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FOREWORD

This paper deals with new variable metric algorithms for nonsmooth optimization
problems. The author develops so-called adaptive algorithms. The essence of such algo-
rithms is as follows: there are two simultaneously working gradient algorithms, the first is
in the main space and the second with respect to the matrix for modification of the space.
The author proves convergence of such algorithms for different cases.
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ADAPTIVE VARIABLE METRIC ALGORITHMS
FOR NONSMOOTH OPTIMIZATION PROBLEMS

Stanislay Uryas’ev

1. INTRODUCTION

Variable metric algorithms are widely used for smooth optimization problems (see
for example the review article [1]). As a rule this algorithm can not be generalized for
nonsmooth optimization problems. The difficulties are connected with the fact that even if
the first and second derivatives exist at some point they do not give the full local descrip-
tion of the function. Because the function is nonsmooth, a point of nonsmoothness can be
arbitarily close to the point where derivatives exist. For this reason the quasi-Newton

methods can not be automatically generalized for nonsmooth problems.

These difficulties lead to the appearance of new ideas for the construction of variable
metric algorithm. In the works of N. Shor (see for example [2]) and his pupils, so-called
space-dilatation algorithms were developed. Such an approach gives the opportunity to
construct practical and effective algorithms, but the most effective algorithm (r-
algorithms) from this family is not sufficiently understood from the theoretical point of

view.

This author proposed an alternative “adaptive” approach, that can be applied to op-
timization and game theoretic problems. This approach stems from the article [3]|, where a
step size control was proposed for the stochastic quasi-gradient algorithm [4]. The first
variable metric algorithm based on such approach was proposed in the paper [5]. In the
paper [6], a short review of new variable metric algorithms is given for different optimiza-

tion problems: smooth, nonsmooth, stochastic optimization problem.

2. ESSENCE OF THE APPROACH

Let us consider a convex optimization problem

f(z) = min , (1)

z€ER"
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where the function f(z) is convex on the Euclidean space R". We use the following re-

current algorithm for the solution of this problem:
2t =2 — p,H'%® §=0,1,--- (2)

here s is the iteration number, p, > O is step size (scalar value); H® is a n X n matrix; ¢°
is a subgradient from the subdifferential 3f(z) of the function f(z) at the point z°, i.e.
9° € 3f(z*). We recall that the subdifferential of the function f(z) at the point y € R" is

given by the formula (see, for example (7))
Of(y) ={9g € R": f(z) - f(y) > <9,z — y> for VzE€ R"} .

At the sth iteration the natural criterion defining the best choice of matrix H® is via the

function
gO.s(H) = f(z* - pJHg") .
The best matrix is a solution of the problem

o,(H) > min . (3)
He Rnxn

It is easy to see that problem (3) is a reformulation of the source problem (1), since if H*
is a solution of (3) then the point z* — p,H*g* is a solution of (1). More than that, the
problem (3) is more complex than (1) because the dimension of the problem (3) is in n
times higher the dimension of (1). However, at the s*h iteration of algorithm (2) we do
not need the optimal matrix, it is enough to correct (update) the matrix H*. If we already
have some matrix H§, then the direction of adaptation can be defined by differentiating,
in the general sense, the function ¢,(H) at the point H}. If the function F(z) is a convex
function then the function ¢,(H) is also convex. We can use the following formula (8] for

the differentiation of the complex function ¢,:

T
0p,(Hp) =— p,{99° :9 € 3f(z* — p,Hig")} ;
here and below the superscript T means transposition. If g§ € df(z* — p,Hg®), then
- p,g(‘)g‘T € dp(H§). With respect to the matrix H, in the direction g(‘)g"T, one can do a
step of the generalized gradient method:

T
£ = H + \obe'T, A >0 .

It is possible either to take H® = H{ or to continue the iterations of the generalized gra-

dient algorithm with respect to H



Hi,, = Hi+ Mgig* Al > 0, (4)

where g¢f € df(z* — p,H}g’) and - p,gfg‘TE dp,(H}). For some i(s) >1 assume
H® = H{,). At the next iteration H&t1 = H°. The number i(s) can be taken indepen-
dently of s, for example, #(s) = 1 for all s. Generally speaking, the algorithm (2) is not

monotone with respect to the objective function f(z). However, one can chose i(s) such

that
f(z‘ - paH:(p)g’) < f(za — Py sga)

and on each iteration the objective function decreases.

