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Abstract  

We present a very simple “impact” model for the description of forest fires and show that it 

can mimic the known characteristics of wild fire regimes in savannas, boreal forests, and 

Mediterranean forests. Moreover, the distribution of burned biomasses in model generated 

fires resemble those of burned areas in numerous large forests around the world. The model 

has also the merits of being the first second-order model for forest fires and the first 

example of the use of impact models in the study of ecosystems. 
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1 Introduction  

In savannas, as well as in boreal and in Mediterranean forests, wild fires are 

recurrent, but with remarkably different characteristics. Fires in savannas are almost 

periodic surface fires with return times ranging from 1-2 yr in moist areas 

(Goldammer (1983)) to 5-10 yr in arid areas (Rutherford (1981)). Fires in northern 

boreal forests are also quite regular, but they prevalently involve crowns (Kasischke 

et al. (1995)) and occur every 50-200yr (Rowe and Scotter (1973); Zackrisson 

(1977); Engelmark (1984); Payette (1989)). By contrast, in Mediterranean areas, 

mixed (crown and surface) fires are almost the rule and occur in an apparently 

random fashion, with highly variable return times (Kruger (1983); Davis and 

Burrows (1994)). 

While it is true that natural forest fires originate from random events (mostly 

lightning) and are influenced by meteorological conditions (Bessie and Johnson 

(1995)), it is also true that fires can develop only if there is enough dry matter on the 

ground and if plants are sufficiently abundant in at least one of the various 

vegetational layers of the forest (for a relatively detailed discussion of this issue see 

Casagrandi and Rinaldi (1999) and references therein). This suggests the idea that 

long-term predictions of forest fires can be roughly performed with deterministic 

models describing the growth processes, while more precise short-term predictions 

can only be performed through stochastic models (conceptually comparable with 

those used in weather forecast). 

Here we propose a simple deterministic model for the long-term prediction of forest 

fires in which the vegetational growth is described by standard ordinary differential 

equations, while fire episodes are modeled as instantaneous events. 



The fire develops when there is enough fuel on the ground, and, under suit-

able assumptions, this occurs when the mix of biomasses of the various layers

reaches pre-specified values. The consequence of a fire is therefore an instanta-

neous reduction of the biomasses which is heuristically described by a simple

rule in state space. Models with discontinuities of this kind are called “impact

models” and have been first used in mechanics (see Brogliato (1999) and ref-

erences therein) to describe the dynamics of mechanical systems characterized

by impacts among various masses. They are quite special and can be used to

explain a number of rather subtle phenomena like the “Zeno chattering” (e.g.,

the diminishing return times of the impacts of a ping-pong bouncing ball)

that other models can not explain. Impact models represent the most näıve

approach for the description of systems characterized by dynamic phenomena

occurring at very diversified time scales (in our case the slow building up of

biomass and its fast destruction through fire). They should not be confused

with an apparently similar but substantially different class of models, namely

that of periodically pulsed systems where the discontinuity in state space is

generated by a periodic exogenous shock on the system. Many are the examples

of this second class of models in biology: the control of continuously stirred-

tank reactors (Funasaki and Kot (1993)), the study of pulsed chemotherapy

(Lakmeche and Arino (2001)) and vaccination (Shulgin et al. (1998)) and a

number of contributions dealing with the effects of periodic harvesting or im-

migration (Ives et al. (2000); Liu and Chen (2003); Chau (2000); Grant et al.

(1997); Geritz and Kisdi (2004); Reluga (2004)). However, in those models the

return time of the discontinuous event is constant and a-priori fixed, while in

our impact model the fire return times are neither constant nor pre-specified

but are endogenously created by the interactions among the various layers of

the forest.

3



The impact model we propose in this paper has only two differential equa-

tions (i.e. it is a so-called second-order model), one for the lower and one

for the upper layer of the forest. We therefore exclude from our study single-

layered shrublands. The simplest deterministic model available until now for

the study of the dynamics of the fire return times was a standard (i.e. non

impact) fourth-order model (Casagrandi and Rinaldi (1999)) in which the four

state variables are the burning and non burning biomasses of the lower and

upper layers of the forest. It is important to keep in mind that the impact

model we propose in this paper should not be intended as an approximation

to that fourth-order model. However, it can mimic the qualitative features of

the periodic fire regimes of savannas and boreal forest, as well as the chaotic

fire regimes of Mediterranean forests suggested by the fourth-order model. As

far as we know, this is also the first time that the general idea behind impact

models is applied in ecology, although forestry and agricultural practices cor-

respond very closely to the same idea: harvest when the population reaches a

specified state. For this reason, it would be surprising if related models have

not been applied in that context. In any case, there are certainly many other

potential applications, since population dynamics are very often the result of

slow dynamical processes interrupted by short devastating events.

