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Free-steering relaxation methods for problems
with strictly convex costs and linear constraints*

Krzysztof C. Kiwielf
August 12, 1994

Abstract

We consider dual coordinate ascent methods for minimizing a strictly convex (possi-
bly nondifferentiable) function subject to linear constraints. Such methods are useful
in large-scale applications (e.g., entropy maximization, quadratic programming, net-
work flows), because they are simple, can exploit sparsity and in certain cases are
highly parallelizable. We establish their global convergence under weak conditions
and a free-steering order of relaxation. Previous comparable results were restricted
to special problems with separable costs and equality constraints. Qur convergence
framework unifies to a certain extent the approaches of Bregman, Censor and Lent,
De Pierro and Iusem, and Luo and Tseng, and complements that of Bertsekas and
Tseng.

Key words. Convex programming, entropy maximization, nondifferentiable
optimization, relaxation methods, dual coordinate ascent, B-functions.

1 Introduction
We study algorithms for the following convex programming problem

minimize f(=), (1.1a)
subject to Az < b, (1.1b)

where f : R" — (—o00,00] is a (possibly nondifferentiable) strictly convex function that
has some properties of differentiable Bregman functions [Bre67, CeL81] (cf. §2), A is a
given m X n matrix and b is a given m-vector. (Equality constraints are discussed later.)

This problem arises in many applications, e.g., linear programming [Bre67, Erl81,
Man84], quadratic programming [Hil57, LeC80, LiP87], image reconstruction [Cen81,
Cen88, CeH87, Elf89, HeL78, ZeC91b], matrix balancing [CeZ91, EIf80, Kru37, LaS81],
“rlog z” entropy optimization [DaR72, CDPE90, Elf80], “logz” entropy optimization

*Research supported by the State Committee for Scientific Research under Grant 8550502206.
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[CDPI91, CeL87], and network flow programming [BHT87, BeT89, NiZ92, NiZ93a, Roc84,
ZeC91a, Zen91]. Further references can be found, e.g., in [LuT92b, LuT92¢c, Tse90, Tse9l,
TsB91].

The usual dual problem of (1.1) consists in maximizing a concave differentiable dual
functional subject to nonnegativity constraints. This motivates coordinate ascent methods
for solving the dual problem which, at each iteration, increase the dual functional by ad-
justing one coordinate of the dual vector. Such methods are simple, use little storage and
can exploit problem sparsity. They are among the most popular (and sometimes the only
practical) methods for large-scale optimization. Also such methods may be used as sub-
routines in the proximal minimization algorithms with D-functions [CeZ92, Eck93, Teb92],
giving rise to massively parallel methods for problems with huge numbers of variables and
constraints [CeZ91, NiZ92, NiZ93a, NiZ93b, Zen91, ZeC91la, ZeCI1b]. Other examples in-
clude methods for specific problems quoted above, and methods for more general problems
[Bre67, CeL81, DPI86, LuT92b, LuT92c, Tse90, Tse91, TsB87, TsBI1].

At least three general approaches to convergence analysis of such methods can be
distinguished. Because different assumptions on the problem are employed, each approach
covers many applications, but not all. First, the approach based on Bregman functions
[Bre67, CelL81, DPI86] imposes some smoothness assumptions on f and so-called zone
consistency conditions that may be difficult to ensure. Second, the approach of [LuT92b,
Tse91] assumes that f is essentially smooth. (Our terminology follows [Roc70]; see below
for a review.) Third, the approach of [Tse90, TsB87, TsB91] requires that f be cofinite.
Usually it is assumed that the relaxed coordinates are chosen in an almost (essentially)
cyclic order [CeL81, DPI86, LuT92b, Tse90, Tse91, TsB87, TsBI1] (i.e., each coordinate
is chosen at least once every i.y. iterations, for some fixed i.,. > m), by a Gauss-Southwell
max-type rule [Bre67, LuT92b, Tse90, Tse91, TsB91], or—for strongly convex costs only—
in a quasi-cyclic order [Tse90, TsB87, TsB91] (in which the lengths of the cycles, i.e., tcye,
are allowed to grow, but not too fast). Convergence under the weakest assumption of free-
steering relaxation (in which each coordinate is merely chosen infinitely many times) has
so far been established only for network flow problems with separable costs and equality
constraints [BHT87], [BeT89, §5.5] and for special cases of iterative scaling [BCP93].

In this paper we establish global convergence of a general dual ascent method under
free-steering relaxation (for both equality and inequality constraints), weak assumptions on
(1.1) and inexact line searches. Our assumptions on problem (1.1) (cf. §2) are weaker than
those of [Bre67, CeL81, DPI86] and [LuT92b, Tse91]; thus we generalize those approaches.
We show that inexact line searches are implementable because the dual functional, being
essentially smooth, may act like a barrier to keep iterates within the region where it is
differentiable.

In particular, our results imply global convergence under free-steering relaxation of
Hildreth’s method [Hil57] for quadratic programming. We note that for the related problem
of finding a point in the intersection of a finite family of closed convex sets, convergence
of “inexact” free-steering versions of the successive projection method [GPR67] has been
established quite recently [ABC83, Kiw94, F1Z90]; see [Ott88, Tse92] for results under
“exact” projections.

Attempting to capture objective features essential to optimization, we introduce the



class of B-functions (cf. Definition 2.1) which generalizes that of Bregman functions
[CeL81] and covers more applications. The usefulness of our B-functions is not limited to
linearly constrained minimization; this will be shown elsewhere.

We concentrate on global convergence under general conditions, whereas the recent re-
sults on linear rate of convergence of relaxation methods [lus91, LuT91, LuT92a, LuT92b,
LuT92c¢, LuT93] require additional regularity assumptions.

The paper is organized as follows. In §2 we introduce the class of B-functions, highlight
some of its properties and present our method. Its global convergence under free-steering
relaxation control is established in §3. In §4 we relate Bregman projections [CeL81] to
exact linesearches and give conditions for overrelaxation that supplement those in [DPI86,
Tse90]. Convergence under conditions similar to those in [LuT92b, Tse91] and under
another regularity condition is established in §§5 and 6 respectively. Some additional
remarks are given in §7. In §8 we discuss block coordinate relaxation. The Appendix
contains proofs of certain technical results.

Our notation and terminology mostly follow [Roc70] (,-) and | - | are the Euclidean
inner product and norm respectively, a’ is column ¢ of the transpose AT of A, b; is com-
ponent ¢ of b, R} and IRT are the nonnegative and positive orthants of R™ respectlvely,
[]+ denotes the orthogonal prolectlon onto 1R+, i.e., ([p]+);i = max{p;,0} for p € R™ and
i = 1:m, where 1:m denotes 1,2,---,m, and €' is the ith coordinate vector in IR™. For any
set C'in IR" clC, C,1iC and bd C denote the closure, interior, relative interior and bound-
ary of C respectlvely oc(+) = sup,ec (, ¢) is the support function of C. For any closed
proper convex function f on R" and z in its effective domain Cy = {z : f(z) < oo}, 0f(z)
denotes the subdifferential of f at z and f'(z;d) = limyjo[f(z + td) — f(z)]/t denotes the
derivative of f in any direction d € R". By [Roc70, Thms 23.1-23.2], f'(z;d) > — f'(z; —d)
and

f'(x;d) 2 0a5(2)(d) = sup{{g,d) : g € 8f(z)}. (1.2)

The domain and range of 0f are denoted by Css and imdf respectively. By [Roc70,
Thm 23.4], riCy C Csy C Cy. f is differentiable at z iff df(z) = {Vf(z)}, where
V[ is the gradient of f [Roc70, Thm 25.1]. f is called essentially strictly convez if f
is strictly convex on every convex subset of Cys. f is called cofinite when its conjugate
f*(-) = sup, (-,z) — f(z) is real-valued. A proper convex function f is called essentially
smooth if Cf # 0, f is differentiable on Cf, and fl(z +t(y —z);y — x) | —ocoast | 0 for
any y € Cy and ¢ € bd C; (equivalently |V f(z*)| — oo if {z*} ¢ Cy, ¥ - z € bd Cy
[Roc70, Lem. 26.2]); then f'(y +t(z —y);z—y) T oo ast T 1 (cf. f/(+;d) > —f(+; —d) Vd).

2 B-functions and the algorithm

We first define our B-functions and Bregman functions [CeL81].
For any convex function f on IR", we define its difference functions

Di(z,y) = f(2) = f(¥) —oas)(z —y)  Vaz,y€Cy, (2.1a)
Di(z,y) = f(z) — f(y) +oosey(y —2)  Va,y€Cy. (2.1b)



By convexity (cf. (1.2)), f(z) > f(y) + a5y (z — y) and
0 < DY(z,y) < f(z) — f(y) — {9,z —y) < Dl{(a,y) Vz,yeCrg€dfly). (22
Df’f and Dl} generalize the usual D-function of f [Bre67, CeL81], defined by

D;(x,y)=f(a:)—f(y)—(Vf(y),x—y) V-TECf,yECVf, (23)

Dy(z,y) = D}(z,y) = D!(z,y) Vz € Cy,y € Cvy. (2.4)

Definition 2.1. A closed proper (possibly nondifferentiable) convex function f is called
a B-function (generalized Bregman function) if
(a) f is strictly convex on Cf.
(b) f is continuous on Cj.
(c) For every a € R and z € Cy, the set L(z,a) = {y € Coy : Di(z,y) < a} is
bounded.
(d) For every a € R and z € Cy, if {y*} C L}(z,a) is a convergent sequence with limit

y* € Oy \ {z}, then D%(y*,y*) — 0.

