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Figure 5. Comparison between actual on-line service function
of the CPU and the homogeneous equivalent service
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10% only for 0.5 S CV £ 1.8.

As noted in Section 4, the high CV can generate a backlog at a
device. But the only kind of backlog representable in a load-
independent model is the standard bottleneck, such as device 3 in
our example. The high €V transfers some of the backlog from device
3 (I/0) to device 1 (CPU). This explains why the HLI model
overestimates the queue at device 3 and underestimates it at device
1. (Since device 2 causes no backlogs, the HLI model estimated its
queue length well.)

To study how CV-induced backlogs can compete with or reinforce
bottleneck—induced backlogs, we ran a series of experiments using
progressively higher values of mean CPU time (S;) with the CPU's CV
held fixed at 5.0. The results are shown in Figures 9 and 10.

Figure 9 shows, as in Figure 7, that the HLI model consistently
overestimates wutilizations no matter what device is the bottleneck.
Figure 10 shows, as was noted above, that the HLI model model
consistently overestimates the queue length at the bottleneck, even
if the bottleneck is also a device of high CV. 1In our example, S; =
58 msec causes balance between the CPU and the I/0 device; at this
point U; = U, and the two devices are of equal importance as
bottlenecks. For 8; < 56 msec, device 3 (I/0) is the bottleneck
while for S; > 56 msec device 1 is the bottleneck.

Of special interest in Figure 10 is that the HLI model is
nearly exact at the point where the two dominant devices of the
system are balanced (U; = Uy). This is consistent with a suggestion
by Courtois [COUR77, pp 83 ff], who argued that balanced devices
tend to be more decomposable than unbalanced ones ~— thus conforming
more closely to the homogeneity assumption.® However, the HLI model
gives about 15% overestimate in the CPU utilization at the balance
point. The relations among bottlenecks, decomposability, and the
accuracy of the HLI model are, evidently, interesting subjects of
further research.

B8.2. HLD model Approximation

Figure 5 showed large difference between the CPU's homogeneous
equivalent service function and the actual service function measured
on-line, Our experimental study revealed that these differences
cause significant errors in estimating utilizations and mean queue
lengths by the load—dependent model (LDM).

Because a high CV at the CPU can cause a backlog there, we
expect that system states

(CPU,1/0,1/0) = (ny;,nz,ng) = (N,0,0)

account for progressively larger proportions of state occupancy when
the CPU CV increases. We found that, indeed, p(N,0,0) grows with
the CV, but that the HLD model seriously overestimates p(N,0,0).
Figure 11 confirms the tendency of the HLD model to overestimate the

8 It is also interesting that the M/M/1 formula for mean queue
length, i = U/(1-U), is nearly exact at the balance point, where U
is the actual utilization of the device.
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backlog at the device of high CV. The states are ordered according
to decreasing likelihood of being observed in the system with N = 6
and CV = 8. The state actually occupied the largest portion of time
is (0,0,8) == reflecting that device 3 is the bottleneck. The state
(6,0,0) is actually occupied only about 1/3 as often as (0,0,8) -—-
showing that the bottleneck is more important than the backlog
caused by high CV. In contrast, the HLD model also estimates that
states (5,0,1) and (5,1,0), corresponding also to CV-induced
backlogs, are more likely than in actuality.

The conclusion is that the HLD model, which wuses the on-line
service functions attaches far too much importance to backlogs
induced by high CV. Backlogs caused by bottlenecks are more
important. Because the on-line service function has a shape similar
to the homogeneous equivalent service function (See Figure 5), it is
possible that a scaling transformation could construct a good
approximation to the homogeneous equivalent starting from the on-—
line function. However we have not investigated this possibility.

Other experiments showed that the HLD model estimated
utilizations with almost no error as long as 0 = CV = 2. However
the utilization errors rapidly multiplied for larger CVs, reaching
108 at CV=3 and 40% at CV=10. The HLD model estimated CPU mean
queue length to within 10% only for 0 £ CV £ 1.8. Only when the CPU
was the Dbottleneck did the HLD model give accurate results. The
overall conclusion is that the HLD model is less robust than the
simpler, HLI model.

68.3. EPF Approximation

In 1976 Shum and Buzen reported an approximation called the
extended product form (EPF) [SHUM76, SHUM77]. They noted that the
device—factors {F;(n)} in the product form expression for p(n) are
proportional to the queue length distributions {p;(n)} in an M/M/1/N
queueing system. This insight suggested instead substituting for
the {F;(n)} the solution of an M/G/1/N queueing system. By thus
incorporating the CVs of the service distributions of the devices
into the calculations, this would increase the accuracy of the
approximations. A few trial cases suggested that the EPF
approximation could estimate actual wutilizations and mean queue
lengths to within 5% even for CV = 10.

We constructed a version of the EPF algorithm, It is possible
to derive service functions {S;(n)} as they would be in an M/G/1/N

queueing system, thereby viewing the EFF approximation as another
method of estimating the homogeneous equivalent service functions.
However, it being more convenient to adopt Shum and Buzen's method

intact, we did not explicitly calculate {S;(n)} for the EPF.

As specified by Shum and Buzen, the EPF approximation is
computationally difficult to wuse. The reason is that the {S;(n)}
corresponding to the M/G/1/N queueing system depend on the absolute
values of the arrival rates {A;} at the devices. Since, in a closed
network, the {\;} are not known initially, it is necessary to search
the space of all {\;} satisfying the throughput equations of the
system until a set {x;} is found for which the completion rate of
each device i is also X\;.

We found instances of the network of Figure 1 in which all the
devices had high CVs, and the EPF algorithm could not find a
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solution. We have since discovered a modified EPF, based on a
convex error function, which converges rapidly to a solution in all
test cases. (It is the subject of another paper.) The EPF
approximation estimates wutilizations to within 5% and mean queue
lengths to within 10% for all CVs.

Figure 12 illustrates the CPU's utilization (U;), as estimated
by EPF and in actuality, for 0.6 5 CV £ 10. The maximum error is
B5%¥. Similar behaviors were observed for U, and U,, with EPF
underestimating consistently and within 5%.

Figure 13 illustrates the mean queue lengths, as estimated by
EPF and in actuality, for 0.6 = CV 5 10. The maximum error in any
gqueue length is 10%, and the error lessens for very high CVs,

The conclusion is that EPF is indeed a robust approximation,
but slightly less so than one might expect from reading SHUM76 or
SHUM77. The major present limitation is that the published versions
of the EPF algorithm may not converge if all devices have high CVs.

7. CONCLUSIONS

We have shown that there exists a product—form queueing network
whose marginal queueing distributions are identical to those of a
given arbitrary queueing network. A straightforward algorithm
rapidly computes the service functions of the equivalent devices
when the queueing distributions {p;(n)} are given. This result
suggests that the fundamental limitation of queueing network models
is not the homogeneity assumption, but rather the inability to
estimate the service functions accurately.

The homogeneity assumption asserts that a device's service
function measured on—-line will be the same as when the service

function is measured off-line under constant load. By causing a
backlog at a device, a high coefficient of variation (CV) can
destroy the homogeneity assumption for that device, producing an

error between the product-form model's estimates of utilizations or
mean queue lengths and the true values.

Possibly the simplest approximation results from the
homogeneous load independent (HLI) model, which sets each S;(n) to
the overall mean service time (S;) for each value n of the queue
length. Qur experimental study showed that this model's estimates
of utilizations were consistently high and accurate to within 15%
for a range on the CPU’'s CV from O to 10. However, this model's
estimates of the mean queue length can be significantly in error
(e.g. 40%) when the CPU's CV is high. In our study the HLI model
was a good estimator (< 10%) of utilization when 0 £ CV S 6 and for
mean queue length when 0.5 5 CV = 1.8,

The location of the system bottleneck —- at device of high CV
or elsewhere ~-— does not significantly affect the HLI model's
(over)estimate of wutilization. However, if the devices likely to
generate backlogs —- either because of bottlenecks or high CVs ——
are in balance (approximately equal utilizations), the HLI model
seems to estimate mean queue lengths with very low error. This
seems to be consistent with Courtois's argument that balanced
systems are more decomposable (and hence more homogeneous) than
unbalanced ones. The relations among balance, backlogs, and HLI
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mode!l accuracy are worthy of further investigation.

An approximation suggested directly by the definition of
homogeneity is the homogeneous load dependent (HLD) model, whose
service functions are the ones observed on—line in the real system.
This approximation gives much poorer results than the on-line = off-
line intuition leads one to expect. The reason is that this model
attaches far too much importance to backlogs caused by high CV, and
too little importance to Dbacklogs caused by bottlenecks. In
reality, "bottleneck backlogs” appear more influential than "CV
backlogs”. The similarity of shape between the on—-line and the
homogeneous equivalent service functions suggests that there nmay
exist simple scaling transformations that estimate the latter from
the former.

The extended product form (EPF) approximation (in effect)
constructs estimates of service functions by using the solution of
the M/G/1/N queueing system. This permits both the mean and CV of a
device's interdeparture times to be used in the calculation. The
drawback of published implementations of the EPF approximation is
their searching the space of solutions to the system's throughput
equations; this search is slow and may not converge if too many

devices have high CVs. When the EPF algorithm does locate a
solution, it usually estimates utilizations to within 5% and mean
queue lengths to within 10%. Its minimum error occurs for small CVs

(0.6 = CV s 2) or very large CVs.

Figures 14 and 15 compare these approximations for the example
studied in this paper.

There remains the question of how important the more
sophisticated approximations are in practice. In the Purdue Time
Sharing Subsystem, for example we observed the CVs shown in Table 1.

Table 1

RANDOM VARIABLE cv

Times between job submission
from all terminals 1.186

Times between job completions
by central computing subsystem 1.06

Total CPU requirement per job 2.15

These CVs are sufficiently low that the HLI model can be wused with
sufficient accuracy. Many subsystems contain sufficient parallelism
as to rule out the possibility of observing a high CV in the times
between their job—completions.
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A STUDY OF FLOWS IN QUEUEING NETWORKS AND

AN APPROXIMATE METHOD FOR SOLUTION

G. Pujolle and C, Soula
IRIA-LABORIA
78150 Le Chesnay
France

A new approximate approach to study open single
or many server queueing networks is introduced
here. The method is based on a theoretical study
of the nature of flows to be Poisson or not, in
a Jackson network.

INTRODUCTION

The performance of computer systems and data networks are often studied using
queueing networks, Unfortunately as soon as the network in somewhat complex, the
exact methods no longer exist and we need for accurate approximate methods. Present-
1y, we have three types of such methods : iterative techniques [1] [2], diffusion
techniques [3] [4] [51, isolation techniques [6] [7]. Our purpose here is to propo-
se a new approach to study open complex queueing networks with single or many ser-
vers queues of the type G/G/s.

As we shall show it in the first section, queueing networks are very complicated to
study when a customer can go through a station more than one time. This fact implies
that even as in a so simple network as Jackson queueing systems, only some flows
possess the Poisson property.

In particular we derive the characteristics of the input, output, feedback and de-
parture processes of exponential queues in series, with a Poisson external arrival
process and a global feedback. We show that input process and output process are
identically distributed and different of a Poisson process. If n queues are in tan-
dem a recursive formula is given to obtain these distributions,

By a decomposition technique we can predict the property to be Poisson or not of
flows in a Jackson network,

As the main approximation in studying queueing networks comes from customers which
can go through a station more than one time, we propose a new approach, in avoiding
fedback customers. For this, we decompose the network in sub systems characterized
by the fact that queues i and j belong to the same sub system if it is possible to
go to i from j and to J from i. The only streams which do not possess fedback custo-
mers are inter sub network flows.

Then, each station of a sub network is studied in isolation considering that a cus-
tomer entering the sub network goes through each station at most one time. We obtain
mean number in station and response time for each queue, using an appropriate formu-
la obtained by comparisons of available GI/G/1 expressions. The method is extended
to take into account stations with many servers. The accuracy of the new method is
shown using comparisons with results of simulations on some queueing systems.
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M/M/1 QUEUE WITH BERNQULLI FEEDBACK

The model and notations

-
by H p=1-q
2
q
Figure 1

The problem to be studied is illustrated in figure 1.

The arrival process is Poisson with parameter X. The queueing discipline is FCFS
(first come, first served) and the service process is also Poisson with parameter
u. Upon completion of a service, the customer engages a Bernoulli switch : with
fixed probability q, he leaves definitively the system, and with probability p=1-q,
he rejoins the queue. The feedback is assumed instantaneous. We denote the traffic

intensity by p = %a.