Note that matrix updating requires additional calculations of objective function
subgradients. This can be avoided by taking ¢! = ¢&, i(s) = 1 and using the matrix H}

at (s + l)th iteration. Therefore we propose the following formula for matrix updating
H’++1=H’+/\,g’+lg"T, Af>0 . (5)

In formula (5), additional subgradient calculations are not required.

3. CONVERGENCE FOR SMOOTH FUNCTIONS

At first let us investigate the convergence of algorithm (2) and (5) for the case with
a differentiable function f(z). Denote g* = V f(z*). For algorithm (2), as direction of mo-

tion we choose the normalized subgradient
2 for llg* .
; g’ #0 ;
& =1llg’ll
0 , for|lg’]|=0 .
The algorithm can now be written in the following way
2:a+1 =% — paHasa’

Bt = B 4 p,90t e, (6)
H=1

where I is a unit matrix. (Thus, for the parameter A, in the formula (5) we choose the

value p,/||¢°||.) Denote by

L T
e’= Y, p,g”’lﬁl , D(K) = max |z -y ,
=0 v, 2EK



[' = min f(z),fsz min f(:c’)

zeR" 0<I<

i.e. D(K) is the diameter of a set K and f, is a record of the lowest value of the function f

during the previous s iterations. We also denote by Tr(Q) the trace of matrix Q.

Let us now formulate the theorem about the convergence of algorithm (6).

THEOREM 1  Let f: R™ — R be a convez smooth Lipschitz function

f(z) = f(y) < Ly|lz — y|| for z,y € R" (7)
with Lipschitz gradient

IVAz) = VIl < Lollz - 9|| for z,y € R, (8)
and let there extst a compact set K such that

IVf(z)ll 2 6,>0 for z¢ K . (9)

If the step sizes p,, s =0,1,..., in the algorithm (6) are nonnegative, i.e. and for all s

larger than some § one has

2lsz—l + L,

n + 2(f(z°) - f‘)+L22 Ptl ]

+ﬂﬂ—f]

E Pl] (10)

then:

1/2

1) f-1< L122'1+L2n+2(f(zo)—f‘)+Lflilpt2 +
t=0

8
> o}
=0

-1

+£(z%) - £ - 2‘1Tr(8"6"T) D(K) i‘ p,] for s> 8§ ;
=0

2) for py=(s+1)"Y21=0,...,s ands> §
T, - 1< (LRt 4 Ly(n + 2029 ~ ) + LDYV2 4 120 - 1 -
~ 27175(6°0°")| D(K)(s + 1)71/2 < (s + 1) 1/2
where ¢ = const;

o0
3) for ¥ p2=o0
=0
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el 1172
lim (f(z‘)-f‘)[Elmz o7 < 2LyLyD(K)

$ = I=0

ifp, = s~ 1/2 then

lim (7, — £*)(In(s))~/251/2 < const .

$ — 00

PROOF First we evaluate the Euclidean norm of the matrix H?.

LEMMA 1  The following snequality holds

[HFH < |n +2(/(z%) - £)+ LE Y of

PROOF Relation (6) implies

He+lpge+1T _ (H* + psga+lfaT)(HaT+psfags+lT) = H BT +

T T T T
T (90 TIETHS + B ) 4 p|€] 20 F gt

Since the function f(z) satisfies the condition (7) then |g°|| < L;, s=0,1, --.

Denote by Az* 1l =z*+1 _ 22,

Taking into account the convexity of the function f(z) we can evaluate the trace of

HHT

T T
Tr(H*t1H Y1) = Tr(H'H*") + 2p, < ¢* 11, H*€*) + p2|| €)% ¢°+1||? <

< Tr(HHT) - 2< ¢+, Ax*H1s 4 p212 <

< Tr(H*H") + 2(f(z°) - f(z* 1)) + p2LE <

IA

Tr(HOET) + 2((°) ~ ) + 115 of <

<n+2(f(z% ~ )+ LEY) o} .
=0

Since ||H* 1|2 < Tr(HH’lHH’lT), then

|E Y < |n + 2(f(z°) - f) + LEY o}



The Lemma is proved. O

The inequality (12) implies

3
Tr(Ha+lHa+lT) — Trl 2 plgl+IElT+4
=0

) T
2 p,Elng + 1|l =
=0

3
= Tr(0%*") + 23 p <g*1, €1> +
=0

S
+n<n+2(f(z°) - )+ LEY) of
1=0
Consequently

]
2 P1<gl+1, El>
I=0

IA

”‘L%lz": oF - 271Tr(0°0*") + (") - f* . (13)
=0

Since the gradient of the function f(z) satisfies Lipschitz condition, then applying Lemma