Definition 2.2. Let S be a nonempty open convex set in R*. Then h : § — IR, where
S =clS, is called a Bregman function with zone S, denoted by h € B(S), if
(i) h is continuously differentiable on S.

(ii) A is strictly convex on S.

(iii) A is continuous on S.

(iv) Forevery a € R, j € S and & € S, the sets L3(§,a) = {z € S : Di(z,§) < @} and

L3(%,0) = {y € §: Du(%,y) < a} are bounded.

(v) If {y*¥} C S is a convergent sequence with limit y*, then Dj(y*,y*) — 0.

(vi) If {y¥} C S converges to y*, {zF} C S is bounded and Dy(z¥,y*) — 0 then z* — y*.
(Note that the extension f of h to R", defined by f(z) = h(z) if z € S, f(z) = o
otherwise, is a B-function with Cy = S, riCy = § and DY(-,y) = Dﬂ(-,y) = Ds(-,y)
Vyes.)

Dl} and Dfe are used like distances, because for z,y € Cf, 0 < D*}(w,y) < Duf(:c,y),

and DE’f(a:,y) =0 <= Dgr(a:,y) =0 <= =z =y by strict convexity. Definition 2.2 (due
to [CeL81]), which requires that h be finite-valued on S, does not cover Burg’s entropy
[CDPI91]. Our Definition 2.1 captures features of f essential for algorithmic purposes. We
show in §7 that condition (b) implies (c) if f is cofinite. Sometimes one may verify the
following stronger version of condition (d)

Cos D {y*} =y € C; = Di(y",y*) = 0 (2.5)
by using the following lemmas. Their proofs are given in the Appendix.

Lemma 2.3. (a) Let f be a closed proper convex function on R", and let S # {0 be a
compact subset of 1i Cy. Then there exists a € R such that |oa5(,)(z—2)| < alr—2|,

[f(z) = f(y)] < alz — y| and |Di(z,y)| < 2alz —y| for all z,y,2 € 5.
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(b) Let h = &5, where s is the indicator function of a convex polyhedral set S # 0 in

R™, i.e., 65(z)=0if z €5, bs(z) =00 if z ¢ S. Then h satisfies condition (2.5).
(c) Let h be a proper polyhedral convex function on IR™. Then h satisfies condition (2.5).
(d) Let f be a closed proper convex function on R. Then f is continuous on Cy, and

Dh(y*,y*) = 0 if y* = y* € Cy, {¥*} C Cy.

Lemma 2.4. (a) Let f = Y5, fi, where fi,..., fi are closed proper convex functions
such that fiy1,..., fi (7 2 0) are polyhedral and N_; 1i(Cy,) NE;yy Cr, # 0. If fi
satisfies condition (c) of Definition 2.1, then so does f. If f1,..., f; satisfy condition
(d) of Definition 2.1 or (2.5), then so does f. If fi is a B-function, fa,...,f; are
continuous on Cy = NE_ Cy, and satisfy condition (d) of Definition 2.1, then f is a

B-function. In particular, f is a B-function if so are fy,..., f;.
(b) Let fi,...,f; be B-functions such that NI_;1iCy, # 0. Then f = max;=1; fi is a
B-function.

(c) Let f, be a B-function and let f; be a closed proper convex function such that Cy, C
riCy,. Then f = fi+ f, is a B-function.

(d) Let fi,...,fn be closed proper strictly conver functions on IR such that L} (t,a) is
bounded for any t,a € R, 1 = 1:n. Then f(z) = X%, fi(z:) is a B-function.

Lemma 2.5. Let h be a proper conver function on R. Then L}(z, ) is bounded for each
z€CHL and a € R iff Chpo = Chs.

Examples 2.6. Let 9 : R — (—o0,00] and f(z) = ¥, ¥(z;). In each of the examples,
it can be verified that f is an essentially smooth B-function.

1 [Eck93]. ¥(t) = |t|*/afort € Rand a > 1,i.e., f(z) = ||z||3/a. Then f*(-) = ||||g/ﬂ
with a + 8 = aff [Roc70, p. 106]. For a@ =1/2, f(z) = |z|¥2 and Dy(z,y) = |z — y|¥2.

2. Y(t) = —t*Yaift > 0and a € (0,1), Y(t) = 0 if t <0, ie., f(z) = —||z]2/e if
z > 0. Then f*(y) = —||y||g/ﬂ fy<Oand a+ B = af, f*(y) = o if y £ 0 [Roc70,
p. 106].

3 (‘zlog z’-entropy) [Bre67]. ¢(t) =tlnt if ¢ >0 (0Iln0 = 0), (¢) = oo if ¢ < 0. Then
f*(y) = =%, exp(y; — 1) [Roc70, p. 105] and Dy(z,y) = %, z;In(z:/y:) + y: — z; (the
Kullback-Liebler entropy).

4 [Teb92]. ¥(t) =tlnt —tif t > 0, ¢(t) = co if ¢ < 0. Then f*(y) = %, exp(y:)
[Roc70, p. 105] and Dy is the Kullback-Liebler entropy.

5 [Teb92]. ¥(t) = —(1 —3)Y2if t € [-1,1], ¥(t) = oo otherwise. Then f*(y) =

L1(1+y})Y? [RocT0, p. 106] and Dy(z,y) = Ty i — (1 =}/ on [-1,1]" x
(—1,1)".

6 (Burg’s entropy) [CDPI91]. () = —Intift > 0, () = oo if ¢ < 0. Then
f*/(y)}z —n—3i In(—y:) ify <0, f*(y) = o0 ify £ 0, and Dy(z,y) = — i, {In(zi/y:) -
zi[yi} —n.

7 [Teb92]. #(t) = (et —t*)/(1 — ) if t > 0 and a € (0,1), P(t) = 00 if ¢t < O.
Then f*(y) = 04(1 — 4i/B)* for y € C; = (00, B)", where 8 — a = af. For a = 1,
Di(z,y) = Ll (=i — ") ui"”.

i=1



Examples 2.7. In both examples, it can be verified that f is a cofinite B-function.

1. f(z) = Xt ,zilnz; if £ > 0 and Y7 2; = 1, f(z) = oo otherwise (cf. Lemmas
2.3(b) and 2.4(a)). Then f*(y) = In(X %, exp(y:i)) [RocT0, pp. 148-149].

2. f(z) = —(a® = [z|)2if |z| < @, @ 2 0, f(z) = 00 if |z| > . (Here (2.5) fails if
n>1and a > 0.) Then f*(y) = (1 + |y|?)*/? [Roc70, p. 106].

We make the following standing assumptions about problem (1.1).

Assumption 2.8. (i) f is a (possibly nonsmooth) B-function.
(ii) The feasible set X = {z € Cj: Az < b} of (1.1) is nonempty.
(iii) (~ATP)Nimdf # 0, where P = RT.

This assumption is required in [Bre67, CeL81, DPI86], where the condition (—A7P) N
imdf # 0 is only used to start algorithms. We now exhibit important implications of this
condition for the usual dual problem of (1.1) (missing in [Bre67, CeL81, DPI86]). The
dual problem, obtained by assigning a multiplier vector p to the constraints Az < b, is

maximize q(p), (2.6a)
subject to p >0, (2.6b)

where ¢ : R™ — [—00,00) is the concave dual functional given by
q(p) = inf{f(z) + (p, Az — b)} = — f*(—A"p) — (p,}). (2.7)

The dual problem (2.6) is a concave program with simple bounds. Weak duality means
sup,ep (p) < infzex f(z). The following lemma is proven in the Appendix.

Lemma 2.9. Let f be a closed proper essentially strictly convez function, (—AT) " 1imdf #
0 and C, = {p: q(p) > —oc}. Then q is closed proper concave and continuously differen-
tiable on

C,={p:-ATpecimdf} = {p: Argzrnin[f(a:) + (p, Az)] # 0},
imdf = Cs and Vq(p) = Az(p) — b for any p € Co'q, where

z(p) = Vf*(-ATp) = arg min{f(z) + (p, Az)} = (8f) (- A"p) (2.8)

is continuous on é'q. Further, —q is essentially smooth, so that ¢'(p+t(p—p),p—p) | —oc0
ast 11 for any p € C; and p € bd C,.

The first assertion of Lemma 2.9 is well known (cf. [Fal67]). The final assertion will be
used to keep our algorithm within Cy, where ¢ is smooth. For each p € C; N P, we let

r(p) = Vq(p) = Az(p) — b. (2.9)

Note that z(p) and p solve (1.1) and (2.6) if
p=1[p+r(p)ls (2.10)
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Indeed, then r(p) <0, p > 0, {,(p)) = 0 and —ATp € Df(a(p)) by (28).

