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Foreword

Two problems for the linear distributed parameter systems of parabolic type motivated by
environmental monitoring are discussed:

1. Nonlinear localization problem: recover the location of an unknown single source on
the basis of available observations. In general, the solution of this problem is set-valued and
disconnected.

2. Identifiability problem: what types of observations are able to ensure enough information
to restore the location point?

An approach is given, based on the introduction of a suitable space of test-functions: in order
to determine the unknown location, one has to analyse a proper system of algebraic equations.
The latter can be constructed in advance. Sufficient conditions for identifiability are derived
and the duality relations between the above nonlinear problems and the problems of open loop

control and controllability for an associated adjoint linear system are established.
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Source Localization Problem for Parabolic Systems

A.Yu. Khapalov

1. Introduction and Problem Formulation.

Let Q be an open bounded domain of an n-dimensional Euclidean space R™ with a boundary

0. Consider the following homogeneous problem for the linear parabolic equation

Ou(z,t)

5 = Au(z,t) + f(z,t), (1.1)

teT=(0,0), 2€QCR", Q=QxT, S=02xT,

ulg =0, u(z,0)= uo(z).

In the above:

n

A= Y grta(e)n) —ala), a(a) 20

i1j=1 '

n n

vZE? < Z a;j (2)&&;, V&€ R, a.e. in Q, wv=const >0,

=1 1,7=1

a;i(z) = a;i(z), ai;(+), a(-) € L), 4,7 =1,2,...n.

We assume that the distributed process (1.1)is excited by a single source concentrated either

“-” stands for closure) or over some neighborhood of

at an unknown spatial point of { (where
this point. Below we consider two cases. In the first it is supposed that the source acts only at

the initial instant of time. In other words, we consider the system



Ou(z,t)
ot

= Au(z,t), (1.2)

ulg = 0,

up(z) = ¢i(z,2°%), I=1o0r2 z%€Q,

where

é1(z,2°%) = 6(z - 29), (1.3)

1, if z € $,(z°) N Q,
b2(2,2%) = meas— (%) n Q) | 17 T € 5HE) (1.4)
0, if z € Sa(z°) N Q,

h is a given (and therefore we exclude it from the list of variables) positive parameter char-
acterizing the effective zone of source and S;,(z%) is the Euclidean neighborhood of radius h of

: 0
point z%,

Sh(zo) ={z |||z - z0 |lrr < h}.

Then we consider the case when the system is exited by a single source of type (1.3) or (1.4)

acting in time, namely,

du(z,t)
ot

= Au(z,t) + ¢i(z,2°%), 1=1 or 2, (1.5)

u(z,0)=0, ulg=0.
It is supposed that an output of the system in question may be represented in the form

y(t) = G(t)u(- 1), teT, (1.6)



where y(-) is an r-dimensional output and G(-) stands for an observation operator with

images in L3(T) = L¥T) x ... x L¥T).

A

In the present paper we strudy two problems.

Nonlinear localization problem: recover the location z° of the unknown source in (1.2)
or (1.5) on the basis of available finite-dimensional at every instant of time observations (1.6).

In general, the solution of this problem is set-valued and disconnected.

Identifiability problem: what types of observation operators are able to ensure enough

information in order to restore the location of source in a unique way?

The paper is organized as follows. The next section deals with preliminary results concern-
ing the regularity of solutions of systems (1.2) and (1.5). Section 3 introduces a number of
observation operators that we study below and their correctness is also discussed. In Section
4 we show first how the localization problem in question may be transformed into the system
consisting of continuum nonlinear algebraic equations associated with a suitable space of test-
functions. Then we introduce the definitions of identifiability and e-identifiability distinguishing
those classes of observation operators that allow to reduce the problem to a finite number of
algebraic equations. This section is concluded by examples illustrating the non-redundancy of
such definitions. Sufficient conditions for identifiability for the case of one dimensional parabolic
systems with stationary observations are derived in Section 5. Section 6 is devoted to the gen-
eral (non-smooth) case with sources of type (1.4). Then, in Section 7 we introduce the class
of associated linear control systems and establish the duality relations between them and the
nonlinear localization problems in question. In fact, these relations state the coincidence of
the sets of test-functions with either the attainable sets or the specified images of the sets of
solutions of associated linear control systems. We show how the latter can serve as-a tool in the
construction of desirable set of test-functions that enables us to solve the localization problem

in question.