2 The model

A continuous-time impact model is described by a set of n ordinary differential

equations

ẋ(t) = f(x(t)) (1)
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which hold at any point in state space except on a (n−1) dimensional manifold

X−, where the impact occurs. When the state x reaches the manifold X− at

point x−, an instantaneous transition described by a map

x+ = ϕ(x−) x−
∈ X

− (2)

occurs. The set

X
+ = ϕ(X−)

is the set of the states of the system immediately after the impact. For this rea-

son, the sets X− and X+ are called, in general, pre- and post-impact manifolds.

In the specific application considered in this paper, they simply represent the

pre- and post-fire conditions of the forest and are therefore called pre- and

post-fire manifolds. Obviously, first-order impact models are of no interest be-

cause if n = 1 the manifolds X
− and X

+ are just two points and their most

complex behavior is just a cycle passing through X− and X+. This is why

impact models are usually presented for n ≥ 2.

The model we propose is a crude simplification of the real world. Species diver-

sity, age structure, spatial heterogeneity, and plant physiology are not taken

into account since we look only at total biomasses (see Shugart (1984), chap.

6 for a discussion). However, in order to distinguish fires in different layers, we

assume that the forest is composed of two layers: a lower vegetational layer

(from now on called “bush”) that, depending on the forest, is composed of

bryophytes, herbs, shrubs, or any mix of these plants, and an upper vege-

tational layer (from now on called “tree”), in general composed of plants of

various species. The corresponding biomasses are denoted by B (bush) and T
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(tree). The equations of growth (1) characterizing our model are

Ḃ = rBB(1 −
B

KB

) − αBT

Ṫ = rT T (1 −
T

KT

)

(3)

This means that, in the absence of fire, trees grow logistically toward the

carrying capacity KT , while plants of the lower layer do not tend toward their

carrying capacity KB because tree canopy reduces light availability. A detailed

discussion of the validity and limitations of eqs. (3) can be found in Casagrandi

and Rinaldi (1999), where realistic values for the 5 vegetational parameters

(rB, rT , KB, KT , α) are also suggested.

As for the fire, we know (see, for example, Viegas (1998)) that the ignition

phase is possible if there is enough dead biomass on the ground (leaves, twigs,

branches, moss, herbs, . . . ). Since the biochemical processes regulating the

mineralization of dead biomass are relatively fast with respect to plant growth

(Esser et al. (1982); Seastedt (1988)), we can reasonably assume, on the time-

scale at which we describe bush and tree growth, that the rate of mineralization

(proportional to the amount of dead biomass) equals the inflow rate of new

necromass into the ground layer (proportional to bush and tree biomass). As

a result, we can consider B and T as appropriate indicators of the abundance

of fuel on the ground. Of course, also the water content of the fuel particles

matters, and, indeed, models for short-term fire prediction often include a

number of relevant factors related with soil moisture. However such factors

vary at high frequency and can therefore be neglected if the target is long-

term fire prediction (in other words, if we like to predict within how many

years (or decades) we are going to experience a new fire we can obviously

forget high frequency phenomena like weekly weather variability).
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After this premise, we can specify (see Fig. 1(a)) the pre- and post-fire mani-

folds X− and X+ and the map (2) interpreting the impact of the fire.

Fig. 1 about here

Let us first focus on the pre-fire conditions by noticing that the function T (B)

identifying the manifold X− is piecewise linear and non increasing and that

the set below the manifold X− is convex. The first property is obvious because

less fuel originated from trees (i.e. less trees) is necessary for fire ignition if

more fuel originated from bushes is available on the ground.

The second property simply says that if x′ = (B′, T ′) and x′′ = (B′′, T ′′) are

two states of the forest at which fire ignition is not possible (i.e. two points

below the manifold X−) no mix of these two states (i.e. no points of the

segment connecting x′ with x′′) can give rise to fire ignition. A formal support

to these two properties, which are here assumed to hold, is available in the

Appendix.