In the kth iteration of our method for solving (2.6), given p* € C; N P, a coordinate ix
such that r;, (p*) > 0 (or < 0) is chosen and p;, is increased (or decreased, respectively) to
increase the value of ¢, using the fact that r;, (p) is continuous around p* and nonincreasing
in p;,, since q is concave. We let (cf. (2.8) and (2.1)-(2.2)) z* = z(p*),

¢t = — AT € 0f(a*), (2.11)
Di(z,2%) = f(z) — f(z*) - (¢*,o — 2*) Va. (2.12)
Algorithm 2.10.

Step O (Initiation). Select an initial p' € PN C,, relazation bounds wmi, € (0,1) and
Wmax € [1,2) and a relazation tolerance kp € (0,1]. Set z' = z(p') by (2.8). Set k = 1.

Step 1 (Coordinate selection). Choose ix € {1:m}.
Step 2 (Direction finding). Find the derivative ¢;(0) of the reduced objective

qk(t) = q(pk(t)) with pk(t) =pF +te* VteR. (2.13)

Step 3 (Trivial step). If ;(0) = 0, or ¢;(0) < 0 and pf =0, set ¢, = 0 and go to Step 5.
Step 4 (Linesearch). Find t; > —pf such that p*(¢;) € Co'q and
(1) if g4(0) > 0 then wk € [Wmin, Wmaxl;
(i1) if ¢;(0) < 0 then either wx € [Wmins Wmax], OF Wk € [0, Wmin) and tx = —pf-‘k;
and

q(p*(te)) — a(p") > kp D5(2(p*(te)),2%) if wi > 1, (2.14)
where

wi = [q(0) — gk (tx)]/qk(0)- (2.15)

Step 5 (Dual step). Set pF+! = p*(tx), 2! = z(p**+?), increase k by 1 and go to Step 1.

A few remarks on the algorithm are in order.

Step 0 is well defined, since P N Co'q # 0 by Assumption 2.8 and Lemma 2.9. Suppose
pt € PN C, at Step 1. By (2.13) and Lemma 2.9, ¢,(-) = r;,(p*(-)) is continuous and
nonincreasing on the nonempty open interval T° = {t : p*(t) € C,}. Step 4 chooses
p*(tx) > 0, since —p,’-‘k = inf k(>0 t. To see that Step 4 is well defined, suppose ¢;(0) > 0
(the case of ¢;(0) < 0 is similar). Let ¢} = sup,epot and T' = {t € T? : 0 < q;(t) <
(1 = Wmin)qi(0)}. Tt suffices to show that T" is a nontrivial interval. If ¢? is finite then
qx(t) | —oo as t 119 by Lemma 2.9, whereas if ) = oo then, if we had g,(t) > € for some
fixed € € (0, (1 — wmin)gk(0)] and all t > 0, ¢(p*(t)) = q(p*) + f5 ¢L(0)dO — o0 as t — oo
would contradict the weak duality relation supp ¢ < infx f. Hence, using the continuity
and monotonicity of g; on T, the required #; can be found, e.g., via bisection. Note that
tkq)(te) > 0 iff wp <1 (gx is monotone), where wy =1 if £, = 0. To sum up, by induction
we have for all &

e Pnd,, (2.16)

tkq;c(tk) 2 0 if Wi S 1. (217)
We make the following standing assumption on the order of relaxation.

Assumption 2.11. Every element of {1:m} appears in {i;} infinitely many times.



3 Convergence

We shall show that {z*} converges to the solution of (1.1). Because the proof of conver-
gence is quite complex, it is broken into a series of lemmas.
We shall need the following two results proven in [TsB91].

Lemma 3.1 ([TsB91, Lemma 1]). Let h : R* — (—o00,00] be a closed proper convex
function continuous on Cy. Then:
(a) For any y € Ch, there exists € > 0 such that {z € Cy : |z — y| < €} is closed.
(b) For any y € Cy, and z such that y + z € Ch, and any sequences y* — y and 2* — 2
such that y* € Cy and y* + 2* € Cy for all k, we have limsup,_,_ h'(y*;2¥) <

W(y; 2).

Lemma 3.2. Let h : R" — (—00,00] be a closed proper convez function continuous on
Chr. If {y*} C C4 is a bounded sequence such that, for somey € Ch, {h(y*)+h'(y*;y—y*)}
is bounded from below, then {h(y*)} is bounded and any limit point of {y*} is in C}.

Proof. Use the final paragraph of the proof of [TsB91, Lemma 2]. [
Lemmas 3.1-3.2 could be expressed in terms of the following analogue of (2.1)
Di(z,y) = f(z) = f(y) — f'(y;x —y) Vz,y€Cy. (3.1)

Lemma 3.3. Let h: R" — (—o00,00] be a closed proper strictly convez function contin-
wous on Ch. If y* € Cr and {y*} is a bounded sequence in Cy such that Dj(y*,y*) — 0
then y* — y*.

Proof. Let y* be the limit of a subsequence {y*}rex. Since h(y*) + A'(y*;y* — y*) =
h(y*)—D}(y*, y*) = h(y*), y*° € Cr by Lemma 3.2 and h(y*) X, h(y®®) by continuity of h
on Cj. Then by Lemma 3.1(b), 0 = liminfrex D (y*, v*) > h(y*) —h(y®) =k (y>°; y* —y*)
yields y® = y* by strict convexity of h. Hence y* — y*.
Using (2.9) and (2.16), we let
r* = Vq(p*) = Az* —b. (3.2)

By (2.7), (2.8), (2.13), (1.2), (2.11), (22), (2.12) and (3.1), for all k

a(p*) = f(z*) + (p*, Az* — b), (3:3)

zF € Cpy C Cy, (3.4)

gi(0) = vk, = (a*,2*) — by, (3.5)

gi(te) = i = (a*, M) — by, (3.6)

0 < Di(z,2*) < D}(z,2¥) < Dk(z,2%) < DY(z,2*) Va. (3.7)



Lemma 3.4. Let AF = q(p**') — q(p*) for all k. Then:

Ak = Di(a*H, 2*) + teqi(th) > wpDf(z*,2%) 2 0V, (3.8)
Z D’}(m"“,mk) < Z A:/KD < 00, (3.9)
Z|tqu ()| 1+1/nD)ZAk < o, (3.10)
k=1
q(pk) < f(z) — Df(a:,:ck) < f(z) - Dt}(m,mk) < f(z) Vze X, Vk (3.11)

Proof. Using (3.3), (3.2), (2.11), (2.12), (3.6) and p**! = p* + txe’*, we have
(1, Ac**1 — b) — (p*, Az* — b)

Aq (&) = f(=*) +

_ f(xk+1) _ f(a:k) + <pk,Amk+1 _ Amk> +<pk+1 _pk’Amk+l _ b>
(™) = f(z7) +
(

Il
S~

<ATpk’mk+1 _ mk> + <pk+1 _ pk’ 7Jc+1>
$k+1) _ f(mk) + <gk’mk+l _ zk>] +ty <eik’rk+1>
D(z**, 2%) + tigi(t),

so (3.8) follows from (2.14) and (2.17), since kp € (0,1] and D%(z**1,z%) > 0 VE (cf. (3.7)).
Then by summing (3.8), we get (3.9)-(3.10) from Y 32, A" = hrnk_.oo q(p*) — q(p") <

infx f—q(p'), using supp ¢ < infx f. Infact forz € X, < ",A:c — b> < <p ,Az* — Az> =

- <ATpk,:1: - mk>, since Az < band p* > 0 (cf. (2.16)), so by (3.3), (2.11), (2.12) and (3.7),
q(*) < f(z5) + <—ATpk,a: > f(z) = Dj(z,2*) < f(z). 0O

Lemma 3.5. {z*} is bounded and {z*} C Ll(z, f(z) — q(p')) Vz € X.

Proof. Let z € X. Since {q(p*)} is nondecreasing, (3.11) yields Db(a: z*) < f(z) — q(p*)
for all k, so by (3.4), =¥ € L}(z, f(z) — ¢(p')), a bounded set by Definition 2.1(c). O

Lemma 3.6. {f(z*)} is bounded and every limit point of {z*} is in Cj.

Proof. Let z € X. By (3.1), (3.7) and (3.11), f(z*) + f'(z*,z — 2¥) > f(z) — D%(z,z¥) >
q(p*) > q(p') for all k, so the desired conclusion follows from the continuity of f on C;
(cf. Definition 2.1(b)), {z*} C C; (cf. (3.4)) and Lemmas 3.5 and 3.2. [I

Lemma 3.7. zFt! — zF — 0.

