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Guaranteed Control of Uncertain Systems:
Funnel Equations and
Existence of Regulation Maps

V.M. Veliov

1 Introduction

The present paper is a continuation of the paper [28] and, in particular, contains the
detailed proofs of the statements from the latter.

The main problem that is considered here is the following one. Let the differential

inclusion

i € Gz, 1)+ v(t) (1.1)

presents an uncertain control system. Namely, let G : R™ x [to, T] = R"™ be a set-
valued mapping interpreted as the set of all control forces that can be applied at the
position (z,t), and let v(t) € R™ presents an uncertain external force. The value of
v at the moment ¢ is known only to belong to a given set V(t) C R":

o(t) € V(t), t € [to, T). (1.2)

Given an estimation

z(ty) € Xo CR" (1.3)
of the initial position z(to), a target set My C R™ and a state (viability) constraint
z(t) e Y(t) cR", t € [to, T}, (1.4)

the aim is to control the system (1.1) by selecting appropriate velocities from G(z, t)
in such a way that whatever are the initial position (1.3) and the measurable realiza-
tion v(-) of the uncertainty (1.2) the corresponding trajectory z(-) satisfies the state
constraint (1.4) ant reaches the target Mr at T

z(T) € Mr. (1.5)
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Exact knowledge of the current state z(¢) (and possibly of the current value of the
uncertainty v(t)) is supposed when choosing the velocity from G(z,t) at the current
moment {.

The rigorous formulation of the problem will be given in Section 7.

Problems of the above type have been investigated by many authors starting from
the basic works of Krasovskii (see [14]) in the framework of the differential games.
A crucial role in these investigations has been played by the notions of weak invari-
ance (viability property) and invariance of set-valued mappings with respect to a
differential inclusion [2, 13, 15]

i € F(z,1), t € [to, T). (1.6)

The above mentioned properties ware characterized under different suppositions in
the terms of appropriate infinitesimal objects like tangent cones or contingent deriva-
tives (see e.g. [2, 10, 11, 12, 18, 25]). An alternative approach, providing a suitable
basis for constructive theory involves certain generalized differential equations called
funnel equations [16, 17, 22, 23, 27]. The latter approach is exploited in the present
paper for characterization of the weak invariance (viability) property with respect
to (1.6), if F is measurable in t and Lipschitz continuous in z. The approach is ex-
tended to the state constrained case and to the case of weak invariance with respect
to certain families of differential inclusions, arising whenever F' depends on uncertain
parameters as in (1.1).

To be precise, let us consider a family of inclusions
0 Ega(i’x’t); a EA, (17)

where A is an abstract set of parameters, z € R", t € [to, T.

Definition 1. The set-valued mapping W () : [to, T'] = R™ is weakly invariant with
respect to the inclusion 0 € g,(2Z,z,t) if for every 7 € [to,T] and ¢ € W(r) there
exists an absolutely continuous function z(-) : [r,T] — R" such that z(7) = z, (1.7)
is satisfied for a.e. t € [r,T] and z(t) € W(t) for every t € [r,T]. W(-) is weakly
invariant w.r. to the family (1.7) if it is weakly invariant w.r. to everyone of the
inclusions in this family.

In particular, if (1.7) consists of inclusion (1.6) and the pointwise inclusion (1.4),
where graphY is closed, the weak invariance of W(:) means that W(-) is weakly



invariant w.r. to (1.6) and W(t) C Y(¢), t € [to,T]. We shall consider also families
of differential inclusions

t € G(z,t)+v(t), v(-) €V, (1.8)

together with (1.4), where an uncertain function v(-) from a given set of functions
V (= A) stays for the parameter a. In particular, we are interested in the family
corresponding to the uncertain system (1.1),(1.2), where

V = {v(-); v(-) - measurable,v(t) € V(t) for a.e. t € [to, T]}. (1.9)

Definition 2. The set-valued mapping W () : [to,T] = R"™ has the stable invariance
property w.r. to the differential inclusion

& € &(z,1) (1.10)

if there exist a constant § > 0 and an integrable function u(-) : [to,T] + [0, +00]
such that for each 7 € [to,T] and ¢ € W(r) + 6B (B is the unit ball in R") every
solution z(-) of (1.10) starting from z at the moment 7 exists up to the moment 7'
and satisfies

dist(z(t), W(t)) < exp (/Tt u(s) ds) dist(z, W(7)). (1.11)

If the above requirements are satisfied for § = 0 only, the tube W(:) will be (merely)
called invariant.

In Section 5 we prove that for a mapping W(-) that is weakly invariant w.r. to (1.6)
there exists a sub-mapping ®(z,t) C F(z,t) such that W(-) has the stable invariance
property w.r. to the "closed-loop” inclusion (1.10). Since the regulation mappings
® that come in use may be discontinuous (u.s.c.) and non-convex valued, Definition
2 requires a theorem for existence of a solution to the closed-loop inclusion (1.10).
Such is proven in Section 4. All weakly invariant tubes W(-) are characterized in
Section 3 as solutions to certain funnel equations. The funnel inequalities introduced
there as approximate versions of the funnel equations and the lemma of the type of
Filippov given in Section 2 serve as approximation tools. The regulation mappings
corresponding to a solution tube of such a funnel inequality ensure ”approximate”
stable invariance of the tube (Section 6). In Section 7 we give a necessary and
sufficient condition for solvability of the problem of guaranteed control formulated
above, in terms of the solution of a boundary value problem for the corresponding
funnel equation. An ”approximate” regulation map is defined there, that uses an
approximation of a solution to this boundary value problem.



In Section 8 we show that the closed-loop inclusion (1.10), despite of the disconti-
nuity and the non-convexity of ®, can be treated by means of finite difference ap-
proximations, at least in the case of time-independent weakly invariant sets (viability
domains).

For the sake of simplicity and coherence we suppose that the following conditions
concerning (1.4) and (1.6) are satisfied throughout the paper, despite that some of
them can be relaxed.

Al. F:R" x [to,T] = R" is convex and compact valued, t = F(-, z) is measurable
for every z € R™. For every compact set S C R™ there are a constant m = m(S) and
an integrable upper semicontinuous function A(-) = A(-;S) : [to,T] — R U {400}
such that

|F(z,t)| <m (local boundedness),
F(t,z') C F(z,t)+ A(t)|z — 2’| (local Lipschitz condition)

for every t € [to,T] and z,z' € S.

A2. For every compact set Sy C R" there is a compact S = S(So) such that if z(-) is
a solution of (1.6) on an interval [t;,t3] C [to, T] and z(7) € S, for some T € [t;,1,],
then z(t) € int S for every t € [t1,1,).

A3. grapf Y = {(t,z); z € Y(t)} is closed.
We shall consider compact valued tubes W(-) only. Under the above conditions every
compact valued weakly invariant tube W (-) with closed graph satisfies

1. W{(-) is compact valued and upper semicontinuous;

2. there is a constant M such that W(s) C W(t) + M(t — s)B for every s,t €

[to, T], S _<_ t.

Further we denote by W][to, T'] the class of all mappings W(-) : [to, T] = R" satisfying
1) and 2) (each W(-) with its own constant M).

Whenever we consider the perturbed differential inclusion (1.8) we suppose that

A4. V is given by (1.9), where V(-) € WIte,T] is convex valued; the mapping
F(z,t) = G(z,t) + V(t) satisfies conditions A1 and A2.



2 Lemma of the type of Filippov

In this section we present an extension of a result due to Filippov [9], which estimates
the uniform distance between an absolutely continuous function y(-) and the set
of trajectories of the differential inclusion (1.6), by means of constant times the
”discrepancy”

/toT dist (§(2), F(y(t), 1)) dt -

Instead of a single-valued function y(-) we take a mapping X(-) € W[to,T| and use
as a local measure of the discrepancy of X(-) the quantity

pxio(t) = T %H* (X(t “n), U (- hF(:c,t))) : (2.1)
TEX (¢

where

HY(P,Q) = inf{a; P C Q + aB}

is the Hausdorff semi-distance from P to Q.

Lemma 2.1 Let conditions A1 and A2 be satisfied. Then for every X(-) € W(to, T
the function px(y(-) is integrable on [to,T]. Moreover h can be replaced in (2.1) with
1/k, k — +oo .

Thanks to the above lemma we can define

T
Px() = [o px(.)(t) dt .

In the case of a single-valued X(¢) = {y(¢)} with absolutely continuous y(-) the value
px() coincides with the "discrepancy” in the Filippov’s lemma.

Theorem 2.1 (Eztension of the Filippov’s lemma.) Let conditions A1 and A2 be
fulfilled and let X(-) € W[to, T]. Suppose that for some compact set S C R"

T
X(t)+ exp(/ As) ds) px()B CintS, t € [to, T],

to

where A\(-) = A(+; S) is a Lipschitz constant corresponding to S according to A1. Then
there exists a weakly invariant tube W(-) € W(to, T] w.r. to (1.6) such that

X(t) € W(t) C X(t) + exp ( /tT A(s) ds) px()B (2.2)

for every t € [to, T].



