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P r e f a c e  

I n t e r e s t  i n  human s e t t l e m e n t  sys tems and p o l i c i e s  h a s  been 
a  c r i t i c a l  p a r t  o f  u r b a n - r e l a t e d  work a t  IIASA s i n c e  i t s  i ncep-  
t i o n .  Recen t l y  t h i s  i n t e r e s t  h a s  g i ven  r ise t o  a  c o n c e n t r a t e d  
r e s e a r c h  e f f o r t  f o c u s i n g  on m i g r a t i o n  dynamics and s e t t l e m e n t  
p a t t e r n s .  Four s u b - t a s k s  form t h e  c o r e  o f  t h i s  r e s e a r c h  e f f o r t :  

I. t h e  s t u d y  o f  s p a t i a l  p o p u l a t i o n  dynamics;  

11. t h e  d e f i n i t i o n  arid e l a b o r a t i o n  o f  a  new r e s e a r c h  
a r e a  c a l l e d  demometr ics and i t s  a p p l i c a t i o n  t o  
m i g r a t i o n  a n a l y s i s  and s p a t i a l  p o p u l a t i o n  f o r e -  
c a s t i n g ;  

111. t h e  a n a l y s i s  and d e s i g n  o f  m i g r a t i o n  and sett le- 
ment ~ o l i c v :  

I V .  a  compara t i ve  s t u d y  of n a t i o n a l  m i g r a t i o n  and 
s e t t l e m e n t  p a t t e r n s  and p o l i c i e s .  

T h i s  p a p e r ,  t h e - t w e l f t h i n  t h e  s p a t i a l  p o p u l a t i o n  dynamics 
series, f o c u s e s  on t h e  s c h e d u l e  o f  m o r t a l i t y  ( m i g r a t i o n )  embodied 
i n  t h e  s t a b l e  s t a t e  o f  s i n g l e - r e q i o n  ( m u l t i r e g i o n )  models of POPU- 
l a t i o n  p r o j e c t i o n .  I t  p o i n t s  o u t  t h a t  a s e - s n ~ ~ i f i c  rno r ta l k t y  
( m i g r a t i o n )  ' r a t e s  t a k e  on s t a b l e  v a l u e s  t h a t  a r e  s l i g h t l y  d i f -  . 
f e r e n t  from t h e i r  i n i t i a l  v a l u e s .  A p p r o p r i a t e  fo rmu las  f o r  t h e s e  
s t a b l e  r a t e s  a r e  d e r i v e d  h e r e  and t h e n  used f o r  a  d i r e c t  d e r i v a -  
t i o n  o f  i n t r i n s i c  d e a t h  ( o u t m i g r a t i o n )  r a t e s .  

R e l a t e d  p s p e r s  and o t h e r  p u b l i c a t i o n s  o f  t h e  m i g r a t i o n  and 
s e t t l e m e n t  s t u d y  a r e  g i v e n  on t h e  back page o f  t h i s  r e p o r t .  

Andre i  .Rogers 
Chairman 

Euman S e t t l e m e n t s  
and S e r v i c e s  Area 

J u l y  1977  
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A b s t r a c t  

Th i s  paper  a t t e m p t s  t o  c h a r a c t e r i z e  t h e  schedu le  of  demo- 
g r a p h i c  even t s  embodied i n  t h e  s t a b l e  s t a t e  o f  s i ng l e - r eg i on  
and mu l t i r eg i on  models of  popu la t i on  p r o j e c t i o n .  The f ocus  i s  
on t h e  a g e - s p e c i f i c  m o r t a l i t y  (m ig ra t i on )  r a t e s  t h a t  r each ,  a t  
s t a b i l i t y , l i m i t i n g  v a l u e s  s l i g h t l y  d i f f e r e n t  from t h e i r  i n i t i a l  
ones .  Formulas g i v i n g  t h e  s t a b l e  a g e - s p e c i f i c  d e a t h  (and migra- 
t i o n )  r a t e s  a r e  prov ided a s  w e l l  a s  an i n d i c a t i o n  o f  t h e  d i s c r e p -  
ancy between i n i t i a l  and s t a b l e  r a t e s .  A lso ,  a  d i r e c t  c a l c u l a -  
t i o n  method f o r  t h e  computat ion o f  i n t r i n s i c  r a t e s  r e l a t i n g  t o  
each demographic e v e n t  i s  developed.  F i n a l l y ,  i n  t h e  mu l t i -  
r eg i on  case ,  t h e  s t a b l e  n i g r a t i o n  r a t e s  are compared t o  t h o s e  
de r i ved  e a r l i e r  by Stone.  
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Intrinsic Rates and Stable Age-Specific Mortality 