Proof. If the assertion does not hold, then (since {z*} is bounded; cf. Lemma 3.5) there
exists a subsequence K such that {z*}1ex and {z*t1}1cx converge to some 2 and z%° + 2
respectively with z # 0. By Lemma 3.6, 2z € C; and z*° + z € Cy. By (3.1), (3.7) and
(3.8), Af > wp[f(a**!) — f(2*) — f'(zF; 2** — 2¥)], so from (3.9), the continuity of f on
C; (cf. Definition 2.1(b)) and Lemma 3.1(b), we get 0 = liminfyex AF > xp[f(z™ + 2) —
f(z®) = f'(z®;2* + z)], contradicting the strict convexity of f. O
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Lemma 3.8. r¥t! — % — 0 and q}(tx) — ¢4(0) — 0.

Proof. We have r**! — r¥ = A(z¥*! — 2¥) by (3.2), and q t(te) — qp(0) = rftt —rk by
(3.5)-(3.6), so the desired conclusion follows from z**! — 2* — 0 (cf Lemma 3. 7). O

Lemma 3.9. [pf +rf]y —pf — 0.

Proof. If the claim does not hold, there exist ¢ > 0 and an infinite K C {1,2,...}
such that |[pf +rk]y —pf| > € Vk € K. Thus for each k € K, either (a) rf > e or
(b) rf < —e and p?‘ > ¢, where rf = ¢;(0) by (3.5). Using (3.9) and Lemma 3.8, pick
k such AF < (1 — wmin)e? and |g;(0 )— @.(te)| < wmine Vk > k. Let k € K, k > k. Since
|g:(0)] > €, wk < Wmin (cf. (2.15)). Hence case (a) cannot occur, and for case (b) Step 4(ii)
sets tx = —p,. Thus t; < —e and g;(tx) < (1 — Wmin)gk(0) £ —(1 — Wmin)e, so, since g;(-)
is nonincreasing, ¢(p**') — q(p*) = [3* ¢i(7)dT > (1 — Wmin) €%, a contradiction. [

Lemma 3.10. {z*} converges to some *° € Cj.
Proof. We first show that for all &,
D'Jf“(x, ) 4 D'}(mk“, z*) — D'j(z,x") =1 <ai*, T — mk+l> Vz € Cj. (3.12)

By (2.12), the left side equals <g — gkt o — a:k+1>, where gF — gkt = AT(pF*! — p¥) =
tra'* (cf. (2.11)), since p*+! = p* + tye'.

Since {z*} is bounded (Lemma 3.5), a subsequence {z*/} converges to some z*° € C;
(cf. Lemma 3.6). Let I = {i : (a',z®) < b}, I- = {i : {(a’,z®) = b;} and I, = {3 :
{a*,z°) > b;}. Pick € > 0 for B(z*®,¢€) = {z : |z — z%°| < €} such that

<a",x> —b<—e Vi€l z € B(z%,¢), (3.13)
<ai,m> —b> € Viels, z € B(z%,¢). (3.14)

Suppose {z*} does not converge. Then there exists e, > 0 such that, for each j, z* ¢
B(z™, €4,) for some k > k;. Replacing ¢ by min{e, €.}, for each j such that z*/ € B(z*,€)
let kj = min{k > k; : 2**! ¢ B(z*,¢€)}, so that zF € B(z%,¢) for k € K’ = [kJ,k;]
Summing (3.12) for & = > and using D% (z**1, z%) > 0 (cf. (3.7)) gives

ki-1
DI; (%, 2%) < Df ® +kE tk< g — :ck+1> vj. (3.15)
k]

We need to show that the sum above vanishes. Let Ki ={k € K : i € I},
Ki ={keK’':i€I.}and K = {k € K : 4, € I,}. Since pf, > 0 Vk, Lemma
3.9 yields limsup, ., rf, < 0, where rf = <ai*,x’°> — b;, (cf. (3.5)), so there exists j
such that, for all j > j, and k > kj, rf < € and KI = 0 (otherwise 7y € Is and
gk € B(z*,¢) would give rE > e by (3. 14) a contradiction). Since ¢, (tx) — ¢.(0) — 0
(Lemma 3.8), there exists j< > j> such that qi(tx) < ¢i(0) + €/2 for all k > kj,
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j > jc. Then for j > jc and k = kj:k} — 1, ¢4(0) = (a*,z*) — b, < —e (cf. (3.5)
and (3.13)) and g¢.(tx) < —€/2 yield |tx <ai*,m°° —wk+1>| < ltellat*|e < 2|a’*||trqi(tr)],
using ¥t € B(z*,¢€). For each k € K1, (a'*,z®) = b;,, so qi(ty) = <ai",a:"+1 - :r°°>

(cf. (3.6)) and <ai*,:1:°° - xk“) = —1xqi(tx). Combining the preceding relations and

using K; = K2 U KZ U K2 and ©%2, |teqi(ts)]| < oo (cf. (3.10)) yields

1
kj—l

ot <ai",:v°° - :ck+1> <(1+ 26m?x|ai|) > ltgi(te)) 0 as j—o oo,  (3.16)
k=k; k=k;

Suppose £ # z for some z € X. Using 2% — z*° € C}, Definition 2.1(d) and Lemma
3.5, we get Dg.(:z:“’,:v"f) — 0 and Dl;’ (z®,z%) — 0 from (3.7). Then (3.15)-(3.16) yield

Df»’(x“,:vk;') — 0. Since D}(x”,mk;) — 0 (cf. (3.7)), 2= € Cy, {z*} is bounded in Cy,
and f is strictly convex and continuous on Cf (cf. Definition 2.1(a,b)), Lemma 3.3 yields
2% — z°°. Then z¢*! — ¥ — 0 (cf. Lemma 3.7) implies z¥t! — z°, contradicting
the fact %' ¢ B(z,€) for all j. Next, suppose X = {z*®}. Since {z*} is bounded,
we may assume without loosing generality that it converges to some z’. But z’ # z*
(since *i*! ¢ B(z*,€) Y7), so by replacing {z*} and z® with {<*} and z' respectively
and using * = ™ # 2’ in the preceding argument, we again get a contradiction. Hence
gk — 2. 0

Lemma 3.11. {z*} converges to some z® € X, [p*+r*], ~p* = 0, rF — r® = Az>® -},
<pk,r°°> — 0 and

<pk,Axk _ b> — <AT kogk — :L,oo> + <pk’roo> V. (3.17)

Proof. By Lemma 3.10, z¥* — 2 € C;. By (3.2), r* — r® = Az® — b. For any
i € {I:m}, K = {k : ix = i} is infinite by Assumption 2.11. Since limyeg rf <
limsupy_,, 7, < 0 (cf. Lemma 3.9), r® < 0. If r®® < 0 then [p§ +rf]y —pf — 0

(Lemma 3.9) and p* > 0 Vk yield pf £, 0, so in fact pf — 0 because pft! = p¥ if 1 # 1,

and hence [pf 4 r¥]; — pf — 0. Similarly, [pf + r¥]4 — p¥ — 0if r® = 0. Since ¢ was
arbitrary, r*® < 0 (i.e., Az*®> < b and z* € X), [pF +r*]; —pF — 0, pf - 0if r® < 0 and

<pk’r°o> = Z:r,‘-’°<0 rf"pf — 0. Since
<pk,A$k — b> = <pk,Axk _ A$°°> + <pk,A:L'°° _ b> _ <AT k,:L'k _ :L'°°> n <pk,r°°>,
we have (3.17). 0

We may now prove our main convergence result.

Theorem 3.12. (a) Problem (1.1) has a unique solution, say z*, and z*¥ — z*.

(b) ¢(p*) 1 supp ¢ = miny f, i.e., strong duality holds, under either of the following
conditions:

11



() X # {=");

(ii) Condition (2.5) holds, i.e., Ca; D {y*} — y* € C; = Dg.(y*,yk) —0;
(ili) clCy is a polyhedral set and there exist ¢ > 0 and o € IR such that gyp,)((z -
y)/|z—y|) € a for all z,y in C;NB(z* ¢), where B(z*,¢) = {z : |[z—2*| < €};
(iv) clCy is a polyhedral set and there exist € > 0 and a € R such that |f'(y; (¢ —

y)/lz —y|)| < a Vz,y € Cy N B(z*¢).

(c) Every limit point of {p*} (if any) solves the dual problem (2.6). In particular, if
Slater’s condition holds, i.e., AZ < b for some & € Cj, then {p*} is bounded and

q(p*) 1 maxp ¢ = miny f.

Proof. (a) By Lemma 3.11, {z¥} converges to some z*° € X and <p’°,r°°> — 01in (3.17).
Hence (3.3), (2.11), (2.12), z* € Cy and (2.1b)-(2.2) imply

a(p) = f(a*)+(-ATp" 2 - o) + (p",r>)
= f(a®) = Dj(a=32%) + (1)
> [(z) = Dj(aiat) + (p,r) = f(=) (3.18)

if X # {z*}, since Dg-(x“;a:k) X, 0 from Definition 2.1(d) and Lemma 3.5 with z €
X\ {z=}. Then f(z*®) < limp_o q(p*) < suppq < infx f and z®° € X yield z*° €
Argminy f and ¢(p*) T suppq = miny f. Otherwise X = {z*°}. Because the solution of
(1.1) is unique by the strict convexity of f (Definition 2.1(a)), *° = z*.