The essential part of the proof consists of the following proposition that we use in

the sequel.

Proposition 2.1 If the conditions of Theorem [ are fulfilled, then for every r €
[to,T) and z € X (1) there is a Lipschitz continuous selection z(-) of X(-) on [r,T)
such that z(1) = z and

dist(z(t), F(z(t),t)) < px()(t) (2.3)

for ae. t€[r,T].

Remark. The proof of the proposition shows also that the Lipschitz constant of z(:)
can be estimated by a constant that is independent of 7 and z.

Proofs.

Proof of Lemma 2.1. Let M be the constant corresponding to X (-) according to
the second requirement from the definition of the set W(to, T'] (see page 4). Let S be
a compact set containing X (t) for ¢ € [to, T] and let m the constant corresponding to
S according to supposition A1l. Then

— 1
px(y < Im —HY(X(t—h),X(t))+ sup |F(z,t)] < M+m (2.4)
h—0+ h z€X (1)

and px(.)(+) is bounded.
Now let us prove the last statement of the lemma. Denote for brevity

F(X;s,t) = L}'{(m — (t = 8)F(z,1)) (2.5)

and also

o(t,h) = HY (X (t — h), F(X(t);t — h,t)).
For 0 < ' < A" one can estimate
o(t, " <HY(X(t — k') + M(R" = K)B, F(X(t);t — h",t))
<HY(X(@t—R),F(X(@);t —h,t))+ M(E" — &) + m(h" — &)
=p(t, h') + (M + m)(h" - }').
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Hence

b)) o) | (M4m0 =) k) | (M 4 m)( 1)

Suppose that h; — 0 is a monotone decreasing sequence such that

px(y(t) = lim hlt_w(t, hi).

Let k; be such an integer that h; € [k;i—l’ ki) Then using the last inequality one can

90(t> ht)
hi

estimate
_ M+
< (ki 4+ Dot (ki + 1)) + o

Hence 1
px(y(t) = lim ke(t, 7),

which proves the last statement of the lemma.

As a consequence, the measurability of px(.)(-) would follow from measurability of the
function ¢(t) = ¢(t,1/k) for every fixed k. To prove the latter, fix a finite or count-
able family of measurable functions {g;(-)}; such that X(¢) = cl{g:(¢)}; (Castaing
representation of X(-), which is measurable thanks to the upper semicontinuity).

Then |

FX (@)t = 1/k,1) = o Ulgi(t) = £F(9i(1), 1))
and the measurability of the mapping ¢t = F(X(t); t—1/k,t) follows from [3, Theorem
4.2]. It remains to mention that measurability of two mappings P(-) and Q(-) implies

measurability of H* (P(-), Q(+)), as it follows from Corollary 8.2.13 and Lemma 8.2.12
[3]. Q.E.D.

Proof of Theorem 2.1. Proposition 2.1 makes the proof straightforward. Actually,
let z(-) be as in Proposition 2.1. Then (2.3) and the Filippov’s lemma (in the form
presented in [6]) imply the existence of a trajectory y(-) = y[r,z](-) of (1.6) on [r,T]
such that

(0 = =] < x| 25) ) oy 26)
Now define
W(t) = Ulslr2lt); 7 € to,T), < € X().

By its definition W (-) is weakly invariant with respect to (1.6), and (2.2) apparently
follows from (2.6), which proves the theorem. Q.E.D.



Proof of Proposition 2.1. Let S be as in the formulation of Theorem 2.1 and let
m and A(-) be the constants from supposition A1l. Take arbitrarily 7 € [to,T) and
z € X(7). According to [29, Proposition 4.1] there is a set Ay C [7,T] of measure
zero such that every t € (7,T] \ A; is a Lebesque point to F(z,-) for every z € S.
That is, (because of the uniform boundedness of F)

_ 1 rt ,
hl_l’r& H(-’; - F(z,s)ds, F(z,t)) =0 (2.7

for every t € [1,T]\ A1 and = € S. Here and further

denotes the Hausdorff distance between the compact sets P and ¢ in R". Condition
A1 implies that if for some ¢ (2.7) holds for every z € S and if A(%) is finite and ¢ is
a Lebesque point for A(-), then the convergence in (2.7) is uniform in z € S. Hence,
one can replace the second argument of Ht in (2.1) with F(t — h,t), where

Fs)= U (a+ [ Flz,0)), (2.8)
z€X(t) t
possibly changing px()(-) on a set of measure zero. For brevity further we omit the

subscript in px()(-) and px(,).

Take an arbitrarily small ¢ > 0. Let A, be a set of measure zero which contains A,
and such that every t € (to,T]\ Az is a Lebesque point for A(:) and p(:) and A(t) is
finite. Then for every t € (7,T]\ A; there is h,(t) € (0,¢) such that
I rt €
1) — = <t
o) =1 [ ple)asl < 5
and

FHF(X(t = B), F(t = h,2)) < p(1) +

for every h € (0, h.(t)) (F is defined by (2.8)). Combining the above two inequalities
we obtain that

t
X(t—h) C F(t—h,t)+ / p(s)ds B + heB (2.9)
t—
for every t € [1,T]\ Az and h € (0, h.(1)).
Let {A;} be a finite or countable collection of open ( in [, T]) intervals, such that
A U{r,T} C UA,-, ZmeasA; < €.
Fort € I' = [r,T]\ U; A: define

a.(t) = max{r,t — he(t)}, b.(t) =min{T,t+ e(t — a.(t))}.
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The open (in [r,T]) intervals {A;}, {(ac(t), b(¢))}:er form an open covering of [, T'.
Let {a;, b;)};-, be a finite subcovering. One can assume that it is ordered and minimal,
i.e. that

aiy1 > a4, bi 41 > b;, bj_l < @41, t=1,...,p,73=2,...,p—1.

Now we shall define a function z.(-) : [r,T] = R", z.(7) = z, in the following way.

By definition @) = 7 and [a, b1] is some of the intervals from {A;}. Define z.(b;) as
an arbitrary element from the set Px,)z, where we use the notation

Pyz={y€eY; |z —y|=dist(z,Y)} (2.10)

for the projection of z on the closed set Y. Define z.(-) as linear on [a;, b ]. Thus
z.(-) is Lipschitz continuous on [7,b;] with a Lipschitz constant M.

Suppose that z.(-) is already defined on [r,b;_;] as a Lipschitz continuous function
with a Lipschitz constant M + 2m + ¢, and that z.(b;) € X(b;),7 =1,...,: —1. We
shall extend it on [7, b;] preserving the above properties. Three different cases will be
considered.

1) Let (ai, b;) be one of the intervals from {A;}. Then define z.(b;) as an arbitrary
point from Px(b;)z.(bi—1) end extend it as linear on [b;_1, b;]. Clearly, the Lipschitz
constant is M on [b;_1, b;].

2) Let (ai, b;) be an interval (a.(t;), b:(¢;)) for some t; € T and let ¢; < b;_;. Then we
extend z.(-) to [7,b;] exactly as in the case 1)—as linear with a Lipschitz constant

M on [bi_y, bi].

3) Finally, let (a;, b;) = (ac(t:), be(t;)) and ¢; > b;_1. Then, according to (2.9)
t;
X(bie1) © Flbior, ts) + /b " p(s)dsB +e(t; — ai)B.

Hence z,.(b;—) can be presented as

i
celbint) = @i =yt [ p(s)dsthi+e(ti = ams, (2.11)
where
2 € X(4) (2.12)
Y F(zss)d (2.13
yi € / (2iy ) ds 13)



il < 1, Il < 1. (2.14)

Set z.(t;) = z; and extend z.(-) linearly on [b;—1,¢;]. Then (2.11) together with (2.4)
implies that z.(-) is Lipschitz continuous with a Lipschitz constant M + 2m + ¢ on
bi_1,t;]. Finally, extend z.(-) on [t;,b;] exactly as in the case 1) as linear with a
Lipschitz constant M and such that z.(b;) € X(b;).

Continuing in the same way we define z.(-) on the whole interval [r,T]. z.(-) is
piece-wise linear with a Lipschitz constant M + 2m + ¢ and satisfies z.(;) € X (b;),
i =1,...,p. Hence z.(t) € S for t € [r,T] and for all sufficiently small . Let z(:)
be a condensation point of {zk(-)} in the uniform metric, z(-) being thus Lipschitz
continuous with a constant L = M + 2m. From the upper semicontinuity of X(-) it
follows that z(-) is a selection of X(-:). Thus, in order to complete the proof of the
proposition it remains to verify (2.3).

Let {zk(-) = z., }s be a subsequence that uniformly converges to z(-). According to
the definition of zi(-) there are points

T=8s3<s5;<s{<...<sp<spp1=T
(depending on k) such that
1. Every interval [s}, s?] is of length at most &; and
|z (s)) — zi(s; y,|</ s)ds + e(s; — s}),
where Y
wie [ Flauls)),s)ds
(see (2.11),(2.12),(2.13),(2.14)).
2. The total length of the intervals [s},s},,],¢=1,...,m is at most

e+ (bj—t)<e+ > elt;—a;) <e+2(T —7)=ce,
jeJ jeJ

since the covering {a;, b;} of [7,T] is minimal. Here J is the set of those indexes
J for which (a;,b;) from the definition of z,, () is of the type (a.,(¢;), be, (t;)).