Remark 1.1. In the present paper we assume that the intensity of the unknown source is
given and equal to 1 (in the general case we have a ¢;(z,z°)). Under the assumption that
the locations of several individual sources are given in advance and observations are corrupted
by unknown deterministic errors the problem of estimation of unknown intensities on the basis
of the value of their total emission has been considered in [7]. We stress that the intensities

estimation problem, in fact, is a linear one, whereas the localization problem is nonlinear.

Remark 1.2. If available observations are corrupted by unknown additive disturbances, the

expression (1.6) turns into



y() = G(u(-, 1) +£(1), teT,

(1.7)

where £(-) stands for a measurement “noise” subjected to prescribed a priori constraints. Due

to the nonlinearity of localization problem, the observations of type (1.7) make the latter be

quite different from the case of precise observations. The problem (1.2) or (1.5), (1.7) might be

a subject for a separate investigation.

2. Preliminaries.

Let A;, w;i(+) (1 =1,2,...) denote sequences of eigenvalues and respective orthonormalized (in

the norm of L%(§2)) eigenfunctions for the spectral problem

Aw,-(-) = —/\,-w,-(-), w;(-) € H&(Q),
< wi(+),wj(+) >= &5,
so that

1, 1=y,
0, i # j.

Aig1 2 Ai; Ai = +00, 1> 400 & =

It is well-known that the initial-boundary value problem (1.1) with uo(:) € L*(Q), f(-,-) €
01,0
L%*(Q) admits a unique solution in the Banach space V, (Q) = H(Q)NC([0,8]; LAQ))

[9, 10] that may be represented in the following general form,

u(-11) = Sa(t)uo(-) + Sa(H) (-, ),
Situo() = 3 €M < ug(-), () > wil’),
=1

S2(t)f('v‘) = E /t e_/\i(t—T) < f(-,‘r),w,'(-) > dTUi(')’
i=1 Y0

(2.1)

(2.1)

(2.1)"



where the symbol < -,- > stands for the standard scalar product in L%*{(f2). Here and below
we use the standard notations for the Sobolev spaces.

Thus, we may conclude that for [ = 2 the solutions of systems (1.2) or (1.5) may be defined
by (2.1)" and (2.1)".

In the case of the system (1.2), (1.3) we shall assume below that the following conditions are

fulfilled.

Assumption 2.1:

Q=(0,1) and |wi(z)|< const, i=1,..., Vze (2.2)

We recall that under Assumption 2.1 from the embedding theorems [9, 10, 14] it follows that
wi(-) € C(Q) and

< d)l(-,zo), wi(k) > = }111_1_% < ¢2(',IO), wi()>, t=1,.... (2.3)

Hence, due to (2.3) and the asymptotics of the eigenvalues [1], we may define the solution of
problem (1.2), (1.3) (as an element of L%(Q)NC((0,6]; Hi(2))) as the limit of associated
sequence of solutions of (1.2), (1.4) over h — 0, so as the formula (2.1)" holds in L?(Q).

For the solutions of both systems (1.2), (1.3) under Assumption 2.1 and (1.2), (1.4) the

following identity holds

/u(z,t)(—% — Ap(z,t))dzdt = /d)l(z,zo)go(z,O)dz, (2.4)
Q Q

v (P(Iat) € H2,1(Q)a ¥ |2 =0, (,9(1,0) = 0.

Assuming the coefficients of the operator A and the boundary 02 to be sufficiently
smooth, we may define for n < 3 the solution of the problem (1.5) with [ = 1 as an element
of L%(Q) [10]. Then for the solutions of both systems (1.5) with [ =2 and for n < 3 with

l =1, assuming below the needed regularity in the last case, we obtain,

[}
/ u(z,t)(—a“”—(af’t—) — Ap)dzdt = / iz, 2%)p(z, t)dzdt, (2.5)
Q 0Q

Vo(z,t)e H*(Q), ¢lc= 10, ¢(z,0)=0.