(b) As shown above, condition (i) yields (3.18), which also holds under condition (ii).
Condition (iv) implies (iii) (cf. (1.2)). Hence (3.18) will yield the desired conclusion as in
part (a) if we show that Duf(x“;xk) — 0 under condition (iii). Let y* = 2z* — 2>, so
that y* — zF = z*¥ — . By Lemma 3.1(a), we may shrink € to ensure that C; N B(z*, €)
is closed. Since clC; is a polyhedral set and z* — z in Cy, there exists p € (0, €] such
that for all large k, y* = 2(z* — 2°) + 2% € TN B(0, 1) + 2* C C; N B(z*,¢€), where T
denotes the tangent cone of Cy at . Then o4 ((z* — 2%)/|z* — 2%|) = 050 ((¥* -
z¥)/|y* — 2*|) < @ and gk (zF — 2°) < alz* — 2| yield limsupy_, D%(z*,z*) <
f(2%®) — liminfy—o f(z*) < 0 (cf. (2.1b), ¥ — 2> and closedness of f), so (cf. (3.7))
D‘uf(a:""; z¥) — 0 as desired.

(c) Suppose a subsequence {p*}rcx converges to some p®. By (2.16), p*° € P. Then
—ATp® € 3f(z*) from —ATpk € 9f(a*) (cf. (2.11)), i.e., f(2) > f(2*) — <ATp’°,a: — a:k>
Vz with ¢¥ — 2%, f being closed and ATp* — ATp®. Thus p® € C, by Lemma 2.9.
Since [p* +r*¥]4 —p* — 0 (cf. Lemma 3.11), p*™ satisfies the optimality condition (2.10) for
(2.6). Under Slater’s condition, the set P* of Kuhn-Tucker multipliers of (1.1) is nonempty
and bounded, P* = Argmaxp ¢ and maxp ¢ = miny f (cf. [GoT89, Thm 1.3.5] or [Roc70,
Cor. 29.1.5]). Hence {p € P : q(p) > ¢(p")} is bounded (cf. [Roc70, Cor. 8.7.1]), and so is
{p*}, since {q(p*)} is nondecreasing. Thus ¢(p*) T f(z*). O
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4 Bregman’s projections and overrelaxation

We now relate Bregman’s projections [Bre67, CeL81] with exact linesearches. Let H* =
{z : (a*,z) = b;;}. By (2.13) and (2.9),

6i(t) = (2" (1) b i P €L, (4.1)
We say that #¥+1 is the DX (-, z¥)-projection (cf. (2.12)) of z* on H* with parameter i if
#**! = argmin{D}(z,2*) : £ € H*} = arg min{ f(z) + <ATpk,3:> : <ai*,x> =b,} (4.2)

and fy is the Kuhn-Tucker multiplier of (4.2). In other words, since ATp* + fya'* =
ATpH (),

gkt = a.rgxmin{f(:v) + <ATpk(fk),:v>} and <ai*,:ik+1> = b;,. (4.3)

Lemma 4.1. (a) If (4.3) holds then p*(ix) € C, and ql(&x) = 0, i.e., & mazimizes ;.
(b) If qL(f) =0 for some t then (4.3) holds with t, =1 and #*+! = z(p*({x)).
(c) If ¢.(0) >0 (< 0) and qi(t) < 0 (> 0) for some t then (4.3) is well defined for some
tr > 0 (< 0 respectively).

(d) For any a € R, the level set {z : D(z,z*) < a} is bounded.

(e) If H* N Cy # 0 then 3% is well defined by (4.2).

(f) If H*O1iC; # 0 then ¥t is well defined by (4.2) and (4.3) holds for some {y.

(g) If H*Nr1iC; # 0 and Co; =1iCy (e.g., f is essentially smooth) then %! € ri Cy.

Proof. If (4.3) holds then —ATp*(f}) € f(2**!) [Roc70, Thm 23.5], so p*(i}) € €, and
¥+ = z(p*(#x)) by Lemma 2.9 and ¢, (%;) = 0 by (4.1). Similarly, (b) and (c) follow from
Lemma 2.9, (4.1), the monotonicity and continuity of ¢; and the strict convexity of f. As
for (d), by (2.11), (2.12) and the strict convexity of f, {z : D(z,z*) < 0} = {z*}, so
D%(-,z¥) has bounded level sets by [Roc70, Cor. 8.7.1]. Then (e) follows from the lower
semicontinuity of f and D%(:,z*), (f) from [Roc70, Thm 28.2] and (g) from [Roc70, Thm
28.3]. O

Remark 4.2. The proof of (d) above shows that the requirement on £#(§, @) in condition
(iv) of Definition 2.2 is a consequence of conditions (i)-(iii) (since £2(g,0) = {§}). This
fact, implicit in Bregman’s original work [Bre67], has been ignored in its follow-up [CeL81].

We now turn to overrelaxation. It follows from (3.8) that
A¥ > kpDi(z*,2*) = tigi(ts) = (kp — 1) D", 2F)
— (ICD — I)A: < nDtkq;(tk). (4.4)

Depending on which quantities are computed, any of these conditions can be used at Step
4 (cf. (2.14)). The third condition occured in the quite abstract framework of [Tse90],
where the case of a quadratic f required considerable additional effort. Generalizing an
idea from [DPI86], we now give another useful condition based on the following
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Lemma 4.3. For all k, wiAF = (1 — wi)DiM (a*, 2*41) + Di(aF+1, 2*).
Proof. By (2.15), wiqi(tx) = (1—wi)[g4(0) — gk (tk)], and by (3.5), (3.6), (2.11) and (2.12),
LIGL(O) — gu(t)] = te{ai,z¥ — o+1) = (AT - AT gk — g
= Dlj“(a:k, 1) 4 D'}(mk“, ),
$0

ka;‘ = witrqi(ts) + ka'}(a:k“,xk) = (1 — wi)tr[qr(0) — qr(te)] + ka’f’(a:k“,xk)
= (1 —w)[DFF (¥, a*) + D™, 2%)] + wi DY (e, 2F),

where the first equality follows from (3.8).

Let wmax € (1,2), ep € [0, 3}‘7‘;’?}‘1‘) and ¢4 = 1+ (1 4+ €p)(1 — Wmax), so that e; > 0.
Condition (2.14) may be replaced by

D (%, 2" < (1 + ep) Di(a*,2%) if wi > 1, (4.5)
since
2AF > Wi AL > [(1—wi)(1 +ep) + l]Dl}(a:k“,xk) > e Df(z¥,2*) if wp>1 (4.6)

by Lemma 4.3 and the choice of €4, so (2.14) holds with kxp = €4/2, as required for
convergence. If f is a strictly convex quadratic function then Ds(z,y) = Ds(y,z) (cf. (2.3))
for all z and y [DPI86], whereas by (2.11) and (2.12), D%(-,2*) = Dy(-,2*). Thus in the
quadratic case conditions (4.5) and (4.4) hold automatically (for some €4, kp > 0).

5 Convergence for essentially smooth objectives

Generalizing the analysis in [Tse91, LuT92b], let us now replace Assumption 2.8 by

Assumption 5.1. (i) f is closed, proper and essentially strictly convex.

(i1) Caf = Cf

(iii) Cyo D {y*} = y* € bd Cpe = f*(y*) — oo

(iv) The feasible set X = {z € C; : Az < b} of (1.1) is nonempty.

(v) p* € P is such that —ATp! € im0 and the set ATL, is bounded, where £, = {p €
PnC,:q(p) > a(p")}-

If f is essentially smooth then (i) yields (ii) (cf. [Roc70, Thm 26.1]). In general, (i)
implies that f* is essentially smooth (cf. [Roc70, Thm 26.3]), so Cpse = Cy- (cf. [Roc70,
Thm 26.1]) and Vf* is continuous on Cy. (cf. [Roc70, Thm 25.5]). Since f* is lower
semicontinuous, (iii) holds if Cy» = Cf' and conversly (iii) yields Cy. = C'f. (otherwise
let y* € Cy+ \ Cy» and y € Cy+ to get (cf. [Roc70, Thm 6.1 and Cor. 7.5.1)) limey f*((1 —
t)y + ty*) = f*(y*) < oo, contradicting (iii)). Thus under Assumption 5.1, Lemma 2.9
holds with C, = C, and conditions (ii)-(iii) of Assumption 2.8 hold, but f need not
satisfy conditions (a)-(d) of Definition 2.1. Yet the proofs of Lemmas 3.5-3.7 and 3.10
and Theorem 3.12 can be modified by using the following results.
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Lemma 5.2 ([Tse91, Lemma 8.1]). Let h be a proper convez function on R™, E be an
n X m matrix, ¢ be an m-vector, and P be a convex polyhedral set in R™. Let §(p) =
h(Ep) + (c,p) Vp € R™. Suppose infp § > —oo and the set {Ep : p € P,G(p) < €} is
bounded for each £ € R. Then for any £ € IR such that the set {p € P : G(p) < €} is
nonempty, the functions p — h(Ep) and p — {c,p) are bounded on this set.