Let t € (7,T) be a Lebesque point of p(-) at which z(t) exists. Then for an arbitrarily
fixed 6 > 0 one can find k > 0 so small that

a(t) - SF h})b —z0)] o,
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Fix k so large that
ek < 6h, |zk(-) — z(-)||lc < éh.

Let p, ¢ € {1,...,m} be such that

sy>t, sy <t+h, s,—t<(c+1)6h, t+h—s]<(c+1)bh.

Then

< (2c+1)L +3)6.

For every 1 € {p,...,q} we have

[2r(st) — ()] < lea(s!) — 2(s!)] + [a(s!) — 2(t)] < 6h+ Lh = c'h.

Hence

"

H(/ Flax(sl), )ds/ F(z(t), ds)<ch/

Using this relation and the property 1) we conclude that there is

ji € / " F(a(t),5) ds

such that
|z (s?) — zi(s} —y,|</ s)ds + ex(s] —s:)+c’h/l" A(s)ds

Moreover,
|zi(si) — zr(i_0)| < (L + ex)(s; — 871,
which combined with (2.17) gives

SO -

"

/s s)ds + ex(si — s)

7
+ch/ s)ds+ (L+ex) > (sﬁ—sf’_l):| .

i=p+1

Using the property 2) and (2.15) we estimate the right-hand side by

t+h
/ ()ds+ch/ s)ds + 6h? + 2LcSh.
t

Moreover, we have

S g € Z/, s)ds C / s)ds + (3¢ + 2)mShB.

i=p

11
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Combining (2.16)-(2.20) we estimate

dist(z(?), % /tHh F(z(t),s)ds) < |z(t) — %Zq: ¥i| + (3¢ + 2)mé

i=p

A+ @2+ 1)L+ 34+ (3c+2)m)éd

ri(sy) — zk(s,) 1.
< q p/ _
3 3 ;y

1 ft+h t+h
< E./ p(s)ds + c/ A(s) ds + &8,
t t

where ¢ is a constant. Here we can take the limit in & tending to zero, supposing that
t is a Lebesque point of p(-) and F(z,-) for every z € S (we use again [29, Proposition
4.1]). This gives

dist(a(t), F(a(t), 1)) < p(t) +

which implies (2.3) since § > 0 is arbitrary. Q.E.D.

3 Characterization of the viability property

In this section we characterize the weakly invariance property with respect to a differ-
ential inclusion or with respect to certain families of inclusions (containing point-wise
inclusions and/or uncertain differential inclusions) by means of funnel equations.

First consider differential inclusion
& € F(z,t), t€to,T] (3.1)

supposing Al and A2 . If X(-) € W[to, T] satisfies the "funnel” equation

1,
lim = H (X(t _ h),zey(t)(x _ hF(:c,t))) =0 for a.et € (to,T] (3.2)

then px(y =0 in (2.1) and Theorem 2.1 implies that X(-) is a weakly invariant tube
for (3.1). The inverse is also true.

Theorem 3.1 X(-) € Wto, T] is weakly invariant w.r. to (3.1) if and only if (3.2)
is satisfied.

12



The approximate version of (3.2) has the form of a "funnel” inequality:

Tim %H* (Xt=4), U (2= (1) < olt) (3.3)

+
h—0 c€X (1)

for a.e. t € (to,T], where p = fg p(t) dt is presumably ”small”. The role of (3.3), and
the other funnel inequalities below, for "approximate” regulation will become clear
in Section 7.

Now let us consider the state constrained case: (3.1) together with
:E(t) € Y(t)’ te [tO’T]’ (34)

supposing that A1 - A3 are satisfied. In this case the funnel inequality analogous to
(3.3) has the form

— 1
im —H*(X(t - h), r—hF(z,t)) < p(t 3.5
B it (X( b ek D) <o) (3.5)

for a.e. t € (to,T]. If X(:) € W[to,T] is a solution to (3.5), then X(t) C Y(t),t €
[to, T] (X (-), being u.s.c., is continuous in a dense subset and graph Y is closed). If S
is a compact set such that X(t) C S, for t € [to,T], and A is the Lipschitz constant
corresponding to S + B according to A1, then Theorem 2.1 implies the existence of
an weakly invariant tube W(.) € W[to,T] w.r. to (3.1) such that (2.2) is fulfilled
with px () = ftf p(t) dt, provided that px(, is sufficiently small.

From here we conclude that if X(-) € W([to, T] satisfies the equation

lim ~H* (xt-m, U (z=hF()=0 (3.6)

h—ot h z€X ()NY (1)

for a.e. t € (to,T], then X(-) is weakly invariant w.r. to (3.1),(3.4). The inverse is
also true.

Theorem 3.2 X(-) € Wlto, T] is weakly invariant w.r. to (3.1), (3.4) if and only if
(3.6) is satisfied.

Finally, consider the family consisting of (3.4) and the inclusions
z € G(z,t) + v(z,t), v(-)€V (3.7)

supposing that A3 and A4 hold. The corresponding funnel inequality has the form

i %m (X(t W +hVE-h), | (z-— hG(:c,t))) <ot)  (38)

hoOt cEX()NY(£)

13



for a.e. t € (to,T]. Let us fix an arbitrary v(-) € V. Then the right-hand side
of the corresponding inclusion in (3.7) satisfies (3.5) and applying Theorem 2.1 we
obtain that X(¢) C Y(t) and if px() = fg; p(t) dt is sufficiently small, then for every
v(-) € V there is an weakly invariant tube W(-) = W,)(:) € W[to,T] w.r. to the
corresponding inclusion in (3.7) such that (2.2) is satisfied. As a consequence, if X(-)
satisfies the funnel equation

lim ~H* (X(t ~R+aV(E-h), U (e-hG(1)) =0  (39)
h—o+ h X (t)nY(¢)

for a.e. t € (to,T], then X(-) is weakly invariant w.r. to the family (3.4), (3.7).
Moreover, the inverse holds:

Theorem 3.3 X(-) € W]to, T] is weakly invariant w.r. to the family (3.4),(3.7) if
and only if (3.9) is satisfied.

Further we shall use also the following proposition.

Proposition 3.1 If X(-) € W[to, T|] satisfies (3.3) with an integrable p(-) such that
the conditions of Theorem 2.1 are fulfilled, then it satisfies also the inequality

Tm %H’L (X(t), U (e~ hF(z1)) < o) (3.10)
h—0* z€X (t+h)

for a.e. t € [to,T).

Equations of the type of (3.2) and (3.6) were introduced in [17] for linear differential

inclusions.

Proofs

Proof of Theorem 3.1. We have to prove only the necessity of (3.2). Let X(-) €
Wito, T] be weakly invariant w.r. to (3.1). Let S be a compact set containing
X(t), t € [to,T]. Take a point 7 € (to,T] which is a Lebesque point of F(z,-) for
every z € S and at which the function A(-) corresponding to S according to A1l is
finite. Then

. 1 r7
hll.r& ilelg H (Z/T—h F(z,s)ds, F(z, T)) = 0. (3.11)
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According to [29, Proposition 4.1] almost every 7 is such. For an arbitrary T €
X (7 — h) there is a trajectory z(-) of (3.1) on [r — h,T] such that z(r — k) = T and
z(t) € X(t) on [r,T]. Thus ¢ = z(7) € X(7) and

z e:z:—/ThF(a:(s),s)dsCa:—hF(x,T)+

T

(hH+ (% /TT F(z,s)ds, F(z, T)) +m (1 — s)A(s) ds) B,

-h T7—h

where m and A(-) correspond to S according to A1. The last inclusion together with

(3.11) implies (3.2). Q.E.D.

Proof of Theorem 3.2. The sufficiency of (3.6) has already been proven. If X(-)
is weakly invariant w.r. to (3.1),(3.4), then it is weakly invariant w.r. to (3.1) and

(3.2) is fulfilled, which together with X(t) C Y(¢) implies (3.6). Q.E.D.