(and Migration) Rates of the Growth Matrix Operator - 

in the Single-Reqion (Multiregion) Population Plodel 

Introduction 

It is well-known that single-region and multiregion models 

of population projection eventually lead to a stable state. For 

example, consider the following quotations f- on? Keyfitz and Rogers: 

"If a population maintains fixed rates of fertility 
and survivbrkhip at all ages, it will gradually approach 
a condition in which its age composition ... remains con- 
stant" (Keyf itz 1965) (underline added) . 

"The population system ..., if subjected to .the un- 
changing sclledule of fertility, mortality and mobility 
that is defined by the growth matrix in that equation, 
ultimately will increase at a constant stable growth 
rate. " (Rogers 1966) . * 

Such statements cannot be considered true anymore if fixed 

age-specific mortality (and migration) rates are substi'tuted for 

fixed rates of survivorship or schedules of mortality (or migra- 

tion), because the age-specific mortality (and migration) rates 

vary over the projection period as a consequence of the change 

in the age composition of the population. When stability is 

reached, these rates take on limiting values that are slightly 

different from the initial ones. These limiting values may be 

derived using the continuous formulation of the demographic pro- 

jection models. 

In this paper, the formulas for stable age-specific mortality 

(and migration) rates are presented and an indication of their 

discrepancy with the initial values is given. Part I1 continues 

with the direct computation of the intrinsic rates in both the 

single-region and the multiregion case. Finally, in the mul- 

tiregion case, the formulas for migration rates are compared with 

those developed by Stone (1 968) . 
*The general phrase "unchanging schedule" is all the more 

ambiguous because there exists a clear divergence between the 
assumptions relating to the fertility pattern,on the one hand,and 
to the mortality (migration) pattern on the other. The fertility 
pattern arises from an assumption of constant average age-specific 
fertility rates(imp1ying changing instantaneous rates) whereas 
the death (migration) pattern is characterized by constant sur- 
vivorship proportions (implying unchanging instantaneous rates). 



Age-Specific Mortality (and Miqration) Rates at Stability 

The derivation of stable age-specific mortality rates in the 

single region case requires consideration of the continuous formu- 

lation of the projection model. One of the basic assumptions of 

this model is that the schedule of mortality in terms of the in- 

stantaneous death rates, or forces of mortality, p(y), remains 

unchanged. However, this hypothesis is not equivalent to one of 

constant age-specific death rates. This may be seen from the 

continuous version of the formula defining age-specific death 
h 

rates M(x) between ages x and x + TI  where T is the length of 

the age groups, and the duration of each projection interval: 

T 
A lo P (x + t) k (X + t) dt 
M = -- 

T x (1) 
[k(x + t) dt 

where k(y) is the population aged y. 

At stability, 

where r is the stable growth rate and~(y) is the number of sur- 

vivors of the initial radix R(O) in the life table constructed 

using the mortality schedule defined by the curve ~ ( y ) .  

Then, 

h P(X + t) !L(x + t) dt 
M = T x - 

l -r (x + t)R (x + t.) dt 

0 

since u (y) is equal to - (vydt 
(Keyfitz 1968, p. 5 ) ,  the numera- 

tor of (2) may be rewritten as: 



Integrating by parts, 

or: 

0 
A 

How does TMx compare with the initial death rate TMx? The 

answer to this question is obtained by expressing the life table 

quantities in equation (3) as functions of TMx* 

The initial death rates TMx are also those of the life table 

based on the mortality schedule y(y): 

where L(x) = 2 (r + t) dt 

(Note that (4) is just (3) with r set equal to zero). 
A 

Comparison of TMx and TMx requires an integration method for 

the denominators of (3) and (4 ). 

