RM-76-70

EXPERIENCE ACCUMULATION FOR DECISION
MAKING IN MULTIVARIATE TIME SERIES

V. Peterka

September 1976

Research Memoranda are interim reports on rescarch being con-
ducted by the International Institute for Applied Systems Analysis,
and as such receive only limited scientific review. Views or opin-
ions contained hercin do not necessarily represent those of the
Institute or of the National Member Organizations supporting the

Institute.







Preface

In particular, the situation is often met when a sto-
chastic process has to be controlled, the model of which is
a priori not well known. In this case the decision maker
tor decision making device - controller) has to determine
sequentially the input on the basis of his limited know-
ledge of the process and to learn the process at the same
time. The present paper deals with the process identifi-
cation under these conditions and under the assumption
that the mathematical model of the process is a priori
known up to a finite number of unknown parameters. The
uncertainty of the parameters is characterized by sub-
jective probability distributions. Recursive relations
are derived for the evolution of this distribution when
the amount of observed data is growing. The general
theory is elaborated, including practical algorithms
for the case when the input-output relation is describ-
able by a multivariate (auto-) regression model no param-
eter of which (except the order) is a priori known.
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Experience Accumulation for Decision

Making in Multivariate Time Series

Abstract

A dynamic stochastic system with multivariate input
and multivariate output, possibly controlled in a closed
loop, is considered. It is assumed that the input-output
relation is describable by a model of a given Structure
but with a finite set of unknown parameters. The uncer-
tainty of the parameters is characterized by the subjective
probability density function. Functional recursion re-
lations are derived describing the evolution of this sub-
jective p.d.f. when it is successively conditioned by the
observed data. A self-reproducing form of the conditional
p.d.f. is found for the case, when the process is des-
cribable by a multivariate regression model and no para-
meter - except the order - is a priori known. This makes
it possible to reduce the functional recursion into an
algebraic recursion which is easy to perform.

1. Introduction

A multivariate stochastic process with v-dimensional output

{y(t);t=1,2,...} and p-dimensional input {u t=1,2,...1 is

considered. The inputs Uigyr t > 1, are acézésible to the decision
maker and may be used to influence the output of the process y(t),
t > 1, in order to achieve some desired goal which may be, for
instance, the minimization of some criterion characterizing the
quality of the process. The time indexing of random variables is

chosen so that the time sequence of inputs and outputs is

Yy Yy Y ey Yy Yy Yy s

Thus, the output Y (¢) is not known when u is applied and there-

(t)
fore cannot be taken into account when the decision concerning

u(t) is taken. The decision maker can only make use of past out-

buts and inputs known to him when the decision is made.




If the following notation for the sets of random variables

is introduced

y(T)

>

Wiy Y-y Y -2y ¥ 2) Y1y}

(1)

u

1 g

0y By Y =2y 7o Y2y By b

the general form of the control law - which is to be determined by
the decision maker - can be written as the conditional probability
density function (c.p.d.f.)

p(u(t)|y(t-1),u(t_1)) . (1.1)

In the special case, when the applied control law is deterministic

_ (t-1) (t-1)
Wiy = Fgy ' )

the c.p.d.f. (1.1) degrades into the Dirac §-function

(t-1) u(t—1)) (t-1) u(t—-1)

where £ is the function which is to be determined by the decision

(t)
maker.

To be able to perform this task in some optimal way the deci-
sion maker needs to know the c.p.d.f.

p(y(t)ly(t'”,u(t)) . (1.2)

In this paper it will be assumed that the process is describable
by a model which defines the c.p.d.f. (1.2) up to a finite set of
unknown parameters K, i.e., that only the c.p.d.f. (for any K)

y(t—1)'u(t)) (1.3)

is apriori known. The purpose of the present paper is to answer
the following question: What is the optimal way for the decision

maker to collect information about the unknown parameters which



are contained in observable input-output data? How has he to accu-
mulate his experience in order to improve his performance?

