t i n g  a r t i f i c i a l  space, s e t t i n g  up 

seve ra l  s t o r e y s  o f  e l a b o r a t e  networks.  However, c a p i t a l  c o s t s  f o r  such 

c o n s t r u c t i o n s  obv ious l y  i nc rease  w i t h  t h e  r a t i o  o f  t r a f f i c  t o  n a t u r a l  

space a v a i l a b l e ,  and so we can keep our  s p e c i f i c a t i o n .  

We have s a i d  t h a t  a  d e c i s i o n  f o r  land  use has t o  be reached. Now, t h e  

use f o r  t r a n s p o r t a t i o n  has been accounted f o r ,  b u t  we s t i l l  have t o  

f o r m a l i z e  t h e  use f o r  hous ing ( i n  a  broad meaning). So, l e t  us suppose 

t h a t  t h e r e  i s  a  c o s t  f u n c t i o n  

f o r  p r o v i d i n g  each i n d i v i d u a l  w i t h  h i s  r e q u i r e d  l i v i n g  space. T h i s  

c o s t  inc reases  w i t h  t h e  crowding r a t i o ,  measured by  t h e  q u o t i e n t  o f  

p o p u l a t i o n  t o  n a t u r a l  space a v a i l a a b l e  f o r  housing. L i k e  t h e  case w i t h  

land  use f o r  t r a n s p o r t a t i o n ,  we have i n  mind a  process o f  c r e a t i n g  

a r t i f i c i a l  space a t  an ever  i n c r e a s i n g  c a p i t a l  cos t ,  t h e  more a r t i f i -  

c i a l  space, i n  r e l a t i o n  t o  n a t u r a l  space, has t o  be cons t ruc ted .  As 

t h e  need o f  space was p r o p o r t i o n a t e  t o  popu la t i on ,  p/n i s  t h e  c o r r e c t  

argument. F i n a l l y ,  we can s t a t e  equa t i on  ( 5 )  once more f o r  convenience 

and t h e  f a c t  t h a t  t h e  p r o p o r t i o n s  o f  land, used f o r  t h e  two purposes 

i nc l uded  i n  t h e  model, add up t o  u n i t y  



Now we have t o  choose t h e  p roper  express ion  t o  o p t i m i z e  by t h e  cho i ce  

o f  m and n. I n  t h e  i n t r o d u c t i o n  we argued t h a t  i t  would be reasonab le  

t o  l e t  t h e  sum o f  hous ing and communication c o s t s  be min imized.  How- 

ever,  i t  would be a  l i t t l e  absurd t o  do t h i s  f o r  each l o c a t i o n  sepa- 

r a t e l y .  From an e m p i r i c a l  p o i n t  o f  v iew t h e  p l a n n i n g  o f  land  use i s  

something taken  ca re  o f  by pub1 i c  agencies p l a n n i n g  f o r  whole r e -  

g ions .  Also, f rom t h e  t h e o r e t i c a l  p o i n t  o f  v iew a l l  t h e  communica- 

t i o n s ,  n o t  o n l y  those  from a  c e r t a i n  p o i n t  o f  o r i g i n ,  w i l l  be a f f e c t e d  

b y  changing t r a n s i t  c o s t  t he re .  Therefore,  we can expect  t r o u b l e  w i t h  

t h e  a n a l y s i s  i f  we p u t  up a  l o c a l  optimum c o n d i t i o n  f o r  something hav- 

i n g  g l o b a l  e f f e c t s .  

So, d e a l i n g  w i t h  t h e  r e g i o n  as a  whole, t h e  t o t a l  t r a n s p o r t a t i o n  c o s t s  

a re  ob ta i ned  by i n t e g r a t i n g  (77)  w i t h  r e s p e c t  t o  E and u s i n g  t h e  d e f i -  

n i t i o n  (38),  as 

On t h e  o t h e r  hand t o t a l  hous ing c o s t s  a r e  

Accord ing ly ,  we can m in im ize  t h e  sum o f  hous ing and t r a n s p o r t a t i o n  

c o s t s  (92)+(93)  w i t h  r espec t  t o  t h e  m and n, s u b j e c t  t o  (91) .  