Generally, a linear integration is used to derive L(x): 

T L(x) = - [R(x) + R(x + T)], 2 

and it is customary to assumethat 

Combining these last two formulas with (3) and (4) gives the 
A 

formula relating TMx to TMx, namely 

- -  

*An alternative, consistent with the integration method used 
for L (x) , would be 

T T -rx -r(x + T)R(X + Tj l  
- r ( x ' + t ) ~ ( ~ +  t)dt =T[e &(XI + e  I, e ' u 

However, the difference introduced would be negligible. 



r T  r T  i n  which cosh (T) and s i n h  (-1 are t h e  hype rbo l i c  c o s i n e  and 
r T  

2 
hype rbo l i c  s i n e  of  T ,  r e s p e c t i v e l y .  (For a d e t a i l e d  d e r i v a t i o n ,  

see t h e  Appendix). 

Note t h a t ,  i n  t h e  c a s e  of  t h e  l a s t  age  group,  z y e a r s  and 

ove r ,  t h e  r e l a t i o n s h i p  i n  (7 )  shou ld  be rep laced  by (see Appendix): 

From (7 )  and (8), it i s  clear t h a t  t h e  s t a b l e  d e a t h  rates a r e  

on l y  s l i g h t l y  d i f f e r e n t  from t h e  i n i t i a l  ones.  The d isc repancy  

between bo th  rates i s  p r o p o r t i o n a l  t o  t h e  i n t r i n s i c  rate o f  

growth r .  Moreover, f o r  a l l  age i n t e r v a l s  excep t  t h e  l as t ,  t h e  

s t a b l e  d e a t h  ra te  i s  always h i ghe r  t h a n  i t s  i n i t i a l  v a l u e  by a 

q u a n t i t y  which depends on t h e  square  of r. 

The p reced ing  reason ing  can be e a s i l y  extended t o  t h e  mu l t i -  

r e g i o n a l  case i n  which t h e  c o u n t e r p a r t  o f  t h e  dea th  rate TMx is 

a m a t r i x  M d e f i n e d  i n  Rogers and Ledent (1976) ,  as: T,xr 

where $M: i s  t h e  d e a t h  r a t e  i n  age  group (x,  x + T )  i n  r eg ion  i- 



i ~ J  is t h e  m ig ra t i on  r a t e  f o r  r e g i o n  i t o  r e g i o n  j i n  age  T  x  
group ( x ,  x  + T ) .  

The m a t r i x  TMx o f  i n i t i a l  r a t e s  a l s o  may he d e f i n e d  i n  terms 

of  l i f e  t a b l e  s t a t i s t i c s .  The d e f i n i t i o n  analogous t o  ( 4 ) , i s  

g iven  i n  Rogers and Ledent  (1976) : 

where R ( x )  and L ( x )  a r e  t h e  m u l t i r e g i o n a l  ex tens i ons  o f  % ( x )  and - - A 

L ( x ) .  One may d e f i n e  a  m a t r i x  o f  s t a b l e  r a t e s  TPlx such t h a t :  

Gene ra l i z i ng  t h e  i n t e g r a t i o n  methods embodied i n  ( 5 )  and ( 6 ) ,  

and combining (10)  and (11)  f i n a l l y  y i e l d s :  

A r T  2 r T  r T  
M = M cosh(-) + - I [ s inh(?)  - -1 T-x T-X 2 T  - 2 

and f o r  t h e  l a s t  age  group*,  

. . 
The conc lus i on  is  t h a t  r e g i o n a l  s t a b l e  r a t e s  t a k e s  v a l u e s  

on l y  s l i g h t l y  d i f f e r e n t  from t h e i r  i n i t i a l  c o u n t e r p a r t s .  The 

r e g i o n a l  s t a b l e  r a t e s  a r e  r e l a t e d  t o  t h e  i n i t i a l  r a t e s  by formu- 

l a s  such a s  ( 7 )  and ( 8 ) .  I f  one assumes r t o  be  s m a l l ,  t h i s  may 

be r e w r i t t e n  a s  fo l l ows  (see t h e  Appendix) : 