The identities (2.4), (2.5) play an important role in deriving the duality relations in Section 7.

3. Observation operators.

Below we consider the following types of observations.

Spatially-averaged observations:

Gmwﬁz/xuﬁq%mL teT, (3.1)
Q

with x(z,t) € L(T; L¥Q)) given.

A special subclass of observation operators of the above type is

Zone observations:

X(I7 Sl(t))
Gam@0=/ : w(z,t)dz, teT, (3.2)

x(z, 8;(t))

where

1,ifz e Sj(t),

x(z,Si(t)) = meas™!{S;(t)} s
0, if z € 55(¢),

Si(t) c Q, j=1,...,r are effective sensing regions at the instant t. We assume that the
set-valued maps: t — S;(t) are continuous in time with respect to Lebesgue measure. When
Si(t) = S;, j =1,...,7r we say about stationary zone observations [3], otherwise we have

dynamic ones.

Pointwise (stationary or dynamic) observations:

G(t)u(-,t) = (u(Z'(t),0), ..., w(Z(2),t)), teT, (3.3)

where measurements are taken at some spatial points or along specified trajectories in the domain



Q. It is clear that this type of sensors requires a corresponding smoothness of solutions. We
shall consider this type of observations only for the systems (1.2), (2.2), (1.4) or (1.5), (2.2),
(1.3) and, also, (1.5), (1.4) with n < 3 assuming that the operator A and the boundary 92
are sufficiently regular in order to ensure the enclosure of outputs into L2(T).

We stress that all the above observation operators at every instant of time provide finite-

dimensional outputs.

Remark 3.1. Assuming the interval of observations to be equal (e,8) with ¢ > 0, we also

may consider the localization problem (1.2), (1.3) with the pointwise observations of type (3.3).

4. Localization and Identifiability.

In this section we introduce the definitions of identifiability and e-identifiability and show how
on the basis of the introduction of suitable space of test-functions the localization problem in
question can be transformed into the system of algebraic equations.

Denote by X2, the set of all those z° that solve the localization problem in question,
namely: [ = 1 corresponds to the case of the sources of type (1.3), I =2 - to (1.4), whereas
m = 1 corresponds to the system (1.2) and m = 2 - to the system (1.5).

Consider first the problem (1.2), (1.6). By virtue of (2.1), we come to the following general

representation for the unknown point z°,

G()S:()éi(-,2% = y(t), teT, 1=1,2. (4.1)

In particular, for the problem (1.2), (2.2), (1.3), (3.1) we obtain

o

et (2%) G(thwi(+) = u(t), teT. (4.2)
1

1

Due to Sections 2 and 3, (4.1), (4.2) are the equations in the functional space L2(T).

Therefore, they are equivalent to the following set of algebraic equations

[} [}
[X® G106t = [X(©) vy, ¥A() € LAT). (4.3)
0 0

In turn, for the localization problem (1.5), (1.6) we have



[’} [}
/ N(t) G(£)Sa(t)i(-,c0)dt = / M(t) y(t)dt, VA() € LX(T). (4.4)
1] 0

Denote by X2,(A(:)), m,l = 1,2 the sets of all those z° that for a given A(-) are the
solutions of (4.3) for m = 1 and of (4.4) for m = 2. The index [ has the same meaning as
for X2,. Then we obtain

Lemma 4.1. The following formula is fulfilled

X%= 1 X%UO(), mi=12 (4.5)

ml =

A()ELUT)
Under assumptions of Sections 2, 3

G()Sm(") : L*(Q) — LY(T).

Hence, we may set
Tm(A()) = SL()G™()A(), m=1,2,

Ym(5A()) € L2(Q), YV A() € LY(T).

Definition 4.1. Given A(-), we shall say that the function ~,,(-,A(:)) is a test-function for

the localization problem associated with the index m.