1 we see that

I+ 1 = gl < Lll='*1 = 21| = LylloH¢!| < piLyl|H'| < (14)
o NS 1/2
< piLg|n + 2(f(=°) - 2 ol

Using (13) and (14), it is easy to establish
. I . I .l > I 1+1
:Z P:H9||=IZ pi<g, €>= 3 p<g — gt €5+
=0 =0 I1=0

3
+ Z pl<gl+l £l> < E Plllg l+1||+ 2 p1<g’+1, £l> <
1=0 =0

5 2 0 P U R
SLyY pfin +2(f(2°) - )+ LEY pf| +27'LE Y pf -
—2-1rr(0%*") + f(z) - I . (15)
Consequently
min_||'|| < Z pilldlf| 3 o [ LP2~ 14
0<i<s = =

+L2ln+2 0)—f*)+L12p,]12]
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-1

— 27 17r(8%0°") + f(z°) - f* (16)

8
E Pi
=0

Combining inequality (10) with the last inequality we get

. ! _
min <6 for s>85 .
1515’”9”- k

Thus for a number {(s) such that g = 11<n,"<1 l|"|l, the inclusion z/(#) € K holds because
Sis s

of the definition of §;. Let z* be a minimum point i.e. f(z*) = f*. Using th convexity of

the function f(z) we see that

o= 1 < 1(20) = f(2*) < <g!l0), M) — 20> <

< Ng" 2" ~ 2*|| < (|| D(K) < D(K) min o]l -

Applying this last relation and (18) we get the statement 1 of the Theorem.

Statement 2 of the Theorem can be obtained by substituting in the statement 1 the
values p; = (s + 1)~ /2 I=0,..., §.

Let us now prove the statement 3 of the Theorem. It is enough to show that

-1/2

s—1
IE pf prl<2L,L, , (17)
=0

lim ||¢’
8§00

because ||g°||D(K) > f(z°) — f* for s > §. If that inequality (17) does not hold, then

there exists a number S such that for s > §

s—1 1/2
lg°Il > 2LyLqp, 120 PIZ] .

Substituting the last inequality into the left side of the inequality (15) we get a contradic-
tion for 8 — oo, because the left side of inequality tends to infinity faster than the right

one. D

If the number of iterations of the algorithm was chosen before the start of the algo-
rithm then statement 2 of the theorem implies that the convergence rate of algorithm (6)
is not worse than the generalized gradient algorithm with matrix H* =1, s =0,1,- - -.

For H*=1,8=0, 1,- - - the following estimate (see, for example [9]) is known
L~ 1<+ 40 X

where
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d(z, X*) = yﬂeﬁ}llz -yl X* ={z":fz") = 1"} . (18)

Note that in the estimate in statement 2 of the theorem there exists an additional term

Tr(e’e’T) that increases the convergence rate. This term does not let the algorithm

“stick” when the objective function is ill-conditioned.

4. CONVERGENCE FOR NONSMOOTH FUNCTIONS

Let us consider algorithm (2). We suppose that at the s iteration of main algo-
rithm for the updating of the matrix Hf, the formula (4) is used i(s) times. At the itera-
tion s + 1 we take H{*! = H‘-’(s).

]
At the zero iteration H = I, where I is a unit matrix. Fix some ¢ > 0. We choose

i(8) to be the minimal member such that
flz* - paHf(a)g’) < f(zf) — € .

It is convenient to normalize the test vector g/, therefore denote by

0, if g’ =40,
s — .
X o2ll9fl| ", otherwise . (19)
For each s =0, 1, - - - let the sequence {A,}, 1 =0, 1, - - - of positive values be given.

We write the algorithm in more detail.
ALGORITHM I
STEP I Initialization

8 = 0) ZO = Zinst> gO € af(zo)’ t=— 1, Ho—l =1 .

STEP 11
1 Hy=H{,i=0;
2 zf=z* - p,Hig’;
3  compute g € 3f(z), if g/ = 0 then STOP, otherwise £f = gf||g||~ 1.
4 Hiyo=HE+ €t
5 if f(z?) < f(z*) — ¢, then i(s) = 1 and go to step III;
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6 i =1+ 1, return to point 2.
STEPIII ztl=1z} ¢**1 =g}
STEP IV s = 8 4+ 1 and return to step II.

We now formulate a theorem about the convergence of algorithm 1.