Intuition suggests that X− should be a smooth manifold while our choice (see

Fig. 1) has been in favor of a less realistic but simpler piecewise linear manifold

X−. The reason for this choice is that our manifold X− allows one to sharply

identify surface fires (vertical segment of X−), crown fires (horizontal segment

of X−) and mixed fires (central segment of X−). By definition, surface fires

do not involve the upper layer, so that the post-fire conditions are on the

vertical segment characterized by B+ = λBρBKB = λBB−. In other words,

ρB is the proportion of the lower layer carrying capacity KB at which surface

fires occur and λB is the proportion of the lower layer biomass that survives to

surface fires. Similarly, fires in the upper layer are characterized by a vertical

instantaneous transition from T− = ρT KT to T+ = λT T−. The most extreme
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surface fire is represented by the transition S− → S+, while the most extreme

crown fire is represented by the transition C− → C+. The assumption that

mixed fires initiate on the segment C−S− implies, by continuity, that post-fire

conditions are on a curve connecting points C+ and S+. Of course, mixed

fires initiating close to point C− should end up close to point C+. Since we

have been unable to find simple suggestions on the shape of the manifold X+

from point C+ to point S+, we have assumed for simplicity that mixed-fires

terminate on the segment C+S+ and preserve the relative distances η and

(1 − η) from the two extreme points. In formulas, the extreme points of the

pre-fire segment C−S− are

C− = (σBKB, ρT KT ) S− = (ρBKB, σT KT )

and each mixed fire starts from a point (B−, T−) belonging to the segment

C−S−, i.e.

B− = ησBKB + (1 − η)ρBKB

T− = ηρT KT + (1 − η)σT KT

(4)

where 0 ≤ η ≤ 1 (η = 0 and η = 1 correspond to points S− and C−,

respectively). The extreme points of the post-fire segment C+S+ are

C+ = (σBKB, λT ρT KT ) S+ = (λBρBKB, σT KT )

and the post-fire conditions are

B+ = ησBKB + (1 − η)λBρBKB

T+ = ηλT ρT KT + (1 − η)σT KT

(5)

Thus, the map x+ = ϕ(x−) for mixed fires is nothing but the transformation

of point (B−, T−) into point (B+, T+). This completes the description of the
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model. Notice that Fig. 1 has been drawn for the case σT > λTρR and σB >

λBρB but that eqs. (4, 5) hold for all possible cases.

The sequence of the fires can be easily obtained from the model, as shown

in Fig. 1(b). Starting from a given initial condition, say point 0 in Fig. 1(b),

one integrates the differential equations (3) until the solution hits the pre-fire

manifold X− at point (B−, T−) (see point 1− in Fig. 1(b)). From anyone of

the two equations (4) one can derive the value of η associated with point 1−

and then use eqs. (5) for computing point 1+. Then, the procedure is iterated

and a series of fires 2− → 2+, 3− → 3+, . . . is obtained.

As pointed out in Fig. 1(b), the trajectory of the system is the concatenation of

slow transitions (continuous lines) corresponding to growing phases, and fast

(actually instantaneous) transitions (dotted lines) corresponding to fires. It is

worth noticing that fast transitions can intersect with slow and fast transitions.

This is why the model can be chaotic even if it is only a second-order model.

3 Results

In this section we show that our second-order model can mimic, for suitable

values of its parameters, the characteristic fire regimes of savannas, boreal

forests, and Mediterranean forests. For each kind of forest we present the

result of a typical simulation and compare it with the result obtained with

the more complex fourth-order model (Casagrandi and Rinaldi (1999)). Sim-

ulations were performed with 4th order Runge-Kutta-Fehlberg method with

5th order error estimate. Impacts of the trajectory with the pre-fire manifold

X− were detected with an adaptive step integration procedure with absolute
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tolerance of 10−9. Then, we also show that the distributions of the burned

biomasses in model generated fires have structural properties quite similar to

those emerging from statistical analysis of the areas burned by fires in numer-

ous large forests around the world.

Savannas

A typical series of fires in savannas obtained through simulation of the second-

order model is shown in Fig. 2(a). The fires occur every 8 yrs, in good agree-

ment with Rutherford (1981). The cycle, shown in Fig. 2(b), is set up by the

lower layer, and in fact the fire is essentially a surface fire devastating the

herbs (the post-fire bush biomass is only 10% of the pre-fire bush biomass),

while tree biomass remains almost constant, as observed by Hopkins (1965).