Service completions will be called "outputs". Exits from the system will be called
"departures"., Similarly, "inputs" and “arrivals" will be the moments when customers
join the queue and enter from outside respectively.

In this paper, we adopt the following notations :

- A(t) : distribution function of the interinput times. Let us introduce the
L.S.T (Laplace Stieltjes Transform)

a(s) = Jw e™St da(t)
0

- S(t) : distribution function of the inter departure times
- R(t) : distribution function of the interfeedback times with

"s) = J: ™St 4R(t)

The input process
This problem has been studied by P.J. Burke (83.
The distribution function of interarrival times is 1 - e_Xt. Let t_be the time of

any input, and let G(t) be the probability for the only customer t8 arrive between
times ty and ty+t to be a fedback customer.

Then we can write
(1) 1 - A(t) = e Pr1-6(t)3

and if we use the L.S.T; (1) can be transformed to :

(2) é(5) = X%E (1 - é(x+s)] + é(x+s)
if we denote : é(x+s) 2 e-(k+s)t

| dG(t)
0
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Now, we have to compute g(s).
Let (i) the equilibrium probabiiity of state i, just before tg.

It can be showed (see Burke [8], Disney [9]1), that n(i) = oi(l-o).

© ‘

Let us denote m(> 1) = £ w{(j) =op .

3=
Using the fact that there is no arrival before the next feedback and using the
value of n(2 i), we get :

3(s) = £ m(z i) pq" [5(5)]1+1
i=0
Therefore
(3) 3(s) = 22
1-gb(s)
and we find :
g(t) = pue” (WM
from (3) we obtain :
g(d+sy = EEE

Substituting the expression of g(i+s) into (2) yields :
- _oApts{pu=)
afs) = Zx+s§5u+s§

or

Sy L ug-A A
(4) a(s) = By ol o

then, if we take the inverse transformation

- O -t
(5) A(t) = 1 - By it oo

We have to note that the input process is not Poisson,

Disney and McNickle [9] show this process is not even a renewal process

The departure process

We analyse the departure process by the following substitution : a customer service
time is replaced by the addition of the service times of all his successive returns.

Let B*(t) the p.d.f (probability distribution function) of the equivalent service
time, L, Takacs [10] shows the result :

*

B*(t) = 1 - e7Mat

therefore, the p.d.f of the interdeparture times is :

t
(1 - e MEX)y g% k) + (1 - 7%(0))B*(t)
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when n*(i) is the stationnary probability of state i, in the equivalent system, but
we know (see [8], [9]) that the distribution of the queue size is the same for both
systems, then : n(i) = n*(i). Finally we get :

As the departure process is renewal [25], it is a Poisson process.

The output process

Let us now, examine the distribution F(t) of the times between two completeness of
service, Such an interval is equal to a service time except when the queue becomes
empty. N
We denote by f(s) the L.S.
Therefore, the function f(
- 3 -
| - - 7'
f(s) = n'(0) gz (s) + (1 - 7'(0))b(s)
where, m'(0) is the probability for the queue to be empty just after an output. And
Disney [111 proves the result ='(0) = m(0)q = q[l-uq] then we get

Brg) = BHo M, wgth A
f(s) U=A U+S + u=x A+s

.3.T of the interoutput times.
f(s

) is

So, we see that the interinput times and the interoutput times have exactly the
same distribution (an hyperexponential distribution). This result was pointed out
by R.L. Disney and D.G. McNickle [11]. Moreover, it is shown by Foley [28] this
process also fails to be a renewal process.

The feedback process

A complementary result is the L.S.T of the interfeedback times. We know that just
after a feedback time the queue is in state i with the stationnary probability
m(i=1) ({81 ). Then, conditionning upon the number of customers in queue we can
write

r(s) = T m(i-1)a(i)

i=1

where a(i) is the L.S.T of interfeeback times knowing that the queue is in state i.
We use an iterative technique to compute the function a(i). The time of the first
eventafter the feedback is the lower of the first arrival and the first output. So

. . . A+“ . iqs ;L_ g . .
the L.S.T of this time is e With a probability peen (resp. A+u) this event is

an arrival (resp : a departure) and now the queue is in state i+l (resp : i-1), and

with a probability %Eﬁ this is a feedback. Then we have

Sy A A . . WP
a(1) = 52k [fma(itl) + E%E ai-1) + K1 is0

a{0) = == a(l)

This can be seen as an application of the strong Markov property.
We write these equations as follows :

(6) (Outs)a(i) = da(i+l) + waa(i-1) + wp i>0
(7) (x+s)a(0) = xa(l)

Using n(i) = om(i-1) and (7), the summation of (6) for i=1 to « after multiplica-
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tion by w(i-1) yields

(8) (up+s)r(s) = wp - EE s m(0)a(o)

Now, we have to compute (o) :

Setting a(i) = B(i) + LB p (6), we get the following equation
(A+u+s)B(i) = A8(i+1) + ugB(i-1) izl

and a solution of this last equation is

(9) B(1) = ap)

where JE is the lower root of the equation
sz - (A+p+s)yx +uq = 0

(for more details see [271).

Now, using (7) and (9), we deduce the system

+ B
upts

So, the L.S.T F(s) is entirely determined. We have

P (1'01)

(10) (up+s)1(s) = up-ast(0) To==yry ENES

Thus the feedback process is not a Poisson process. This is a new result. However it
is not known, if the feedback process is a renewal process.

RESULTS FOR TWO QUEUES IN SERIES

The two tandem queues system with feedback is illustrated on figure 2

; I +—

1 uy Uy 11

Figure 2

The service timeg of the first server are distributed exponentially with parameter
and L.S.T is by(s); those of the second server are exponential with paramete u

and L.S.T is b } A(t) is again the interinput distribution (mark I, on figure 5

and F(t) is thg interoutput distribution (mark 11, on figure 2), the equality (1) :

1 - A(t) = [1 - G(t)], is still true, whatever the number of tandem queues. In
the same way, since the departure process is still a Poisson process with parameter
A, we have symmetrically :

1- F(t) = e 1 - H(t))
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Using the L.S.T we obtain

(11) %(s) = X%E [1 - h(A+s)] + h(r+s)
where h(i+s) = Jm em(Ms)t dH(t)

0
And from (11) we get :

" . sf(s-2)-2
h(s) = 2585

Now, we shall see (in part III) that the L,S.T %(s) can be easily found for n
tandem queues, For n=2, we have :

F(s) = (1-0)(1=p,)aghzby (s)b,(5)+(1-0,)b1 (5)b,(5) (p+apg ) +oyby (5)

A

setting py = i
i

(i=1,2).
After some algebra, we find

- p[u1u2q+x(s-x)]
(12) h T —————— e
QEul+s-A]Eu2+s-A]
Let us now compute the function g(s). Conditionning upon the states i and j of the
queue 1 and 2 we can write :

(13) is) = = )51 a(,3)

where o(1,j) is the L,S.T of interval of time before the next arrival knowing that
the queue 1 is in state i with the stationnary probability n1(1 1) and queue 2 is

in state j with the stationnary probab111ty m,(j). Let t, be“the time of any input
in queue 1, The first event after t is first®of both poss1b1e service completion,

which L.S.T is uui::+s Such as for a(i) in 1.5 we get the following recurrent equa-
tions :

(14) (uptug*s)a(i,g) = upa(i-1,3+1) + uyqa(i,j-1) + up i>0,3>0
(15) (p1+s)a(i,o) = ula(i-l,l) i>0

(16) (u2+s)a(0,j) = uzqa(o.j-l) + HoP i>1

And of course we have

Uzp
(17) a(0,1) = e
Let v(j) be defined as : v(3) = T m(i-Da(i,g)

i=1
Then the summation of (14) and (15) after multiplication by wi(i-1) yields
(18) (u*up+s)v(3) = wylmidodafo,d+l) + pyv(3+1)1 + upay(d-1) + upp J >0
(hy*s)v(0), = uylmy(0)a(0,1) + pyy(1)]
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then, summing (18) upon j, to obtain ) nz(j)y(s) = a(s) , we get after reduction :

j=0
(u1+s-x)§(s) = uy m(0) jgo mp(3)(0,3+1) + upp [1-m,(0)]
Now, we need to compute the time ‘; wz(j)a(o,j+l). From the equation (16) valid
for j 2 2 we get by summation and g?ter reduction and using (17)
mﬁawawmmmuwmw@%%+§

So, after simplification we finally get
- PLupHyg+A{s-A)]
5= qluy+s-AJ0up+s=Al
this last expression is strictly equivalent to the one we obtained.for the function
h(s)., From this equality we come to the conclusion that the L.S.T a(s) and f(s) are

equal : the interinput times and interoutput times are identically distributed and
different of the exponential distribution.

It is interesting (in view of generalization) to note that the last expression that
we obtained for g(s) can be written as :

. by(s) by (s)b,(s)
9(s) = p(1-mp(0)) ————— + pmy(0) - -
1-go,b,(s) [1-qp1by(s)I1-qpyb,(s)]

The main conclusion is that the feedback process is not Poisson,

GENERALIZATION TO n TANDEM QUEUES

Such a system is illustrated on figure 3

\ AP )
! M2 n-1 Hn
Figure 3
Let By(s) = [ e TueMitar  ieLzi.n,
0
It is convenient to note %(s) = %n(s), where n indicate the number of tandem queues,
So we have :
- N n - N n .
(19) fa(s) = a gy [T (-01)b5(s) + (psaop)byls) 2 (1-04)bi(s)
e (s) T (1sa)by(5) + epy(5)
+ T p,b, (s z 1-p.)b.(s) + p b (s
k2 KK ek T nn

From (19), we deduce the recurrent equation
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(20) f(s) = F,_1(s)(1-p )b (S)+p b (s) n=2,3,...
- s%n(s )=

Since h (s) = ———=——, for all n=1,2,.... We show that the functions Hn(s) also

(21) ha(s) = hy_q(5)(1-p )b, (5-2) + po by (s-A)

bn(s) Hn - -
By setting B ( ) = = » We have Bn(s) = bn(s-A).
1- qpnb (s) H,+S=A

Therefore (21) is equivalent to

(22) ho(s) = hy_1(s)(1-p,)B (S) + pp B, (s)

Moreover, from the two queues case, we deduce

. - . b, (s)(1-p,)
= B L n
9n(s) = po B (s) + g _;(s) a5 (%)
(23) g,(5) = P, B, (s) + g,_1(5)(1-p)B,(5)

In parts I,.1I, we showed that g (s) = hn(s) for n=1,2, The equations (22), (23)
prove that 9 (s) = h {s) for any n, That 'is to say that, whatever the number of
tandem queues, the 1Hput distribution and the output distribution are identically
distributed.

Moreover, we show in a second paper [27] that these distributions fails to be Pois-
son. Indeed we prove in this second paper that the distribution of interinput and
interoutput intervals are identically distributed. Therefore, it is obvious from
this result that the flow between two any queues is not a Poisson process.

We easily verify that, when n tends to infinity, the 1nterinput (or interoutput)
times are exponentially distributed with parameter Ag™-,

ON_A PROPERTY OF JACKSON NETWORKS AND A DECOMPOSITION OF A GENERAL NETWORK

We have shown that the only streams which possesses the property to be a Poisson
process in a feedback tandem queueing system, are the external arrival process and
the departure process. Now let R be a general network and on this network, let ie—j
be the following relation of equivalence : from i it is possible to go to j and
from j it is possible to go to i. The classes of equivalence of this relation are
subnetworks such that when a customer leaves a subnetwork he never returns it. We
name them irreducible subnetwork. The global network can now be decomposed in these
irreducible subnetworks as shown in figure 4.
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Figure 4

represents an irreducible sub network

When a customer goes out of an irreducible network he never returns.

For a given irreducible network we are going to examine the distribution of depar-
ture processes. From Kelly [251 we know that the customers leaving the system form

a Poisson stream, Now from feedback property we have shown in the previous sections,
that all the other flows are not Poisson processes. (Due to the irreducibility of the
network, for each station we can BuTld at least one tandem queueing system includ-
ing this station, among the paths of the network).

This proves that all the flows except external arrival and departure streams are

not Poisson.

