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A Generalized Programming Solution to a Convex

Programming Problem with a Homogeneous Objective*

George B. Dantzig

At a recent IIASA Seminar, Youri A. Rozanov [1] posed the

following convex programming problem:

Find Min F(x) such that:
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F(x) = ex +\/;l + x5 4 X (1)
Ax = b, x>0 , (2)

where O < k < n, x = (xl,...,xn), c = (cl,...,cn), and A is

an m x n matrix of rank m. Our objective is to provide an

efficient algorithm for solving such a problem.

Initial B
We begin by constructing a non-singular m x m matrix
B = [P,Py,.enP ] 5 0 (3)
where each Pi is generated by some x = xt by the relation

P, = Ax* , x' 20 , for i = (1,...,m) . (4)

It is not required that each x* satisfy Axt = b, but we do

require that if we solve

B = b (5)
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for A = (xl,...,xm), we obtain

A>0 (6)

.

and thus the weighted sum of the xl,

2% = 5 xix. s (7)

is starting feasible solution, i.e. satisfies (2).
One way to obtain the initial set of columns Pi for B is

to solve the linear program

Min cx

Ax = b X (8)
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The columns of the final basis of the linear program (or of
any feasible basis generated by the simplex method) can be
used to define the initial B where the i-th column in this
case is some column ji of A and thus xi has all zero compo-
nents except component ji is unity. ~[Of course, if there
exists no feasible solution to (8), then there would exist

none for (2) and the procedure would terminate at this point.]

Algorithm

The iterative procedure on cycle t generates the linear

program.
Find Min Z and Xj > 0 such that

lel + 7212 + cee ¢ ytxt = Z

Pid] + Pody + e+ P (9)

171 272

n
o
-



where

Pj = Ax? and Yj = F(xY) R for some xY >0 . (10)

Each cycle augments the linear program by one more column.
On the initial cycle, we include, beside the columns correspon-
ding to B, all the remaining columns of A corresponding to the
linear terms of F(x), namely the p columns A‘j for j > k not in
B; for these p columns Pi = A'j » Y; ¢ cj . Thus on the initial
cycle there are m + p columns. Instead of starting with t = O,
it simplifies subsequent notation if we formally call this
initial cycle cycle ¢t = m + p.

Let A; = Ag for j = (1,...,t) be the optimal basic feas-

ible solution to the linear program (9). It is easy to see

that the weighted sum

t .
gt = 3 xeg (11)

is a feasible solution of (2). Denote the indices of the
columns forming the optimal feasible basis Bt of (38) by

(jl,jz,...,jm) which, of course, depend on t and let
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j2,.’.,ij)[B ] (12)
¢’ =¢c-TmA . (13)

Subproblem

To find an improved solution, when such exists, we deter-

. + . P
mine an X = xt 1 which minimizes



F(x) = F(x) - atax
-t 2 2 2
= ¢'x +/x1 X5 4ot X, (14)
subject to Xj >0 for j = (1,...,n) and the normalization
condition
k>
I x5 =1 , (x, > 0) ., (15)
j=1 J J
where
EE’ > 0 for j > k (15a)

: c.
holds because of the inclusion of all columns [qu] for all
j > k in the definition of (9). It follows by the duality
theorem that an optimal solution to (9) will yield a at such

that
c, - TA.. = c¢c. >0 for all j > k .

Assuming some EE < 0 for j < k, the minimum for the sub-problem

(14), (15) is obtained by setting -

x?+1 =0 for all c? > 0
J J -
and
tel _ _—t/ —t2] 1 <t . =t
xj = cj / [i (ck) ] for cj 0, c, <0 .

If all E; > 0 for all j, the algorithm is terminated (see below).

Optimality Criterion

The algorithm is terminated if F(x) = F(x) - 7 Ax >0
for all x > O {which, because F(x) is homogeneous, is the same

as for all x satisfying (15)]. The reason is that any feasible
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solution % would then satisfy A% = b, & > O so that F(R) > =
On the other hand, it is easy to show that the optimal basic

feasible solution to (9)--namely Rt given by (11)--satisfies

'ntb = I F(xi)XE > F(?t) ’

where the inequality follows from the convexity and homoge-
neity of F. We would then conclude that F(R) > F(Rt) and
thus &% would be an optimal feasible solution to (1) and (2)

The new column for cycle t+l is

t+1) t+1

= F(x , P = Ax

Yeel t+1

which "prices out” using the optimal basis of cycle t to be

- ﬂtP = P(x

t+1 t, b+l _ =, t+l
£+1 ) mAX = F(x ) .