THEOREM 2  Let: f:R™ — R be a convez function; the set of minimum points X* of
the function f(z) be non-empty and bounded; {p,} be a sequence of positive numbers; and

{Ag},1=0,1, - be a given sequence of positive numbers satisfying

[e0] [e 0]
Y Ay=0 Y A% <00, A,;— 0 for i > o0 . (20)
1=0 i1=0

Then there ezists number § such that f(z°) < e 4 f* and d(z}, X*) - 0, f(z) - f

for i — oo, where f* equals minimum value of f on R™.

PROOF Let us prove at first that if f(z*) — f* — € = § > 0 then there exists number
i(s) such that

f(z;-’(,)) < f(z*) —€ . (21)
Let z* € X*. Using the formulae of the point 2 and 4 of Step II we get

2" = 2t ll = 12" = 2 + o, Bl yag*| =
= ||z — 2* + py(H} + Aitle® o'l = |2 — 2* + p, Hig* +

+ p Al 17€8017 = ll2* = = + o, Aillg°l1%€011% <

<l = 2fl* + 20,0,ill g (17 < €8, 2* — 2f> + (p, Al 0°l1%)? =
i i
= [|2* - =8|I* + 2P,||9’||2120'\u<€i’, 28— 2> + pflly’ll“lzol\fl : (22)

We prove by contradiction that there exists a number i(s) satisfying the inequality (21).
Let forall + > 0
fe)y>r+6.

Since <¢}, z* — z{> < 0 then it follows from (22) and (20) that

2 — 2ty 2 < lle* ~ =312 + p2llg?]14 35 A% < € = const
z f+1ll° S 0 Plle loal—
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The function f:R™ —> R is convex, consequently on the compact set

{z € R"™:||z* - z|| < C} it satisfies Lipschitz condition with a constant L. Therefore
lg¥l < L for >0 .
Using the convexity of the function f(z) we obtain.
20,ll9°117<€f, 2 — 2> < 2p,ll0°|Pllgfll~ M (S(=*) - (=) <
<-2p,l¢°lI2PL7 Y =-0<0 .

Substituting this inequality into the relation (22) we see

i i
lz* — 2441 < 12 ~ 28] - 0(20/\41 + pflly’ll“lEO/\?l =

)
~llet - o) + LE A,,]{— o+ p2lg?|
=0

i la

DIR VTP ’\31] - (23)
=0 =0
Applying (20) and the Téplitz lemma we have

]
ZJAd

EA?,—»O for 1 - 00 .
1=0 =0

Using (20) we obtain

$ 1
ZJAd
=0

] - )
a0 YL EEREEETE

s=0

and this contradicts (23)
It follows from (21) that f(z*T!) < f(2*) — ¢ if f(z*) — f* — € > 0. Consequently

there exists a number 7 such that f(z) < € + f*. Since ¢ was arbitrary, then (21) implies

that there exists subsequence 1; for which
f(z,-i)—»f" for k — oo . (24)

Let us prove that the convergence of this subsequence leads to the convergence of se-

quence. Take some 8 > 0, then if
f(&) - 128 then 2p|¢°|* < €}, z* - 2> <-¢<0 .

It follows from (20) that there exists such number [ that for all ¢ > J inequality
A < ¢p7 %||¢%||” * holds. Using the inequality (22) we have
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ll2* = 2y 1l = ll2* = 21 + Ag(2lla”l1P<f, =* — 25> +
+ Agp2llg®l1*) < ll2* = 212 + Ag(= ¢ + @) < ||2* - =] (25)
7P2lle%l) < llz* - = (- g+ 49 <z - =
for 7 such that i > [and f(zf) — f* > B. Denote by

Uu) = {z:d(z, X*) < p}, @p={z:f(z) < f* + B}

(see (18)). Let p(B) be a minimal number such that Q5 C U(u(B)). Since the function
f:R"™ — R is convex and the set X* is compact then u(8) — 0 for § — 0. Applying (25)
we see that if zf ¢ U(u(B)) then

Ilz* = 2fiall < ll=* - 2]l

for i > I. Using points 2 and 4 of Step II of the algorithm, we obtain

||"-'f_+1 - 1’:-” = H""T_ PgHis—+19?“ ’f” =
= ||2f - o ALENIG°N? — =]l < Ageglle®l®

The relation (24) implies that beginning with some K for k > K the inclusion z;’—k € U#(ﬂ)

holds. Taking into account the two previous inequalities we get

zf e U(u(B) + p5ll¢°I1?. max_ Ay) (26)
ey > 120

for i > max {[, i}, i, < i < 4 ;. It follows from the assumption (20) of the theorem that