Proof. This follows from the proof of [Tse91, Lem. 8.1]. O

Lemma 5.3. If Assumption 5.1 holds, then: .
(a) p* € L,, —ATp* € (-ATL,) C Cy+ and 2* = V f*(—ATp*) € C; Vk.
(b) {ATp*}, {f*(—ATp*)} and {<b,p’°>} are bounded.
(c) {z*} is bounded.
)

(d) {f(z*)} is bounded and every limit point of {z*} is in éf. Moreover, if a subsequence

{2*}rerL converges to some z* then ™ € éf, f(zF) L, f(z*) and Di(x“,xk) L,

0.
(e) k! —zF — 0. .
(f) The set P* = Argmaxp q is nonempty and P* C (.

Proof. (a) Since {g(p*)} is nondecreasing, this follows from p*¥ € PN Co'q (cf. (2.16)),
Lemma 2.9 with —ATp* € 8f(z¥) for all k and Assumption 5.1(ii).

(b) Apply Lemma 5.2 to —¢, using part (a) and supp ¢ < infx f < oco.

(c) Let y* = —ATp*, so that ¥ = V f*(y*) Vk. Suppose |z*| L, o for a subsequence
L of {1,2,...}. Since {y*} is bounded (cf. part (b)), there exist y* and a subsequence
K of L such that y* = y*. Since {y*} c éf- (cf. part (a)) and {f*(y*)} is bounded
(cf. part (b)), y° € Cy (cf. Assumption 5.1(iii)). But Vf* is continuous on Cj., so
zk L g = Vf*(y™), contradicting |z¥| X, 0. Hence {z*} is bounded.

(d) Let ¥ - z°. As in part (c), we deduce that 2 = Vf*(y*) with y>® € Cj..
Thus y* € df(z>) (cf. [Roc70, Thm 23.5]), so z*° € éf (cf. Assumption 5.1(ii)). Invoking
Lemma 2.3(a), we get f(z*) - f(z°) and Dg,(a:‘”,:c") L, 0. Hence, since {z*} is
bounded, so is {f(z*)} (otherwise we could get a contradiction as in part (c)).

(e) If the assertion does not hold, then (cf. parts (¢)-(d)) there exists a subsequence K
such that {x"}ke;\' and {z**1},cx converge to some 2™ € Cy and z°+ 2z € C; respectively
with z # 0, f(z¥) 55 f(z*°) and f(z**!) 25 f(z* + z). Then z¢1 — zF 55 2 yields
limsupyeg f'(z5;2%+! — 2*) < f'(2%; 2) (cf. [Roc70, Thm 24.5]). But (cf. (3.1), (3.7) and
(3.8)) Af > kp[f(z*!) — f(a*) — f'(z*; 2"+ — 2¥)], so (cf. (3.9)) 0 = liminfrex AF >
kp[f(z® + 2) — f(z*) — f'(z®; 2> + 2z)] contradicts strict convexity of f on éf C Coay
(cf. Assumption 5.1(a)).

(f) This follows from [Tse91, p. 429]. (1

Parts (c)-(e) of Lemma 5.3 subsume Lemmas 3.5-3.7.

Proof of Lemma 3.10 under Assumption 5.1. We only modify the argument following
(3.16). By Lemma 5.3(d), % — 2z € C; yields Dg(x“,xki) — 0. Then D_’f(:c°°,:1:k§) — 0
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as before. Suppose a subsequence {z*i }jes converges to some z' # z*°. By Lemma
5.3(d), f(z*) =L f(z') and 2’ € Cy. Then lim SUD;ey fi(z¥;2% — 28) < fi(z'; 2 — &)
(cf. [Roc70, Thm 24.5]), so (cf. (3.1)) 0 = liminfje;s Dy(z>,2") > f(z*) - f(a) -
fl(z';2%° — 2') with z*° € Cy and 2’ € Cy contradict strict convexity of f on Cy C Cay
(cf. Assumption 5.1(a)). Therefore, z*1 — £, The rest of the proof goes as before. [

Theorem 5.4. If Assumption 5.1 holds, then: .
(a) Problem (1.1) has a unique solution, say z*, in Cy and z* — z*.

(b) ¢(p*) 1 maxp ¢ = miny f.
(c) Every limit point of {p*} (if any) solves the dual problem (2.6). In particular, if
Slater’s condition holds then {p*} is bounded and q(p*) T maxp ¢ = miny f.

Proof. (a) Apply Lemma 5.3(d) to (3.18) in the proof of Theorem 3.12(a).
(b) Proceed as for part (a) and invoke Lemma 5.3(f).
(c) Use the proof of Theorem 3.12(c). O

Remark 5.5. Assumption 5.1 ho}ds if fis closed proper essentially strictly convex and
essentially smooth, Cs« = Cye, Cy N X # 0, where X = {z : Az < b}, and the set
{z € X : f(z) < a} is bounded for all @ € IR. This can be shown as in [Tse9l,
p. 440]. Also Assumption 5.1 holds if Cy« = Cys, f* is strictly convex differentiable
on Cy-, Argminy f # 0 and X NriC; # 0. This follows from the analysis in [LuT92b]
(use Lemma 5.2 instead of [LuT92b, Lem. 3.3] and observe that Cs; = Cy).

6 Convergence under a regularity condition
Let us now replace Assumption 2.8 by the following

Assumption 6.1. (i) f satisfies conditions (a)-(c) of Definition 2.1.
(i1) X NriCy # 0, where X = {z : Az < b}.
(iii) (—ATP)Nimdf # 0, where P = RY.

Condition (ii) is stronger than Assumption 2.8(ii), but f need not satisfy condition (d)
of Definition 2.1. To modify the proofs of Lemma 3.10 and Theorem 3.12, we shall need

Lemma 6.2. Let h : R® — (—o00,o0| be a closed proper convezx function continuous
on Cp. If {y*} is a sequence in C) convergent to some y* € C} such that for some

z € 1iCh, a € R and §* € Oh(y*), h(z) — h(¥*) - <§k,m~yk> < a for all k, then
h(y*) — h(y*) = (§*,v* — yv*) = 0.

Proof. For all k, let Df(y,y*) = h(y) — h(y*) —- <g",y - y">, where g* is the orthogonal
projection of §* onto the linear span £ of C — z, so that y — y* € £ and <§k,y — yk> =
<§k,y - yk> for all y € C. Since D¥(-,y*) > 0 by convexity of &, we need to show that
lim sup;_,o, D¥(y*,y*) = 0. If this does not hold, there exist ¢ > 0 and a subsequence
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K of {1,2,...} such that Df(y*,y*) > e Vk € K. We have |g| X (otherwise, for
some B € R and a subsequence K’ of K, |g¥| < B for all k € K’ and h(y*) — h(y*)
(cf. continuity of k on C}) would yield limgex Df (y*,y¥) = 0, a contradiction). Hence we
may assume that §* = g*/|g*| converges to some §> as k X, . Clearly, |g*°| = 1 and
§® € L (L is closed). For any y € Cj, taking the limit of h(y) > A(y*) + <§",y - y">
divided by |g¥| yields (§°,y — y*) < 0. Similarly, k(z) — h(y*) — <§",:c - y"> < a for
all k yields (§®°,z —y*) > 0. Then z € C} and (§*°,y —y*) < 0 for all y € C}, imply
(§%°,z —y*) = 0 and (since |§*°| = 1 and §* € L) z ¢ ri C}, a contradiction. []

In the proof of Lemma 3.10 (after (3.16)), letting z € X Nri C; (cf. Assumption 6.1(ii)),
use % — 2% € Cy, continuity of f on Cy (cf. Definition 2.1(b)), the fact D}(z,z*) <
f(z) — q(p') Yk (cf. (3.11)) and Lemma 6.2 (cf. (2.12)) to get D%(z*,z%) — 0.

Theorem 6.3. If Assumption 6.1 holds, then:
(a) Problem (1.1) has a unique solution, say z*, in Cp; and z* — z*.
(b) q(p*) T maxp ¢ = miny f.
(c) Every limit point of {p*} (if any) solves the dual problem (2.6). In particular, if
Slater’s condition holds then {p*} is bounded and g(p*) T maxp ¢ = miny f.

Proof. Using the proof of Theorem 3.12(a) and the argument preceding our theorem, we
have z¥ — z° and D%(z%,2*) — 0, so (cf. (3.18)) q(p*) T f(z*) yields 2 = z* as before.
Since X N ri Cs # 0 (cf. Assumption 6.1(ii)), z* € Cpy and maxpq = f(z*) (cf. [RocT70,
Cor. 28.3.1 and Cor. 28.4.1]). This yields parts (a) and (b). For part (c), use the proof of
Theorem 3.12(c).