*Rogers1 m u l t i r e g i o n  p r o j e c t i o n  model (Roaers 1975) assm-es  
ze ro  ou tm ig ra t i on  r a t e s  f o r  t h e  l a s t  aqe group.  However, t h i s  
assumpt ion i s  n e e d l e s s l y  r e s t r i c t i v e  a s  shown by Schoen (1975) .  
H i s  d e f i n i t i o n  o f  t h e  l a s t  age group d e a t h  and m ig ra t i on  r a t e s  
may be r e w r i t t e n  i n  a  m a t r i x  form, by s imply  ex tend ing  t h e  d e f i -  
n i t i o n  o f  t h e  l a s t  age group d e a t h  r a t e  o f  t h e  s i n g l e  r eg i on  case :  



f o r  i = 1 ,  ... n and x  = 0, ... z  - T 

and 

i$d , iMd 
T z  T Z  - r  [ 1 - -  2 T i ~ d l  z  f o r  i = l , . . n  

In  t h e  case of outmigrat ion r a t e s ,  t h e  r e l a t i o n s h i p  between 

i n i t i a l  and s t a b l e  r a t e s  appear t o  be s impler:  

f o r  a l l  i = 1 ,... n f  j , = 1 ,... n ( j f i ) m d x  = 0 ,... z  

The conclusion he re  i s  t h a t  s t a b l e  death r a t e s  (except f o r  

t h e  l a s t  age group) and s t a b l e  migrat ion r a t e s  a r e  h igher  than 

t h e i r  i n i t i a l  va lues by a very small  quan t i t y  t h a t  is propor t ional  

t o  t h e  square of t h e  i n t r i n s i c  r a t e  of  growth r. 

Table 1 presen ts  a  comparison of t h e  i n i t i a l  and s t a b l e  death 

and migrat ion r a t e s  f o r  se l ec ted  age groups of t h e  mul t i reg iona l  

p ro jec t i on  model based on 1961 da ta  f o r  Slovenia dnd t h e  rest of 

Yugoslavia. There is  c l e a r l y  a  h igher  d iscrepancy between i n i -  

t i a l  and s t a b l e  death r a t e s  i n  t h e  l a s t  age group. 

I n t r i n s i c  death (and miara t ion  r a t e s )  

In  t h e  s ing le- reg ion p ro jec t i on  model, Keyf i tz (1968) der ives  

t h e  i n t r i n s i c  death r a t e  d a s  t h e  d i f f e rence  between t h e  i n t r i n s i c  

b i r t h  r a t e  b  and t h e  i n t r i n s i c  growth r a t e  r: 

i n  which, by d e f i n i t i o n ,  



where TFx is  t h e  a g e - s p e c i f i c  f e r t i l i t y  rate,  assumed t o  be con- 

s t a n t  ove r  t h e  p r o j e c t i o n  pe r i od ,  and c ( x )  i s  t h e  f r a c t i o n  o f  

t h e  s t a b l e  popu la t i on  i n  age group (x ,  x  + T I .  

Having p rev i ous l y  de r i ved  t h e  s t a b l e  age -spec i f i c  d e a t h  r a t e s ,  

.we now can o b t a i n  d i r e c t l y  t h e  F n t r i n s i c  d e a t h  r a t e  d  a s  

I n  t h e  mu l t i r eg i on .  p r o j e c t i o n  model, r e g i o n a l  i n t r i n s i c  

b i r t h  r a t e s  may be  de r i ved  and computed from: 

i 
where TFx is  t h e  r e g i o n - s p e c i f i c  f e r t i l i t y  r a t e  i n  age group x  

and c i ( x )  i s  t h e  f r a c t i o n  o f  t h e  popu la t ion  o f  r eg ion  i i n  t h a t  

age group a t  s t a b i l i t y .  