Proof of Theorem 3.3. Again we have to prove only the necessity of (3.9). Let
X(+) € W[to, T] be weakly invariant w.r. to (3.4),(3.7). As in the proof of Theorem
3.1, take an arbitrary ¢ € (to, 7] that is a Lebesque point of F(z,-) for every z € S (S
is a compact containing X(t), t € [to,T]). Let My be the constant corresponding to
V(-) according to the definition of W(to, T] (see page 4) Take an arbitrary v € V(t—h).
From Proposition 2.1 applied to the mapping F = {0}, X(:) = V(-) it follows that
there is a selections v(-) of V() on [t — h,T] which is Lipschitz continuous with a
constant My (since py(.)(s) = My). Then exactly as in the proof of Theorem 3.1 we
obtain
H* (X(t —h), |J (&—hF(z,t)— hv(t)) <
zeX(t)
1 T T
RHY (E./ , F(z,s)ds, F(a:,r)) + m/ (1 — s)A(s) ds,
T— 7—h
< hO(h),

where § is independent of v(-) and tends to zero with k. Hence

H* (X(t ~ B +hv, | (z- hF(a:,t))) < hO(R) + Myh?
z€X(t)

end since v € V(¢ — h) is arbitrary we obtain (3.9). Q.E.D.
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Proof of Proposition 3.1. Let t € [¢t,,T) be a Lebesque point of A(-), p(-) and
F(z,-), ¢ € S, at which A(¢) and p(-) are finite. Take an arbitrary z € X(¢).
According to Proposition 2.1 there is a Lipschitz continuous selection z(-) of X(-)
such that

dist(z(s), F(z(s),s)) < p(s)
for a.e. s € [¢,T]. According to the remark after Proposition 2.1 the Lipschitz
constant L of z(-) can be assumed independent of z € X(¢). Moreover, thanks to A1

t+h
o(h) = H(F(z,1), / F(z,s)ds)
t
can also be thought independent of z € X(¢) + hLB (see the first paragraph of the

proof of Proposition 2.1). Thus we have

z(t+h) € z(t) + /tt+h F(z(s),s)ds + /t+h )dsB

+/ z(t + h), ds+/ s)|z(s) —x(t+h|d33+/ s)dsB

2(t) + hF(a(t + b),8) + (hp(t) + o1(h) + LRA(t) + o(h))B,

where o(h)/h and 01(h)/h tend to zero with . This implies the desired result, since
z(t+ k) € X(t+ h). Q.E.D.

4 An existence result

This section deals with existence of a solution in a class of differential inclusions
with u.s.c. and, possibly, non-convex-valued right-hand sides. Well known examples
show that such a differential inclusion does not have a solution, in general. Existence
results requiring some additional properties like monotonicity or cyclic monotonicity
were proven in [1, 4, 5]. Here we focus on a specific class of differential inclusions that
will turn out to contain the closed-loop inclusions of the type of (1.10) that will be
considered in the next section. A brief comparison with the above mentioned results
will be given in this section before the proofs.

Let us start with the differential inclusion (1.6) supposing that conditions A1 and
A2 are satisfied. We also introduce two functions ¥ : R* x R — (—o0,+0o0) and
¢ :R" x R+ (—00,+00] that are supposed to satisfy the following conditions:
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i) ¥ is bounded and there are constants L, and L; such that
Y(2',t') — ¢¥(z,t) < L|lz — 2’| + L(t' = t) (4.1)
for every z,z' € R", ¢,t' € [to, T, t' > ¢.
i) o satisfies
lim (', t') < p(z,1) (4.2)
>z
t'—tt

for every z € R™,t € [to,T).

Further we denote by

Dz, tiy) = lim LEFRLTH) —¥(z,)
h—0t h
the lower Dini derivative of ¥ in the direction of (y,1). Because of (4.1) D™%(z, t;y) <
Le|ly|l + L.

Now define
O(z,t) = {y € F(z,1); D™9Y(z,t;y) < p(z,t)} (4.3)

and consider the differential inclusion

&€ ®(z,t). (4.4)

Theorem 4.1 Let differential inclusion (1.6) satisfy conditions A1 and A2, let So C
R" be a compact set and S = S(So) be as in A2 and let ®(-,t) defined by (4.3) be
nonempty-valued on S for almost every t € [to,T]. Claim: for each T € [to,T) and
z € Sp differential inclusion (4.4) with initial condition z(7) = z has a solution on
[r,T), every solution is extendible up to the moment T and the set of all solutions is
compact in C[1,T)].

Clearly the above theorem is interesting only if the function v is non-differentiable
and non-convex with respect to z (otherwise ® would be convex valued). Of this type
are the applications given below.

Let a tube W(-) € W|[to, T] be given, let S C R™ be a compact set containing W(t)
in its interior for ¢ € [to,T'], and let A(-) be the Lipschitz constant corresponding to
S according to A1l. Define

Y(z,t) = dist(z, W(t)), (4.5)
B S

17



Proposition 4.1 Let (1.6) satisfy conditions A1 and A2 and let W(.) € W[to, T]
be weakly invariant. Then the claim in Theorem 4.1 holds for differential inclusion

(4.4) with ® given by (4.8), (4.5) and (4.6).

The above proposition outlines one application of Theorem 4.1 that will be used in
the next section. If W(t) = W is a closed set then for i) given by (4.5) and z ¢ W
we have

r—z

D™y(=,t;y) = min (

2€Pwz |z — 2| Y

),
where
Pwz = {w e W; |z — w| = dist(z, W)}

is the projection of £ on W. Now one can define the function ¢ in a different way as
follows:

z z i T ﬂ, i W t s
oz, 1) = | MXeePw= minyer( = y) Tf & W(t) @
o0 if z e W(t).

The right-hand side of (4.4) now takes the form

= : (29 — > mi -
O(z,t) = {y € F(z,t); (20 — 2, ) _zg,l,lgzeg?;;)& z,§)

for some 29 € Pz} (4.8)

and is apparently non-empty. Theorem 4.1 can be applied to obtain the following
proposition.

Proposition 4.2 Let (1.6) satisfy conditions A1 and A2 and let W be closed. Then
the claim in Theorem 4.1 holds for differential inclusion (4.4) with ® given by (4.8).

In the particular case F(z,t) = dist(z, W)B (4.4) becomes
z=Pwzx—=zx

and Proposition 4.2 implies existence of a solution to this inclusion. This result follows
also from [4, Proposition 2] and [1, Theorem] in combination, since the right-hand
side is sum of a cyclically monotone operator and a continuous function. However, a
mapping ¢ given by (4.8) is non necessarily of this type (even in the time-invariant
case), as the following example shows

Ezample. Let n =2, W = {(2,0),(0,2)} and F(z) = co{(0,1),(—1,1.25)}. Here the
corresponding mapping ¢ defined by (4.8) does not contain any sub-mapping that is
sum of a cyclically monotone one and a continuous function.
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Proofs

Proof of Theorem 4.1. Let 7 and z, be fixed as in the formulation of the theorem.
Let § = S(So) be a compact set such that every trajectory z(-) of (1.6) on [r,T]
starting from zo satisfies z(¢) € int S for t € [r,T]. We shall modify the mappings
F, ® and ¢ in the following way. Take a compact set S such that § C int 5. Let y(+)
be a Lipschitz continuous function on R" such that

7(1_):{1 if ze S

0if z¢ 8§

and let

F(.’E,t) = 7($)F($at)

. o(z,t) if z€ S
t) =
#z:t) {-{—oo if z¢38.
Because of A1 and the above definitions, there are a constant /2 and an integrable
function A(-) such that F' is bounded by / in R™ x [to, T'] and is Lipschitz continuous
w.r. to z for fixed ¢t with a Lipschitz constant A(¢). Define

®(z,t) = {y € F(z,t); D79(z,t;y) < (2, 1)} (4.9)

Obviously ®(-,t) is also nonempty-valued, now on R", for all t € [r,T]\ Ao, where
meas Ag = 0.

For each z and t € [r,T] \ Ao fix arbitrarily some y(z,t) € ®(z,t). Denote by A a
set of measure zero that contains Ao and such that every ¢t € [7,T") \ A is a Lebesque
point (from the right) of F(z,-) for every z € R™ (we use [29, Proposition 4.1]).

Take an arbitrary h € (0,0.5). According to (4.9) for every z € R™, t & A there is
a(z,t) > 0 (depending also on &) such that

a(z,t) < h (4.10)

$(e + oz, y(x, 1), 1+ a(z,1) = P(=, ) < ale, )@z, t) + ha(z,1)  (4.11)

H(F(:v, t), a(%,t) /tt+a(x't) F(z,s) ds) < h. (4.12)

There is a finite or countable collection of open (relative to [r, T]) intervals {(p;, ¢:)}
such that

Y (¢i—p)<hand AC U(p'.,q'.).

i
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We shall define a function zx(-) on [r,T] in the following way.

Denote so = T, zx(So) = o and suppose that z,(-) is already defined on [r,sk],
sk € [r,T). Consider the following two cases.

1) sk € (pi,qi) for some . Then define
Sk+1 = Giy, Th(t) = zn(sk) for t € [sk, gl
2) sk & Ui(pi, ¢i). Then consider
& = sup{a = a(z,t); |z — zn(sk)| S M|t —sk|, t € A, 0 <t — s, < ah}.

The set in the right-hand side is nonempty since it contains a(zx(sk),sk). Hence
& > a(zh(sk), sk) > 0. Let Zk, Sk and ay be such that

(097 Z &k/Q, ap = a(ik,ék), .§k ¢ A,
(4.13)
|2k — zn(sk)] < ™3k — skf, 0 < 8k — sk < axh.