Y'c+l

Hence no improvement to (9) can take place if F(xt+l) > 0 3

t+l

morever we have just shown that F(x ) > 0 also implies Rt

.

(16)

(A7)

optimal for (1) and (2). Accordingly, in this case we termi-

nate. Otherwise we re-optimize (9) with t replaced by t+1l.

Convergence

A formal proof of convergence to an optimal solution,
whieh we now present, depends on {x|Ax = b, x > O} being
bounded and assumes at least one basic solution being non-
degenerate, i.e. BtA = b solves with A > O for some t. It

alsc requires that all columns(yj) be kept as part of the

P.
J

linear program no matter how large t becomes. Convergence

can be shown in the sense that F(ﬂt) converges to the finite



minimum.

Note first that finite lower and upper bounds for ng can
be established for each i. For this purpose, it is convenient
to let the non-degenerate basic solution be associated with
the first m columns B = [Pl’P2""’Pm] and that (9) be multi-
plied by B Y so that now the first m columns form an identity.
The new right hand side b will now have all positive components
(since the basic feasible solution associated with B is non-
degenerate). Now by (16) ntb > F(ﬁt) > & where & is some
finite lower bound for F(x). (Note that 2 is finite because
{x|Ax = b, x > 0} is bounded.) Since 7% are optimal multipliers
for (9), we have ﬂtPj < Yj and hence ng <y; for i = (1,...,m).

i
From this, it follows that

t
(2 - I Yibi)/bk < m <

<y N b. > 0, b, >0 . (18)
ik k= Tk

With ﬂt bounded, there exists a convergent subsequence S such

that nt + n* for teS. On this subseéuence S we can find a

t+l

sub-subsequence S' for which x + x* + O because there is a

point of condensation x* on the hypersphere

x° = 1, x. =0 for j > k .

k
L i
i=1 J
For teS' we have

Pt+l + Px = pAx*

YOl o ye

F(x*) s



and

Let us choose reS', teS', r < t. Then

£, b+l | _totel

P <0

and

r Yr+1 R 7 S I

for all r < t

because 7% is the optimal vector of prices for the linear pro-

gram for cycle t but not t+l. We now let r +» @, t + =, Then

nowef s (T o vy L gttt o ety a0,

and thus

n'r - 0, et + 0 .

Let % be an optimal solution €1) and (2). Assuming there

is at least one component ij >0 for j <k, let 8 = ( I 2j2)£
j=1

and X = %/8 be the "normalized" form of X, then
IS L L < F(x) - 7 A%
(19)
t t t
-€ [F(2) - n-a]/8 = [F(®) - np]/8 .

A

If the assumption made above does not hold so that all

ij =0 for j = (1,...,k), then, because Eg >0 for j > Kk,

0 < F(R) - n°A% = F(8) - n'b . (20)



It follows in either case that F(%) > Lim 7% where the latter

limit exists because n % is monotonically decreasing and is

t+l t+l

bounded below by m° b > F(R gty

) > F(R) so that F(2) = Lim F(

General Comments

The procedure outlined can be expected to be efficient
because it is the analogue of the simplex method. The method
is similar to one proposed (without proof of convergence) for
the chemical equilibrium problem and found on limited exper-
imentation to have good convergence rates. Standard gradient
procedures are not recommended because convergence would be
too slow to be practical.

The method of proof presented here is along the lines
first proposed by the author for convex functions which have-
& Finite minimum for the subproblem without the normalization
condition. By introducing minimization under the normaliza-
tion condition (15), we have obtained a proof of convergence
when F(x) is convex and homogeneous of degree 1. For example,
the proof given here is equally applicable to the ehemical
equilibrium problem. No bounds for F(2), however, are given
except by (19) and (16)

1°p - e’ < F(R) ¢ 7% (21)

where unfortunately 8 = vI ﬁ? for j < k is not known.
~An alternative method is to solve the problem by a para-
metric quadratic programming scheme where.cx = 6 is the un-

known parameter and I x? for j < k is minimized.
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