7 Additional remarks

Equality constraints may be handled directly (instead of converting equalities into pairs
of inequalities). Consider problem (1.1) with equality constraints Az = b. Then X =
{z € C;: Az = b} and P = R™ in Assumption 2.8, (2.6b) is deleted, and (2.10) becomes
r(p) = 0. Thus p is no longer constrained at Step 4. It is easy to verify the preceding
convergence results. In the proof of (3.11), Az = b yields <p’°, Az* — b> =— <ATpk, T — :L‘k>
as before. In Lemma 3.9, rf‘k — 0 can be shown as before by using wi € [Wmin, Wmax] for all
k. Then s* = 0 in Lemma 3.11. Extension to the case of mixed equality and inequality
constraints is straightforward.

Following [TsB91, Tse90], let us now assume that f is closed, proper, strictly convex,
imdf = Cp = Cso = R™ (cf. [Roc70, Thm 25.5]) and C, = C, = R™. Moreover,
f satisfies conditions (a)-(b) of Definition 2.1; we now show that condition (c) holds
automatically by using the following result of [TsB91].

Lemma 7.1 ([TsB91, Lemma 2]). Let A : R* — (—o00,00] be a closed proper convez
function continuous on C} and cofinite. If {y*} is a sequence in C) such that, for some
y € Ch, {R(y*)+ ' (y*;y —y*)} is bounded from below, then {y*} and {h(y*)} are bounded
and any limit point of {y*} is in Cy.
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Lemma 7.2. If f is closed proper conver, continuous on C; and cofinite, x € C; and
a € R, then the sets Li(z,o) = {y € C; : Dy(z,y) < o} and L}(z,a) = {y € Co; :
D;(:c,y) < a} are bounded.

E’roof. Note that L}(z,a) C Li(z,a) (cf. (1.2), (2.1a) and (3.1)) and invoke Lemma 7.1.

As a corollary we list a simple result which improves on [DPI86, Thm 5.1].

Lemma 7.3. If f : R* — IR is strictly convex and cofinite then f is a B-function
satisfying condition (2.5). In particular, f is cofinite if limyz—o0 f()/|z| = oc0.

Proof. Condition (a) of Definition 2.1 holds by assumption. Invoke [Roc70, Thm 10.1}
for (b), Lemma 7.2 for (c), and Lemma 2.3(a) for (2.5). If limz— f(z)/|z| = co then
f(z) = (z,y) 2 {f(z)/I=] = ly[}z| = oo as |z] — co and hence f*(y) < oo for all y. [I

Lemma 7.3 confirms that if f is a strictly convex quadratic function then Theorem 3.12
holds (also under overrelaxation; cf. §4) with ¢(p*) 1 maxp ¢ (cf. Remark 5.5).

Remark 7.4. Suppose f(z) = 3%, fi(z:), where each f; is closed proper strictly convex
on R with £} (¢,a) bounded Vt,& € R. Then f is a B-function (cf. Lemma 2.4(d)) sat-
isfying condition (2.5) (cf. Lemma 2.3(d), Cy = [T, Cy, and D%(w,y) =y, Dﬂi(w;,y;)).
In particular, if each f; is also cofinite then £} (t, o) is bounded V¢, € R (cf. Lemma 7.2),
f is cofinite (f*(y) = X~ f7(yi) Vy) and Assumption 2.8 merely requires that X # 0, so
Theorem 3.12 holds with ¢(p¥) 1 supp ¢ = miny f if X # 0.

8 Block coordinate relaxation

We now consider the block coordinate relaxation (BCR) algorithm of [Tse90, §5.2].
Given the current p* € PNC, and z* = z(p*), choose a nonempty set I* C {1:m}. Let
I* ={ieI*:r¥ <0}and I¥ = {i € I* : rf > 0}, where r* = AzF —b. f I¥ = 1% =, set
p**! = p* and 21 = z*. Otherwise, let zF*1 be the solution and #¥, i € I* U I%, be the
associated Lagrange multipliers of the following problem with a parameter x4 € (0,1/2]

minimize fl@)+ Y pf <ai, a:> , (8.1a)
igIx
subject to <ai,:1:> <b Vielk, (8.1b)
<ai,:1:> <bi+uprf Viell. (8.1c)
Let
7wk if i € I*,
pitt =< pF+af ifieIf, (8.2)
ot otherwise.

18



Lemma 8.1. p**! € PN C, and z**! = z(p**) are well defined,

pitt = [pFt oMY, Vie IF, (8.3)
¥+ + r!‘“]+ - < [rft —rF] Vie I, (8.4)
(i, pH —p*) > 3 pk(b = (o, 241)) 2 0, (8.5)
ielk
Al = Dt(z** %) + <rk+1,pk+1 - p"> > Di(a**1,2%) > 0. (8.6)

Proof. Let ~ and X* denote the objective and the feasible set of (8.1) respectively. Then
Cpr = Cy and Cnn X* # 0, since for any z € X, A € (0,u) and y = (1 - Nz + X2k, y € C;
(z,2% € Cy; cf. (2.8)), (d',y) — b < Mk <O Vie I¥, (a',y) — b; < Ak < prk Vi e IF. By
(2.8) and [Roc70, Thm 28.3], z*¥ = arg min{A(z) : (a',z) < <a‘,x"> Vi € I*¥}, where the
feasible set and h have no direction of recession in common (otherwise the minimum would
be nonunique). Hence h and X* have no common direction of recession, so Argminy h # 0
(cf. [Roc70, Thm 27.3]). Since (8.1) is solvable and strictly consistent (Ch NX* £ 0), it has
a solution z¥*! and Lagrange multipliers ! (cf [Roc70 Cor. 29. 1 5]) satisfying the Kuhn-
Tucker conditions (cf. [Roc70, Thm 28.3]) = Tpe = [7r,k +7‘k+1]+a T = [”Ik +rk+1 ,urli]+,
0 € Af(z*)+ Tigre P?ai‘*'ZieIﬁuI: wFal, with r¥t1 = Azk+1 b, Then by (8. 2) pleP

and —ATp*1 € af(z*t), so p**! € PN C; and 25! = z(p**!) by Lemma 2.9. By the
Kuhn-Tucker conditions and (8.2),

(P =pr ) = Y (wF (M) —b)+ Y whurt 20,

i€l mk=0 il x¥>0

which yields (8.5). The equality in (8.6) follows from the proof of Lemma 3.4. Finally,
to prove (8.4), note that 7r1k = [7rIk + rk+1]+ and (8.2) yield (8.3). Since p**! > 0, we

also have I[Pk+1 + Tk+1] k+1| < |7‘k+1| Vi € I*, But r¥ = 0 and |rk+1| = |rk+1 - "|
Vi € I¥\ (I¥ U I¥), whereas for each i € I¥, since rf** < urf and p € (0,1/2], we have
[rtt) < et — "| Combining the preceding relations yields (8.4). [

Let us now establish convergence of the BCR method under Assumption 2.8 and
Assumption 8.2. Every element of {1:m} appears in {I*} infinitely many times.

In view of (8.6), Lemmas 3.4-3.8 hold with (3.10) replaced by

S M - pF) [ <23 Ak < oo, (8.7)
k=1 k=1
Lemmas 3.9-3.10 are replaced by the following results.
Lemma 8.3. |[p" +rif']y — pif'| — 0 and
li = < :
im supmax r; hirlsogp r'réa}xr 0. (8.8)
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Proof. This follows from (8.4) and r**! — r¥ — 0 (cf. Lemma 3.8).
Lemma 8.4. {z*} converges to some 2 € C;.
Proof. In the proof of Lemma 3.10, (3.12) and (3.15) are replaced by
D5t (z,2**) + D(z**, 2*) — Dli(a,a*) = <pk+1 —pk, A(z — :c"+1)> Vz € Cy,

k' -1
'

DP (z%,2%) < D¥ (2™, 2" +2<"+l Pt Az — 1))V, (8.9)

and we need only show that the sum above vanishes. Since lim SUP oo MaX;g k r¥ <0 by
Lemma 8.3, there exists j5 such that, for all j > j5 and & E [k;, k5), < "> —-b=rF<e
for all i € I¥ and I* N I, = @ (otherwise : € I¥ N I, and z* € B(z*,¢€) would give r¥ > ¢
by (3.14)). Now, I*N I, =0, (a',z*°) = b; Vi € I_ and Az>® — Az*+! = Az>® — b — rk+l

yield
(P — ot  Ala — o)) = — (P — g, ) T (T (a2 = b). (8.10)

i€lknlc

If i € I* I then (cf. (3.13)) 2% € B(z*,¢) yields {a’,2*) — b; < —€ and i € I%,
whereas ¢**! € B(z®,¢) yields —rf*! = b; — <a‘,xk+1> > ¢, so p¥t! = 0 by (8.3) and

Tiernr. Py < <rk+1,pk+1 - pk> /€ by (8.5). Hence (8.10) and (a*,z®) < b; Vi € I imply
k-1 o
> (oM —p¥, Az — o)) < (1+ max(bi — (o,2™))/c Z | (k2 ptt = pFY [ 0
k=k; tei k=k;

as j — 0o, using (8.7). This replaces (3.16) in the rest of the proof. [

Proof of Lemma 3.11 for the BCR method. In the original proof, note that, for any
i € {l:m}, K = {k : i € I*} is infinite by Assumption 8.2, and r{® = llmkexr M1 <
limsup,_, . rF*! < 0 (cf. Lemma 8.3). If 7° < 0 then [pf+! 4+ rft1], — pi*? X0 (Lemma
8.3) and p* > 0 Vk yleld pitt itk 0, so in fact p¥ — 0 because pf™' = pF if k ¢ K, and
hence [pf + rf] — p¥ — 0. The rest of the proof goes as before. [