According to (4.10) ax < h. Denote

Ye = y(jk’ gk)

and let (according to (4.12)) gf(-) be a measurable selection of F(&g,-) on [3k, 3k + ]
such that

1 Sptag h
- / gh(t)dt — yi| < h. (4.14)

af J35

Then define
Sk41 = Sk + ak, Th(3k) = Zk, zi(-) - linear on [s, 3],

e (4.15)
zh(t) = Z + J;, gr(s)ds for t € [3k, Sk41]-

Repeat the above recursive procedure until for some N it happens that sy > T — h.
We shall prove that such an integer N actually exists. Suppose the opposite, namely
that the sequence {s;} converges to some { < T' — h, and consider the following two

cases.

i) t € (pi,q;) for some i. Then sx € (p;,q;) for some (sufficiently large) k and by
definition sg4; = ¢; > ¢, which is a contradiction;

ii) £ & Ui(pi, ¢;). Denote zx = zx(sk). From (4.13), (4.15) and A2 we have
|zkt1 — 2z} < |Ee — zk| + 12k — 2o
|8k — sk| + Mlsep — 3| = Mlsk4r — skl
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which means that {z,} is also convergent and for the limit point Z and every k it
holds
|z — zi| < m(E— si). (4.16)

Let o = a(Z,t). For a sufficiently large &
t — s; < ha,
which together with (4.16) gives & > a and from (4.13)
ar > af2.
On the other hand ax < t—s; < ha < a/2 since b € (0,0.5), which is a contradiction.

Thus we have sy > T — h for some N = N(h). Let us extend z4(-) to [r,T] as
zh(t) = za(sn), t € [sn,T]. The family {zn(-)}s is equicontinuous and uniformly
bounded, because of the definition of / (observe that z;(-) is Lipschitz with a constant
7 on the intervals [sg, $x], according to (4.13)). Let

Jm 124 () = 2()llogo.ny =0

for a sequence hy — 0 and a continuous z(-). We shall prove that z(-) is a trajectory
of
& € F(z,t) (4.17)

on [r,T]. For this purpose let us estimate
T .
D= / dist(24(¢), F(za(t), 1)) dt.

Denote by I the set of those 7 for which z,(-) is defined in [s;, si41] in the second
way ii), and let [ = {0,...,N}\ I (we set sy;, = T). Then using (4.13) we obtain

£ ([ )5 [ s P

<§[ [ * dist( s'_: P(za(t),0)) dt + / dist(g(t), F(zn(t), 1)) dt]
+§/* |F(za(t), )] dt

<Cem(si - )+ /+ dist(gh(t), F(&:,1)) dt + :“ X(t)m(t — &) dt)
+ gﬁl(sﬁl — i)
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Si41 -

< S (@mach + rha,-/ Mt)dt) + (7 + D)k

i€l 8
T .
<2(T — )k + hm/ A(t) dt + (7 + 1)h < ch.

According to the Filippov’s lemma [3] and the closedness of the set of trajectories of
(4.17) in C[r,T] this estimate implies that z(-) is a trajectory of (4.17).

We have z(7) = zo € So and F(z,t) = F(z,t) for ¢ € S, which implies that
z(t) € int S and that z(-) is a trajectory of (1.6). Moreover, for every sufficiently
large k we have z;,(t) € S, which means that the sign ~ can be removed from the
letters ®, F and ¢ in the above considerations.

Now we shall prove that z(-) is a trajectory of (4.4). Since (4.4) has to be proven for
a.e. t, let us fix an arbitrary t € (7,T') for which z(t) exists and belongs to F(z(t),1).
Take ¢ > 0 and let w(o) be such that

z(t + o) = z(t) + oz(t) + ow(o). (4.18)
Let k be so large that zx(-) = z4,(-) satisfies
l=(-) = ze(llc < 0%, hi < o

We shall estimate
A = $(a(t + 0),t +0) = P(a(t), 1),

Let p and ¢ (depending on k) be such that
t<sp<...<$;<t+o0, t+0—35; < hg, s, —t < hy.
Then using (4.1) we obtain
A < P(24(50), ) — $(an(59),55) + Lalla(t + ) — 24(s,)] + 2(8) — 2(s,)])
+Li(|t + 0 — sq| + |sp — £])
< $(2i(3q), 5) — Y(@(5p), 5) + €0,
where ¢ = 2L, (7 + 1) + 2L,.

Let J be the set of those indexes 7 from {p,...,q — 1} for which z4(-) is defined in
the second way ii), and let J = {p,...,q¢— 1} \ J. We have

A < S (b(ealsinn)ssi) = $lza(s0), ) +eo”

22



< Sl (zrlsiv1), sivr) — ¥(Fi, &) + (¥(F4, 5) — Y(zi(si), 8:))]

ieJ

+ E (ze(si1, si41) — Y(zi(8i), 83)) + co®
ieJ

< Z (Z; +/ s)ds, siy1) — (i, 8;))

1€J
+ eZJ (Lz|Z: — zk(s:)] + Lelsi — &)
+ Zj(Lzlxk(Sm) — zk(80)] + Lielsipa — sil) + ea?
i€
< EEJW’(?E:' + oiyi, 8 + i) — P(&i, §))
+ EJ hka, + Lthka,) + Lihe + co?
i€
< ZJ i p(Fi, 8i) + ki) + (Lz(m + 1) + L)(T —7) 4 Ly + ¢)o?
i€

< Za,cp + 0102
ieJ

Since ¢(-) satisfies (4.2), for the given ¢ there is a monotone decreasing function
6(c) — 0 with o — 0 such that

e(z(t),t) 2 (2’ t') = 0(|z(t) — | + |t = 1))

for every (z',t') in a neighborhood of (z(t),t), ¢’ > t. Hence

A <Y aip(z(t),t) + Y ib(|z — z(t)| + |3 — t]) + c10?
ieJ i€l
< op(z(t),t) + ab(c20) + cao?. (4.19)

Observe that (4.19) holds even if ¢(z(t), t) is negative, because one can easily estimate
0 < 0—Yies @ < 40?, but in this case c3 depends on the value of p(z(¢),t) (otherwise

c3 = ¢).

On the other hand, using (4.18) we get

A = $(a(t) + 0i(t) + 0w(0), t + o) — (a(2), 1
> Y(e(t) + 0d(t),t + o) — $(a(t),t) — Laolw(o)].

Combining this with (4.19) we obtain
D ((t),t;4(2)) < ¢(2(2),1),

which implies that z(¢) € ®(z(t),t) and the proof of the existence is complete.
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Now we shall prove the compactness of the set of trajectories of (4.4) starting from
a given point (7,z0), 7 € [to,T), zo € So. Clearly, an absolutely continuous function
z(-) is a solution of (4.4) if and only if it is a solution of (1.6) and satisfies the
inequality

D™ y(z(t), t; 2(t)) < p(z(t),t) for a.e. t € [7,T). (4.20)

Thus we have to prove only that the set of solutions of (1.6) starting from a given
point and satisfying (4.20) is closed in C[r,T]. Let {zx(:)} be a sequence from this
set that converges uniformly to z(-) (thanks to A1 and A2 z(:) is also absolutely
continuous).

Below we apply to the function {(t) = 1(z(t), t) the following assertion: if ¢(-) satisfies
the condition

Et) —E(t) < L(t'—1t) fort' >t (4.21)
then £(t) exists for a.e. ¢t and
t+h

Ee+h)—E) < [ &s)ds. (4.22)

t

This follows from the fact that ¢ is of bounded variation, and thanks to (4.21) can
be presented as a sum of a monotone increasing absolutely continuous function and
a monotone decreasing function, both known to satisfy (4.22).

If o(z(t),t) = +oo for some ¢ then (4.20) is fulfilled. Take an arbitrary ¢ for which
o(z(t),t) = a < +oo and £(t) exists ((4.21) obviously follows from (4.1)) and chose
an arbitrary € > 0.

From (4.2) it follows that (z(-),-) is measurable and bounded by a + € on [¢,t + §]
if 8 is sufficiently small, and

Thus for all sufficiently small A~ > 0 we have

et ) 2 3 [ pla(s),5)ds

and
d P(a(t+ B),t+ h) = p((2),)
T, ) < }

For every such h there is kg = ko(h) such that for k > ko

+ €.

l2(-) = 2x()lle < A
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Then

D™4(a(t), t; #(t)) = ;id; (a(t),t) < LT h)’t+hh) — V@ L gp hye

t+h t+h
_h/ T(an(s )ds+2Lh+e</ z(s),s) ds + 2L,k + ¢.

Since ¢(zk(s),s) < a + 2¢ for all sufficiently large k£ we can take limes supremum
with respect to k and continue the above inequalities by

t+h
h/ s)ds+ 2Lk + & < o((t),8) + 2Lk + 2,

which implies (4.20). Q.E.D.

Proof of Proposition 4.1. The upper semicontinuity of A(-) and the properties 1)
and 2) from the definition of W(ty, T'] (page 4) imply that ¢ and ¢ defined by (4.5)
and (4.6) satisfy (4.1) and (4.2). Thus, in order to apply Theorem 4.1 we have to
prove only that ®(-,t) is nonempty-valued on S for a.e. t € [to, T

Let 7 € [to,T') be a Lebesque point of A(-) and F(z,-), z € S (we use again [29,
Proposition 4.1], according to which almost every 7 is such). Fix an arbitrary z € S

and denote & = Pwyr. Since W(-) is weakly invariant w.r. to (1.6) there is a
trajectory Z(-) of (1.6) such that &(7) = & and £(¢) € W(¢) for ¢ € [7,T]. Then

t=a(r)=z(t) + /:r F(z(s),s)ds

C z(t) —}—/: F(z,s)ds +m(t — T)/:/\(s) dsB.