* I t  i s  easy  $0 check,  from t h e  ~ r e v i o u s l y  de r i ved  fo rmulas  
A 

f o r  TMx, t h a t  1 TMx c ( x )  i s  equa l  t o  b  - r. Not ing t h a t  t h e  
. X 

A 

denominator o f  t h e  r igh t -hand s i d e  t e r m  of TMx i s  equa l  t o  

!I . c (x )  , w e  have t h a t :  b  

and, 

The q u a n t i t y  between b r a c k e t s  reduces t o k ( 0 )  s o  t h a t  



T a b l e  1  

I n i t i a l  a n d  s t a b l e  d e a t h  a n d  m i g r a t i o n  rates f o r  selected 

age g r o u p s  of t h e  m u l t i r e g i o n a l  p r o j e c t i o n  m o d e l  b a s e d  o n  1961  

d a t a  f o r  S l o v e n i a  a n d  t h e  rest of ~ u ~ o s l a v i a . *  ( f e m a l e s  o n l y )  

* A v a i l a b l e  d a t a  f o r  t h i s  i l l u s t r a t i o n  i n d i c a t e  z e r o  m i g r a t i o n  
f i g u r e s  fo r  t h e  l a s t  age g r o u p ,  w h i c h  e x p 3 , a i n s  why b o t h  observed 
a n d  s tab le  m i g r a t i o n  rates are e q u a l  t o  z e r o  f o r  t h e  8 5  a n d  over 
g r o u p .  

h 

Age g r o u p  

0  

20  

85+ 

R e g i o n  

S l o v e n i a  

R e s t  of 
Y u g o s l a v i a  

S l o v e n i a  
- 

R e s t  of 
Y u g o s l a v i a  

S l o v e n i a  

R e s t  of 
Y u g o s l a v i a  

D e a t h  R a t e  

INITIAL 

0 . 0 0 6 1 5 0  

0 .022468  

0 . 0 0 0 7 4 7  

0 . 0 0 1 2 2 0  

0 .203611  

0 . 1 4 3 4 8 6  

M i g r a t i o n  R a t e  

STABLE 

0 .006151  

0 .022471  

0 .000747  

0 . 0 0 1 2 2 0  

0 .200640  

0.1.39591 

INITIAL 

0 .002832  

0 . 0 0 0 2 7 2  

0 . 0 0 7 1 7 0  

0 .000937  

0  

0  

STABLE 

0 . 0 0 2 8 3 2  

0 .000272  
--- 

0 .007171  

0 .000937  

0  

0  



Unlike t h e  s i ng le - reg ion  case ,  however, t h e  r e s i d u a l  from r 

on ly  y i e l d s  t h e  n e t  "absence" r a t e  from reg ion  i and does n o t  per-  

m i t  t h e  i d e n t i f i c a t i o n  o f  t h e  r e g i o n a l  i n t r i n s i c  r a t e s  o f  dea th ,  ou t -  

m ig ra t ion  and inmig ra t ion .  However, such i n t r i n s i c  ; rates mayx be ob- 

t a i n e d  d i r e c t l y  from t h e  knowledge of t h e  age -spec i f i c  m o r t a l i t y  - 
iA j iA j and mig ra t ion  r a t e  TMx and TMx , r e s p e c t i v e l y .  

The i n t r i n s i c  dea th  and ou tm ig ra t ion  r a t e s  f o r  r eg ion  i can 

be  de f i ned  and c a l c u l a t e d  us ing:  

di = 1 i;d ci ( x )  
X T x 

and 

r e s p e c t i v e l y .  Of course ,  one could o b t a i n  t h e  i n t r i n s i c  inmigra- 

t i o n  r a t e  (ii) from t h e  i d e n t i t y :  

b u t  a  d i r e c t  d e r i v a t i o n  i s  p o s s i b l e  f r o m t h e  know led~e  of t h e  s t a b l e  

age -spec i f i c  ( ou t )  m ig ra t ion  r a t e s  and t h e  s t a b l e  r e g i o n a l  p o p -  

l a t i o n s .  