If we come back to our global Jackson network we can conclude that the streams bet-
ween two any stations of a same irreducible subnetwork are not Poisson but that ex-
ternal arrival and departure processes of each individual subnetwork are Poisson.
The only Poisson processes in a Jackson network, are inter irreducible subnetwork
streams. Tndeéed they are even the only renewal process as we show it in a further
paper.,

GENERAL QUEUEING NETWORK : A NEW-APPROACH

We have shown that in a Jackson network only few streams have the property to be
Poisson processes. Moreover, we have shown that input and output processes fail to

be renewal, as soon as fedback customers are allowed. Now if we are interested by
general queueing networks even streams without fedback customers are no longer renew-
al processes, but the dependances come only from the service time distributions™ (de-
pendance by fedback customers are abolished). So, we propose the following new tech-
nique to study a general queueing networks :

1 - the network is decomposed into its irreducible sub systems;

2 - for each separate subnetwork, we compute the mean number of passage at
each station;
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3 - each station of each sub system is studied in isolation considering that
the customers go through it one time and only one time.

We deal now with the last point in a more detailed manner; the decomposition has
been studied in the previous section and the computation of the mean number of pas-
sage at each station for each sub system is obvious.

Study of each station, After to have decomposed our global network, we study each
Subsystem independently. For a given irreducible subnetwork, let X be the arrival
rate entering this subsystem and e = (eqy,e,,...,e,) be the solution of e=q+eQ

where q=(q01,q preeend n)q 5 is the probability %o enter this sub-system by station
i Q= {qi" ? <ix R: 1 9 j < n} is the matrix of tramsition probabilities where
n is the nitber of stations in the irreducible subnetwork, The quantity ey, k=1,..,n
gives the mean number of passages in the station k. (x)

Qur new approach consists to assume that the customers go through the station only
one time (there is no longer fedback customers), see figure 5. So we are going to
define an equivalent service time and a new input process. The new service time of
a station is the total time spent by a customer in its server, For station k,
k=1l,...,n, the new service time distribution (see figure 5) is defined by its rate
Tk=uk/ek and its squared coefficient of variation (SCV) K§k=pk+KSk(1-pk) with

ek-
Pk = max(-%—l,o) (if ey is less than 1, namely the mean number of passage is less
than 1, then py=0 and KZ=KS).

k | Ksk

Ksg =P + Ksk(l-pk)

Figure 5

() Let X' and eé be the total arrival rate in the general network and the mean
number of passagé computed on the general network. Generally ey is different of ey,
but A'eé=xek. ey is the mean number of passage through station k knowing the custo-
mer enters the subnetwork we consider,
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The equivalent arrival process is then defined assuming that all the customers en-
tering the subnetwork g%lthrough each station one time and only one time. The equi-
valent arrival rate is A=A, k=1,...,n. Before to compute the SCV of the new arri-
val process we need to know the SCV of the initial arrival process. This one can
be computed from several manners : Kobayashi [3], Gelenbe and Pujolle [5] or Sevcik
et al [2]. We shall adopt a simplification of the second one (see Gelenbe and
Mitrani [12]) :

1

Ka, = i; jEO [(cj—l)qjk+1)]>\jqjk with 3 = e,

where c¢. is the SCV of the inter departure times at station j and whose an appro-
ximated-value is :

2
p5(Ks:-1)
Cy = b — 41, J=l,.000n.

J (1o 2
1-(1 pJ)qJJ

< is the SCV of the inter arrival times of external customers.
Now, the SCV of the arrival process at station k, k=1,...,n is f§k=pk+Kak(1-pk).

Now, we have characterized each station by their two first moments of service and
input processes, we have only to choose an adequate formula giving the response
time and the mean number in station.

Firstly we have examined the case of a single server queue GI/G/l. A certain num-
ber of approximated formulae can be used. We have compared them one another using
the mean number in station. They are the following ones :

Ka+Ks
gl
2 - formula obtained by diffusion approximations

1 - Kingman [13] n = p[rl + >

1-p ]

S R ~ 2
2a - [ 3] n = I:; with p= exp[p\a+ 5

= _ Ka+Ks
2b - [14] n=pll+ 2(1-p ]

3 - Page [15] n = p+KaKanW1+Ka(1-Ks)nWD/1+Ks(1—Ka)nD/M/1

where ﬁG/G/l is the mean number in the station G/G/1 (for n we have

D/M/1
used Kingman's fomula);

4 - Kramer and Langenback - Belz [16] .

ﬁ:p[l-{.ﬂmlxg]

2(1-p)
expr- 2dool{l-Ka 2] if Ka <1
P 2p(Ka+Ks

with g =

1-p)(Ka-1 .
expl- L‘R%%%R%"l] if Ka 2 1,

Other formulae have been examined as Marchal [17] and Kingman [18] ones, but they
are bounds and not very accurate approximations.

Among the previous expressions 1, 3 and 4 have the advantage to give the exact
Khintchine - Pollaczek formula for M/G/1 queueing system.
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We shall say that a formula is correct if the result has an accuracy of the same
order as a simulation (10 % at the maximum). Diffusion formulae are correct only on
small intervals, Page is almost always correct when Ka and Ks are less than 1;
Kingman when Ka and Ks are close to 1. Finally formula 4 is very satisfying : for
practically all the cases examined (0 < Ka < 3 and 0 < Ks < 3) the accuracy is very
good., So we have adopted. this expression for the computation of the mean number in
station in our approach of queueing systems.

Now, if many server queues exist, our approach is the following : for the aim to de-
termine only the departure process, the servers are replaced by just one server
whose distribution function G(t) is chosen to satisfy G(t) = F(st) where s is the
number of servers and F(t) the distribution function for the service time of any
server of the many server queue, The accuracy of this approximation about the de-
parture process is evaluated by Arjas [19]. With this intermediate approximation

we can now calculate the equivalent arrival and service processes.

About the mean number in station some formulae can be used. We have compared their

results :
2

= sp + Kat§—ss
- Ka+Ks Z(s+1)
2 - Sakasegawa [21] : n = sp + HH_—O)—

3 - Pujolle [22] (obtained by diffusion)

-

1 - Kingman [20] :

n= £ np(n)

n=1
ifns<s p(n) = [13p(0)1 ¢ o(1)p(2) ... p(n)
ifnzs p(n) = [1-p(0)1 ¢ p(1)p(2) ... p(s-1)p(s)""5*L
p(o) = [iso(1)+o(L)p(2) + ... + Elsyels=llyl
and c =02 pih = AR + v s Sllsedlszl) ]
1=1 1-p(s)

. - 2(A-n A
with p{ny = exptxﬁg;ﬁﬁ%gl y o(n) - &

We have also compared the results obtained by Stoyan [23] and Brumelle [24] which
worked on bounds,

Results of these comparisons show the good accuracy of Sakasagawa's formula when
Ka < 1,2 and Ks =< 1,2, that we shall adopt in these Timits. Finally formula 3 is
taken in the other cases. It remains correct when Ka and Ks are not too large :
Ka and Ks less than 2,

Accuracy of the method and conclusion. Firstly we have to note that for a Jackson

network the exact result 1s found again by our new approach. Then, we have compared
the solution of our new approach with simulation results on different queueing sys-
tems, Mainly, we have used. the central server model (with the main queue represent-
ing the CPU and the feedback queues, the swapping devices) and tandem queueing sys-
tems. These .two types of systems can be considered as extreme cases : the former is
an irreducible subnetwork by itself.

On table 2 we have compared the results obtained by our new approach to previous
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Kinn [6], and diffusion approximations :
Gelenbe and Pujolle [47. The model we have adopted is shown in figure 6 and the

Reiser and Kobayashi[261,
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values of the parameters in table 1, The results of a simulation conducted by Kiihn
are given in table 2, and also the relative differences referred to simulation re-
sults of Kihn,

Ks =
N 1 1 @1—0.5
1-62=0.5 ®2=0.5 \11 ‘m1=0.5
—><1 |
¥z
KS2
Figure 6
se A -1 Ks -1 Ks
ca Yy 1 H2 2
1 0.5 0.9 0.5 0.84 0
2 0.5 0.95 0.5 0.89 0
3 0.5 0.9 1 0.84 1
4 0.5 0.95 1 0.89 1
Table 1
Simulation Kihn Theory Theory Theory Theory
S - Reiser Gelenbe Pujolte
107 events Kitn Kobayashi Pujolle Soula
Case - -— —_ - -— — - - “ —
nl n2 nl nZ I'll nz nl n2 nl nZ
6,12 2.64 6,76 2./0 [ 6.65 2.95(7.53 4.04
V| 7.360.85 406 0.14 | g5 sy Y559 | 8112 35% | 9067 20% |2.37  2.8%
12.47 5,42 14.30 4.52 | 12,62 4.39 |14.61 5.72
2 |13.69 .32 5.840.35 | glagt 77o% | 4.in 2s.6%| 7.6%  24.837.1% 2%
3 9 5.2% 9.007 5,26 | 9,46 5.30 9 5.25
exact exact
4 12 3.03 19.004 8.10 f 18.53 8.65| 18 8.09
exact exact
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With single server queues and SCV of service times less than 3, the results of all
the tests we have made are in the confidence interval given by the simulation. With
many server queues the results we obtained are of the same accuracy when the SCV of
service times are between 1.5 and 0.5 and is not very far of the confidence interval
when SCV of service times are less than 0.5 or between 1.5 and 2.

Finally, with our new approach we can predict with a good accuracy (better than with
diffusion or iterative techniques) the behavior of a general single queueing system.

Another advantage is the possibility to study also many server queueing systems. In
this last domain improvements are possible, especially by an accurate formula giving
the mean number in the stations GI/G/s when SCV are either close to 0 or greater
than 2.
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A3STRACT

The history of modelling of the address sequences generated by computer
programs (often termed program behaviour) follows a familiar pattern: the better
a hypothetical model fits experimental evidence, the less amenable it is for
calculation. In this paper programs that generate successive page references
which can be described by a first order general Markov chain are considered.
de produce usable expressions for the distribution and moments of the steady
state size of their Working Set of pages. Taese expressions are also specialized
for the IRM and the Easton model. Only standard Markov Chain Theory is utilized.

Key Words: Program Behaviour; Paging Algorithms; Markov Chain Reference Model;
Working set; Miss-rate function; Reverse Chain; Taboo Probabilities.

1. INTRODUCTION

It is well known that the performance of all virtual memory management
policies depends significantly on the sequences of addresses generated by the
active programs [1]. Two of the concepts that stand out in the attempts to
understand the underlying processes are the Independent Reference Model (IRM)

and the Working Set (WS) [1].

1.1 Tae first suggests a simple manner for the generation of page references by
a program: Let N = {1,2,...,n} be the set of all pages of a program. Tne IRM
stipulates that successive page references are independent, and that the page
referenced at time t, X{t), is 1 (i € J) with probability Py {py} is a
probability mass function (pmf) concentrated on N.

1.2 The second concept defines a set W(t,t), comprising, at time t, all the

distinct pages referenced through the course of the last t references. It then
suggests W(t,t) as a good estimator of the 'locality of reference' at time t

* This paper is largely based on the work done by P. Tzelnic towards his Ph.D.
dagree.
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and tie 'near future'. iiere T - the WS 'window' - is a parameter of the
model, and its choice determines the goodness of the estimation. W denote the
size of W(t,t) by w(t,t). The WS policy is implemented by keeping in
memory only the w{t,t) pages of the Working Set.

Tae first moment of w(t,t), tie mean size of the working set, (or rather,
its 1imit as t+e, w(t)), was computed under various hypotheses on program
behaviour. The simplest and best known of these results is the formula due to
Denning and Schwartz [1], for the IRM.

1.3 In this paper we show how similar results and extensions can be obtained
for a natural generalization of the IRM, i.e. the Markov Chain Model (MCM).

According to the MCM, X(t) 1is a Harkov chain satisfying certain mild
regularity assumptions. This model is expected to describe ‘'real life' better
than the IRM, even if for no other reason than the removal of the unnatural
assumption of independence between successive page references (note that the IRM
is a special case of the MCM). See [2] for an articulate justification of the
MCM.

1.4 In Saction 2 we present an analysis of the working set characteristics, in
taa frame of the MCM. ile obtain the pmf of the WS size, and calculate its
first two moments at steady state. As a direct consequence, the miss-rate
function for a system employing the WS policy in its page replacement altorithm
is evaluated.

In Section 3 we show that Denning and Schwartz's formula is indeed a
special case of our results. e also use our results for Easton's special
MCM [3].

2. WORKING SET DISTRIBUTION

2.1 Let the page reference generator be a first order, time-homogeneous, Markov
chain over the set of states N = {1,...,n}. Further, assume it is ergodic (in
particular - irreducible and aperiodic). Let its transition matrix be P.