If the true values of the parameters K are not known the
c.p.d.f. (1.3) cannot be directly used by the decision maker. The
unknown parameters have to be eliminated first. This can be done
in the following way.

(t-1) _(v)

-1
p(Y(t) |y 1 = f p(Y(t) |Kly(t )

where

p(KIy(t'”,u(t)) (1.5)

is the subjective c.p.d.f., as defined e.g., in [2], which reflects
the uncertainty of the parameters. The integration in (1.4) is
taken over all possible values of the parameter set K. However,
to be able to perform this integration the c.p.d.f. (1.5) has to
be known. Thus, the problem of first importance is to find the
way this c.p.d.f. can be calculated for each t.

The paper is organized in the following manner.

In the next Section the general recursion relations for the
evolution of the c.p.d.f. (1.5) will be derived (Theorem 1) for
the "natural conditions of control" which are defined and discussed.

In Section 3 the general recursion relations are applied to
the particular case of a multivariate regression model of given
order but with unknown parameters. The self-reproducing form of
the subjective c.p.d.f. for the set of unknown parameters is found
and analyzed. The practical advantage of the self-reproducing form
is that it makes it possible to reduce the functional recursion into
an algebraic recursion which is easy to perform. These results are
summarized in Theorem 2. The self-reproducing form of the c.p.d.f.
(1.2) is given by Theorem 3.

The topic of Section 4 is the question of how prior information
about the unknown parameters can be respected in the starting sub-

jective p.d.f. Section 5 is then the concluding section.




2. Evolution of Conditional Probability Density Functions

According to the relation (1.4) all information relevant for
the forecast and/or control of the output of a stochastic process
with an unknown parameter set K can be expressed through the c¢.p.d.f.
(1.5). In this Section general recursion relations will be derived
which make it possible to update this c.p.d.f. under certain, very
general conditions which will be called "natural conditions of
control."” Before the precise mathematical definition of these
conditions is given, some basic concepts have to be clarified.

Consider the information flow diagram in Figure 1. 1In this
diagram the decision maker and the observer are distinguished.

The decision maker determines for each t the input of the process

Decision
Maker

Observer

p(Kly

Figure 1.

u(t). The input Uiy is followed by the output of the process Y ()"
The observer has the possibility to observe both the inputs and

the outputs of the process starting with t = 1.



To make our consideration as general as possible, we shall
not consider a particular type of the process model at this stage.
We shall only assume that the c.p.d.f.

t-1 t
p(Y(t)|K,Y( );u( ))

is known to the observer up to a finite set of unknown parameters
K. The task of the observer is to determine

(t_1),u(t))

p(K|y

for each t > 1. The initial (unconditioned) subjective p.d.f. p(K)
reflects the observer's initial belief in the likelihood of possible
values of the unknown parameters and he has to update his opinion
according to new data which he is obtaining sequentially in real
time.

In a general case the information available for the observer
may be different from that available to the decision maker. 1If,
for instance, either the parameters K were known to the decision
maker or the decision maker had more experimental data at his dis-
posal and the observer knew his strategy, the observer could also
gain some information about the parameters K from the single action
of the decision maker. However, when the decision maker and the
observer are the same person - mathematically speaking, when they
operate on the same o0-algebra - nothing can be gained from the

single u One cannot learn solely from one's own action without

getting éﬁé response.

Throughout the rest of the paper it will be assumed that the
decision maker and the observer are identical, i.e., that the
decision maker has both to learn the process and to control it.

These conditions may be mathematically defined as follows.
Definition 1. The conditions under which

(t_1),u(t)) (t—1),u(t—1)

p(K|y = p(K|y ) (2.1)

holds will be called the natural conditions of control.




From (2.1) it immediately follows that

(t=1) _(£=1)

- (t=1) (t-1)
p(u(t)‘Kly ’ ) = P(u(t)|y U

) (2.2)

as it can be seen from the second equality in the following re-
lation.