Th i s  y i e l d s  

where I.I i s  a  ( l o c a t  i o n  dependent) Lagrangean m u l t  i p l  i e r  assoc ia ted  

w i t h  t h e  c o n s t r a i n t .  T h i s  optimum c o n d i t i o n  has t h e  n i c e  p r o p e r t y  t h a t  

i t  s t i p u l a t e s  a  u n i v e r s a l  r e l a t i o n  t h a t  must h o l d  everywhere between 



t h e  l o c a l  t r a f f i c  c o n g e s t i o n  and p o p u l a t i o n  c rowd ing  r a t i o s .  We con- 

c lude ,  suppos ing second d e r i v a t i v e s  t o  be p o s i t i v e  (as  i s  r e a s o n a b l e  

w i t h  r e s p e c t  t o  our  d i s c u s s i o n  above), t h a t  a  h i g h  c o s t  o f  t r a n s i t  due 

t o  c o n g e s t i o n  i s  coup led  t o  a  h i g h  c o s t  o f  hous ing  due t o  c rowd ing .  As 

a  c o n d i t i o n  f o r  o p t i m a l  l a n d  use t h i s  seems reasonab le .  

We can a l s o  see t h a t  (94 )  and ( 9 1 )  t o g e t h e r  d e t e r m i n e  b o t h  m  and n  

once i and p  a r e  g iven .  The same i s  t r u e  t h e n  about k  and h. Suppos- 

i n g  t h a t  we have managed t o  s o l v e  t h e  c o m p l i c a t e d  feedback p rocess  o f  

t r a f f i c  as a  d e t e r m i n a n t  f o r  r o u t e  c h o i c e  somehow and o b t a i n e d  t h e  

e q u i l i b r i u m  t r a f f i c  d i s t r i b u t i o n  we see t h a t  t h e  s i n g l e  r e m a i n i n g  

degree o f  freedom i s  t h e  s p a t i a l  d i s t r i b u t i o n  o f  p o p u l a t i o n .  

We suppose t h a t  t h e r e  i s  no i n c e n t i v e  t o  m i g r a t i o n  i f  t h e  sum o f  

t r a n s p o r t a t i o n  c o s t s  and hous ing  c o s t s  i s  a  s p a t i a l  i n v a r i a n t ,  i e, i f  

/ / A k ( i / m ) l p l  dxl dx2 + h ( i / i i ) c  = c o n s t a n t  ( 9 5 )  

Observe t h a t  t h e  b a r r e d  symbols aga in  r e f e r  t o  c o n d i t i o n s  a t  t h e  f i x e d  

p o i n t  5 o f  o r i g i n .  

The model i s  now complete .  I f  we l i m i t  ou r  d i s c u s s i o n  t o  t h e  case o f  a  

r e g i o n  w i t h  c i r c u l a r  symmetry, we conc lude  t h a t  something l i k e  t h e  

case i l l u s t r a t e d  i n  F i g u r e s  1 and 3 comes some o f  t h e  way t o  an e q u i -  

l i b r i u m  s o l u t i o n .  O f  course,  t h i s  i s  o n l y  t r u e  i n  a  v e r y  g e n e r a l  

sense. 

However, t h e  t r a f f i c  d i s p l a y e d  i n  F i g u r e  1 arose from u n i t  p o p u l a t i o n  

d e n s i t y  and 1  i n e a r  communicat ion r o u t e s .  The 1  a t t e r  o c c u r r e d  i f  t r a n -  

s i t  c o s t  was a  s p a t i a l  c o n s t a n t .  Now, t r a n s i t  c o s t  depended on t h e  

t r a f f i c  c o n g e s t i o n  r a t i o .  As we see f r o m  F i g u r e  1, t h e r e  i s  a  t r a f f i c  

c o n c e n t r a t i o n  t o  t h e  c e n t r e  o f  t h e  d i s k .  A c c o r d i n g l y ,  we have t o  a l l o -  

c a t e  more l a n d  t o  t r a n s p o r t a t i o n  i n  t h e  c e n t r a l  p a r t s  i n  o r d e r  t o  

a r r i v e  a t  t h e  c o n s t a n t  t r a n s i t  c o s t  ( i  e  c o n s t a n t  c o n g e s t i o n  r a t i o ) .  