. max Ay —0 for k> oo,
‘k+l>12'k

therefore for sufficiently large numbers k, the inequality

3|2
Pl o

Ay < u(B)
%
holds. Substituting this estimate into (26) we have

z} € U(2p(B))

for sufficiently large i. Since § can be arbitrarily small and u(8) — 0 for # — 0, then
d(zf, X*) — 0 for { — co. The function f: R™ — R is convex, consequently it is continu-
ous on R" For this reason the convergence d(zf, X*) — 0 implies f(z{) — f*. The

theorem is proved.
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O

Algorithm 1 has a substantial deficiency connected with the fact that the step size p,
does not change in the internal iterations ¢ =1,...,4(s). Let us consider an algorithm
with a steepest descent control of p, at each iteration ¢ = 1,...,1(s). Such a modification

considerably improves the algorithm.

Let v > 0 be a given number and {A;}§° be a sequence of positive numbers.
ALGORITHM 2
STEP 1 Initialization

8§ =0, Ho_l =lLj;j=-11=-1, zoza:,-nu, goeaf(:r.o) .

STEP II
1 Hy=H![l,i=0
2 m;=agggnﬂz’—pﬂwﬂ;
3 j=5+1,4(s4) =7
4 zl=12"— puHig"; |
5  compute g} € df(z]) such that <gf, Hig*> < 0;
6 Hi.y=H+ )\
7 if ||z} — z°|| > v then i(s) = ¢ and go to Step III;
8 1 =1+ 1, return to the point 2.
STEPIII z*%!=12zf g°t1 =g}
STEP IV s = s + 1, return to Step II.

Let us introduce some additional designations: let

T(z) = {y € R": f(y) < f(2)}

and let L be a Lipschitz constant of function f on the set T(zo). Recall that the function f

is called strictly convex on a set T(z°) if

a1 f(z) + asfly) > fleyz + agy)

for all o, ag, z, y such that
a,+ay=1,a;>0,ay,>0,z€ T(z°), y € T(z°) .

We next formulate a theorem about the convergence of algorithm 2.
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THEOREM 3  Let a function f: R™ — R be strictly convez (possibly nonsmooth) on a
set T(z0), let a number v > O be given, and let the sequence {/\J«}, 7=0,1, --. of positive

numbers salisfy the conditions

00 00
E,\jzoo, 1\12->oo;/\j—>0 for 7 > 00 .
=0 1=0

Then there exists a number 5 such that
f(z%) - <2vl .
PROOF Let us prove first that the norm of the matrix H{ is uniformly bounded for all
8>0,1>0.

LEMMA 2 The tnequalities

00
|H1? < Tr(H{HT) < n + L21 OA? (27)

obtain.

PROOF The inequality |H{|| < Tr(H;—’H;’T) follows from the definition of norm and
trace of matrix. Point 6 of Step II of the algorithm implies

T T T T T
H (Higy = HH] + Xj, o(&le" H] " + Hig*¢l) +

+ M, e TNel?

Using this equality and taking into account that due to the construction of algorithm
<€l Hi¢g*> <0, ||&f| <1, we have
o7

T
Tr(H}y Hig1) = Tr(HIHP) + 22,0 <€), Hig®> + M, ollE01%ll9°)f? <

< Tr(HHET) + 2%, olle’l* < Tr(HSHST) +

8|2 "%") 2 s—1 - 17
+ [l¢°ll Al S Tr(H{G -1y +1His—1)+1) +

I=j(s,0)
2 T@&) —1g—1T &
+L AP < Tr(Hy "Hy'™) + L2 3) AP =
1= 7s,0) =0

7(8.9) 00
:n+L2(§j Af<n+ L2y 07 .
=0 =0
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The lemma is proved. O
LEMMA 3  There ezists a number 5 such that ||z] — z°|| < v for all i > 0.

PROOF  The statement of this lemma follows from the following lemma [10].

LEMMA 4  Suppose the function f(z) is strictly convez on R™, the set T(z°) is bounded,

and there 13 a sequence {z°}2  such that {z°}$2 , C T(z% and

f(z**th) = aén[g,ll]f(zs + a(z*t! - 2%)) . (28)

Then lim ||z*+1 - z%|| = 0.
§— 00

Note that the boundedness of the set T(z") follows from the strict convexity of the
function f(z) on R™. If the statement of the lemma 3 does not hold then points 2 and 4 of
Step II imply that the sequence {z*} satisfies condition (28) and that beginning with some
s* the inequality

l2*+1 - 2] < v (29)
holds. This contradicts point 7 of Step II, since

l28+1 = 29| = flafyyy - 2°]| 2 v
due to the construction of the algorithm. This contradiction proves Lemma 3. O

To finish the proof we need one more lemma. Recall that the set
8. f(z)={9€R":f(z) - f(2) > <g9,z—2>~-¢ VzeR"}

is called the e-subdifferential of the convex function f(z) at the point z € R™ [7]. A vector
g € 8.f(z) is an e-subgradient of the function f at a point 2.