(e=1) (=D

p(K’u(t) Iy , ) = p(u(t) |y(t—1) ’u(t—1))p(KIy(t_1) 'u(t))

(t_1),u(t-1) (t-1) u(t--1)

p(K|y Py, Ky )
The equality (2.2) may well be used as a definition of natural con-
ditions of control instead of (2.1). 1In this equality the fact

is reflected that the action of the decision maker may not depend
on the unknown parameter set K when all information contained in
the past history of the process and in the initial subjective
p.d.f. p(K) is considered. In other words, the process input u(t)
may depend on the unknown parameters K only through the past his-

(t—1),u(t_1)} which is known to the decision

tory of the process {y
maker at the time instant when the decision concerning Uigy is
taken. When this information is considered in the condition part
of the c.p.d.f. (2.2) the conditioning on K is redundant. Notice
) (1) of the
set {y(T),u(T);t>Ti1} is omitted in the conditional part of the

c.p.d.f.'s in (2.2).

that the equality (2.2) does not hold if any y(T or u

The equalities (2.1) and (2.2) make it possible to derive the
desired recursion in a straightforward way. Consider the joint
p.d.f. of y(t), U ey and K conditioned by the past history of the

(t=1)

process {y w® My and rewrite it in the following two ways.

t=1)  (t-1
p(y(t)'u(t),ﬂy( ! a1
= px|y D Yplu g, K,y &V Mty ky D)
- - -1 t t t
= p(u(t)|y(t R 1))p(y(t)ly(t ! ))p(Kly( ) u®) (2.3)



When the equalities (2.1) and (2.2) are considered, the following
result is obtained from the second equality in (2.3) and from
(1.4).

Theorem 1. Under natural conditions of control the evolution

of the c.p.d.f. (2.1) Zs determined by the recursive relation

ply |K,y(t-1),u(t)) 1 1
ply @ ') = = e — ey &) (2.4)
Py yly'™ Tat™)
where
p(y<t)|y(t_1),u(t)) = | p(y(t)IK,y(t'”,u(t))p(KIy(t'”,u(t'”)cu( . (2.5)

In the next Section this general result is applied to the

particular case of the multivariate regression model.

3. Self-reproducing Forms of Conditional Probability Distributions

for Multivariate Regression Models

The functional recursion relations derived in the previous
Section may be applied to any process model defining the c.p.d.f.

(t—1),u(t—1)) (3.1)

P(Y 4y Kry
where X is the set of unknown model parameters. 1In general it may
be difficult to perform this calculation as the whole function

p(x|y E1 (871, (3.2)

has to be recalculated for each t according to the recursion (2.4)
and (2.5). However, if such a form of the c.p.d.f. (3.2) can be
found that remains unchanged, up to a finite set of its parameters,
when t is growing, the functional recursion (2.4) and (2.5) can

be reduced to an algebraic recursion which considerably simplifies
the calculation. The c.p.d.f.'s having this property are called
self-reproducing, or one says that they form a conjugate family of
distributions [2,5].




In this Section it will be assumed that the relation between
the p-dimensional input u and the v-dimensional output y of the

process is describable by the multivariate (auto-) regression model

n n
y = I Ay, _ + I B.u, ., tc+e (3.3)
(t) -1 1 (t-1) j=o 1 (t~-1) (t)
where {e(t);t=1,2,...} is a sequence of mutually independent
gaussian random vectors with zero mean
Ele =
le g1 =0
and covariance matrix
Covle ] = Ele et ] =R (3.4)
(t) (t) ~(t) ’ )
A, Bi are matrix-valued regression coefficients of appropriate
dimensions and ¢ is a v-vector. However, it is not assumed that
the parameters Ai’ Bi’ c and R are apriori known.
It is convenient to write the multivariate regression model
(3.3) in the following compact form
y = ply + e (3.5)
(t) (t) (t)
where z(t) is a column vector of dimension
p = n(v+y) + p + 1 (3.6)

and P is a (pxv)-matrix of regression coefficients. The following

arrangement of z(t) and P may have some advantages

T _ ..T T T T T
20y T o Ve U e Y (een) kom0 (3.7)
T = [B,,A.,B A ,B_,cl (3.8)
0, 1, 1'-.., n, n, - .