We identify the state of the chain at time t, X(t), with the page referenced

at time t. Conditioned on the page reference generated at time t, the probabil-
ity of the next - (t+1)st - page reference is then given by

PriX(t+1) = j]x(t) =il= Py (2.1)

let 7 be the steady state distribution of this chain (7P = 7). Let

D(?) denote the diagonal matrix whose elements are w;,, i = 1,...,n; and let

-I’
P denote the matrix transpose of P.
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2.2 Following Kemeny and Snell [4], we define the process which is the reverse
of X(t) as that process which corresponds to the evolution in reverse order of
the original chain. It is further assumed that the process X(t) has as initial
distribution (at t = 0) its stationary distribution. This last assumption makes
([4]) the reverse process thus defined a Markov chain, with the transition matrix:

P = [o() 1 o), (2.2)

or t i A.. = w.P../m,
( erm wise, P1J wJPJ1/w1).
Furthermore, the matrix P possesses the same Steady state distribution, T, as

the direct chain.

From the matrix P we produce n matrices P.. Such a matrix is the zero
matrix, with the exception of column j, which is column j of P. We also
find use for the n matrices E]’ defined by

=P -P, j €N, 2.
j ] J (2.3)

1o >

i.e. - identical to P with the exception of a zero column j.

The reverse chain is a natural tool to use when the dynamics of the WS of
the program is considered, since given X(t), it is P that governs its
characteristics directly.

2.3 In the following propositions we assume that the initial memory state

(= the set of program pages that is in main memory) is of no import - or,
alternatively, that t is "large enough".

The WS at time t, W(t,t), is defined in terms of the process {X{(t)} as
W(t,t) = {i]i € IX{t-t#1), X(t-1#2),... . X(t-1), X(t)}}, and w(t,t) f9s the
number of members of this set.

Proposition 1: The conditional probability that the Working Set size at time t

is k, given that page is referenced at time t+1, is:

i

k no.
Priw(t,c)=k|X(t+1)=1] = = (-1)k'2[ﬁzﬁ] p S (P, +...4P

2=1

L (2.
15§ <0 e<d en =1 3 Iy

ij

(See the note below on the perhaps peculiar conditioning.)

Proof. Sketchily presented, the argument runs along the following lines:

1. Given the state of the memory reference process at time t+1, 1 transitions

governed by P determine W(t,t).

2. It is convenient to interpret the event {w(t,t) = k} as "the program
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avoids precisely n-% pagas during t-t+1 to t".

3. Denote by Ay, the event: {X(t-t+1),...,X(t)] avoid the set of pages I,
given that X(t+1) = i.

4, let Sr|i denote tne sum of probab1]1t1es ZPr[AI|1] the summation being
carried over all sets I s.t. |I| =

5. Then by 2. above and the inclusion - exclusion principle [5] follows
I

17 2w (_qyV (=it

1= VEJ( R [ v ] Sn-k+v|1' ’

Priw(t,t) = &

6. The probability, that starting from i, the next (under ﬁ) v references
are all within a set of & pages J2 , is given by:
no. N
T _ oy .
f (P, +...4P. ). , . = {Jpseendy)

r=1 Jt Jpr

7. Using 4. and 6., we obtain for the value of Sr conditioned on X(t+1) = i:
3T . .
. ces . s J = P ,
J A G 2iir e T U, Ipopt
n-r
the summation being on all sets of size n-r.

8. Substituting the last result into 5., and putting k-v = &, yields
Equation {2.4) {when we note that Sy = 0). O

Using Proposition 1, we obtain by removing the conditioning on X(t+1):

Corollary 1: The steady state pmf of the working set size is:

K k-2fn-2 .5 5
Priw(t) = k]= Z (-1) [” 2] b D A )g.. (2.5)

g=1 (1)< <3, 2n) 1,321 9 Jp N
Note. It is perhaps useful to remark that Proposition 1 was stated using an
"unnatural" conditioning - normally W(t,t) is of interest at time t, wien
X(t+1) is not known. Indeed, Pr[w(t.,t) =4k | %(t) = i ] can be evaluated as well,
and one readily obtains

K \ i¢d, n
; k-2[n-2 K-2 [ b \T
Priw(t,t)=k|X(t)=i]= £ (-1) [/ ] z [ - ] (P 4. 4P, 5L,
2=1 K-ty n-t =1 J Jg 1
2
whare IA is 1 when A holds and O otherwise.
This however is a considerably more complex expression; specifically, a de-
composition similar to (2.7) below cannot be affected on it. iiowaver, our main

interest 1ies with the unconditional distribution Pr[w(t)=k]; w2 obviously have
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Priw(t,t) = kj = X(t) = 1Ipelx(t) = 11

1Pr[w(t,T) =X

S WMo

= 2 Prlw(t,r) =k
=

X(t+1) = jIPr[X(t+1) = §1,

397

and further, in the 1imit t+= both randomizations use the same pmf T; hance

Corollary 1 is indeed the result we need, the 'detour' noted here notwith-
standing.

2.4 Using Eq. (2.5) the moments of the steady state WS size can now be
computed: Denote the mean by S(t):

S(t) = Efw(t)] = f k Priw(t) = k].

Proposition 2.

n n .
S{ty =n- 2 T ow. (P )T, (2.6)
k=1 i,j=1 " -k1J
Proof:
n n k e _
S(t) = T kPriu(x)=k]= 2k T (-1)F “[," os (2.7)
k=1 k=1 =1 Roay ok
where
n . 5 )T
S, = X m P> (P, +...+ P, ).,
* P,J=1 1<), <jyn ) Iy

3y changing the order of summation over k and ¢ in (2.7), and summing
over Uu = k-2, from zero to n, we obtain:

- _n n-t _yufn-2
S(t) = 251 S, uEO (-1) [ " ] (u+e) .

The sum over u can be split into two components:

n-% n-2
gz (-1)“(“'“] =5, 5 Z (-1 u{";“] =8, oy - (2.8)
u=0 u ’ u=0 ’
Therefore:
S(r) = nSn - Sn—l =
n N n - . T
nZn, ZT(Plii- Z 7 z (P, +...+P . =
i=1 Vgm0 4,551 Vgjicngg . en N Jp- 1]
1 n-1
n n (A )
=n- Z = Z(P)I.-
P ]=1 LEEREISAN
(See paragraph 2.8 concerning the evaluation of these quantities). =i
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In an entirely analogous manner we also obtain

(2)/ .y - eru2 _ .2 Y L Nt
SVl () = E[w(1)] =n Sn- (2n-1)5n_1+ ZSn-Z n“-(2n 1)1 ?=l“ik§| -k)ij +
n - -
+2 T om z ( +...+ P )N (2.9)

whence the variance is immediate.

2.5 A related interesting result is the expression for the miss-rate at
equilibrium, i{t), in the present model, under the WS policy. M(t) is then
defined as 1im Pr[X(t) € W(t-1st)]. This is derived by observing that the
present modeTmsatisfies the assumptions of [1]) by virtue of which the following
relation was shown to hold:

N{t) = S(t+1) - S(1) . (2.10)

Corollary 2:
n n ~ o
i) = = z ﬂi[(Ek) (I-Pk)].. . (2.11)
k=1 1,j=1
2.5 We now present alternative expressions for S(t) and M(t). Taiese perhaps
are not as intuitive in derivation as the preceding ones, but are computationally
superior.

Proposition 3:

=1 n ~ g
5(T) = Z z ﬂk(EI\)'J ’ (2.12)
s=0 j,k=1 °
()= I m(B)r (2.13)
M) = 2 n (P ) 2.13
K,j=1 KE=k'kJ

Proof: (Directly from Proposition 2):

S{t) =n - ) ?=1 Ujk(r) (2.14)
. n ~ T
waere Ujk(r) = 15‘"1(Ek)1j'

A recursive evaluation for these U(t) follows:
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n n
: - b b yT-1
Uslrd = Zmy 2 (B )ip(Bydyy
i=1 a=1
no(n . n N .
B hf1 151"1P1h 151"1('3!()1.1 (Ek)hj
n n -
= Z|= Z P (P).
h=1 h o 1 1kkhy *=k7i]
= 5 y1-1
= Uple=t) = m (B

(2.15)

diffarence equation for U(r) should satisfy the initial condition:

Ujkkl) = L nksjk R

and thus yields

',
=K

_ 2 .S
Ujk(r) =m.-m z (P )kj

Substituting in (2.14) we ovtain

2.7

1.

( n n r-I(A )s
S{(t)=n- X w,+ X 7, Z(P .
K,j=1 9 k,j=1 K s=0 KK

=1 n ~ g

= z z n (P

s=0 j,k=1 K “K'KJ

() = S(t+1) - S(x) = Z ”k(Ek)Ej :

Reriarks

2 last relations suggest the following calculation scheme:
a) S{1) =1,

) M(t) as given in (2.13),

) S{r#1) = S(x) + M{x).

Using a familiar representation of the mean WS size [1],

n
S = X (1- ZnF ,
(T) =0 ( ket K k(s))

(2.16)

(2.17)

399
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where Fk(-) is the distribution function for the interreference interval for
page k, we ga2t, by comparison with (2. 2}:

Py

Pdiy - (2.19)

(This is actually a compact way to represent summation over all suitable
realizations of sample paths.)

2.8 Complexity of Calculations It is of some interest to evaluate the number

of operations involved in the various expressions obtained for S(t), M(t), atc.
(essentially additions and multiplications of elements of ﬁ and ¥ - no account
is taken of loop control variables, the calculation of T itself and various
‘bookreeping' chores). Equation (2.4) requires, for each k and 1,

2 n-2

nt Z£e(M, and for the complete (conditioned) pmf, for every i, nt(n+1)2

2
2=1
operations. Covaring all i adds a factor of 2n. A straightforward calculation
)21 operations (an initial study indicates that

this figure can be rather simply reduced by a factor of n at least, by

of Equation (2.0) requiras nz(n-l

using T= ?ﬁ. The calculation is more complex to control, .owever).
Equation (2.12), using the procedure of 2.7.1, can be done in n3r operations
(approximately the same as the elaborate calculation of (2.6)).

3. SPECIAL CASES

As an illustration let us evaluate the above expressions for two simple
models of program behaviour.

3.1 Independent Reference Model Given that Pij = pj, j%1pj =1 tue following
results for the IRM follow:

mo= Py

ﬁw' AN

(8075 = (=p )T (1550, (3.1)

for i,j = 1,...5n, 12 1.

ilence:
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n n -
S(t) =n- Z S m(P)s s
S

n
=

1
M

()%, (3.2)
consistently with the results in [1].
3.2 Easton's iModel [3] This model makes use of a Markov chain of special

structure. It is claimed to be a good description of interactive Data Base
reference strings [3]. The transition probabilities are given by:

Pii =a; = 1-r + X
(3.3)
P..=8.=rxr., i i,
i 7Ty 1R
n
where 0 <r<1, Z Ay =1 and x> for i=1,...,n0.
i=1
For this model, we can easily verify that:
'rr_|=)\_i
- 15 = 1500050 (3.4)
1.]= LN

In order to compute S(t) for Easton's model, we use the following relation,
which 1is proved below:

UENT; = (18] L0816 + o (1= ) (3.5)

Jith this it follows:

n b 3T ™
L2 m By = (mm) T 2 aL0-80 (-634) + 6 (1-0y)]

(1487 ? rLC-g) + 65 (r-1)]

(1-8,)7" [1-8, + 2 (r-1)]

401
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(1-Bk)T'] (1-8 + 2y = 2y)

= (1-ek)T'1 (1-3)

Hence:
() z (B)] 2 (13 ) (1or2) ! (
S(t) =n - o m (P )is=n= T (1-a)(1-ra . 3.6)
Koi,g=1 1 oK1 k1 Kk

which is identical with Easton's result.
To prove the relation (3.5), one may use a probabilistic approach as
follows: ?(ék)?j is actually the taboo probability of not entering state k,

following an exit from state i, through m successive steps (along any sample
path of the reverse Markov chain, X(t)).

Two cases here have to be considered, corresponding to i # k or i =Kk
in the initial state. Due to the simple structure of the Markov chain, the
above probability is (1-Bk)m, in the first case, and (1-ek)m'](1-ak), in the
second one.