LEMMA 5  Suppose g € 3f(z), z€ T(2°), y € T(z°). If ||z — y|| < v then g € 85,1 f(y).
PROOF  Using the definition of the subdifferential we have

)2 <g,z—-2>+ flz) =<9,z - y>+ fly) + <9,y — 2> + f(2) — f(y) >

2 <g,z—y>+ fy) - llgllllz - yll - [/(z) - f(¥)] - (30)

Since the function f(z) satisfies the Lipschitz condition with a constant L then

lgll < L, [f(2) — f(9)] < LIz - 9| .
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Consequently

lgllllz = yll + [f(2) - f(y)] < 2Lz - 9l| <2Lv .

It follows from (30) and last inequality that

flz) > <g,z—y>+ f(y) - 2Lv . O

Let us prove that the number & from Lemma 3 satisfies the statement of the

theorem. Suppose it does not hold, i.e.

() - > 2l . (31)

Since ||z — z%|| < v, then according to Lemma 5

9;"’_6 azny(z"_) .

It follows from (31) that O ¢ d,,; f(z®) (see, for example, Lemma 8.1 [10]). The set
94,1 f(2°) is convex, closed, bounded [10]. Denote by ¢ some vector satisfying

g €3y, f(2°), llgll= min _|g||>0 .
966214[,,(2

By definition of the matrix norm
H 4l = ||r:fha5)(1 IIIJIllanl <u, H > >
> [lgll"% < ¢, H{ 110> - (32)
By construction of the algorithm
B = BT+ 250,060 = B3+ 3 A nffe”

Inequality (32) implies

i} o g N
1H 2 <g, |HE+ IEOA,'(,,:)ffy‘ ¢> = <q, Hyg> +

] - -
+ 3 Aj(s, < &> <9’ 9> . (33)
=0

Since gf € 85,1 f(2%), i > 0; ¢° € 85,1 f(z°) and the set 35, f(z?) is convex then there ex-

ists a positive number « such that
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<g, > >a,<q, 9> >a .

Applying (33) we see

_ _ 1
”Htg+1|| > <gq, Hig> + 0212 ’\j(a,l) .
=0
i
By the conditions of the theorem 12 /\j( 81) = © for t — oo, consequently

|Hf 1| @ + 00 for i o0 .

This last statement contradicts Lemma 2 and the proof of the theorem is complete. O

5. ALGORITHM WITH SIMMETRIC MATRICES

The algorithms discussed above have the following deficiency: one must store an
n X n matrix where n is the dimension of the source problem. We next propose an algo-
rithm with simmetrix matrices, to store such matrices requires only (n? + n)/2 numbers.
The function p,(H) = f(z° - p,Hg") characterizes the choice of a matrix H. Denote by
G the set of symetric n xn matrices. The set G is a linear space. For th adaptation of

the matrix we can consider the following problem

H min .
‘Pa( )_’HenG

Analogously to (4) one can use the gradient algorithm with projection onto the set G
T

Hiyy =Tle(H +Agle* ), M >0,
where gf € df(z* — p,H}g*) and [] ¢ is the projection operation onto the set G.
LEMMA 6 IfH} € G, then

TTo(H! + Aete®") = H + 27 "M(ole*" + o°0!") .
PROOF It is evident that the matrix H] + 2~ lAf(gfg’T + g’g;-’T) is simmetric if
H! € G. To prove the Lemma it is enough to show that the matrix

7] ~1ys(,8,8T 8,87 ] s s 8T
[Hf + 27 A0 (of*" + 9%90")] — [H] + Mgle®'| =

_ T T
=2"1Ag%¢" - 9f9*)
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is ortogonal to any symmetric matrix H. But:
T T T T
<H,¢'¢]" —g¢j9° >=<H,g% > - <H,gl¢° > =

= <H, g"g;-’T> — <HT, g‘ng> =0 . O

Thus to update the matrix HJ one can use the algorithm

T T
HYy = H}+ A}(gig® + ¢°9)7) . (34)

It is convenient to normalize the vector g}, therefore we rewrite the formula (34) as

T
fo1 = HEHNE + 00T (35)

The symmetric formula for matrix modification can be combined with algorithms 1 and 2.
Theorem 2 can be proved for this algorithm without any differences. For this reason we
shall not dwell on convergence proofs for algorithms with the matrix modification formu-

la (35).