It is also convenient to consider the precision matrix [2,5]

2 =R (3.9)



to be the unknown parameter instead of R itself. Thus, the set of
unknown parameters in our particular case of multivariate regression

models will be
K = {P,Q} (3.10)

and the c.p.d.f. (3.1), defined by the regression model for t > n,

may be written as follows.

v o1 (3.11)

(=1 ) 2 o 2|Q|2@cp{_ %(y(t)_PTz(t))TQ(y(t)_PTZ(t))}

P (4 |P,Q,y

The goals of this Section are:
(i) to find and analyze the self-reproducing form of
) u(t))

pp,aly ), (3.12)

and related c.p.d.f.'s

(t)  (t)

ply' 7 ,uy , p(QIy(t),u(t)

) p(PIQ,y(t) a®y

(ii) to derive the algebraic recursions for updating of the
parameters of these c.p.d.f.'s,

(iii) to find the c.p.d.f. p(y(t)ly(t-1),u(t)) which does not
contain the unknown model parameters and may be used to
forecast and/or control the output.

The results concerning the items (i) and (ii) are summarized in
Theorem 2, item (iii) is addressed in Theorem 3. As the proofs
of these Theorems are rather involved they are left to Appendices

A and B.

Theorem 2. If the process, describable by the multivariate

regression model (3.56) with gausstian random component e 18

(t)?
controlled under natural conditions (see Definition 1) and ifvﬁb
~denotes the set of all positive definite matrices of dimension v,
then

(a) the self-reproducing c.p.d.f. (3.12) is




(b)

-10-

p(P,QIy(t) ’u(t))

(t) T
= K -l Q[_I"] vl D gor @ &  (3.13)
= %) P12 p] V) P or M E.4, .
p(P,Qly(t),u(t)) =0 for all Q r_‘vﬂv ’

where O(t) 18 a scalar parameter determined by the recur-
siton relation

0 + 1 , (3.14)

(1) = %e-1)
Vi) 18 a (v+p)x(v+p)-matrix for which the following re-

cursion holds

T
Y Y
(t) (t)
A =V, _ + , (3.15)
(t) (t=1) [z(tj [z(t)]

Iv means the identity matrix of dimenszon (vxv) and Ag
is the normalizing factor independent of matrixz-valued
variables P and @ (see (g) for formula);

the maximum of the c.p.d.f. (3.13) lies in the point

Po=Fryys @= 8y

p . =v 't v (3.16)

(t) z(t) zy(t) -

8, =0, A7) (3.17)

() (£Y 7 (t) ‘ )
where Volt) and sz(t) are the submatrices of Ve par-
titioned in the following way :

T
‘VY(t) sz(t) }\)
Vigy = (3.18)

sz(t) Vz(t) }p

—

— [§ v

v P
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and

T -1

) = Yy T Vaye)Va(e)Vay (6) ¢ (3.193

A

(¢) the marginal distribution of the uncertain matrix Q is

the Wishart distribution

0y
(t) (), _ 7 1
p@ly 7 ,u') —y(t)lszl exp{-itr(QA(t))} for Q e.4 (3.20)
o]y, ut)y =0 for o ¢ A,

where Yt is the normalizing factor given in (g);
(d) the conditional distribution of the uncertain regression-

coefficients matrix P given the precision matrix Q is

_p I
pelay ™ u®) = e 2 v, 17 laf?
1 - T -
expl~ Etr(Q[P—P(t)] Vz(t) [P—P(t)])} ; (3.21)

(e) the marginal probability distribution of the uncertain

matrix P i1s

6 +v +1

(t)
2

(t) . (t), _ -1 (.5 T = I
) = By [Ty Ay [P 1TV PP T (3.22)

p(Ply

where B(t) is the normalizing factor given in (g);
(f) instead of using the formulae (3.16) and (3.19) for each

t the characteristics P(t)’ A(t) and

C = v !