Remark 4.1. Although in the general case 7u,(-, A(-)) is an element of L2(f2), in the case
of systems (1.2), (2.2) with the stationary observations of type (3.1) or (1.5), (2.2), (3.3) and
for n <3 (1.5),(3.1)

to]]

7m('a ’\()) € C(

Set

I = U 7171(',’\(')), m=1,2.
A()EL(T)



Then, in order to solve any of the above localization problems, one has to analyze the corre-

sponding system containing continuum set of equations, namely,

[arm(z,A0)) ¢i(z,2%) dz = [ON(t) y(t)dt, VA(-) € L¥(T),

! (4.6)
0 € Q.

Remark 4.2. When vm(-,A(-)) € C(£2) (see Remark 4.1) we obtain

[ m(@A0) 1(2,2%) dz = 3@, A, (47)

Q

otherwise we treat the formula (4.6) for the sources of type (1.3) as a formal record of (4.3). For

the sources of type (1.4), we have

/’ym(z,/\(-))¢2(z,zo)dz:meas'l{Sh(zo)ﬂQ} / (@, A()) dz.  (4.8)
Q S (z0)N0

We rise here two questions:

0 is an element of the finite dimensional space R™ (and, accordingly, X° is a

1. Since =z
subset of £ C R"), can the set of equations in (4.6) be reduced to a finite number of equations?
2. How to chose properly functions A(-) in order to obtain a “good” set of test-functions

that enables us to determine z9?

The first question is related to nonlinear identifiability problem, whereas the second leads to
open loop control problem.

We begin with identifiability.

Definition 4.2. Let Q* be a subset of () or coincide with it. We shall say that the problem
(1.2), (1.6) or (1.5), (1.6) is identifiable in Q*, if there exists such a finite subset I';, C T,

that the system

Ja¥m(2, () ¢i(=,2%) dz = [EN(1) y(t)dt, ¥yl A(-)) € T,
e

does not have more than one solution for any possible output y(-).



Definition 4.3'. We shall say that the problem (1.2) or (1.5), (1.6) is e—identifiable in
Q* C Q, if for an arbitrary positive & there exists such a finite subset TI'%, C T, that for
any possible output y(-) the corresponding set X?2% consisting of all those z° that are the

solutions of the system

Ja1m(z,2()) $i(z,2%) dz = [oN(1) y(t)dt, ¥ym(-,A(-)) € Thne,

(4.6)
z% € ",

satisfies the condition

diam X2 < e, (4.9)

where diam X% = inf{n | X% C S,(z), n > 0, z € R"}. We assume that the empty set has

zero-diameter.

In turn, for the sources of type (1.4) we introduce a modified ( “disturbed” ) version of this
definition.

Definition 4.3”. We shall say that the problem (1.2) or (1.5), (1.4), (1.6) is eh—identifiable
in Q* C Q, if for an arbitrary ¢ > 0 there exists such a finite subset I, C T,, that for
any possible output y(-) the corresponding set X2, consisting of all those z® that are the

solutions of the system

Ja (2, A() do(z,2°%) dz = [oXN(2) y()dt, Vy(-A()) € T,

(4.6)"
z% € Q*,

satisfies the condition
diam X,g:z < 2h +e. (4.9)"

Remark 4.3. In fact, Definition 4.3"” distinguishes the class of problems (1.2) or (1.5), (1.4),

(1.6) only (regardless of §2*) with respect to the existence of a proper set of test-functions.

The following assertions establish the linkage between the property of “local” identifiability

and the solutions of localization problems in .

10



Proposition 4.1. Assume that the set €0 can be represented as an infinite union of a

monotone with respect to inclusion sequence of subsets,

Q=% Uuc...c0c....

s=1

Then:

1. If the systems (1.2) or (1.5), (1.6) are identifiable in each {2, then for any possible output
the corresponding localization problems have unique solutions in €.

2. If the systems (1.2) or (1.5), (1.3), (1.6) are e—identifiable in each 2, then for any
possible output the corresponding localization problems have unique solutions in §2.