6. ALGORITHM WITH POSITIVE MATRICES

Note that in the algorithms described above, the matrix H? can be, generally speak-
ing, non positive. If a function f(z) is convex and g¢° € df(z*) then the minimum point of
the problem (1) belong to the subspace A, = {z € R": <z — z* ¢°> < 0}. It is possible
that the point z**1 = z° — p, Hg® does not belong to the subspace A, if H* is not posi-
tive. To guarantee positiveness of the matrix H* let us consider the case when matrix H*

can be represented as follows
H*=B*B*"
?
where B’ is a n X n matrix. In this case the iteration of the algorithm is given by the for-
mula
za+l =z° — p‘B’B‘Tg" ,

where g® € 3f(z°). The function ¢,(B) = f(z* — p,BBT¢*) defines the choice of a matrix
B. If the function f(z) is convex then it can be proved that the function ¢,(B) is weakly
convex. Next we will study the family of weakly convex functions which were investigat-
ed in the paper [11], (however other analogous families of functions can be used; see, for

example, paper [12]).
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Let X be a convex subset of R" (possibly X = R"). A continuous function fon X is
called weakly convex on the set X if for all z € X the set df(z) consisting of the vectors g
such that

fly) — flz) > <g,y —z>+¢(z,y) forall ye X

is not empty, where ¢(z, y) is uniformly small with respect to ||z — y|| on each compact

subset K C X, i.e. for each ¢ > 0 there exists § > 0 such that

lls(z, 9II/llz = yll <€

forz,ye K,|z - y| <6

LEMMA 7  Let the function f: R® — R be conver on R", and the set B € R®* " be con-
vez. Then the function o(B) = f(z — pBBT¢) is weakly convez on B and

d¢p(B) = {— p(neT + enT)B:n €df(z ~ pBBTE)} .
PROOF Let K be a compact subset of B c R"*" and B€ K, AB€ 8, B+ AB€ K,
and n € 3f(z — pBBT¢). Denote by

Xg={yeR":y=z-pBBT¢, Be B} .

The function f: R™ — R is Lipschitz with some constant Lg on Xg, because the function f
is convex on R"™ and the set Xp is compact. Using the Lipschitz and convexity properties

of f(z) we have
©(B + AB) = f(z — p(B + AB)(BT + ABT)¢) =
= f(z - p(BBT + BABT + ABBT + ABTABT)¢) >
> f(z — p(BBT + BABT + ABBT)¢) — Lg|pABABT¢|| >
> f(z—pBBT¢)+ < —p(BABT+ ABBT)¢,n> - Lg|lpABABTE|| =
= p(B) — p<(énT + ntT)B, AB> — Ly|lpABABTY| .

Since the value |ABABTg|| is uniformly small with respect to ||AB||, the lemma is
proved. O

Lemma 7 gives a formula for the subdifferential of the function ¢,(B). For the adap-

tation of matrix B?®, the following gradient method can be used

T T .
Bl 1 =B+ v,4(&fe* + %€ )BYi=0,1,--- , (36)
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where £f denotes the normalized vector gf € 3f(z!) (see (19)). Analogously to algorithm

2, we write an algorithm with the matrix modification formula (36).
ALGORITHM 3
STEP 1 Initialization

s =0, Bé‘l =I,i=—1,7=-1,20= Tinits goeaf(zo) .
STEP II

I) if ”Bf;llga” =0 )
#51, otherwise ;
2 1=0;
3 p, = argmin f(z* — pB{B} ¢°);
p>0
4 j=35+15(s 1) =7
5 al=z'- BB ",
6  compute g € 3f(z]) such that <g?, B;—’B,‘-’Tg"> <0
s _ B 5,87 sesTyps
T Bl =B+ X(&¢° +¢°¢")B};
8 if ||z} — z*|| > v, then i(s) = ¢ and go to step IIL.
9 1+ =1 + 1 and return to the point 3 of Step II.
STEP Il z*+! =gzf g*+1 =gt

STEP IV s = s + 1 and return to Step II.

We formulate a theorem about convergece of algorithm 3 for smooth objective func-

tions.