(t) z (t) (3.23)

may be updated difectly by the following algebraic recur-

ston relations
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A B _ aT
Sty T Yy T Fle-nZ(n (3.24)
Ity = Ce-n %) (3.25)
T _ T :
E(t) T 2 e-n%w T ()9 (3.26)
~ _ A 1 ~
Piey = F(e-1) Y 77T Et) 9(t)€(t) (3.27)
_ 1 A AT
ey T he-n T TEE L CC (3-28)
cC,..=¢C I N (3.29)
(t) (t-1) T+eE g, k) .
(g) the factors Arp)s B(t) and Yit) normalize the c.p.d.f.'s
(3.13), (3.22) and (3.20) in such a way that
[ p(x|+)dx = 1
where X stands for {P,Q} or P or Q, respectively, are
given by the formulae
e(t)- p+v-+1 v
2 2
- |A(t) | IVZ (t) I
% (t) gyt VFNV (2o o=V
V 9 p+2+v-7j
, 2 Ty F( C )
- v =
B 2 2
= (2m) |Vz(t)| Y(t) (3.30)
\ e(t) +2+v-3 v
mnr 5 v |2
8 - 3=1 z(t) (3.31)
(£) —g—\) e(t)—p+2+\)—j -g-
™ I T 3 IA(t)l
3=1
e(t)—p+\)+1
2
)| (3.32)
'Y = — — T . .
I T s
2 2 4 r( (€) 5 )
=1
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Remark 3.1. 1In most practical applications the normalizing
factors given by complicated formulae in (g) are not required to

be known.

Remark 3.2. Notice that the c.p.d.f. (3.21) is actually a

gaussian distribution for a vector, obtained by stacking the matrix
-1 -1

P column by column, with covariance matrix Q ® V_ z(t) where &
denotes the Kronecker product.
Remark 3.3. For a univariate case, when v = 1 and Q is a

scalar, the Wishart distribution (3.20) turns into I'-distribution

‘e o,
paly ™, u®)) = ey ’ eXP{-—ét) } (3.33)
where A(t) defined by (3.19) is a scalar and
-pP
(t) +1>
B 2 > . (3.34)
(e T

-p
t
+
If the distribution for uncertain variance 02 = E(e(t)) is of

interest, it can be obtained from (3.33) through simple transfor-

mation o2 = 7! which gives
- (M +2)
2 t
plo |Y(t),u( )) = Y(t)(oz) 2 exp{ (t)} . (3.35)
20
Remark 3.4. Notice that in the univariate case, when v = 1

and P is a p-vector, (3.22) turns into a p-dimensional 8Student distri-
bution with (e(t)-p+2) degrees of freedom the mean of which is

(£) _(£), _ =
E[P|y su ] o= Pt) (3.36)
and the covariance matrix is
(1) (1) A
Cov|[P|y ,u ] City - (3.37)
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Remark 3.5. It is numerically advantageous to propagate
1

the triangular Cholesky square root C%t)’

instead of C(t) itself. See [3,4] for the algorithm and more de-

tailed discussion of numerical aspects. It also may be of great
numerical advantage to update directly the Cholesky square root

of V_1

(t) which can be done by the same algorithm [4].

Theorem 3. If the assumptions of Theorem 1 are fulfilled the

probability of the output Yie) given the past history of the pro-
cess {y(t_l),u(t)} but not the parameters P and Q 1s distributed
according to the v-dimensional Student distribution with

(9 -p+2) degrees of freedom

(t-1)

(t-1) (t))

Py yly ™ o (3.38)

T . e(t_1;—p+2+v
_aT T Me=1) _
"t Yo Fe-nZw) T3 ) ¥ie) = Pre=1Z(t))

=K

where Priq)e A(t—l) and £(t) are defined by (3.16), (3.19) and
(3.26) and may be calculated recursively according to formulae
(3.24) to (3.29). The normalizing factor of the Student c.p.d.f.
(3.38) <s

|
-
Nf—

6 -p+2+v
F( — ) -1
. (3.38)
®) Y g | 14 ¢
2 r( (t—1;—p+2> (t)

The proof of Theorem 3 is given in Appendix B.