The second row of Fig. 2 shows very similar results obtained with the fourth-

order model.

Fig. 2 about here

Boreal forests

A typical fire regime of a boreal forest obtained with our impact model is

shown in Fig. 3(a)-(b). In agreement with many data and studies on boreal

forests at high latitudes, the fires are essentially crown fires and occur every

100 yrs (Yarie (1981)). After a fire, the biomass of the lower layer increases

for 20-30 yrs (while conifers grow very slowly) and then decreases and reaches

the pre-fire level (manifold X− in Fig. 3(b)) within 60-100 yrs as predicted by
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Viereck (1983).

A very similar fire regime obtained with the fourth-order model is shown in

Fig. 3(c)-(d). Obviously, the two models do not explain special surface fires

(observed in boreal forests), due to litter accumulation on the ground (Kilgore

and Taylor (1979)).

Fig. 3 about here

Mediterranean forests

Using suitable parameter values our impact model points out chaotic fire

regimes. The first row of Fig. 4 shows the strange attractor (b) and a 200

yrs long time series (a) extracted from the strange attractor. Fires are recur-

rent but not periodic: the fire return times vary from 10 to 50 yrs, in good

agreement with a number of studies on two layers forests (Hanes (1971); Le

Houérou (1974); Keeley (1977); Schlesinger and Gill (1978); Horne (1981)).

Moreover, some of the fires are surface fires (indicated by S in Fig. 4(a)),

while others are mixed fires (indicated by M in Fig. 4(a)). Again, quite similar

results can be obtained with the fourth-order model (see second row of Fig.

4).

Fig. 4 about here

Comparison with field data

The comparison of the fire regimes proposed by our second-order model with

real fire regimes is very difficult, if not impossible. A first difficulty is that the
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model describes the behavior of a natural forest, while the great majority of

available data refer to forests where fire-fighting efforts were systematically

performed. A second and more important obstacle is that data do not refer

to burned biomasses but rather to burned areas which are largely influenced

by meteorological conditions (Bessie and Johnson (1995)). Under these cir-

cumstances, we can at most hope that some relevant features of forest fires

(detectable from statistical analyses of field data) have some sort of analogy

in the model behavior. The most relevant of such features is, undoubtedly,

the power-law distribution of the burned areas. The power law has been first

suggested on the basis of a rather naive interpretation of forest fires in terms of

probabilistic cellular automata (Bak et al. (1990); Drossel and Schwabl (1992))

and then supported by some statistical analyses of field data (Malamud et al.

(1998); Ricotta et al. (1999)). This law would imply that the log-log plot of

the cumulative distribution of the burned areas is a straight line. However,

more recently, Ricotta et al. (2001), Reed and McKelvey (2002) and Telesca

et al. (2005) have shown through statistical analysis of extensive fire records

concerning Mediterranean areas in Italy, Spain, Corsica and Greece and six

regions in North America (Sierra Nevada, Nez Perce, Clearwater, Yosemite,

N. E. Alberta, North West Territories) that the log-log plot of the cumulative

distribution is not a straight line but can be approximated by three straight

segments, as shown in the first row of Fig. 5. It is therefore very interesting to

note (see Fig. 5(c)-(d)) that quite similar log-log plots can be obtained by com-

puting the cumulative distributions of burned biomasses in model generated

fires.

Fig. 5 about here
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Moreover, a detailed analysis of the fires generated by the model shows that

the fires associated to flat segments of the cumulative distributions are mainly

surface fires while those associated to the steepest part of the cumulative dis-

tributions are crown fires. This suggests that the property empirically pointed

out by Ricotta et al. (2001), Reed and McKelvey (2002) and Telesca et al.

(2005) could simply be related with forest morphology, i.e. with the existence

of various layers.

4 Discussion

We have presented a second-order model capable of mimicking all the main

forest fire regimes. This is a quite appreciable result since many problems in

ecology have, since long, their paradigmatic second-order model (e.g. Lotka-

Volterra models for competition and predation, Leslie model for two stage

populations, Streeter-Phelps model for biodegradable pollution in rivers and

lakes, SIR model for epidemics, . . . ), forest fires still did not have it.

To our knowledge, the model is also the first impact model proposed in ecology.

Other impact models could possibly be used for other ecosystems in which fast

and devastating events recursively occur. Promising applications are plankton

blooms in shallow lakes and insect-pest outbreaks in forests.