The inmig ra t ion  f low i n t o  reg ion  i c o n s i s t s  o f  t h e  sum o f  a l l  

m ig ra t ion  f lows t o  r eg ion  i from t h e  o t h e r  reg ions .  I f  Y denotes  

t h e  s t a b l e  e q u i v a l e n t  o f  t h e  i n i t i a l  popu la t ion  of  t h e  system, and 

if y j  i s - t h e  p ropo r t i on  o f  t h e  s t a b l e  popu la t ion  r e s i d i n g  i n  j ,  t hen  

t h e  m ig ra t ion  f low i n t o  reg ion  i, a t  t i m e  t ,  say  M . i ( t ) ,  i s  equa l  t o  

w e  have t h a t :  



Table  2  d i s p l a y s  t h e  va lues  o f  t h e  i n t r i n s i c  r a t e  f o r  each 

t ype  o f  demographic even t  ob ta ined  by a p p l i c a t i o n  of  formulas (20)  

th rough (23)  t o  t h e  1961 two-region female Yugoslavian popu la t ion .  

A p a r t i a l  check o f  t h e s e  va lues  i s  p o s s i b l e  by computing t h e  sum 

bi - di + ii - oi  f o r  each reg ion  and comparing them t o  t h e  i n -  

t r i n s i c  growth r a t e ,  a s  permi t ted  by t h e  f i g u r e s  appear ing  i n  

t a b l e  2 .  

M u l t i r e s i o n a l  p r o i e c t i o n  model: c o m ~ a r i s o n  of  t h e  s t a b l e  .ase- 

s p e c i f i c  m ig ra t i on  r a t e s  w i t h  S t o n e ' s  s t a b l e  a g e - s p e c i f i c  pro- 

P rev ious l y ,  S tone (1968 )  proposed formulas f o r  s t a b l e  age- 

s p e c i f i c  m ig ra t i on  r a t e s  which d i f f e r  from t h o s e  i n d i c a t e d  above. 

However, t h e  r a t e s  p resen ted  by Stone w e r e  o f  a  d i f f e r e n t  n a t u r e .  

To c a l l  them r a t e s  was improper s i n c e  t h e y  r e a l l y  had t h e  same 

n a t u r e  a s  t h e  s u r v i v o r s h i p  p ropo r t i ons  i n  t h e  m u l t i r e g i o n a l  growth 

o p e r a t o r :  t h e  m ig ra t i on  r a t e  from reg ion  i t o  r e g i o n  j r e l a t i n g  

t o  age group x  i s  de f i ned  by Stone s imply a s  t h e  p r o b a b i l i t y  

s (x)  of s u r v i v i n g  i n  r eg ion  j ,  T  y e a r s  l a t e r ,  f o r  t h o s e  a l i v e  i j  
i n  reg ion  i i n  age  group (x ,  x  + T ) .  Rogers (1975) l a b e l e d  

S t o n e ' s  q u a n t i t i e s  a s  T-year m ig ra t ion  r a t e s  i n  c o n t r a s t  t o  age- 
i A j  

s p e c i f i c  m ig ra t i on  r a t e s  such a s  M . H e  t hen  used   tone's formu- 
T x  

l a s  a s  a  s t a r t i n g  p o i n t  t o  d e r i v e  conso l i da ted  "c rude"  T-year s t a b l e  

m ig ra t ion  r a t e s  (see Rogers 1975, p.  129 and 130) from which he  

drew some approximate v a l u e s  o f  t h e  i n t r i n s i c  m ig ra t i on  r a t e s .  

These appear i n  Tab le  3  by way o f  c o n t r a s t .  

I n  f a c t ,  t h e r e  i s  no s imp le  r e l a t i o n s h i p  l i n k i n g  t h e  con- 

s o l i d a t e d  "c rude"  T-year s t a b l e  r a t e s  o f  S tone and t h e  co r res -  

ponding i n t r i n s i c  dea th  and m ig ra t i on  r a t e s ,  which r u l e s  o u t  t h e  

p o s s i b i l i t y  o f  d e r i v i n g  t h e  l a t t e r  from t h e  former w i thou t  us i ng  

any approximat ion.*  

* (see page 12 f o r  f o o t n o t e )  