3. If the systems (1.2) or (1.5), (1.4), (1.6) are eh—identifiable in each 2, then for any
possible output the solutions X2,, m = 1,2 of the corresponding localization problems satisfy

the condition
diam (X5, 1) < 2h. (4.10)

The proof immediately follows from Definitions 4.2-4.3".
The following examples show that Definitions 4.2-4.3" are not redundant.
Ezamples. Consider the one-dimensional heat equation

du(z,t)  0%u(z,t)
ot 022

, 0<z<l, teT, (4.11)

u(t,0) = u(t,1) =0, u(z,0) = 6(z — 2°)

with stationary observations of type (3.1),

y(t) = Gu(-,t), teT. (4.12)

It is well-known that the eigenvalues and the (orthonormalized) eigenfunctions for problem

(4.11) are given by

M = —(7k)?,  wi(z) = V2Sinwkz, k=1,2,....

11



Expanding the output of system (4.11), (4.12) in a series of exponents we obtain

o

y(t) = Y e Gui(-) wi(2%), teT. (4.13)
k=1
A. Assume that
1, i=1
Gw;(-) — 1 ’
0, i £1.

In this case (4.13) turns into

y(t) = V2e ™t Sin 72° teT.

It is not hard to see that for any given y(-) the set XJ, is disconnected and consists of two

. . t
points. Namely, z°' = 1/7 arcsin T’zyu’:’_‘ and z%% =1-20,
-

B. Assume that the observation operator is such that

Gwi()=0, i#4k, k=1,....

Then, if y(-) =0, then the points 0, 1, 1/2 and 1/4 always belong to the set X7p,.

5. Stationary Observations: One Dimensional Case.

In this section we consider the one dimensional parabolic systems and focus on the sources of
type (1.3).

We begin by studying the sets of test-functions for the localization problem (1.2), (1.6) with
stationary observations. Denote by f;, 1 = 1,... the distinct eigenvalues of the operator A

and renumber the set of eigenfunctions, setting

wik(x)y i=1,..., k=1,...,k,

12



where k' stands for the multiplicity of i-th eigenvalue. Then, we may write

oo ¢ X
(@A) =Y /e'ﬁ"/\’(t) it S Gupi(-) wir(z). (5.1)
=1 %, k=1

From (5.1) it follows that, if observations are stationary, the sequence of exponentials
{e=Pi*}2, plays a crucial role. We recall now for the well-known result in harmonic analy-

sis, namely [11, 5]: if the sequence {f;}$2, is such that

fj T = oo, (5.2)

the sequence of exponentials {e %*}$%, spans all the spaces C[0,6] and LP(T), p > 1,

otherwise, when

1
D = < oo, (5.3)
i=1 ﬂi

in every of the above spaces all the distances from e=%* { = 1,... to the closed span of

{e=Pxt}2, 4ui are positive.

It is well-known that, due to the asymptotics of eigenvalues [1], (5.3) is fulfilled only for the
one dimensional parabolic systems.

Lemma 5.1. Let Assumption 2.1 be fulfilled and all the eigenvalues {\;} be simple (that
is, A; = fB;). Then, for the stationary observations of type (3.1) the set I'; contains all the

functions of type

I
S upwi(z), I=1,..., (5.4)
i=1

if the following condition is fulfilled
Guw;(1)#0, t=1,.... (5.5)

Proof. We may restrict ourselves only by the case of scalar observations. The condition (5.3)

implies ([5]) the existence of a biorthogonal sequence {g;(t)}$2, for {e %!}, such that

13



1, if i=k,

[}
/ e Niq(t) dt =
A 0, if # k.

Therefore, in order to obtain all the functions in (5.4), namely,

I
71($,/\(‘))=Zukw;($), I=1,...,
=1

it is sufficient to set

This concludes the proof.
The system (1.5), (1.6) with stationary observations admits the following general represen-

tation for test-functions,
o 1 ] ki
’)’2(1:, /\()) = Z ,3_./ (1 — e_ﬂ‘t) /\I(t)dt Z ka,-(-)w;,;(a:). (5.6)
1=1 ¢ 0 k=1

Lemmu 5.2. Let all the eigenvalues {A;} be simple and (5.5) be fulfilled. Then, for the

system (1.5), (2.2) with the stationary observations of types (3.1) or (3.3) the assertion of Lemma

5.1 is valid for the set T'5.