THEOREM 4 Let the function f:R™ — R be strictly convez and smooth, L; be a
Lipschitz constant of the function [ on the set T(::O), and Ly be a Lipschitz constant for
gradient V f(z) on the set

ef
T,(z°) = {z: min ||z-y| <} .
A0 = (o i |

Let there be given a value v > 0 and a sequence of positive numbers {/\]-}8° satisfying

[o.9} [e.0}
Y A =00, )y /\Jz<oo, A;>0 for 720 .
j=0 j:O
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Then for algorithm 3 there ezists number § such that

gl < 2vL;

PROOF To begin with we evaluate the norm of the matrix || B?||.

LEMMA 8  The tnequality
[e0]
IBfI* < Tr(BfB") < n]] (1+4LEAP) < oo
=0
holds for all integer s > 0, 1 > 0.
PROOF It follows from point 7 of Step II that
s spsT sT s¢esTypgagsT
Bl+1Bl+l - B B + A [(f + ¢°¢; )BiBi +

+ BB T(e8e"T + g%€!T)] +

+ 2%, (&80T + o€ NBIBT (€80T + g€

(37)

(38)

We denote by k(s) the maximal number of iterations such that k(s) < s and Bk = .

Using (38) and taking into account that due to the construction of the algorithm

<€¢, BEB!Tg*> = 0 and ||€!]| < 1 we obtain

Tr(Bly 1 Bii1) = Tr(BIBI") + Ay, i4<€f, BIB! 9> +

T T
+ Ak, o[<€l 9°> <€l BIB! ¢*> + ||€}|1P<g’, B{B! ¢°> +

+ |lg®|12< €}, BEBETEl> + <g?, €8> <€}, B{BTg°>] <

T T T
< Tr(BiB]") + M, olll€l®ile’ %1 BB 1 + €01 9° 1121 BEBE | +

T T
+ g IPENI1BEBE I + llolI2 €% BBE T II) < Tr(BiBS) +

+40Y, olle’I?1BEBETI| < Tr(BBS") + 4}, oLiTr(B{BE") =

= Tr(B{B")(1 + 4L{A ], ) = Tr(BEBS

].:[0 + 4le’\Jz(.s,I)) =

= Tr(Bi; Ly 4+1B a—1)+1 1:[0 +4Lirk, ) <



< r(BE9BEOT) T (14 aniad) <ol (14 42223

t=j(k(s),0) t=0
The inequality
00
II (1 + 4L2)?) < const
t=0
0
follows from the convergence of the series Ez\,z in the conditions of the theorem. 0
0

LEMMA 9  There ezists a number 5 such that ||zf — z%|| < v for alli > 0.

PROOF We prove the lemma by contradiction. Suppose the statement of lemma does
not hold. By the construction of the algorithm the sequence {z°} satisfies the assumptions

of Lemma 4. Consequently
|z**! - 2%l -0 for s — oo .
Applying point 8 of Step II of the algorithm we see that

||zs+l _ st >y

H

and obtain a contradiction. O

Now let us prove, by contradiction, the statement of the theorem. We wish to show
that for the number § from Lemma 9 the statement of the theorem holds. Suppose that it

is not the case, i.e.
6%l > 2vLy . (39)

Since ||zf — z%|| < v, then ||gf — ¢*|| < L,v because the gradient of the function f(z)

satisfies a Lipschitz condition. Write the following inequalities

o X _ L 12
<flgr=< I >8I s LI

IEA] [EA] |l

llof — °ll1I4° . s 5 llgf]
- TINET — (7] - lof - oL >
[EAl [EAl

2 (I8l = La)llg®lllgfll =" > Lovllg®ll LTt 2 20307 Y (40)

We evaluate from below the value ||BY, B}, ,||. Using relations <¢], Bf_B;?Tg"-> =0 and
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(38) and (40) we get

Since

I9¥1121 B4 1B 1| > <g7, B, 1 B; 197> = || Bl 167 =
= <g®, BIBY ¢™> + X o <d’l(€]s” + g€ BIBY
+ Bi’_Bf_T(ffg"-T + % eI e™> +
+ A2 4<e% (€8g + o €I BIBT (€1g" + %€ )e™> >
> ||Bf7 4% + 225, <97, €8> <g”, BB ¢%> =
2 (14205, )<0%, €)1 BT 07 2 (1 + 435, LIVLT )IIBT 971 2

> ||B g ||2H + 42 —I)Lzl’ Lty .

=00,4;>0,i=0,1, -

omg
N

then
fI 1444 ,)Lgule_l)ﬂ+oo fori — oo .
=0
Consequently ||B;—-’_+IB;-?11|| — + oo, and this contradicts Lemma 8. 0
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