We also present a computational proof, which has the side benefit of
yielding an explicit representation of the powers of ék' This proceeds along
the following lines:

1. We show inductively that:

(1-8,)" - (1-r)" ik iEi ik

g, ————— s J s J 1, 1

J r - Bk
. (1-8 )" - (1-r)"
()T, = s, k TS LA I N (3.7)
=k’1j 1 r - Bk

85 (1-8 )" L itk i=k

0 . i=k

For m = 1, the above expressions are easily verified. Assuming they hold for m,
we establish that they hold for m +1 as well. (Note that the case j = k is
obvious.)
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(a) i#k,j# ik

(). =2 (p)0p .
1 | ki a7k ~k7ih aj

= m + \ m. L.+ z P m N
By 1P T % 5 it

(1-8,)" = (1-r)"

mn
+ - .+ B, —m8m8m .
(1-r) }BJ % RN

n
™

(1-8)" - (1-r)"
+B, ——m z Bﬁ
J r ngk,iag

(1-8,)"-(1-r)" (1-8,) " (1-1)"

= g, ———a, + Z8, |-B,| —————08-(1-r)
j r - Bk j hej nJ j r Bk k

(1-8, )™= (1-r)" (1-8,)
D (1-8,) + (1-n)"| = B T,

m+1 m+1
-(1-r)

1-r

= B

(1-8,)"-(1-r)" (1-,)"=(1-r)"
K ()™, + g— K _ °  x g
Tor-gy L r-B hgk,in

(1‘Bk)m'(1'r)m

n
=g—— o . + Zg | +(1-r)"a;-8.8 -
i r- B T g ﬂ] Tk r- By

-

=g, ———————— (1-8,) + (1-)"(1-r+s;)
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(c) i=xk,3#k%

a 1 nl [ m
O™ < 2 (p )P = = (PR .+ (P )P,
~k’kj hik -k’kh hj h#k .3 -k’kn" hj -k’ki jj
-1 m-1
=8, (1-8)"" = 8 +8.(1-8)" o,
N LA A
m=1 11-1
=8.(1- .+ 38, -28.(1-
BJ(I 8 o hij“ BJ(I BL)" 8y

_ _ m-1 _ - _ m
= Bj(l 8 (1-8,) Bj(l 8
2. Summing over j 1in the various expressions in (3.7), we immediately obtain
the stated result. 0O

Note. 3oth examples above happen to possess self-dual transition matrices (i.e.,
P = P). This is neither a requirement of any of the procedures developed here,
nor does it help in the calculation.

4.  CONCLUSION

In this paper it was shown how quantities related to the WS of a program
can be handled, when the program obeys the Markov Chain Model. Specifically, we
produced expressions for the mean and variance of the WS size at equilibrium.

Although the calculations are inherently of the path counting type, closed
expressions were obtained for two special popular models of program behaviour.

Further activity, using this approach, is aimed at deriving results for
programs which display special structure (but not as degenerate as the above two
cases).
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One source of error in queueing network models of computer

systems is the insufficiently accurate representation of service

time distributions. When unacceptable error results from charac-
terizing a service time distribution by its mean alone, the modeller
will usually turn to a first-come-first-served service discipline and
a phase-type server capturing additional characteristics of the ob-
served service time distribution. Until recently, though, effective
use of the method of phases has been inhibited by the absence of an
efficient, soundly-based algorithm for parameter value selection.

In this paper, we approach the parameter selection problem by ex-
ploiting a recent result: in a wide class of queueing network
models, performance measures are fully determined by the Laplace
transforms of the various service time distributions evaluated

at certain specific points. By selecting the parameter values of the
observed service time distribution, rather than the moments of this
distribution, increased accuracy in predicting performance measures
can be achieved. We present a computationally efficient parameter
selection procedure, and discuss experimental results.

INTRODUCTION

Considering their inherent limitations, simple queueing network models using
exponential servers have demonstrated a remarkable ability to predict computer
system performance accurately [Graham 1978]. It is an unfortunate fact of life,
though, that significant errors sometimes arise in using them to model even
seemingly straight-forward computer systems. An insufficiently accurate charac-
terization of one or more service time distributions is often a major cause of
this error.

The traditional approach to reducing this error involves representing the
offending service center by a first-come-first-served service discipline and a
phase-type server with parameter values selected so that its mean and variance
equal the corresponding characteristics of the observed service time distribution.
While queueing networks with one or more such service centers are not amenable
to analysis by efficient exact solution techniques [Baskett et al. 19751, recent
advances in approximate solution techniques, such as the Chandy-Herzog-Woo

407
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theorem [Chandy et al. 1975], allow them to be analyzed in a computationally
efficient manner.

In selecting parameter values for a phase-type server, a variety of charac-
teristics of the observed service time distribution could be used. The decision
to match its first two moments is an arbitrary one that stems from several
practical considerations. First, the mean performance measures for M/G/1 queueing
systems are fully determined by the first two moments of the service time distri-
bution; the informal application of this result to queueing networks has great
intuitive appeal. Second, until recently no algorithms existed to select
parameter values based on more complex criteria.

The "two moment" approach to parameter value selection has a number of draw-
backs, however. Consider the simple phase-type server illustrated in Figure 1,

a two-stage hyperexponential. By appropriate assiagnment to parameters Uy Moo
and p (where the u's are service rates), this server can be made to match any
mean and ahy coefficient of variation greater than one. (The coefficient of vari-
ation is equal to the standard deviation divided by the mean.) For this reason,
the two-stage hyperexponential is commonly used to represent the CPU in queueing
network models of computer systems. Because there are three parameters but only
two. constraints, selecting parameter values on this basis fails to exploit fully
the flexibility of the server. In and of itself this would not be serious, but
several authors (Price [1976]1, Lazowska [1977]) have recently noted that when
used to represent the CPU in a queueing network model, various two-stage hyper-
exponential servers with identical means and coefficients of variation can
result in dramatically different predictions for certain performance measures.

Table 1 is excerpted from [Lazowska 1977]. It shows the CPU utilization pre-
dicted by a queueing network model of the University of Toronto Computer Centre's
IBM System/370-165 when various servers are used to represent the CPU. Included

predicted
server utilization
exponential 83%

two-stage hyper.
o (:::) high extreme 79%
_< >ﬁ balanced load 69%
1-p (:::) match skewness 64%

Tow extreme 56%

Figure 1
Table 1
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are an exponential server matching the observed mean service .ime, and four two-
stage hyperexponential servers, each of which matches both the observed mean and
the observed coefficient of variation. Subject to these constraints, parameter
values for the two-stage hyperexponentials were selected respectively to obtain
the highest predicted CPU utilization, to balance the Toad on the two stages

(the most common approach, in practice [Sauer & Chandy 19751), to match the third
moment of the observed service time distribution (note that this is not always
possible with this server), and to obtain the lowest predicted CPU utilization.
(The observed CPU utilization was 74%, which is within the range obtainable by
the model.)

We reproduce this table in order to emphasize that selecting parameter
values for a phase-type server based on the first two moments of the observed
service time distribution is not necessarily adequate. And, as mentioned earlier,
the classical general approach to selecting parameter values based upon additional
characteristics of distributions, namely Prony's method [Cox 19551, suffers from
a number of severe disadvantages [Bux & Herzog 1977al. In response, several
authors have recently devised new parameter selection methodologies.

In a series of papers ([Leroudier & Schroeder 19741, [Leroudier & Schroeder
19751, [Schroeder 19771), Leroudier and Schroeder discuss a maximum 1ikelihood
approach to parameter selection, and demonstrate its use by matching the proba-
bility density functions of several distributions arising in an IBM CP/CMS system
at the University of Grenoble. They do not describe modelling experiments that
make use of the resulting servers.

More recently, Bux and Herzog [1977b] have described a technique that selects
parameter values based upon the mean, the second moment, and an arbitrary number
of points on the cumulative distribution function of an observed service time
distribution. In essence, they apply a non-linear optimization procedure,
increasing the number of stages in the server until a prescribed tolerance is
reached. Again, they do not discuss the use of the resulting servers in gueueing
network models.

These two approaches to parameter selection represent a substantial advance,
but still suffer from a potentially significant limitation: complexity. No
guidance is given concerning the number of points of the observed distribution
function that should be matched, the optimal location of those points, or the
tolerance that should be prescribed. Matching a Targe number of points to a
small tolerance may require a large number of stages in the server, a proportion-
ately large investment of time in parameter value selection, and a proportionately
large computational effort in analyzing the queueing network model in which the
server is employed.

Here, we present a new approach to parameter value selection for servers of
the phase type. Inspired by Bux and Herzog, we use a non-linear optimization
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procedure. Instead of attempting to match a number of points of the observed
cumulative distribution function, though, we match the value of the Laplace
transform of the observed service time distribution at certain specific points.
The impetus for this approach is provided by a recent result of Lazowska's [1977]:
in a wide class of queueing network models, performance measures are fully deter-
mined by the Laplace transforms of the various service time distributions evalua-
ted at certain specific points. In selecting parameter values according to this
criterion, then, we are capturing exactly those properties of the observed distri-
bution that are essential in the context of a queueing network model. This means
that the flexibility of a specific server is exploited to the maximum possible
extent. Further, the error in predicting performance measures will be propor-
tional to the error in matching the Laplace transform values of interest.

In the section that follows, we briefly review the Laplace transform result
mentioned above. In subsequent sections we describe our parameter selection pro-
cedure, mention some experimental results, and conclude with some implications
and open questions.

LAPLACE TRANSFORMS AND PERFORMANCE MEASURES

It is natural to seek an explanation for the phenomenon illustrated by
Table 1: two-stage hyperexponential servers with the same means and coefficients
of variation can yield dramatically different performance predictions when used
in queueing network models. The key lies {n a derivation due to Jaiswal [1968],
which is discussed by Price [19761.

Jaiswal derives an expression for server utilization in the M/G/1 queueing
system with a fixed number of customers, N . This queueing system is of relevance
here because it is equivalent to a closed queueing network with N customers in
which the central server has a general service time distribution with FCFS
scheduling, and the N I/0 service centers have identical exponential service
time distributions with no queueing delays. This equivalent network is illustra-
ted in Figure 2.

Jaiswal shows that server utilization in this system is a decreasing function
of the Laplace transform of the CPU service time distribution, evaluated at the
points nx , 0 <n < N-1, where X 1is the common service rate of the I/0 service
centers. The Laplace transform of a service time distribution is the integral
of the product of its probability density function and the negative exponential
function:

L*(s] = [ e 3*f(x) dx , L*[0] =1
0
While Jajswal's result is formally applicable to an extremely restricted class of
queueing networks, the data in Table 1 hints at a much broader applicability.
The four two-stage hyperexponential distributions considered there have consider-
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-—

00 5
< @ - Ho—0
@ , N customers

N customers

Figure 2 Figure 3

ably different probability density functions, and thus considerably different
Laplace transform values, although their means and coefficients of variation are
identical. But the queueing network model consists of a central server and a
small number of dissimilar I/0 service centers at which queueing may occur.

In extending the applicability of Jaiswal's result to other queueing network
configurations, Lazowska [1977] considers the M/G/1 queueing system with finite
waiting room. This queueing system is equivalent to a closed queueing network
having N customers, a central server with a general service time distribution
and FCFS scheduling, and a single, exponential 1/0 service center for which all
customers must compete. This system, illustrated in Figure 3, represents the
opposite end of the central server queueing network spectrum from that considered
by Jaiswal and Price. Lazowska shows that server utilization is a decreasing
function of the Laplace transform of the CPU service time distribution evaluated
at the single point A , the service rate of the 1/0 service center.

Based udon these two proofs and a number of examples, Lazowska argues the ap-
plicability of the result throughout the central server queueing network spectrum:
CPU utilization, and thus all utilizations, are inversely proportional to the
Laplace transform of the CPU service time distribution evaluated at points corre-
sponding to the load dependent throughput rates of the I/0 subsystem (equivalent-
1y, the load-dependent arrival rates of the CPU). Indeed, the intuitive explana-
tion for this behavior, a "limited damage” argument involving residual 1ifetimes
[Buzen & Shum 19771, applies to closed queueing networks of arbitrary topoloay.