The proof of Lemma 5.2 follows the lines of the proof of Lemma 5.1 with the only change:

we construct a biorthogonal sequence for the following sequence of functions:

—Alt =t
1, e , ee. € VL

Remark 5.1. The condition (5.5) is the well-known necessary and sufficient condition for

observability of the system (1.2) with uo(-) € L%Q), (1.6) under stationary observations [13, 2,
3]
The following theorems give sufficient conditions for e-identifiability and identifiability of

the one dimensional parabolic system with stationary observations.

14



Theorem 5.1. Let the conditions of Lemma 5.1 be fulfilled. Then, both systems (1.2),
(2.2), (1.3) with the stationary observations of type (3.1) and (1.5), (2.2), (1.3) with the sta-
tionary observations of types (3.1) or (3.3) are e—identifiable in every interval [0,z;] or
[z2,1], Vz1,z2 € (0,1).

Proof. Let Q* = [0,z;] be an arbitrary subinterval of [0,1). Let us take an arbitrary

continuous function v(z) vanishing at the ends of [0,1] and such that

v(z)=cz when =z €[0,z4], .(5.7)

where ¢ is a positive scalar parameter which will be selected below.

Since the eigenfunctions of the system (1.1) form a basis in the space H}(Q) [9, 10], we
conclude that both T,,, m = 1,2 are dense in H{}(f2) and (for » = 1) in the space of
continuous functions vanishing at z =0, 1.

Let, for example, m = 1. Then, for any v > 0 there exists a function 7v;(z,A,(:)) such

that

| 71(z, ()~ v(2) | £ vy Vz €[0,24]. (5.8)

By virtue of (4.6) and (4.7), in order to identify the value of z° in [0, ], one has to solve the

system

11(2% A () = [o X, (1) y(¥)dt,

5.9
z0 € [0, 2] (5:9)

among the others in (4.6)'. If (5.9) has the unique solution, we skip the next step of the

01

argument. Otherwise, denote by z° and 29 any two different solutions of (5.9), so as

11(2%, A () = 11(2°%,A,(+)). Then, (5.8) yields

| 9(z") - v(z®) | < | v(z%) = 1(2%, M) + 1 (2 M) = 0(z) [ < 2.

Let us take now an arbitrary positive €. Then, we obtain the necessary estimate (4.9) in

[0, z4], if taking

15



2v
=

Cc =

The same argument, as in the above, we may apply for any interval [z2,1] C (0,1]. This

concludes the proof.

From the above results and Proposition 4.1 it follows

Theorem 5.2. Let the assumptions of Theorem 5.1 be fulfilled. Then for any possible
output the localization problems (1.2), (2.2), (1.3) with the stationary observations of type
(3.1) and (1.5), (2-2), (1.3) with the stationary observations of types (3.1) or (3.3) have unique

solutions.

Assumption 5.1. Let n =1 and

8(111

|3:z:

| < const.

Theorem 5.3. Let Assumption 5.1 and the conditions of Lemma 5.1 be fulfilled. Then, both
systems (1.2), (2.2), (1.3) with the stationary observations of type (3.1) and (1.5), (2.2), (1.3)
with the stationary observations of types (3.1) or (3.3) are identifiable in any closed subinterval
of Q.

Proof. Assumption 5.1 implies ([9, 10]) that all the eigenfunctions {w;(-)}{2, are ele-
ments of the space H2(Q)(VHI(Q) and an arbitrary function from H?(Q)HJ(Q) may be
represented by its Fourier-series expansion along the sequence of eigenvalues that converges in
H?(Q). Hence, applying Lemmas 5.1 and 5.2, we obtain that both I'y,, m = 1,2 are dense in
HY () N HA(Q).

Let, for example, m = 1 and [z,,z;] be an arbitrary subinterval of (0,1). Take an
arbitrary twice continuously differentiable and vanishing at z = 0,1 function wv(z) that has
a strictly positive first derivative in [z1,z2]. Since v(-) € H3(Q)( Hg(52), from the above it

follows that for any » > 0 there exists a function v;(z,A,(-)) such that

| 1(z, () —v(z) | £ v, Vz € [z1,22],

on(z, ()  Bu(z)
Oz 0z

| < v, Vz€|[z1,2]

16



These two estimates imply the existence of »* > 0 such that the associated test-function
Y1(z,A,+(+)) is also strictly monotone in [z;,z3] and, hence, the corresponding system (5.9)

does not have more than one solution in [z1,z3]. This concludes the proof.