Our analysis has shown that the proposed model is rather flexible and can

be adapted to savannas, boreal forests and Mediterranean forests. Moreover,

the statistical characteristics of the intensity of the fires generated by the

model resemble those emerging from the statistical analysis of large data sets

of various forests in Mediterranean countries and in North America.
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The analysis of the bifurcations of the model is of great interest, since it would

produce in a systematic way the whole catalogue of fire regimes described by

the model. However, the solution of this problem is far from being trivial,

since the theory of bifurcations of impact models is still incomplete and, on

the top of this, our manifolds X
− and X

+ are not smooth. A first attempt in

this direction (Dercole and Maggi (2004)) has pointed out that the model is

sensitive to the parameters λB and λT which are the proportions of surface and

tree biomass that survive to surface and crown fires, respectively. In particular,

the analysis has shown that the transition from chaotic fire regimes (typical of

Mediterranean forests) to cyclic fire regimes (typical of savannas and boreal

forests) can be rather sharp and interpretable as a so-called border collision

bifurcation.

Some problems concerning the model could be further explored. The analy-

sis of one or more stochastic versions of the model would be interesting, for

example by letting the set X− of pre-fire conditions depend upon meteorologi-

cal conditions. This would certainly amplify the chaoticity of the deterministic

component of the system, thus giving to weather variability the role it deserves

(Bessie and Johnson (1995)). The model could also be used to determine, at

least qualitatively, the most important effects that climate change and different

management policies (e.g. thinning, grazing, remote monitoring, etc.) have on

fire frequencies and intensities. Another issue of practical interest, that could

be explored with our impact model, is the description of fire propagation in

spatially extended forests.
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Figure captions

Fig. 1 Model behavior. (a) The pre- and post-fire manifolds X− and X+; the

dotted lines with double arrows are the instantaneous transitions from X−

to X+ due to a fire (see eq. (2)); horizontal (vertical) lines correspond to

surface (crown) fires in which trees (bushes) are not involved; oblique lines

starting from the segment C−S− of X
− correspond to mixed fires. (b) State

portrait of the model; continuous lines with a single arrow represent the

growing phase of the forest and are described by eq. (3).

Fig. 2 Examples of fire regimes in savannas. First row: time series (a) and

state portrait (b) obtained with the second-order model (parameter values:

rB = 1.5, rT = 1, KB = 0.4, KT = 0.5, α = 1.5, ρB = 0.49, ρT = 4,

σB = 0.1, σT = 0.985, λB = 0.1, λT = 0.2). Second row: time series (c) and

state portrait (d) obtained with the fourth-order model (see Casagrandi and

Rinaldi (1999) for parameter values).

Fig. 3 Examples of fire regimes in boreal forests. First row: time series (a) and

state portrait (b) obtained with the second-order model (parameter values:

rB = 0.3, rT = 0.067, KB = 0.1, KT = 3, α = 0.045, ρB = 10, ρT = 0.98,

σB = 0.2, σT = 0.1, λB = λT = 0.01). Second row: time series (c) and

state portrait (d) obtained with the fourth-order model (see Casagrandi

and Rinaldi (1999) for parameter values).

Fig. 4 Examples of fire regimes in Mediterranean forests. First row: time se-

ries (a) and state portrait (b) obtained with the second-order model (param-

eter values: rB = 3/8, rT = 1/16, KB = KT = 1, α = 129/800, ρB = 0.85,

ρT = 14/15, σB = 0.6, σT = 0.35, λB = λT = 10−4). Second row: time

series (c) and state portrait (d) obtained with the fourth-order model (see

Casagrandi and Rinaldi (1999) for parameter values). The arrows M and S



point out mixed and surface fires.

Fig. 5 Examples of fire statistics. First row: cumulative distributions (number

of fires) of burned areas in (a) Alicante region, 1973-1996 (obtained from

Ricotta et al. (2001)) and (b) Gargano region, 1997-2003 (b) (obtained from

Telesca et al. (2005)). Second row: cumulative distributions (proportion of

fires) of burned biomasses obtained with the second-order model for two

parameter settings ((c): rB = 0.3, rT = 0.067, KB = 0.7, KT = 3, α = 0.03,

ρB = 0.8605, ρT = 0.98, σB = 0.465, σT = 0.4, λB = λT = 10−4; (d): as in

(c) except KB = 1, α = 0.0375, ρB = 0.84, σT = 0.405).
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Appendix