The implication of these results for the problem considered in this paper is
that the parameters of a phase-type server should be selected so that the Laplace
transform of the server, evaluated at the load-dependent arrival rates of the
service center, equal the corresponding values of the observed service time
distribution.
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MATCHING THE LAPLACE TRANSFORM

Our matching technique consists of two principal aspects: determining the
necessary Laplace transform values of the observed service time distribution,
and matching these values by varying the parameters of the phase-type server.
As input data, we require a sequence of pairs {xi,F(xi)} which specify the cumu-
lative distribution function of the observed service time distribution. The
x-values may be chosen for convenience in measurement. We also require an indi-
cation of the range of load-dependent arrival rates that must be considered. As
output, we provide parameter values for a phase-type server. We shall make use
of three numerical procedures: a cubic spline interpolation to provide specific
cumulative distribution function values from the arbitrary ones furnished as
input, a Gaussian integration to evaluate the transform of the observed service
time distribution at appropriate values, and a non-linear least squares optimiza-
tion to select parameter values for the phase-type server. We now describe the
two apsects in more detail:

[ Evaluating the Laplace transform of the observed distribution

We assume that our data has been obtained by monitoring the service center
of interest over some period of time. Suppose that k customers passed through
the service center during that period. Then we have the service times for each of
these Kk customers, Xy oo Xpo From this information, we must determine the
value of the Laplace transform of the distribution at certain specific points.
Recall that the Laplace transform is defined by:

©

Lrls] = [ e™®*f(x) dx , L*[0} =1
0

where f(x) 1is a probability density function. Two difficulties arise in evalua-
ting this integral. First, we must contend with the fact that the data from which
we obtain our information concerning the underlying probability distribution is
discrete. Moreover, obtaining approximations to f(x) for specific x using
data conveniently obtained from measurements may be somewhat tricky. Second, we
must cope with an indefinite integral.

It is possible to rewrite the above expression in terms of F(x) , the ob-
served cumulative distribution function, by taking advantage of the fact that if
L*{s] 1is the Laplace transform of some function G(x) , then sL*[s] is the La-
place transform of its first derivative, G'(x) . We obtain:

L*[s] = s J e S*F(x) dx , L*[01 =1.
0

Working in terms of F(x) has many advantages: the function is continuous
and monotonically increasing, it ranges in value from zero to one, and from our
data, we have a good idea of when F(x) first becomes non-zero and when it first
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becomes one. These properties enable us to obtain a good approximation to F{x)
for any value of x , using the following procedure:

- Find the largest, x , and the smallest, x , observed service times.

ma x min

- Obtain a small number (15 is sufficient) of data points between Xuin and
X .
max

- Fit a piecewise cubic spline to these data points. This provides an inter-
polating function which is twice continuously differentiable, so that we
have a reasonably smooth fit to the data.
Given any x , calculating the estimate to F(x) involves finding the sub-
interval in which x 1ies, then evaluating the corresponding cubic polynomial.
Now that we have a procedure to approximate F(x) , we can concentrate on the
integration itself. The first step is to eliminate the indefinite integral. We

know that for x = Xnax ° F(x) = 1. Thus we have:

* maxX _sx S mSX
L*[sl='s [ e 77F(x) dx + xf se dx
0 max

X
max

=s f e S¥F(x) dx + e *max
0

Since we now have a definite integral and since the integrand is smooth, a general
numerical integration procedure can be used to perform the integration. However,
we can obtain a substantial savings in execution time if we tailor the procedure
to the specific function. For example, the measurement and interpolation error in
our values of F(x}) 1imits the accuracy of our values of L*[s] , so we only
require a modest degree of accuracy in the integration. MWe also know that e SX
decreases rapidly as x increases. This means that beyond a certain point, X ,
the integration need not be performed, since its contribution to the value of the
integral is insignificant relative to the error already present.

To make the integration as efficient as possible, we break the range of
integration into sub-intervals, with the interval size increasing as x 1increases.
We use three-point Gaussian quadrature to evaluate the integral on each sub-
interval to within a specified tolerance, and this value is added to the overall
sum. This approach allows us to halt when either the contribution of the sub-
intervals becomes sufficiently small or Xmax is reached.

We are now able to numerically evaluate the Laplace transform of an observed
service time distribution for arbitrary values of the parameter s , given
measured points on the cumulative distribution function. These points may be
selected for convenience in measurement. It remains to select parameter values
for the phase-type server to match the Laplace transform values of interest.

® Selecting parameter values for the phase-type server
Here, we use the procedure described in the previous subsection to provide
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specific values of L*[s] . Given a phase-type server, we then choose parameter
values so that its Laplace transform values match those of the observed distri-
bution.

In this paper we shall deal with the three-stage, four-parameter server
illustrated in Figure 4. (The u's represent service rates, not times.} In a
sense, this is more restrictive than the work of Bux and Herzog or Leroudier and
Schroeder, who dynamically alter the number of stages used. Experience in
model1ing using this server, which we shall describe in a subsequent section, has
lTed us to believe that it possesses the proper balance of simplicity and suf-
ficiency. The general form of its probability density function is illustrated
in Figure 5. By appropriate choice of parameter values, its characteristics
can range from those of the hypoexponential to those of the hyperexponential.
Additionally, it is not difficult to extend our method to more general server
structures.

The Laplace transform of the server illustrated in Figure 4 is:

g { P Uy (l-D)u3
s+u1 s+u2 S+u3

C*[s] =

Given a set of pairs {si’L*[Si]} we wish to find values for Uys Hps Hgs and

p , such that the difference between L*[s] and C*[s] 1is minimized over the
;- As noted, the crucial points are the load-~dependent arrival rates of the
service center in question. We choose, however, to match a large number (roughly
50) of points spread uniformly between the smallest and largest arrival rates.

We do this to minimize the effect of the error inherent in the values of L*[s] .
This error is essentially random, with a mean of zero. By working with a large
number of points, we can obtain results that are minimally influenced by this
error. Finally, we constrain the parameter values so that the mean of the

A~
@k® £(x)

Figure 4 Figure 5

X
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observed service time distribution is matched. (This will be discussed in a
subsequent section.) We do this by introducing artificial data points at
s = 0.0001, with a value selected such that the slope of the transform between
zero and 0.0001 is equal to the measured mean.

The actual fitting is done by a non-linear least squares procedure from the
Harwell subroutine package [Fletcher 19711].

The following is a summary of the matching procedure, which has been incor-
porated into a package with a simple interface:

- Obtain values of F(x) at several data points.
- Interpolate these data points using piecewise cubic splines.

- Evaluate L*[s] , using three-point Gaussian integration on sub-intervals,
on a set of points spanning the range of interest. Introduce artificial
data points to constrain the mean of the phase-type server.

- Perform the least-squares fit.

The running time of the algorithm, and the goodness of fit obtained, both
increase with the number of points S5 that are employed. In our experiments
with this methodology, some of which are reported in the next section, running
times of under ten seconds on a 1 MIP machine have been experienced.

EXPERIMENTAL RESULTS

The parameter selection technique just described has been used successfully
in several modelling studies. We describe a few of our experiences here.

[ ] Characterizing service time distributions

Figure 6 roughly illustrates the probability density function for the CPU
service time distribution of the University of Toronto Computer Centre system.
In the model of this system discussed earlier, the load-dependent arrival rates
to this service center were in the range between 0.2 and 0.9. Table 2 displays
certain characteristics of the service time distribution.

The parameter selection technique just described results in a server whose
Laplace transform values are within 1% of those shown in Table 2. The mean of
the server is 8.7, and its coefficient of variation is 3.0. When this server
is used in the model, predicted CPU utilization is 74%, precisely the observed
value. In other words, the errors manifested in Table 1 are due entirely to the
insufficiently accurate characterization of the CPU service time distribution,
and are eliminated by our parameter selection technique.

In this same model, we have used our technique to select parameter values
for a two-stage hyperexponential server. Because of the restricted flexibility
of this server, its Laplace transform values are in error by as much as 10%.
When used in the model, predicted CPU utilization is 75%, an error of under 2%.

As a matter of interest, Table 3 displays Laplace transform values for the



416 E.D. LAZOWSKA and C.A. ADDISON

observed
distribution
mean 8.7
c.v. 12.7
L*({.0] 1.000
£00) L*(.2] .463
L*[.4] .276
L*[.6] .184
L*[.8] .130
~~ L*{1.1] .096
X
Figure 6 Table 2

two-stage hyperexponential servers at the low utilization and high utilization
extremes in Tabie 1. It is interesting to note the wide discrepancy in Laplace
transform values, since the servers are of the same form and have identical
means and coefficients of variation.

@® Characterizing response time distributions

Although the motivation for our parameter selection technique arose from
the importance of the Laplace transform in characterizing service time distri-
butions in queueing network models, the technique has been applied successfully
in more general contexts.

Lazowska and Sevcik {1978] have shown that in a large class of queueing
network models, the distribution of response times can be closely approximated
by considering only "high-level” aspects of system behavior: the mean response
time, and the distribution of the number of cycles through the network required
by a customer. '"Low-level" aspects of system behavior (service time distributions,
scheduling disciplines, the presence of multiple customer classes, network
topology and transition probabilities) influence the distribution of response

Tow high
extreme extreme

mean 8.7 8.7

C.v. 12.7 12.7
c*[.0l 1.000 1.000
C*[.21] . 900 .454
C*[.4] .824 .294
C*[.6] .761 .217
C*[.8] .706 .172
C*[1.1] .659 .143

Table 3
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times only to the extent that they influence the mean response time of the

customer class of interest. Their approximation technique proceeds as follows:

- Measure the system to obtain the parameters required by a queueing network
model. In addition, obtain information about the distribution of the
number of cycles through the system required by the customer class of

interest. (Note that the queueing network model requires only the mean
number of cycles as a parameter.)

- Analyze the queueing network model to obtain the mean response time of the
customer class of interest. Divide this value by the mean number of cycles
required by that customer class to obtain the mean duration of a single
cycle.

- In parallel with the previous step, approximate the observed distribution
of the number of cycles through the system using a phase-type server.
Of course, the observed distribution will be discrete rather than continuous,
but the difference is unimportant here.

- Each stage of the phase-type server obtained in the previous step represents
some mean number of cycles through the system. At each stage, substitute
the mean response time of a customer requiring that mean number of cycles.
The result is a phase-type server representing the distribution of response
times for the customer class of interest.

At the heart of this approximation technique is the phase-type characteri-
zation of the distribution of the number of cycles through the network required
by a customer. It is here that the technique described in this paper is employed.

As a case study, Lazowska and Sevcik consider IBM's Time Sharing Option as
implemented at the University of Toronto Computer Centre. Measurement data,
including the distribution of the number of passages through the 0S/MVT dispatcher
per interaction,was gathered. Since a customer passes through the dispatcher
after each I/0 operation, this constitutes a natural definition of a cycle for
this system. Figure 7 illustrates the observed probability density function of
the number of cycles required per interaction. Using the methodology described

density

Figure 7
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in this paper to select parameter values for the phase-type server illustrated
in Figure 4 yields the following results:

p: 0.225 1/(3.16 cycles) : 1/(213 cycles) 1 1/(2.58 cycles)

a8 2 3

To obtain an approximation to the distribution of response times for this
system, the mean response time (2.33 seconds) is divided by the mean number of
cycles per interaction (53 cycles) to obtain the mean duration of a single cycle
(0.044 seconds). (In practice, the mean response time would be provided by a
queueing network model. For the purposes of this validation, however, it was
obtained from measurement data.) Next, the substitutions described above are
performed, resulting in the following phase-type approximation to the distribution
of response times:

: 1/(9.370 seconds) : 1/(0.113 seconds)

Hp gt
Lazowska and Sevcik report good agreement between this approximation and the

p: 0.225 [k 1/(0.139 seconds)

observed distribution of response times.
CONCLUSIONS

We have presented a new technique to select parameter values for phase-type
servers based on the characteristics of observed distributions. In basing our
algorithm on the Laplace transform evaluated at certain specific points, we have
exploited a recent result in queueing network theory. As a consequence, we
obtain good accuracy in performance prediction with a minimal investment in
server complexity and modelling difficulty. Two specific applications are de-
scribed; we believe that the technique will prove useful in many modelling contexts.

A number of questions are raised by the Laplace transform result itself. We
are also investigating several issues more closely related to the subject of the
present paper. In particular, we are attempting to study more closely the rela-
tionship between error in matching the Laplace transform and error in performance
prediction. This work leads to the more general topic of error analysis in
hierarchical queueing network models, which we are also investigating. There
seem to be interesting relationships to the Chandy-Herzog-Woo theorem and to
decomposability results in general.
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Abstract: A storage system model consisting of N identical
modules is studied. The stream of subsequent requests forms

a homogeneous Markov chain of finite state space, i.e. the
probability of a certain request occurring depends solely on

the type of the previous one. During a memory cycle each mo-
dule can serve a single corresponding element of the reference
list the order of which is invariable. The list is therefore
disjoined into stages containing different elements. The length
of these stages/memory bandwidth/ is investigated in equilibrium.
Apart from the distribution and expectation of the length, ap-
proximations are also obtained. Certain specific transition
probability matrices are given special consideration.