Using the Lebesque property of 7 we have

lim %dist(:i +h§, W(r + h)) =0 (4.23)

h—0+

for some § € F(z, 7).
Let y € F(z,7) be such that
ly — gl < A(r)lz - &. (4.24)

Then for any wx € Pw (i) (£ + hy) we have

.1 .
D™ (z,7;y) = lim E[I-’E+hy—wh|— |z — ]
h—0t
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« 1 A A ~ A A
< lim E[|$+hy—whl+Ix—x|+hly—y|—Ix—xl]
h—0t

< lim %dist(a‘: + b, W(r + b)) + ly — §]

h—0+

< A(r)dist(z, W(1)),
which implies y € ®(z, 7). Q.E.D.

5 The regulation problems

Consider the differential inclusion
i € F(z(t),1), 1€ [toT] (5.1)

supposing that conditions A1 and A2 are satisfied. Let W(-) € W[to, T] be a weakly
invariant tube w.r. to (5.1) and let S C R™ be a compact set containing W(t), t €
[to, T], in its interior. We focus on the following problem. Find a sub-mapping (set-
valued feedback control) ®(z,t) C F(z,t) such that the tube W{(-) has the stable

invariance property w.r. to the closed-loop inclusion
z € ®(z,1). (5.2)

The ideas for the solution of this problem go back to Krasovskii (see [14]) in the
framework of the differential games. A formal solution in the framework of the
differential inclusions was given in [18] in the case of a convex valued tube W(-). We
stress the fact that the stable invariance property is not implied in general by the
invariance property (which corresponds to § = 0 in Definition 2, Section 1). The
reason is that discontinuous non-convex valued mappings ¢ are involved and neither
the standard existence theory nor the standard perturbation analysis for differential
inclusions are applicable. That is not the case in [18] where ® is convex valued due
to the convexity of W(t).

Let us define the mapping @ as in (4.3) with ¥ and ¢ given by (4.5) and (4.6).

Theorem 5.1 Under the suppositions A1 and A2 the tube W(-) has the stable in-
variance property w.r. to (5.2).

The definition of stable invariance requires two things: 1) existence and extendibil-
ity of the solutions starting "near” graph W(-); 2) relation (1.11). 1) follows from
Proposition 4.1, while 2) follows from the following proposition.
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Proposition 5.1 Let under the conditions of Theorem 5.1 z(-) be a trajectory of
(5.2) on some interval [t1,t;] and let z(t) € int S fort € [t1,t3]. Then

dist(z(t), W(t)) < exp ( /t‘ As) ds) dist(z(t1), W (t2))-

The definition of the regulation mapping ® by (4.3), (4.5), (4.6) is not quite explicit
since it uses the Lipschitz constant A(-) and the Dini derivative of 1. However for
practical purposes it is often sufficient to know some non-empty subset of ®(z,1).
Such can be defined in a constructive way as the set of all "extremal” directions
from F(z,t) with respect to W(t) (extremal aiming strategy of Krasovskii). Namely,
define

®.(z,t)= |J Arg max (z—=z,y), (5.3)

zE'Pw(,)x YEF(z)t)

where Argmax means the set of all points at which max is attained. Clearly &, is
non-empty valued, u.s.c. in z and ®(z,t) = F(z,t) if ¢ € W(t).

Proposition 5.2 Let A1, A2 be satisfied, let W(-) € W]to, T| be a weakly invariant
tube w.r. to (5.1) and let S C R™ be a compact set containing W (t) in its interior,
t € [to,T]. Then there is a set Q) C [to, T] of measure zero such that

d.(z,t) C O(=z,t) (5.4)

for everyz € S andt € [to, T\, where ®.(z,t) is defined by (5.3) and the regulation
mapping ® is given by (4.3), (4.5), (4.6).

Since @, coincides with F on graph W (), the existence and extendibility of the solu-
tions of the next inclusion starting from W(to) is ensured and we have

Corollary 5.1 Under the assumption of Proposition 5.2 the tube W(-) is invariant
with respect to the inclusion
t € §.(z,t).

In the case of a constant weakly invariant tube W(t) = W (viability set) one can
define as in (4.8)

®o(z,t) = {y € F(z,t); max (z—=z,y) >

20€Pw=x

i - . 8.5
B =0 9

Obviously ®.(z,t) C ®o(z,t).From propositions 4.2 and 5.1 we obtain
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Corollary 5.2 W has the stable invariance property w.r. to the inclusion

& € do(z,t). (5.6)

The difference between ®, and ®¢ can be illustrated by the following example in R2.

FEzample.

In this case

Proofs.

Theorem 5.1 is a consequence of propositions 4.1 and 5.1. In the proof of Proposition
5.1 we use the auxiliary result presented in Lemma 5.1 below, versions of which have
been used by many authors. We present the proof of our version for completeness.

Lemma 5.1 Let A(-), u(-) and €(-) be nonnegative integrable functions on [to, T] and
g(+) be defined as

g(t) = exp (/t: )\(s)ds) (a + /t: e(s) ds),

where a is a nonnegative constant. Let f() : [to,T] — R be an arbitrary function
satisfying the conditions

i) f(tO) =ay

ii) for every s,t € [to,T], s <,

0= ) < [ ir)dr

ii)for almost every t € [to, T) for which f(t) > g(t)
i JEHR) =10

Then f(t) < g(t) for every t € [to,T).

< MOF() + &(t).
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Proof. Clearly the function f(t) = max{f(t),0} satisfies the above conditions i) -
iii) (since g(-) is nonnegative) and f(t) < g(t) implies f(t) < g(t). Therefore we may
assume that f(t) > 0 for every t € [to, T]. Then ii) implies that f(-) is of bounded

variation.

Using well known facts from the theory of the functions with bounded variation we
can present f(-) = fi(-) + fa(-), where fi(-) is an absolutely continuous function and
f2(+) is monotone decreasing function that is differentiable almost everywhere and
jg(t) =0 for a.e. t € [to,T]. Actually, f(-) can be presented as

f&=ft)+ V-V 1

[tOvt] [tOvt]
where \/* and \/~ denote the positive and the negative variation on [to,t], respec-
tively. Both functions in the right-hand side are monotone increasing, the firs one is
absolutely continuous, as it follows from ii). The second function can be presented
as a sum of an absolutely continuous function and a monotone increasing function

having its derivative equal to zero for a.e. t. The latter function (with — sign) is just
the function f5(-).

Suppose that f(t) > g(t) for some t > to. From ii) and the continuity of g(-) it follows
that there is an interval (7,t] in which f(s) > g(s) and f(7) = g(7). For 8 € [1,t] we
have

1(0) = £() = 10) = () + (6) = fur) < [ ils)ds
=/ *fs) ds < / "6) £(s) + £(s)) ds.

The Gronwall inequality together with f(7) = g(7) implies f(¢) < g(t), which is a
contradiction. Q.E.D.

Proof of Proposition 5.1. We shall apply Lemma 5.1 to the function
f(t) = dist(z(t), W(t)), t € [t1,12].

Condition 1) is fulfilled with a = dist(z(¢;), W(¢;)). Condition ii) follows from the
absolute continuity of z(-) and the definition of W(to, T'] (page 4). iii) follows from
(4.3),(4.5),(4.6) and

= D y(=(t), t;4(1)) < MEF(2),
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which holds for each ¢ at which Z(t) exists and satisfies (5.2) and z(t) € W(t) (the
last is apparently fulfilled if f(¢) > g(t)). Then the proposition follows from Lemma
5.1 with ¢(t) = 0. Q.E.D.

Proof of Proposition 5.2. Inthe proof it will be convenient to use the modification
in the form of (3.10) of the funnel equation (3.2). Under the conditions of Proposition
3.1 (applied for p(t) = 0) W(to, T|(-) satisfies for a.e. t the equation

lim ~H* (x@, U @-hFGen)=0. (5.9)

+
h—0+ h SEW(t+R)

Now let z € S and let ¢t € [to,T) be such that (5.9) holds. We can suppose that
z ¢ W(t), since otherwise the claim is trivial. Take an arbitrary y € ®.(z,t) and let
z € Pw()x be such that

(z —z,y) > (2 — z,§) for every § € F(z,1). (5.10)
From (5.9) we obtain the presentation
z=ap — héy + o(h), zn € W(t+ h), & € F(zh,t + k), o(h)/h — 0.