Remark 5.2. We note that all the results of this section can also be extended for the case of

multiple eigenvalues when all the multiplicities are uniformly bounded (see [13, 2, 3]).

6. The General Case: Sources of Type (1.4).

The main result of this section is the following
Theorem 6.1. Let I'p,, m = 1,2 be dense in L2(£2). Then both problems (1.2), (1.4),
(1.6) and (1.5), (1.4), (1.6) are eh—identifiable in .

Proof. Let us take an arbitrary non-degenerate [n X n]-matrix

C = {a;}, 4j=1,...,n

and set

vi(Z)ZZC,'J‘Zj, J=1,...,m, I:(xl,...,.’tn)/EQ. (61)
J=1

Assume first that all the functions {v;(-)} belong to the set T,,, so as there exist
{Ami(-)}~, for which

2(2) = Ym(2, Ami(*)), i=1,...,n, m=1,2, z¢€q.

Due to (4.8),
/¢2(z,z)7m(z,/\m;(-)) dz = 3 eijzj + bilz), Vo€, i=1,...,n,  (6.2)
Q =1
where b;(z), 1 = 1,... depend upon the choice of C and h and are uniformly bounded in
Q, soas
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| bi(z) | € p=uhC), Vze, i=1,...,n.

Indeed,
Ym (25 Am1(+))
m a’\m ° _
/¢2(z,z) Ym (2 | 2(+)) dz = — {Si(x)ﬂﬂ} / C(z+2)dz, Vze€qQ,
Q ) {S;.(:l:)nﬂ—:l:}

Ym (25 Ama(*))

where 0 stands for the origin. Hence,

I (b1(),- - bu(@)) rn < sup [[Czllgn < R [IC, Vo e (6.3)

ZES}.(O)

By virtue of (4.6) and (6.2), the unknown point z° is a solution of the following system

JONL(2) y(t)dt — by(20)
20 = C-1 fg ra) y(t)dt — ba(z9)
| : , (6.4)
JEX (1) y(t)dt — ba(2°)
| 2% € Q.

Let z%, 292 be two different solutions of the system (6.4) (if they exist, otherwise we skip

the next step of the argument). Applying the estimate (6.3) yields

2 = 2% |lp < sup [|CTH(0(2™), ... ba(a™)) = (b2(z*), ... 0a(z"))) ||Rn <

201 202¢Q

<2k CTHICH. (6.5)

In order to obtain the required estimate (4.10) it is sufficient to select C be unit-matrix.
In the general case assumptions of Theorem 6.1 provide us with such sequences {AZ.()}2, ,
i=1,...,n, m=1,2 that the corresponding sequences of vector test-functions {(y2,(:,A%,(*)),

ceey YAV}, m = 1,2 converge in the norm of L2(2) to (v1(), ..., va(+)), soas

s=1»
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” 7m( ’ mt( )) i() ”Lz(ﬂ) — 0 when s-0, :=1,...,n, (66)

where, as in the above, v(z) = Cz.

Let us select any p > 0. Then, by (6.6) and (4.8), we can find such s = s* that

|/¢2(z )y (2, A0.()) dz — /¢2(Z,I)’U,‘(Z) dz| < p, i=1,...,n, VzeQ.
Q

The last set of estimates leads, along the lines (6.2)-(6.4), to the system

’

foX; i(t (t)dt — by(2°) + pa(z)
20 = C-! Lo Aza(t) y(t)dt — ba(z®) + pa(z®) :
4 :
JExs (1) y(t)dt — ba(z0) + pa(z0)
% e

for the unknown location point with
|pi(z)|[< p, Vz€EQ, i=1,...,n.

Thus, we obtain, via a slight modification of (6.5), the needed estimate (4.10) with

= 2v/np.

This concludes the proof of Theorem 6.1.

Remark 6.1. In the next section we give examples of systems for which the assumptions of

Theorem 6.1 are fulfilled.