Introduction

One of the most important factor of program behaviour is an algorithm handling
the memory. To choose an optimal algorithm means on large scale to choose an ade-
quate model. For general purposes the interleaved memory seems to be an effective
mean.

Several authors have investigated computer models with interleaved memory
[11, [21, (31, (4), [6]/. Chang considered the two key questions as

- Dependence within the access sequence
- Queueing mechanism for accesses.

Present paper attempts to generalize previous results with respect to the dependence.

(11, [31, [6].
I. The Model
Consider an interleaved memory system with N identical modules. The reference

string / the sequence of requests for the modules / is assumed to be infinite.
During a cycle time each module can serve a single request thus the number of busy

421
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modules during a cycle / memory bandwidth denoted by B / characterizes the speed

of the system. We have two extreme cases when the reference string consists of
identical elements /B = 1/ and of 1,2,..,N,1,..,N,1,2,../B = N/, respectively.

This illustrates that B depends on the form of the reference string. In general,
the requests are stochastically generated. The independent uniform case was in-
vestigated by [2], [3], [6]. As a generalization let the reference string form a
homogeneous Markov chain En with state space {1,2,..,N} and transition probability
matrix P./i.e. the probability that a request for module i is followed by a request
for module j is Pj;;i,3 = 1,...,N/. 1In this case, the memory bandwidth becomes a
period of the sampie function of &, without repeating any states.

The investigation of Markov chains mostly comes to an end after having deter-
mined the stationary / equilibrium / distribution. This describes the asymptotic
behaviour in concrete, individual moments independent of each other but fails to
answer the questions of subsequent instants. It is obvious that

(1)

lim P{g_ = 3, Evl = k} # Pt P

In the following, an attempt is made to investigate a more global characteristic
in equilibrium.

I1. The Basic Problem

Let En be a Markov chain of finite state space {1,2,...,N} with the transition
probability matrix P = [pij]. Let us define the sequence of random variables

< % < k} 2)

T,=0 , T, Zmin {k> T | = &g Toq S

that is, the event {Tn ey &

+1 Tn+1”" Tn+k-1
take different values but Ek = El for some R,Tn < £ < k. Thus the sample functions

= k} means that all the variables ET , &
n

of En are divided into periods without repetition /vn By - T /. The length of

n+l
these periods will be investigated in the following:

Examples: 1. Recurrent events

Zero is the single state capable of being repeated. Assuming Eo = 0 the variables
v, are independent, identically distributed and k1

P{v1 =k + 1} = P{Ek+1 =0, gk

L}
=
o
—
I
—
Uaat
I
(=]
[}
it

2. Random walk

p q,p =p ,p+q=1 ;i=0,%1,2,

i,i-1 i,i+1

in this case only the periods
i, i+l , i+2 , ... , i+k-1, i+k (,i*+k-1) and

i, i-1, i-2 , ..., i-k+1l, i-k  (,i-k+1)
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are of }ength k+l. The corrresponding probabilities are pgq and qkp, respectively.
The variables v, are independent, identically distributed and

P{vl =1} =0

Plv, =k} = 0" g+ ¢ hp i k> 4)

In general, the variables v_ fail to behave as simply as the above examples.
Introducing the sequence N = ET we have
n

Theorem 1. The sequences (nn, Vn) and N, both form homogeneous Markov chains
and the probabilities

Ply, = k no_, =il

depend only on i.

Proof.
P = i = = i = . - - Al
{nn iy, =k | npo= v = k< n} = (1 6,4 Ox I b
N n-1 f=u s.
n-1 7]
Pl =1, = i = s . . -
un n EQ ln, Er Sr’ un_1 i r < un, r + ﬂl Eu = ln—l’ An 1} .
n-1
§. +i 7 oy 1
Lo = i = . n-
i, 'n-1 s Eun o’ Er Spr U ST < “n| Eu =i, 404 } ,
] n-1
n -1 n-1
where u_ = I k., A = U A and A 1is the Borel field corresponding to
n P m m
i=o m=0
*
Em + I and I mean kn—Z and kn—l sequential summing, respectively for all
s , S s eee s S _
un_1+1 un_1+2 u, 1
with the restriction s, # s. if j < i, and neither s, = i nor s, = i_, except
: S d. . 1 n-1 i n
the prescribed case sp = i 7in the first term.
The homogeneous Markov property of En cgl}s forth the idea that the above
conditional probabilities do not depend on A nor on n:
Qij(k) =pln =3 ,v =k \ n_, =il = (1-5ij)x
k-1 ~
x I z P. T P T P p . T P .t
=Los LG UL s AL i,s) S1%2 0t Si-1f Ll See2%i-1 Se-l) RELELETERE R
+ 6ij 52#1 pjs z P o z P i %)
17 - e . _ .
1 sy%i,s; 172 sk_l#J,sr k-1

Note. 1. (nn,vn), or more exactly (nn,Tn), is a Markov renewal process of

discrete time. We have the renewal time uy of type i:

Ply; =k} = Ply =k [ n = i} )]

n-1
In the examples, we obtained simple renewal processes on the one hand because

n, =0, and on the other P{ui = k} does not depend on i.
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2. (nn,T ) is a special Markov reneval process, namely the corresponding
semi-Markov process § is a Markov chain. This is reflected when generating the
transition probabilities /6/.

The theory of Markov renewal processes [5] establishes the equilibrium length
of the periods V- Let

Q..= Y

T Qij(k) and hi(k) = 1 Qij(k) = P{ui = k}

1 J

T
1f £ = (¢

N
igl fi =1/ that is, gT is the stationary distribution of the imbedded Markov
chain n, / then

.,fN) is the fixed point of the stochastic matrix Q = [Qij] and

10

P{B = k} =1im P {v_=k} =
n

fi-hi(k) (8)

III. Some Computing Difficulties, Approximations and Special Cases

. . . . - . 3

The calculation of the stationary distribution f from the matrix Q takes O(N")

elementary operations and needs O(N4) memory places. It is much more difficult to
determine the probabilities Qij(k). For instance if N=2 then

Py O P1pP21  P12P22
Q1) = , Q(2) =
0 Py P21Py;  P2iP12

- . N+
If N > 3 then we have two possibilities: either to store O(N 1) data or to pro-
duce all of the possible trajectories of periods. Their number is

N (N) N 9
S(N) = £ ‘2l eg-! =Nl Z (\I-T_'>2'N.N!
2=1 g=1 (R
. S(N+1
Since “é?ﬁ?l > N+l the computing time increases very quickly.
If P, = L th
ij ~w then
Qi'(k) _ (k-1) (N-2) (N-3) ... (N-k+1) 143
J Nk
N- - -
Q.. (k) = N-D (N-2) ... (N-k+1) , (9
11 k

N

because the numerator shows the number of terms in /6/ and NX is the value of a
single term. If pij # % then /9/ can be regarded as an approximation which is not
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too bad for large k.

An upper bound for E(B) is to be yielded in the following way. Let P = I,
= ¢(P) where ¢(A) = A-diag A and let us form the sequence °

= omin{p _ 2, BP D) (10)

111 'n-1
where MIN is meant element-wise *. The i-th element p, () of the row vector P_1
is an upper bound for P{u.>n} where 1 is a column vector all components of which
are equal to 1. Thus *
N
E(B) < max T P,
1<1<N k=0

(k) an

This bound can only be improved at the considerable expense of losing sight
of its "side" /upper or lower/. The number of terms contained by P{ui>k} is

(k)

. . . . k-1 . P .
.% (N-1i) and this number in P is (N-1) (N-2) . Taking this into considera-

i=1

tion
N

k=o

k

ilag-i) | p (W
k-2 i (12)
(N-2)
can be a closer approximation than /11/ but, as indicated above, its side cannot
be determined in general.

Our larger problem emerges when determining matrix Q since small changes in
the matrix can cause large deviations in the fixed point f. There exist special
cases when f can be given without difficulty.

1. Cyclic random walk.

P has the following form:

pij = e if j-i = k mod N .

<
In this case one can easily verify that I? = £T and E(B) <

In general, if P is double stochastic or a Toeplitz matrix then Q fails to
inherit the corresponding feature.

2, P has the form p.. = o if O<J<l in which case the single repeating state
is zero, i.e. E? = (1,0,. JO) and B = UO

3. From the Kolmogorov cycle conditions and from /6/ it easily follows that
if En is a reversible Markov chain® then so is "n and f = 7

In general, there seems to be no explixit relation between the stationary
distributions f and 1. Let

N
P{B(mM =%k} = £ w, P{u. = k}
i=1 1t

N.

ya ey

* .
That is: C = MIN i = (a,., b, ), i,j =
at is (A,B) if Cij (alj, blj), i,] 1,2

i where pji and T, are the transition and station-

*
£ 1s reversible if m; iP1

ary probabilities, respectlveiy
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If N =2 it is easy to verify that
p{B>1} > P{B(m)>1}

and thus
E(B) > E(B(M))

However, for N>3 it is extremely tedious to prove something similar but so far
no example has been produced to refute the validity of /14/.

Finally it is worthwhile to mention that no numerical example seems to
contradict the fact that
N
P{B>k} < I m.p.
— . 11
i=1

(n)

IV. Applications and further Generalizations

It is not surprising that the distribution of the memory bandwidth /B/ is in-
dependent of the state starting from:

P{B = k} =T £, *h.(k)
1 1
The value of E(B) plays a fundamental part in most of the known models which

are involved in Case 1 of the previous section. They are of simple structure be-
cause the sequence of the requests forms a cyclic random walk with

7] B T
11 1 aBa. ..«
NN~ "N
11 Y aaB .. .a
P = NN N P =
. aaa B
11 1
Ty - “F Baa . ..a
L - - ~
respectively.

To generalize the queueing mechanism of the requests meets some difficulties.
If we use a buffer of size Q for requests whose modules are busy then the study
becomes extraordinarily difficult. /We have to deal with cycles containing, at
most, Q identical elements./ For approximation purposes Hellerman's model is
investigated admitting a buffer of size Q. It is not too difficult to ascertain
that

_ _ kek!s(Q+k,k) N
P{B(N,Q) =k} = ——gizazT————— (k) (18)

where B(N,Q) is the memory bandwidth with N modules and buffer of ¢, and S(n,k) are
the Stirling numbers of the second kind/[7]/. If Q = O then we obtain Hellerman's
formula /[3]/
k«k! N‘

P{B = k} = ——— -« (
g BTtk

(19)

Figure 1 shows E(B) versus N for different values of Q.
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In this paper, we study the performance of a cache

memory for a mini computer, namely a MITRA 125 manufactured
by SEMS, France. The performance is evaluated in terms of
hit ratios and speeding-ups of the target machine, via a
simulator fed with address traces picked up during exe-
cutions of real programs. Since such a performance strongly
depends upon the behaviour of the programs analyzed, the
impact of program behaviour on performance is carefully
studied.

1 - INTRODUCTION

A cache memory [1, 2] is a buffer between the CPU of a computer and its main memory
aiming at increasing the speed of the memory accesses. Usually in a computer, the
CPU cycle is noticeably smaller than the read/write memory cycle, thus CPU is
slowed down by memory. In this context, a cache represents a trade-off permitting
to get better performance without using a fast but expensive technology for the
entire memory of a computer [2, 3].

In our case, we study the gain, in terms of speeding-ups of the target machine,
which can be expected by providing a mini-computer, namely a MITRA 125 [4], with

a cache memory. FormerlyBELL and CASENT [5] have evaluated the improvement brought
to a PDP/8 by a cache the structure of which was very close to ours. But they
mainly emphasized the implementation, ignoring the influence of programs'behaviour
on performance. This paper thoroughly analyzes the performance obtained with a ca-
che and attempts to relate it to the behaviour of the programs running on the ma-
chine.

In a first section, we describe the mechanism of the cache under study for our
purposes and we also define the performance criteria to be considered. In the se~
cond section we describe the tool used to pick up measurements and we analyze the
characteristics of the collected measurements, that iIs mainly the programs'behaviour.

The third section is devoted to performance analysis via an address trace driven
simulator. This performance is evaluated both in a steady and a non-steady state
context.

2 - THE CACHE

2.1 - The mechanism

The structure of the cache we study is presented in Figure 1. This structure does

* This work has been supported by SEMS (Société Européenne de Mini-Informatique
et de Systémes) under the contract IRIA/SEMS 02/78.
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not make any assumption on the addressing mechanism of the target machine. In par-
ticular, the use of base registers by the MITRA 125 [4] is completely transparent.