4. Prior Information

In this Section the question will be discussed how the prior
information about the possible values of the parameters of the

multivariate regression model can be incorporated.
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The regression model (3.3) defines the c.p.d.f. (3.12) only
for t > n and therefore the recursion according to Theorem 1 for
K = {P,Q} may start with p(Kly(n),u(n)).
form (3.13) of this c.p.d.f. has two parameters, matrix V(n) and

The self-reproducing

scalar © into which the prior information about the unknown

(n)’

parameters has to be inserted. The matrix V(n) itself determines

three characteristics P(n)' C(n), A(n) and conversely for given

A

P(n)’ C(n) and A(n) the matrix V(n) can be composed according to
(3.18) where
\ = ¢c7] (4.1)
z(n) = T (n) :
Vzy(n) = Vz(n)P(n) (4.2)
= A T - A pT b

Yy (n) (n) T Vzy (n) € () Vzy (n) m P Vzm ¥ )

(4.3)

According to the part (b) of Theorem 2 ﬁ(n) can be chosen directly
as the most likely value of P. However, the remaining character-
istics cannot be determined so easily.

"First, we shall consider the case with single output, v = 1,

when A and Q@ = 1/02 are scalars. We shall assume that the prior

(n)

information is expressed through

A _ 2 _A
P(n) = E[P] , E[c“|P = P(n)]

and
Cov [P] Var[02|P=§ }
! (n)

It is a lengthy, but easy exercise to prove that the following

relations hold.

A
E[02|P =P, ] = = e(n)
£ (n) (n)

(4.4)
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2
var[ollp = B .1 = 2h" (n) _ 2 > (4.5)
a — - o
(n) 2 -2 ) 2)Q
covlp] = — B _ ¢ (4.6)
e(n) - p (n)
From these relations we get
~ 2
(E[0? )P=P(n) 1)
8(n) = 2 — + 1 (4.7)
P=P
var[o“| (n)
A - 6, Elo?|P=P, ] (4.8)
(n) (n) (n)
e(n)
C = covIP] . (4.9)
(n) /\(n)
Notice that in the case when the "prior estimate" of 02, i.e.,
E[02|P=P(n)], must be considered as very uncertain, i.e., when
var [02|P=P(n)] + o, the formula (4.7) gives a simple result e(n) = 2.
Notice also that high uncertainty of the "prior estimate"
ﬁ( ) can be modelled by a diagonal matrix C(n) with large numbers
n

on its diagonal.

The multivariate case, v > 1, can be handled as v univariate
regression models if the "prior estimate" of the covariance matrix
R is assumed to be diagonal, however, the convariances of the
"prior estimates" of R and P cannot be chosen independently in
order to maintain the advantageous self-reproducing forms of

c.p.d.f.'s given in Theorem 2.

5. Conclusion

The paper solves the problem of real-time identification of
a multivariate stochastic process which is controlled in a closed
feedback loop. It is assumed that the model of the process is
known up to a finite set of parameters which are time-invariant
but unknown. The introduction of the fairly general "natural
conditions of control" (Definition 1) made it possible to derive
the functional recursion for the evolution of the conditional
subjective-probability density characterizing the uncertainty of

the unknown parameters.
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The practical use of the derived functional recursion may
be considerably simplified when thevself—reproducing forms of the
conditional probability densities can be found for the particular
type of the model. This has been done for the case of a multi-
variate regression model (with an auto-regressive component). In
this way the functional recursion was reduced to an algebraic re-

cursion which is similar to recursive least squares.
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APPENDIX A - PROOF OF THEOREM 2

In this appendix the assertions of Theorem 2 will be proved

sequentially as they appear in the theorem.