T a b l e  2 

I n t r i n s i c  R a t e s  f o r  t h e  1961 T w o - R e g i o n  

F e m a l e  P o p u l a t i o n  S y s t e m  of Y u g o s l a v i a  

T a b l e  3 

A p p r o x i m a t e  I n t r i n s i c  R a t e s  derived by R o g e r s  

f o r  t h e  1961  T w o - R e g i o n  F ' e m a l e  P o p u l a t i o n  S y s t e m  of Y u q o s l a v i a  

b 

SLOVENIA 

0.015453 

0.011998 

0.002457 

0 .005101 

0 .006098  

0 .006099 

bi 

di 

O i  

i i 

bi- di + o i  - ii 

r 

Source: R o g e r s  (1975 )  p. 1 3 1  

R E S T  O F  YUGOSLAVIA 

0.019009 

0.012753 

0.000301 

0.000145 

0 .006100 

0.006099 

R E S T  O F  YUGOSLAVIA 

0.01901 

0 .01275 

0.00030 

0 .00014 

0.00610 

- 
bi 

di 

O i  

i i 

r 

SLOVENIA 

0.01545 

0 .01196 

0 .00241 

0 .00502 

0 .00610 



Conclus ion 

I n  both  t h e  s i ng le - reg ion  and m u l t i r e g i o n a l  models of  poou- 

l a t i o n  p r o j e c t i o n ,  t h e  t r ea tmen t  o f  t h e  dea th  (m ig ra t i on )  schedu le  

c o n t r a s t s  w i t h  t h e  t r e a t m e n t  o f  t h e  f e r t i l i t y  schedu le .  On t h e  

one hand, m o r t a l i t y  (m ig ra t i on j  behav ior  r e s u l t s  from t h e  assump- 

t i o n  o f  an  unchanged cu rve  o f  i n s t a n t a n e o u s  t r a n s i t i o n  f o r c e s ;  

on t h e  o t h e r  hand, f e r t i l i t y  behav ior  s tems from an  assumption 

o f  c o n s t a n t  a g e - s p e c i f i c . f e r t i l i t y  r a t e s ,  averaged over  each u n i t  

p r o j e c t i o n  pe r i od .  There fo re ,  a s  a  consequence o f  t h e  change i n  

age  composi t ion over  t h e  p r o j e c t i o n  p rocess ,  t h e  i ns tan taneous  

f e r t i l i t y  cu rve  i s  i m p l i c i t l y  modi f ied  w h i l e  t h e  a g e - s p e c i f i c  

m o r t a l i t y  and m ig ra t i on  r a t e s  t a k e  on new va lues  t h a t ,  a t  s t a b i -  

l i t y ,  a r e  on ly  s l i g h t l y  d i f f e r e n t  from t h e i r  o r i g i n a l  va l ues .  Only 

t h e  d e a t h  r a t e  f o r  t h e  l a s t  age qroup p r e s e n t s  a  r e l a t i v e l y  h igh  

d i sc repency  between i t s  s t a b l e  and i n i t i a l  va l ues :  t h i s  r e s n l t  

s t e m s  from t h e  s t r a i g h t f o r w a r d  a p p l i c a t i o n  of  t h e  a p p r o x i m a t i ~ n  

con ta ined  i n  ( 6 )  t o  t h e  l a s t  age group, which, i n s t e a d  o f  be ing T - 
y e a r s  i n  l e n g t h ,  i s  a  h a l f  open i n t e r v a l .  

*There e x i s t ,  however, a  r e l a t i o n s h i p  between t h e  conso l i da ted  
T-year c rude  b i r t h  r a t e  and i n t r i n s i c  r a t e  o f  f e r t i l i t y .  The b i r t h  
r a t e  a  l a  S tone  (,b) may b e  de f i ned  a s  

s u r v i v o r s h i p  p r o p o r t i o n  f c r  t h e  age group (x ,  x  + T ) .  

rT  
S ince  s ( x )  c ( x )  = c ( x  + T ) e  , w e  have: 

i n  which b  i s  t h e  L n t r i n s i c  b i r t h  r a t e .  The i n t r i n s i c  b i r t h  r a t e  
t h u s  may be  o b t L i n e d  froin t h e  conso l i da ted  T-year "c rude"  b i r t h  
r a t e  by us ing :  

rn b  

which i n  t h e  c a s e  r i s  s m a l l ,  may be  adequa te ly  approximated a s  
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APPENDIX 