Since |z — z| < dist(z, W(t)) + hm + o(h) we have

:%[|$—z+hy—h§h—o(h)|—|:1:—z|]S (z -

(:1: —z,Yy - gh) .
< dist(z, W(2)) + A(t)(dist(z, W(t)) + hm) +

< p(e,8) + hA(B)m + o(h)
where &, € F(z,t) is such that

Igh - §h| < H(F(xhvt)aF(xat))‘

Taking the limit we obtain D~vy(z,t;y) < p(z,1). Q.E.D.
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6 Approximate regulation

The results presented in the preceding section have their "approximate” analogs.
The essence of the issue is the following. Usually there is not a priori given any
weakly invariant tube, such should be found first (by solving the corresponding funnel
equation from Section 3 or based on some other viability conditions like in [24] or
whatsoever) and then used for constructing of a regulation mapping. So the best
one can hope is to use some ”approximation” of a weakly invariant tube. In this
section we show that a proper meaning of "approximation” to a weakly invariant
tube can be given in the terms of the funnel inequalities introduced in Section 3, and
that the constructions of regulation mappings from Section 5 when applied to such
approximate weakly invariant tubes result in reasonable approximate solutions to the
regulation problem. In this sense the regulation mappings from Section 5 are correct
(with respect to approximations).

To be specific, let us consider the following regulation problem: given the differential
inclusion (5.1), the state constraint (1.4), an initial set X, and a target Mr C R”
find a regulation mapping ®(z,t) C F(z,t) such that any solution to the closed-loop
inclusion (5.2) starting from a point of X, at to satisfies the state constraint (1.4)
and hits the target M7 at T'.

Suppose that conditions A1 - A3 are satisfied and that M7 is compact. Then ac-
cording to A2 there is a compact set S that contains the values of all the trajectories

of (5.1) on [to, T] which reach the set My at T. Let S = 5 + ¢B and let A(-) be the
Lipschitz constant from A1 corresponding to S.

Let W(-) € W[to,T] be a solution to the funnel inequality (3.5) satisfying also the
end condition

X(T)cM.
where p = ftf p(t) dt is such that

to

(p + 6)exp (/T/\(t)dt) <c

for some § > 0. Define the regulation mapping ® as in (4.3),(4.5),(4.6), but with a
slightly modified ¢:

(6.1)

A(t)dist(z, W (1)) + p(t) if = € W(2),
o(z,t) =

+o0 if z € W(t).
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Theorem 6.1 Let Xo C W (o) + 6B. Then every solution z(-) of differential inclu-
sion (5.2), with ® defined by (4.3), (4.5), (6.1), starting from a point from X, ezists

up to the moment T and satisfies

dist(z(t), Y(t)) < exp ( /t:)\(s)ds) (dist(x(to),W(to)) + [ p(s)ds)

for every t € [to,T], and

dist(z(t), M) < exp (/T As) ds) (dist(x(to), W (to)) + /tOT p(s) ds)

to

Moreover, as in Section 5 the set ®(z,t) defined above contains all "extremal” direc-
tions of F(z,t) with respect to W(t):

Proposition 6.1 Under the suppositions of this section there is a set §) C [to, T] of
measure zero such that the set ®.(z,t) defined by (5.3) is contained in ®(z,t) (defined
in Theorem 6.1) for everyx € S+ B and t € [to, T]\ Q.

Proofs

Proof of Theorem 6.1. The existence and extendibility requirement follows from
Proposition 4.1. We need to prove only a corresponding modification of Proposition
5.1. As in the proof of the latter we can apply again Lemma 5.1, this time for the
functions

1) = dist(e (), W(2)), e(t) = pl).
to obtain the estimations in Theorem 6.2. Q.E.D.

Proof of Proposition 6.1. The proof is similar to that of Proposition 5.2. Equation
(5.9) should be replaced with (3.10) and all consequent changes are obvious. Q.E.D.

7 Guaranteed control of uncertain systems

In this section we return to the problem of guaranteed control of an uncertain system
from which we started in Section 1. Consider again the model of an uncertain control

system

t € G(z,t) +v(t), tE€ts, T, (7.1)
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z(to) € Xo, (7.2

v(-) €V, (7.3

z(t) € Y(t), t € [to, T, (7.4
z(T) € Mt, (7.5

interpreted as in Section 1. Throughout this section we suppose that conditions A3
and A4 are satisfied and that X, is compact. Our aim is to define a control strategy
(regulation map) ®(z,t,v) C G(z,t), z € R™, t € [to, T] such that for every v(-) € V
and zg € X

1) every solution of the differential inclusion
z € ®(z,t,v(t)) + v(t) (7.6)
starting from zq is extendible to [to, T'[;

2) every solution of (7.6) on [to, T starting from z, satisfies (7.4) and (7.5).

Theorem 7.1 A regulation map ® satisfying 1) and 2) ezists if and only if the funnel
equation (8.9) has a solution W(-) € W|to, T satisfying the boundary conditions

W(T) C My, (7.7)

Xo C W(to). (7.8)

If W(-) is as in the above theorem according to Theorem 3.3 W (-) is weakly invariant
with respect to the family of inclusions (7.1) (parametrized by (7.3)) and (7.4) (that
1s, W(-) is a stable bridge in the terminology of Krasovskii). Then one can apply
the constructions from Section 5 for F' = G' + v in order to obtain a regulation map
solving the problem formulated above. Namely, if S is a compact set containing
W(t), t € [to, T], in its interior and A(-) is the Lipschitz constant of F' corresponding
to S (see A1, page 4), define

®(z,t,v) = {y € G(z,t); D™ dist(z, W(t);y + v) < A(¢)dist(z, W(t))} (7.9)

for £ ¢ W(t) and ®(z,t,v) = G(z,t) for £ € W(¢t). According Theorem 5.1 W(-) has
the stable invariance property w.r. to (7.4),(7.6) for every v(-) € V, which, together
with (7.7) and (7.8), implies 1) and 2).
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The above definition of the regulation map ¢ requires knowledge of the current value
of the disturbance v(:). However, the set ®(z,t,v) contains a subset that is indepen-
dent of v. Actually, the mapping

®.(z,t)= |J Arg max (z—z,y)

2€Pw (i) ueGlat)

is such as it follows from (5.3) and Proposition 5.2 applied for F = G + v.

The main point of this section is to elaborate the concept of stable invariance and
funnel inequalities in order to obtain "approximate” regulation maps on the basis of
a known approximation to an weakly invariant mapping W(-). We use the results
from Section 6 to obtain the following.

Theorem 7.2 Let W(-) € W[to,T| be a solution to the funnel inequality (3.8) with
an integrable function p(-). Let W(-) satisfy the boundary conditions

W(T) C Mr

Xo C W(to) + 6B.
Denote

¥(t) = exp (/t: A(s) ds) (6+ /t: p(s) ds) .

where () is the Lipschitz constant of F' (see A1, page {) corresponding to a compact
set S containing W(t), t € [to, T in its interior, end let W(t)+~(t)B C S, t € [to, T].
Then there is a regulation map ®(z,t,v) C G(z,t) such that for each v(-) € V and
o € Xo every solution z(-) of (7.6) starting from z¢ is extendible to [to,T] and
satisfies

z(t) € Y(t) +1(t)B,
z(T) € M +~(T)B.

A regulation map ® can be defined as in (7.9) but with the function ¢ given by (6.1)
(that is, with A(¢)dist(z(t), W(2)) + p(¢)) in the right-hand side of (7.9).

Proposition 6.1 and the independence of ®. of v give that ®.(z,t) C ®(=z,t,v) for
every z, ¢t and v € V(¢).

Remark. Clearly, in the above consideration we suppose that the state z of (7.1)
is directly and exactly observable. The much more complicated case of incom-
plete/inaccurate measurement will be considered in a forthcoming paper.
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8 Discretization of regulation inclusions

The regulation mappings ¢ defined in Section 6 are non-convex valued and only
u.s.c. in z, in general. This gives rise to the question how to simulate numerically
the trajectories of the closed-loop system (1.10).

It is known [7, 21, 30] that the set-valued version of the Euler discretization scheme is
convergent when applied to a differential inclusion with continuous and convex valued

” is continuous at h =0

right-hand side. This means that the mapping "k —Traj(k)
in appropriate natural Hausdorff metric, where A is the discretization step, Traj(0)
is the set of trajectories of the differential inclusion (starting from certain initial
point) and Traj(h), h > 0, is the set of trajectories of the corresponding discrete
inclusion. Upper semicontinuity of the above mapping was proven under different
conditions (weaker than continuity of the right-hand side) and for different classes of
discretization schemes (see [8, 19, 20, 26] and the bibliographies there). However, the
convexity of the right-hand side plays a crucial role in the above mentioned results.
In this section we claim upper semicontinuity of the mapping "k +—Traj(h)” for the
closed-loop differential inclusion (1.10), provided that the regulation mapping & is

defined by (4.8) (that is, in the case of a constant set W).

So we consider the differential inclusion

T € @(1?, t) 3 x(to) = Tg, (81)
with ¢ given by
_ L B < . _ .
O(z,t) = {y € F(x,t); zg})lvrvlz(x z,y) < zg%’a;(reenz«}(lgt)@ z,€6)} (8.2)

supposing that conditions A1 andA2 are fulfilled, that W is closed and that, in
addition, F' is continuous with respect to t. Given an integer N, introduce the
uniform grid ¢y = to+ kh, h = (T —t5)/N, and consider the finite difference formula

eV = 4yl g e oY, t), k=1,...,N,

with the initial condition ¥ = z,. The choice of the velocity yI¥ € ®(z¥,tl) at

every step is arbitrary. Denote by z™(-) the piecewise linear interpolation of the
points (t,z¥), k=0,...,N.