We conclude that for the BCR method under Assumption 8.2, Theorem 3.12 holds
under Assumption 2.8, and Theorems 5.4 and 6.3 remain true; this follows from their
proofs. Following [Tse90, §5.1], we note that these results extend to eract coordinate
mazimization in which p¥*! € Argmax{q(p) : p > 0,p; = p¥ Vi ¢ I¥}. Specifically, if one
can find the solution z**! and Lagrange multipliers 7¥, i € I*, of the following problem

minimize fl@)+ 3 pf <ai,a:> , (8.11a)
igrx
subject to <ai,:1:> <b Vielk, (8.11b)

one may set pk+1—7r i € IF, k+1=pf-°,i¢1’°.
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A Appendix

Proof of Lemma 2.3. (a) This follows from [Roc70, Thm 24.7] if riCy = éf, and from
[GoT89, Thm 1.2.7] if C; = 0 (briefly, letting L be the linear span of C; — & for any
z € Cy, one defines fr(y) = f(Z + y) with 0fr(y) = 0f(£ +y) N L Vy € L, and applies
[Roc70, Thm 24.7] to fi, with Cy, # 0).

(b) Let y~ € S. There exist ¢ > 0 and 2z € R", 7 = 1:j, such that SN B(y* ¢
{y : (,y) < (#',y)}, where B(y*,¢) = {y : [y —y*| < ¢}. Forany y € SN B(y*,e¢
Oh(y) = {0} U {R42*: (z',y) = (2,3}, s0 an)(y — y*) = 0 and Dj (y*,y) = 0.

(c) We have h = hy + h,, where hq is polyhedral with C,, = R™ and hy = é¢,. Since
Oh = 0hy + Ohy (cf. [Roc70, Thm 23.8]), Dy = Dy + Dy,. Apply (a) to hy and (b) to k..

(d) By [Roc70, Cor. 7.5.1 and Thm 10.1], f is continuous on Cy. Let I = infyec, y
and ¢ = supyec, ¥y I y” € (I,¢) then Duf(y"‘,yk) — 0 by part (a). Suppose y* | y* = L.
By [Roc70, pp. 227-230], 0as¢,4(1) = f/(¥*5;1) | f'(y%1) € [—o0,00). If f'(y*;1) > —o0
then 0 < Dh(y*,v*) = f(y*) — F(¥*) + (¥* —y*)f(¥51) — 0. If f'(y";1) = —oo then
0< Duf(y*,yk) < f(y*) = f(y*) — 0 when f'(y*;1) < 0. The case y* T y* = c is similar. []

Proof of Lemma 2.4. For each part, checking conditions (a)—(b) of Definition 2.1 is
standard, so we only provide relations for verifying conditions (c)—(d).

(a) We have Cy = NE_,Cy,, 8f = Y%, i [Roc70, Thm 23.8] and Cpy = NE_,Cay,. Use
D% = 5%, D}, and (by nonnegativity of D},) L}(z,a) C NE, L} (z,a) Yz, a for condition
(c), and Duf = Y, Dy, for condition (d).

(b) We have C; = ni_,C}, and df(z) = co{0fi(z) : 1 € I(z)} for z € Cy and
I(z) = {i: fi(z) = f(z)} [GoT89, Thm 1.5.5], so Cay C Ul_,Csy,, 0as() = MaXici(.) 0as(-)s
Di(z,-) > maxicr(y D} (2,+) and LY(z,a) C UL, L} (z,) Va. If {y*} C Css converges to
y* € C; then, for all large k, I(y*) C I(y*) (by continuity of f; on C;) and D.uf(y*,yk) =
DZ(y*,yk) for some 7 € I(y*), so DE,(y*,yk) — 0.

(c) Asin (a), Cy = Cy,, 0f = 0f1 + 0fs, Coy = Cayp, (Coy, C Cp, C1iCy, C Cayy),
D% = D} + D22 > D} and Li(z,a) C L} (z,a). If {y*} C1iC}, converges to y* € ri Cy,
then D7 (y*,y") — 0 by Lemma 2.3(a).

(d) Using Lemma 2.3(d) and 8f = [[~, 8f;, argue as in part (a). (I

Proof of Lemma 2.5. Suppose Cje = Che. If L} (z,a/2) is unbounded for some = € Cy
and o > 0 then (cf. (2.1a)) there exist z¥ and v* € dh(z*) such that h(zk)+<7k,m - z"> >
h(z) — a, |2* —z| > 1 for all k and |2*| T co. Let &¥ = z + (2* — z)/|2* — z| for all k.
By convexity of k, £ € Cy and h(¢%) > R(2*) + <7",§" - zk>, so h(€F) > h(z) — a +
<7’°,£k - :1:> for all k. Suppose K C {1,2,...} is such that {zF}rex T 0o. Then {v*}rek is
nondecreasing (cf. [Roc70, pp. 227-230]), ¢* = z + 1 and <7’°,£’° - :1:> < h(E*) — h(z) + @
for all k € K, so there exists v € IR such that {7*}rex T 7. But h(z¥) + <7k,m - z"> >
h(z) — a means h*(7¥) < a—h(z)+ <’7k, m>, so in the limit 2*(7*°) < oo from closedness of
h*. Hence v° € Che = Ch. yields the existence in Cpe of ¥ > 4. Then —h*(f‘y)+<"y, z"> <
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h(z¥) < h(z)+ <7k, 2k — :1:> implies <'7 — 7, zk> < h(z)—h*(7)— <7k, a:> for all k. But the
right side tends to co as {k}rex — oo (since 7x < v < ¥), whereas (since {v*}rex T 1)
the left side is bounded, a contradiction. A similar contradiction is derived if {2*}rek | o0,
using {Y*}rex L 7° > 7 € Che. Hence L} (z,a/2) must be bounded for all a > 0.

Next, suppose ¥ = maxyec,. ¥ € Che. Using ¢(z) = h(z) — (¥,2) + ~*(3) > 0 and
Che = irn Oh (cf. [Roc70, Thm 23.5]), we have (cf. [Roc70, Thm 23.8]) 0¢4(z) = Oh(z)—7 C

—IR, for all z, so ¢ is nonincreasing (cf. [Roc70, pp. 227-230]). Hence there exist 2* T oo,
7% € Oh(z*), v* < 4¥F < 7, and ¢ > 0 such that A(z*) + <7k :c—zk> > —h*(7) +
<’7 —’7k,z’°> + <7k,:c> > h(z) — o for all k with a = h*(¥) + h(z) — (y',z) < co. Thus
{z*} c Li(z,a), so L}(z,a) is unbounded. The case where ¥ = min,ec,. ¥ € Ch+ is
similar. [J

We need the following result for proving Lemma 2.9.

Lemma A.1. Let f(- ) = f*(A-), where f is a closed proper essentially strictly convez
function on IR™ and Ais a linear map from R" to R™. If A'imdf # 0 then f* and
f are essentially smooth, Cf‘ = imadf, C ;= = A- 1Cte, Vf* A and Vf = A*Vf*A are

continuous on Cvf = Cyj = C'f = A- ICft i. Vf( ) = AV f* (Ap) for any p € C'_f,
with = = Vf*(Ap) <= Ap € 0f(x) <= =z € Argmin f(-) — (4p,") <= f(p) =

</ip,x> — f(z). If f is cofinite then A 'imdf # 0 and f is continvously differentiable
on R™.

Proof. By the assumptions on f and [Roc70, Thm 26.3], f* is closed proper essentially
smooth, so df*(y) = {Vf*(y)} Yy € Cf- = Cyy+ by [Roc70, Thm 26.1] and Vf Ais
continuous on A~'Cy. by [Roc70, Thm 25.5]. By [Roc70, Thm 23.5], 8f* = (8f)7!, i.e.,
x € 8f( ) iff y € 8f(x), so imdf = Cyse. If Ap € imdf = Co',-- for some p then
C = A- le- by [Roc70, Thm 6.7], since Cy = A=1Cy., and 0f = A*f*A by [RocT0,
Thrn 23.9]. Thus 0 f is single- valued and f is closed and proper (so is f*), so f is essentially
smooth and & f reduces to V f on C' 57 by [Roc70, Thm 26.1], where V f is continuous
by [Roc70, Thm 25.5]. The equlva.lences follow from [Roc70, Thm 23.5]. If f is cofinite
then imdf = C; = R™ O

Proof of Lemma 2.9. By Assumptlon 2.8 and Lemma A.l with Ap = —ATp, f =

(fb( > A[]T) is essentially smooth with C'f ={p: —ATp € imdf}, and so is —q(-) = f(-) +
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