Der i va t ion  of  t h e  Formula Express ing t h e  S t a b l e  Age-spec i f i c  

Death Rates i n  Terms of  t h e i r  I n i t i a l  Values 

Assuming t h a t  t h e  denominator of t h e  f i r s t  term on t h e  

r igh t -hand  s i d e  of ( 3 )  may be approximated a s  i n d i c a t e d  i n  ( 6 ) ,  

and d i v i d i n g  bo th  numerator  and denominator of  t h e  t e r m  by 
T 

e ( X  + 2) y i e l d s  

where R(y) i s  simply t h e  number o f  s u r v i v o r s  a t  exac t  age y i n  t h e  

l i f e  t a b l e  p o p ~ l a t i o n  cons t ruc ted  from t h e  i n i t i a l l y  chosen dea th  

r a t e s .  The fo l l ow ing  r e l a t i o n s h i p  l i n k s  R(x) and R(x + T ) :  

i n  which q ( x ) -  i s  t h e  p r o b a b i l i t y  of dy ing i n  t h e  n e x t  T y e a r s  
T 

f o r  t h e  s u r v i v o r s  R ( x )  of t h e  i n i t i a l  cohor t  a t  age x. 

Using t h e  formula r e l a t i n g  Tq (x )  t o  M (Key f i t z  1968) : 
T x 

w e  have t h a t  

E l im ina t i ng  k ( x  + T )  i n  ( 4 )  and (5 )  y i e l d s  L ( x )  a s  a f u n c t i o n  

o f  R(x)  and TMx: 



S u b s t i t u t i n g  t h e  l a s t  two formulas i n  (3 )  and d i v i d i n g  both 

numerator and denominator of  t h e  f i r s t  te rm on t h e  r ight-hand 

s i d e  by -2 ( x )  y i e l d s :  

which may be rear ranged  a s :  

Observing t h a t  

and 

L L 
e  - e  r T  = s i n h  (?-), we have t h a t  

A r T  2 r T  
M = M cosh (-) + - [ s inh  (-1 - rT 

T x  T x  2 T 2 7- I 

Since r i s  g e n e r a l l y  sma l l ,  t h e  fo l lowing approx i~na t ion  ho lds :  

Hence, 

s o  t h a t  t h e  d i f f e r e n c e  between t h e  s t a b l e  and i n i t i a l  dea th  r a t e s  

i s  equa l  t o :  



This  formula i n d i c a t e d  t h a t  t h e  d isc repancy  between t h e  t w o  r a t e s  

i s  p o s i t i v e  and sma l l ,  and it i s  p ropo r t i ona l  t o  t h e  square  o f  

t h e  i n t r i n s i c  r a t e  r. 

I n  t h e  c a s e  of  t h e  l a s t  age group, a r e l a t i o n s h i p  l i n k i n g  

M may be ob ta ined  d i r e c t l y  by combining t h e  d e f i n i t i o n a l  fi t o T z  T z 
equa t i ons  f o r  t h e s e  r a t e s  and us ing  t h e  approximat ion ( 6 ) :  

which f o r  r sma l l ,  l e a d s  t o  t h e  approximate e q u a l i t y ,  

Again, t h e  s t a b l e  dea th  r a t e  does n o t  d i f f e r  much from t h e  i n i -  

t i a l  one. However, u n l i k e  i n  t h e  g e n e r a l  c a s e ,  t h e  s t a b l e  dea th  

r a t e  i s  g e n e r a l l y  sma l l e r  t han  t h e  observed dea th  r a t e  ( i . e . ,  
A 2 
M i s  less t han  TMZ i f  T M Z <  ) .  

T z 

Moreover, t h e  d isc repancy  between bo th  r a t e s  i s  p r o p o r t i o n a l  t o  

t h e  i n t r i n s i c  r a t e  r r a t h e r  t han  t o  i t s  square .  
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