The fourth-order model described in Casagrandi and Rinaldi (1999) is the

following

Ḃ = rBB(1 −
B

KB

) − αBT − βB

B

B + hBB

FB − γB

B

B + hBT

FT (A.1)

Ṫ = rT T (1 −
T

KT

) − βT

T

T + hTT

FT − γT

T

T + hTB

FB (A.2)

ḞB =βB

B

B + hBB

FB + γB

B

B + hBT

FT − δBFB (A.3)

ḞT =βT

T

T + hTT

FT + γT

T

T + hTB

FB − δT FT (A.4)

where B and T [FB and FT ] are the non-burning [burning] biomasses of the

lower and upper layers of the forest, and all lower-case letters, as well as KB

and KT , are constant parameters. If there is no fire, i.e. if FB = FT = 0, the

model describes the growing phase of the forest and reduces to eqs. (3).

If we are interested in determining the pre-fire manifold X−, we must simply

determine the pairs (B, T ) at which a growing forest settles the conditions

for fire ignition and propagation. For this we can analyze eqs. (A.3, A.4)

which describe the dynamics of the fire. If there is no fire, system (A.3, A.4)

with B and T frozen at their current values, is at the trivial equilibrium

FB = FT = 0. If this trivial equilibrium is stable, a small accidental fire

(i.e. a small positive perturbation of FB and FT ) will not have the chance

to propagate. By contrast, the same small accidental fire will propagate if

the trivial equilibrium is unstable. Thus, the pre-fire manifold X
− can be

interpreted as the set of values (B, T ) at which the trivial equilibrium of

system (A.3, A.4) becomes unstable. But system (A.3, A.4) with B and T



frozen is a linear system with Jacobian matrix given by

J =





























βB
B

B+hBB

− δB γB
B

B+hBT

γT
T

T+hTB

βT
T

T+hTT

− δT





























For relatively small values of B and T , the diagonal elements of J are negative

(see Casagrandi and Rinaldi (1999)) since δB and δT are high. Indeed, δB

and δT are the rates of decay of the fires when there is nothing to burn (i.e.

ḞB = −δBFB if B = T = 0, and similarly for crown fires). Thus, the transition

to instability of the Jacobian matrix is simply revealed by the annihilation of

its determinant, i.e.

(βB

B

B + hBB

− δB)(βT

T

T + hTT

− δT ) − γBγT

B

B + hBT

T

T + hTB

= 0 (A.5)

This condition implicitly defines a function T (B) which corresponds to the

pre-fire manifold X
−. Taking the first and second derivatives with respect to

B of eq. (A.5) with T = T (B), one obtains two relationships involving T ′(B)

and T ′′(B), which can be used to prove that

T ′(B) < 0 T ′′(B) < 0

i.e. that the function T (B) is decreasing and the set T ≤ T (B) is convex.

The proof is quite simple if hBB = hTT = hBT = hTB = h, which is actually

the case considered in all simulations of Mediterranean forests presented in

Casagrandi and Rinaldi (1999). In fact, in such a case, eq. (A.5) can be solved

with respect to T and gives

T =
aB − b

cB − d
(A.6)



where

a = (δT + h)(βB − δB)

b = (δT + h)δBh

c = (βT − δT )(βB − δB) − γBγT

d = (βT − δT )

Assuming that each layer can burn provided its biomass is infinitely large,

from eqs. (A.3) and (A.4) we obtain

βB > δB βT > δT

which imply that the 4 parameters a, b, c, d are positive, since γB and γT

(the inter-layers fire attack rates) are small (Casagrandi and Rinaldi (1999)).

Moreover,

bc

ad
= δBh −

γBγT

(βB − δB)(βT − δT )
< δBh

so that

bc < ad

since δBh is smaller than 1 (see Table 2 in Casagrandi and Rinaldi (1999)).

Thus, from eq. (A.6) it follows that the function T (B) is positive in the interval

0 < B <
b

a

while its first and second derivatives

T ′(B) =
bc − ad

(cB − d)2
T ′′(B) =

2(ad − bc)c

(cB − d)3

are negative in the same interval.

In conclusion, the fourth-order model of Casagrandi and Rinaldi (1999) sug-

gests that the pre-fire manifold X− is a smooth manifold decreasing with



respect to B and that the set below the manifold X− is a convex set.
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