Theorem 8.1 Under the suppositions of this section the sequence {z™V(-)}n is pre-
compact in C[to,T] and every condensation point z(-) is a solution of (8.1).
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Remark. The convergence of the Euler scheme for (8.1) in the case of a tube W (-)
dependant on the time (say, with ® defined by (4.3),(4.5),(4.6)) is still an open
problem.

Proof of Theorem 8.1. Since zV(-) is an Euler approximation corresponding to
the differential inclusion (1.6), the condensation point z(-) exists and is a solution to
(1.6) (see e.g. [7, Corollary]). Thus we have to prove for a.e ¢ the inequality

min (2(t) - 2,#(t) < go(a(t), 1) (8.3)

where g is defined (c.f.(4.7) as

PolH ) = B iR DY

Let S be a compact set containing z(t), t € [to, T, in its interior and let m correspond
to S according to A1l. Take arbitrarily ¢ € (fo,T) such that #(¢) exists. If z(¢t) € W
then both sides of (8.3) are equal to zero. Suppose that z(t) € W and let oy > 0 be
such that t + 01 < T, 01 <1 and

dist(z(s), W) > 0 for every s € [t,t + oy].

Obviously ¢ is u.s.c., therefore there exists a monotone increasing function w(-) :
[0, +00) — [0, +00), limg_o+ w(a@) = 0 such that

ol,5) < go(z(t), &) + (|2 — 2(B)] + |s — £ (8.4)
forz € S, s € [t,t+ o]
Suppose that (8.3) is not fulfilled and 4 > 0 is such that

Q= min (a(t) = 2,4(0) 2 pola(t),t) + 7 (8.5)

Take an arbitrary o € (0, 01] such that
w((m +2)o) + (m? +2)o? < v/2 (8.6)

and fix N such that A < ¢? and ||z(-) — zV(-)|| < o%. Since z(¢) € intS we can
suppose that zV(s) € S for s € [t,t + o]. Let p and ¢ (both depending on N and o)
be such that

te (@, ], t+oe (@, th]
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Since yY € ®(z},tl), there is 2} € Pwzl such that
(ef — 2t 90) < polai,th), k=0,...,N.
From (8.4) and (8.5) we obtain for k = p,...,q
(ox = 20,0 ) < pol(t),t) +w(lzy — z(t)] + [t — t])
< po(z(t),t) + w(mo + 0% + o) (8.7)
SQ—y+w((m+2)o) <O —~/2.

Now consider

A= |:1:(tflv)—z;v|2— Iz(tf)—zmz > |:1:év—zév|2— |:1:£’—zz,v|2+c02

g-1
=3 (i = zenl” = |28 = 201°) + o

k=p
g—1

< Yok — 2 P = ek = 2 ) + eo?, (8.8)
k=p

where c is a constant and we have used that zY € Pyz}. From (8.7)
ok — 20 ' = |2& + by — 20" = |2 = 28" + 2h(zd — 2, ud) + B¥|yi P
<z — 2 ? + 2hQ — hy + h2m?,
which combined with (8.6) and (8.8) gives
A <200 — o7+ 01(0). (8.9)
On the other hand
A = |o(t)) + (87 = 15)2(t) — 27 |* = |e(t}) — ' [* + 0a2(0)

= |2y + (tg = t,)E(t) — 27 I = |2}) = 2'[* + 03(0)

< |:11:i,v — zév|2 - Izi,v - z:,V|2 + 2cr<:/1:i,V - zév,:i:(t)) + 04(0)

< 20(z(t) — zév, z(t)) + os(0),
where o;(o) are functions such that o;(¢)/c — 0 when ¢ — 0%. Combining with
(8.9) we obtain that

(2(t) — 27, 2(t)) < Q—~/2+6(0), (8.10)

where 6(c) — 0. If z is a condensation point of {2z} when o tends to zero and
correspondingly, N tends to +oo (notice that ¢ depends on N and o), then z €
Pwz(t) and (8.10) implies

Q—7/2 > (2(t) - 2,2(1)),
which contradicts the definition of 2 by (8.5). Q.E.D.

37



References

[1] F. Ancona and G. Colombo (1989) Ezistence of Solutions for a Class of Non-
convezr Differential Inclusions, Preprint, S.I.S.S.A., 31M.

[2] J.-P. Aubin (1991) Viability Theory, Birkhauser, Boston.

[3] J.-P. Aubin and H. Frankowska (1990) Set- Valued Analysis, Birkhauser, Boston.

[4] A. Bresan, A. Cellina and G. Colombo (1989) Upper semicontinuous differential
inclusions without convexity, Proc. of the American Math. Soc., 106, 3, pp.
T71-775.

[5] A. Cellina and V. Staicu (1990) On Evolution Equations Having Monotonicities
of opposite sign, Preprint, S.I.S.S.A.

[6] F. Clake (1983) Optimization and Nonsmooth Analysis, J. Wiley & Sons.

[7] A. Dontchev and E. Farkhi (1989) Error estimates for discretized differential
inclusions, Computing, 41, pp. 349-358.

[8] A. Dontchev and F. Lempio. Difference methods for differential inclusions: A
survey. To appear in SIAM Review

[9] A. Filippov (1967) Classical solutions of differential equations with multi-valued
right-hand side, SIAM J. of Control and Optimization., 5, pp. 609-621.

[10] H. Frankowska, S. Plaskacz and T. Rzezuchowski (1992) Set-valued approach to
Hamilton-Jacob-Bellman equations. This volume.

[11] K. Guseinov, A. Subotin and V. Ushakov (1985) Derivatives for multivalued
mappings with applications to game-theoretical problems of control, Problems
of Control and Information Theory, 14, pp. 155-167.

[12] K. Guseinov and V. Ushakov (1989) Strongly and weakly invariant sets with
respect to a differential inclusion, Soviet Math. Doklady, 38, 3, pp. 603-605.

[13] N. Krasovskii (1986) Control of Dynamic Systems, Nauka, Moscow (in Russian).

[14] N. Krasovskii and A. Subotin (1974) Positional Differential Games, Nauka,
Moscow; English transl., Game-Theoretical Control Problems, Springer-Verlag
(1988).

[15] A.Kurzhanski (1977) Control and QObservation under Conditions of Uncertainty,
Nauka, Moscow (in Russian).

38



[16] A. Kurzhanski and T. Filippova (1987) On the description of the set of viable
trajectories of a differential inclusion, Soviet Mathematical Doklady, 34, 1.

[17] A. Kurzhanski and O. Nikonov (1990) Funnel equations and multivalued
integration problems for control synthesis, In B.Jakubczyk, K.Malanovski,
W.Respondek Eds., Perspectives in Control Theory, Progress in Systems and
Control Theory, 2, Birkhauser, Boston, pp. 143-153.

[18] Y. Ledyaev (1989) Criteria for Viability of Trajectories of Nonautonomous Dif-
ferential Inclusion and their Applications, Preprint CRM 1583, Université de
Montréal.

[19] F. Lempio. Difference methods for differential inclusions. To appear in Economics
and Mathematical Systems.

[20] H.-D. Niepage and W. Wendt (1987) On the discrete convergence of multistep
methods for differential inclusions, Numer. Funct. Anal. and Optimiz., 9, pp.

591-617.

[21] M. Nikol’skii (1987) On an approximation of the reachable set of a control pro-
cess, Mat. Zametki, 41, pp. 71-76 (in Russian).

[22] A. Panasyuk (1990) Equations for attainable set dynamics, Part 1: Integral
funnel equations, J. of Optimization Theory and Applications 64,2, pp. 349-366.

[23] A. Panasyuk and V. Panasyuk (1980) On one equation resulting from a differ-
ential inclusion, Mat. Zametki, 27, pp. 429-445 (in Russian).

[24] M. Quincampoix (1992) An algorithm for invariance kernels of differential inclu-
sions. This volume.

[25] P. Tallos (1991) Viability problems for nonautonomous differential inclusions,
SIAM J. Control and Optimization, 29, 2, pp. 253-263.

[26] K. Taubert (1981) Converging multistep methods for initial value problems in-
volving multivalued maps, Computing, 27, pp. 123-136.

[27] A. Tolstonogov (1982) On the equation of the solution funnel of a differential
inclusion, Mat. Zametki, 32, 6, pp. 841-852.

[28] V. Veliov. Funnel equations and regulation of uncertain systems, to appear

[29] R. Vinter, P. Wolenski (1990) Hamilton Jacobi theory for optimal control prob-
lems with data measurable in time. SIAM J. of Control and Opt., 28, 6, pp.
1404-1420.

39



[30] P. Wolenski (1990) The exponential formula for the reachable set of Lipschitz
differential inclusion, SIAM J. Control and Optimization, v. 28, pp. 1148-1161.

40