On t h e  o t h e r  hand, l i t t l e  l and  i s  a v a i l a b l e  f o r  hous ing  i n  t h e  c e n t r a l  

p a r t s  as i t  i s  used f o r  t r a n s p o r t a t i o n .  So, hous ing  should  be expen- 

s i v e  i n  t h e  c e n t r a l  p a r t s .  As f o r  communicat ion cos t s ,  we see f r om 

F i g u r e  3 t h a t  t h e y  a r e  low i n  t h e  c e n t r e  and h i g h  i n  t h e  o u t s k i r t s .  I t  

i s  t hus  p o s s i b l e  t h a t  hous ing  and communicat ion c o s t s  c o u l d  ba lance  

everywhere. 

There i s  o n l y  one q u a l i t a t i v e  f e a t u r e  i n  t h i s  case t h a t  v i o l a t e s  ou r  

c o n d i t i o n s .  We saw namely t h a t ,  f o r  o p t i m a l  l and  use, t h e  h i g h  popula-  

t i o n  crowding i n  t h e  c e n t r e  should  be ba lanced by a  h i g h  conges t i on  

r a t i o .  The l a t t e r ,  however, was a  s p a t i a l  cons tan t .  

So i t  seems t h a t  we should  e i t h e r  have lower  c rowd ing  o r  h i g h e r  con- 

g e s t i o n  i n  t h e  c e n t r e .  A  h i g h e r  coqges t i on  r a t i o  would i n  e q u i l i b r i u m  

l ead  t o  avoidance o f  t h e  cen t re ,  and v i a  t h e  feedback t o  a  r e d u c t i o n  

o f  t h e  c o n c e n t r a t i o n  o f  t r a f f i c  t h e r e .  I t  c o u l d  be b rough t  about b y  

a l l o c a t i n g  l e s s  l and  i n  t h e  c e n t r e  t o  t r a n s p o r t a t i o n  and more t o  hous- 

i ng .  T h i s  change would lead  t o  a  b e t t e r  ba lance  between crowding and 

conges t ion .  As, however, t h e  c o s t  o f  communicat ion would be inc reased  

f o r  a l l  hav i ng  t o  communicate v i a  t h e  c e n t r a l  p a r t s ,  n o t  o n l y  f o r  

t hose  l i v i n q  t he re ,  whereas t h e  hous ing c o s t s  would be decreased o n l y  

l o c a l l y  i t  i s  l i k e l y  t h a t  such a  r e a l l o c a t i o n  o f  l and  would make t h e  

c e n t r e  more a t t r a c t i v e  and make peop le  m i g r a t e  t h e r e .  

F i n a l l y ,  we a re  r e c o g n i z i n g  t h e  f ea tu res  o f  r e a l i t y .  Congest ion and 

crowding i n  t h e  cen t re ,  a  tendency t o  avo id  t h e  c e n t r a l  p a r t s  f o r  

t r i p s  n o t  o r i g i n a t i n g  o r  d e s t i n e d  t he re ,  b u t  n e v e r t h e l e s s  a  c o n s i d e r -  

a b l e  c o n c e n t r a t i o n  o f  t r a f f i c ,  more land  used f o r  t r a n s p o r t a t i o n  t han  

f o r  hous ing i n  t h e  cen t re ,  and h i g h  c o s t s  o f  housing, o f f s e t  by  cen- 

t r a l i t y  of l o c a t i o n .  I t  i s  meaning less t o  d i scuss  m a t t e r s  i n  c l o s e r  

d e t a i l ,  because t h e  genera l  case i s  f a r  t o o  comp l i ca ted  t o  a1 low 

e x p l i c i t  s o l u t i o n .  