Proof of assertion (a)

The denominator on the right-hand side of (2.4) does not
depend on the variables K = {P,Q}. Hence, the following propor-
tionality holds
(t-1)

1

p®,0ly® u®) « pe,aly t=1) ,®),

Wiy, [Py , (A1)
where o« means equality up to a factor not depending on the vari-
ables P and . The second c.p.d.f. on the right-hand side of (A.1)
is given by (3.11) and may be written in the following form

P () ey ut)

1 T 7 T
Ll Yo | Y ey [P

P zZ P

N <

= (2m) |Q|2exp - %-tr Q (A.2)

2

(t) t)

The substitution (A.2) and (3.13) into (A.1) proves that the
c.p.d.f. (3.13) is self-reproducing and in the same time proves

the recursions (3.14) and (3.15).

Proof of assertion (b)

It is easy to verify that the following sequence of equalities
holds

T T T _
"Iv v _Iv _ Iv V&(t)vzy(t) Iv
(t) .
P P | P Vo) 2ty ] | P
- _ pT - p + pT
Vye) T P Vaye) T Vayey T T Vo )®
P-P, )Ty (P-P,..) + A
(t)! Vz(t) (t) (t)
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where P and A

(t) (t)

Using this rearrangement the c.p.d.f. (3.13) may be rewritten in

are matrices defined by (3.16) and (3.19).

the form

b (t)
(t) _(t) _ 2 _1
p(P,Q|y ,2u ) = a(t)|Q| exp-{ i'tr(QA(t))}

. 1,/ A T s
exp{—ftr\Q[P—P(t)] vz(t) [p P(t)]>]» . (A.3)

Only the last factor of this expression depends on P and its

maximum -- equal to 1 as both § and V are positive semidefinite

z (t)
-- is reached by P = ﬁ(t) for any ngé;. Thus, it remains to prove

th = 0
hat @ Q(t)’ where {2

maining part of (A.3)

(t) is defined by (3.17), maximizes the re-

®t)

2 1
| 2] exp {—ftr (QA(t))}
This proof ‘is given in [1;§3.2].

Proof of assertion (c)

t)

The marginal distribution of Q given {y( ,u(t)} can be ob-

tained by integration

p(Qly(t),u(t)) = fp(P,9|y(t),u(t))dP . (A. 1)

After the substitution of (A.3) into (A.l4) we obtain

(A.5)

(t)
1 1 5 4T 3 |

2
|l

As both © and Vz(t) must be positive semidefinite they may be
expressed as products
1 1 1 1

= (02,12 = (v2 T2
Q= (8°)7°Q ' Vo(e) = (Vz(t)) Vo)
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1 1
where 92 and Vz(t) are real (not unique) matrices. The exponent

in the integrand (A.5) can be written in the following form
1 1
- T A 5 2,2
Q - - =
tr< (P=P )V, (P P(t))) IV, () P - ﬁ(t))n 1

.|2
squares of all entries). Thus, using the substitution
1 1

2 A
z(t) P~ Pg))¥

where |

denotes the square of the euclidean norm (sum of

X =V (A.6)

the integral in (A.5) can be calculated as the product of inte-
dgrals

©
<

b fexp{% 23 axg; = 2m)? . (A.7)
ij

However, the Jacobian of the transformation (A.6) has to be de-
termined. In order to find this Jacobian let us decompose the

transformation (A.6) into two steps.

Nhﬂﬂ

(P - (A.8)

(t) Py
l
X = Y92 . (A.9)

If Y[J] denotes the jth column in Y, then

(31 _ 2 [31 _ 5131
Y Vo 7B
and
1
(31 _ _ 2 (3]
dy = dy, dv,, ... QY = |vz(t) |dp

But in the same way all v columns of the matrix P are transformed

and thus we have

1 \Y
av = av!May?l eyl - (o2 L Vae = |VZ(t)|7dP '
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If the second transformation (A.9) is written in the transposed

form
1
xT = (@2 Ty
we get into a similar situation,

g v
|vz(t)|2dp . (A.10)

No

T

dx = ax~ = |[@|“dy = ||

Using (A.10) and (A.7) the integral in (A.5) may be expressed as

follows:

PV -
1 A T A 4T 2
(A.11)

The substitution of this integral into (A.5) completes the proof.
The formula (3.32) for the normalizing factor Y(t) of the Wishart

distribution may be found e.g. in [1] or [6].