7. Associated Control Problems. Duality Relations.

In this section we establish the linkage between the nonlinear localization problems (1.2) or

(1.5), (1.6) and some classes of linear open loop control problems. We show that the latter can
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serve as a tool in the construction of desirable set of test-functions that enables us to solve the
localization problem in question.

Let us consider first the following control problem associated with the system (1.2), (1.6),

%_f = —Ap - G*()A(:), teT, z€9, (7.1)

ele=0, ¢(z,0)=0.

Problem 7.1. Find a control A(-) € L2(T) that drives the system (7.1) at ¢(-,0) = ().
From (2.4) it immediately follows
Proposition 7.1. Let A(:) = A*(-) solves Problem 7.1 for v(-) = v*(:). Then for the

localization problem (1.2), (1.6) we obtain
9
/ $i(z, 200" (z,0)dz = / A(8) y(t)dt. (7.2)
Q 1]

Problem 7.2. Find a control A(-) € L2(T) that drives the system

2o _

5, = —Ap — G'()A(), t€T, zeQ, (7.3)

99|E: 0, 99(.’17,9):0
at ¢(-,-) = w(--).
The relation (2.5) leads to

Proposition 7.2. Let A(-) = A*(:) solves Problem 7.2 for w(-,:) = w*(+,-). Then for the
localization problem (1.5), (1.6) we obtain

4 ¢

/ éi(z,2°)( / w*(z, 1)dt )dz = / A(2) y(t)dt. (7.4)
Q

0 0

Remark 7.1. Both systems (7.1) and (7.3) are well-posed in backward time under assumptions

discussed in Sections 2, 3.

Remark 7.2. We note that Propositions 7.1, 7.2 point out a way to numerical realization of
solutions of localization problems on the basis of methods developed in the theory of optimal

control.
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Let V.(-), m = 1,2 stand for the sets of all the solutions of the systems (7.1) and (7.3).

Denote the attainable sets of these systems at t =0 by V,,, m =1,2.

From Propositions 7.1, 7.2 we obtain

Theorem 7.1. The following relations hold:

T, =W, (7.5)

[/}
T2= (o)l [eladt, ¢(,) € Va()). (7.6)

The equality (7.5) establishes the duality relations between the localization problem (1.2),
(1.6) and Problem 7.1. In turn, (7.6) connects the localization problem (1.5), (1.6) with Prob-
lem 7.2.

Problem 7.1 is well-studied [12, 2, 3]. Let us recall for the definition of weak null-controllability
[4] (which we adjust here for the system (7.1)): the system (7.1) is said to be weakly null-
controllable in T if its attainable set V) is dense in L?((2).

From Theorem 6.1 and the equality (7.5) it follows

Proposition 7.3. Let the system (7.1) be weakly null-controllable in 7. Then the local-
ization problem (1.2), (1.4), (1.6)is ch-identifiable in Q.

Recall for several results on null-controllability. Remark first that in the case of spatially

averaged observations,

(G"()A(N(=, 1) = X (1) x(=, 1), (7.7)

whereas for zone observations,

1, if z € Si(t),

AG) = (A () - A (), ‘
0, if z € Si(t), ()= ) ")y (7.8)

(@ OAONED = Ao *

and for pointwise observations,

(G*(HA())(z,t) = N (@) (6(z - 2'(t)),...,6(z — z™(1))). (7.9)
For the case when observations are stationary it is known [12, 3] that if the operator A
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has finite multiplicity M = max;{k'} (for notations Section 5), then the system (7.1), (7.7)
or (7.9) is weakly null-controllable in any finite time if and only if the dimensionality of output

r> M and

rank {Gw;) (-) Gwiz(+) ... Gy (1)} = kK, Vi=1,....

Existence of dynamic (scanning) controls of type (7.8) with

Sj(t) = Shj(t)(i(t)), i=1....,m

and (7.9) that ensure weak null-controllability has been established in [8, 6].

Remark 7.3. In the present paper we consider the case of single unknown source. However,
the approach discussed here may point out a way for investigation of the localization problem
with several unknown sources on the basis of proper selection of test-functions that allow to

separate individual sources, namely, of the following type

1, z €~

Ym(z,A()) = _
0, =ze€Q\Q~
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