Proof of‘assertion (d)

Obviously, the following relation holds

(t) _(t)

pe[a,y ) ,ul®)) = P‘P"”i:t) 5 ) (A.12)
p(@ly*~',u’)

Substitution of (A.3) and (3.20) into (A.12) gives
P(PIQ.y(t).u(t))
%(¢) % 1 T
Y o) [2] exp { -z tr QP -P ] Vo) [P~ Pyl
(A.13)

Considering the integral (A.11) we can see that

oy
2

Nj<

(0]
_ﬂ (21[)

V|
Y(t) z(t)
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Thus, we have proved (3.21) and the formula (3.30) for o
the same time.

Proof of assertion (e)

To prove assertion (e) of Theorem 2 we have to perform the
integration

p@ly®,ul®))

[ p@,aly ®an
%)
2 1 ~ T -
%ty f || exp{— 3 tr@P = P17V, ) [P - P(t)] + A(t))}dﬂ ,

(A.14)

where the integral is taken over all set,db of positive definite
matrices of dimension vxv. For convenience, we can make use

of the fact that the normalizing factor Y(t) of the Wishart dis-

tribution (3.20) is known [1], [6]. Hence we have
SN
(t)
2 1 -
[ 19| exp {-E-tr(QA“ﬂ)}dﬂ =Yy

But this integral is of the same type as (A.14). Thus, the
integral in (A.14) can be evaluated 81mply by the replacement

of e(t)»instead of e(t) - p and ([P f (t )] V"(t)] + A(t)) in-
stead of A(t) in the formula (3.32) for p(t) In this way the
c.p.d.f. (3.22) is derived and at the same time the formula (3.31)
for the normalizing factor B(t) is proved.

Proof of assertion (f)

The derivation of the recursion relations for the character-
istics P(t)’ C(t) and A(t) may be found in [3].

The formulae for the normalizing factors given in assertion
(e) have been already proved.
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APPENDIX B - PROOF OF THEOREM 3

The c.p.d.f. (3.3 ) might be derived in a straightforward

way by integration (2.5). However, it is more convenient to

exploit the relation

(=1 (0 P [Py

(t_1),u(t))p(P,Q|y(t_1),u(t_1))

Py ) |Y
| cEaly® e,

+ (B.1)

which follows from (2.4). DBy substitution of (3.13) and (A.2)

into (B.1) and considerinc the relations (3.1%4) .and (3.15) we

obtain

v
(2m) 2

% (t-1)

(1) [(e)) (
(t)

Pl (g |y

Making use of formulae (3.30) and (3.14) we have

Py Y
(t)
v 0, -p+1+v
_v F(e(t-n'““") ‘V ‘2‘ |A ‘ (t=1) .
2 2 z (t=1) (t-1)
=1 : -0, -p+2+v
Oy TP 2 lv ‘% }A (=) )
r 5 2 (t) (t)
(B.2)

The determinant ‘Vz(t)‘ in (B.2) may be expressed in the following

way

-1

= T -
vz(t)l - svz(t—ﬂ * Z(t)z(t)l -

Making use of (3.23) and (3.26) we have

) -

T
Vae| (1 FEeVze-n "

(B.3)
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Similarily for the determinant ‘A(t)‘ we obtain from (3.28)

-1 '
A
T (t-1) a

A = |A 1 + e (B.U)
‘ (t)‘ . (t-1)’ (t)
1 + g(t)

(t) )

Substitution of (B.3) and (B.4) into (B.2) completes the proof.
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