The accesses to the cache are made through the absolute address of the information
in main memory.
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Figure 1 : Cache architecture

The absolute address is a 19-bit number used to reference a 16-bit word in memory.
This address is divided into two parts : the right-most part is composed of the k
low order bits of the address and the left-most part of the (19-k) other bits (high
order bits). For clarity, let us assume that the address to be interpreted has a
right-most part which is the number i and a left-most part which is the number j
(see figure 1).

The cache is divided into n segments (n being a power of 2) of 2k entries each, if
k is the number of bits of the address low-order part. Thus the total cache size,

as far as the information part is concerned, is of 2k X n 16-bit words (2k X n dou-
ble words with a prefetching mechanism). The n segments are accessed in parallel
through the k low-order bits of the address. More precisely, all the i-th entries
of each segment are accessed in parallel (see figure 1). Each cache entry consists
of three parts (see figure 1)

1 - a tag part of (19-k) bits which contains the high order bits of
the address,
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2 - a service part which contains validity and parity bits and also
bits used by the replacement algorithm,

3 - an information part of 16 or 32 bits which contains the informa-
tion itself (the content of the referenced word or double word
according to the existence or not of prefetching).

The n i-th entries of each segment are scanmed in order to find the tag equal to
the number 3 (see figure 1). If such an entry exists, the referenced word is within
the cache and the information part of the entry is transferred to CPU. If such an
entry does not exist, the referenced work is not within the cache and it must be
transferredto it from memory. If an i-th entry-of a segment is still free, the
referenced word is stored in it, otherwise the replacement algorithm has to free
one of the n i-th entries.

It is noteworthy that the proposed architecture aims at exploiting a certain program
"locality" [6] : the words having addresses the high-order parts of which are equal
and the low-order parts successive (memory vicinity) will be loaded together into
the cache.

2.2 — The performance criteria

To evaluate the improvement brought by the cache, we need to define some performan-
ce criterion. The level we consider is not detailed enough to take into account pro-
blems such as data or addresses interleaving, data path width, pipelinning, and so
on, all related to parallel accesses. We shall consider some "speeding-up" of the
machine.

Let us consider the mean time for a word (or a double word) to be available for
CPU, Let m and M be such mean times according to whether the word is within the
cache or not. Let p be the probability of finding a referenced word within the
cache (p is also called the hit ratio of the cache). Then the mean time for a
word to be available is :

(1) T = pm + (l-p)M

Thus the CPU throughputs with and without cache, in terms of data words available
to be processed by CPU, are respectively :

1

2 D¢ = oo+ (-pH
1
(3 Dy =%
Therefore we can measure some increase of the speed of the machine by the ratio :
D
C M 1
(4) A= —2 = - =
DM pm + (1-p)M 1-p(1 - %?

It must be noticed that the improvement we measure is not the total resultant spee-
ding-up of the machine since we do not consider parameters as possible parallel
accesses, mean time per instruction processing and average number of accesses per
instruction. It must be clear that the throughputs we consider are not instruction
throughputs, but we think that equation (4) permits to roughly evaluate an order

of magnitude of the speeding-up visible by a user.

It is evident from the equation (4) that in order to maximize A, we have to mini-

mize the expression : l-p(l - %), that is :

- p has to be as large as possible
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- % as small as possible.

- m . - .
The ratio 7% 1s an architecture parameter which expresses the usefulness of the ca-

che (m and M must be noticeably different). In our case, it is about % (% - %) and

we shall consider it as fixed. The hit ratio p depends on the cache structure and
the programs'behaviour. From the equation (4) we give some '"speeding-ups' we can
expect for different values of p.

P ‘ 0.0 ‘ 0.5 | 0.6 ‘ 0.7 ‘ 0.8 ‘ 0.85 ‘ 0.9 ‘0.95 | 1.0

A l 1. 1.60 l 1.82 ' 2.10 ‘ 2.50( 2.76 ’ 3.08 [3.48 ' 4.0

Thus, roughly speaking, we can see that to double the speed of the machine we must
assure a hit ratio of 0.7 and to triple the speed a hit ratio of 0.9.

Therefore we shall study, in this paper, a structure of cache aiming at maximizing
the hit ratio p.

3 - THE COLLECTED MEASUREMENTS

3.1 - The measurement characteristics

The optimization of the hit ratio p camnot be undertaken independently of the pro-
grams 'behaviour, which is, in our case, the way the programs address words in main
memory.

For that purpose, hardware probes were plugged into a MITRA 125 CPU and connected
to another SEMS mini-computer (a SOLARY*). Periodically the SOLAR copies on a magne-
tic tape the measurements it has picked up. Because of the way the measurements

are collected, there exist "holes" on the tape which correspond to the measurements

missed during copying (from 100 to 500 milliseconds). Thus measurements on the tape
are gathered in blocks of 32K words of 32 bits separated from each other by "holes'.

An elementary measurements (a referenced address) is coded on 32 bits and provides
information on :

- the address referenced (19 bits)

=~ the nature of the access : data or instruction

- the base registers used

- the direction of the transfer between the CPU and the memory (write
or read operation)

- the possible conflicts with i/o channels.

About thirty programs were run on the MITRA 125 and spied. We report, in this paper,
the results concerning eight of them which are described in the following table :

% all this part of work has been done by the SEMS Center at Echirolles (France)
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Identification Description

Program A Fortran Program

Program B Test of the MMT2 Monitor

Program C MAS2 Assembler

Program D A Benchmark (coded in FORTRAN)

Program E MAS Assembler with standard enviromment
Program F First phase of MAS Assembler

Program G Sorting program

Program H Grammar Generator

We studied the beh

- the
= the
- the
- the
- the

add

Since the program
related to other p
we shall emphasize
the paper.

We give in figure
rather stable and

- the
90
ses

= the
var
4 Z

aviour of these different programs according to :

uses of the different base registers,

respective access rates to instructions or data,

respective read or write access rates,

conflict rates with i/o transfers,

behaviour within memory, that is with respect to the referenced
resses,

behaviour within memory is much more complex than the behaviour
arameters such as base register uses or different access rates,
this point by devoting it a complete section in the sequel of

2 some characteristics of program behaviour. Some of them are
repeated through all the programs :

read access rates are high and stable (always betwenn 83 7 and
Z). To explain this fact, notice that all the instruction acces-
are read accesses.

instruction access rates are not very much stable, since they
y from 41 7 to 68 % and the confidence interval widths can reach
. But, however, they indicate a relative balance (around 50 %)

between instructions and data.

- the
rar
27

On the contrary, s
another

- the
pro
F a

conflicts with i/o transfers are either non-eXistent or very
e, except possibly for the programs E aad F where they can reach
and 3 7 of all the references.

ome other figures of merit heavily vary from one program to

base register G is relatively used, from a minimum of 13 7 with
gram B (test of monitor) to a maximum around 70 7 with programs

nd H.
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the base register S (used by the only monitor) is very fluctuating.
Its use is minimum for programs A (Fortran program) and D (Fortran
benchmark), and maximum for programs C (assembler) and G (Sorting
program). Notice that the use of base register S permits to roughly
evaluate the overhead associated with each program.

the base register Q (the base register of the shared sub-programs)
is seldom used except by programs A, B and D. This base register
seems to be associated with FORTRAN.

the base register Z (the base register of the shared data) is not
very used. This should change in the future, in the case of inter—
active systems (conversational systems, data bases, and so on).

the base register H permits to evaluate the frequence of instructions
moving bytes strings in memory.

Read A Conflict |[Instruction Access Access Access Access Access
~ad Acces®  Rates Access Rates Rates Rates Rates Rates
Programs Rates with 1/0 Rates using base Glusing base Zusing baset| 1sing base S ising basell
transfers | in % in 1 n 1 tn 1 n o1 %
tn % n %
A B3.00F 0.08 (onfrgce | 42.6 ¥ 0.2| 45.5 + 0.4/0.05 ¥ 0.0529.6 ¥ 0.7| 0.3 + 0.2 24.5 + -5
B 89.6 0.7 1.6 F0.5/ 68, F2. |13 Fi.|[u3¥03 us. ¥3. |26, F2 8.6+ 0.5

+0.1]0.33 + 0.0 48.4 ¥ 0.9 3.1 ¥ a3

+t
w
S
+

88.0 ¥ 0.2 | 0.8 * 0.2| 55.1 ¥ 0.2| 4y,

] 87.8 3 0.2| 0.3%0.2| 58.1 ¥ 0.3| 30.3 ¥ 0.2| 0.5 ¥ 0.) [62. *1 4. %1 2.9 ¥ 0.2
£ 85.2 ¥ 0.5 | 2. ¥o0.5|53.3%0.5/57. ¥3.|2.7%0.2|1.) ¥o3|29. ¥2. | 8.3%0.5
F 85.330.6| 1.1 3 0.6/ 51.0%0.5[73. ¥2. | 1.8*%0.2]2.2 Fo.9[14. F2 7.3 % 0.6
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1

77.6 0.8 | 2.9% 0.9| 41.8 ¥ 0.8| 20.4 ¥ 0.9| u.7 ¥ 0.3 0.8 ¥ 0.3]u7. 24
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e¥o6l1 Toslie, 3 | 6.
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Figure 2

It must be noticed that the program G significantly differs from the other ones,

mainly because

of numerous references issued by the i/o channels. In particular,

this phenomenon affects the read access and instruction access rates.

We way wonder about the validity of our results, for the number of references ana-
lyzed varies from 325,445 to 1,295,419, which represents the execution of 100,000
to 600,000 instructions. This number can seem very low, but one should remember the
technique which was used to collect the measurements. The referenced addresses were
sampled per blocks of 32,768 consecutive addresses, each block being separated from
the next one by a "hole" in time of about 100 to 500 milliseconds. Therefore the
analysis we performed concerns relatively long program executions (about 10 minutes)
and we can guess its validity.

These results lead to some first conclusions :

the structure of the cache must not depend on the uses of the diffe-
rent base registers, for these uses vary too mueh from one program
to another and, possibly, in the future.
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- on the contrary, the structure of the cache may perhaps depend on
the distribution between instructions and data by dividing the ca-
che into two parts according to the measured distribution (roughly
50 % for each part).

3.2 - Program behaviour with respect of memory

In a first step, we visualized the behaviour of the different programs in me-
mory. The figures in Annexe I display raw information that we dispose on each pro-
gram.

The X-axes represent the execution time given in numbers of references and the
numbers of the references pages (blocks of consecutive words in memory) are plotted
on the Y-axes. A dash on the graph indicates the pages referenced by the program

at a given instant of time.

Notice that, due to the scales used to plot the figures, several addresses seem to
be referenced simultaneously. This is only an artefact. The scales which have been
used are as follows

- X-axes : the time unit is of 1024 references
- Y-axes : the memory address unit is of 1000 words.

Because of the technique used to collect measurements, magnetic tapes contains blocks
of 32K consecutives references. We have visualized this fact in Annexe I by drawing
on each figure vertical lines to separate the different blocks. It is noteworthy
that, on each tape (thus for each program), blocks look very similar. This fact
confirms that the data can be considered as relatively representative.

From these results we can deduce that :

- program A is '"quiet" and stationary, except possibly on the block
16 where we notice the influence of printer i/o operatioms.

- program B is more '"excited', perhaps representative of a heavy and
varied workload. This program will be preferably considered to eva-
luate the cache performance in order to avoid performance overesti-
mation.

- "stripes" of continuously referenced addresses can be noticed in
the different programs.

- program H shows the influence of
-~ addresses referenced by i/o transfers (block 17)
~ wait loops when the machine is idle (blocks 18, 19, 20,
21, 22).

In order to quantify this memory behaviour we studied some measure of program
"locality" [6].

If some "locality" phenomenon exists the probability for an address to be referen-—
ced roughly decreases as its rank in the LRU stack increases. Therefore we simula-
ted the LRU (Least Recently Used) algorithm [7] with the address references recor-
ded on the magnetic tapes previously described. We have considered two kinds of
stacks
- in the first one, the information to be addressed consists of
128 words blocks (pages of 128 words). The block size has been chosen
because of the MITRA 125 addressing mechanism with which only
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128 words can be directly addressed (otherwise a base register has

to be modified).

in the second one, the information to be addressed consists of dou-
ble word blocks (pages of 2 words). In thls case, our purpose 1s to
find out some "intimate' locality.

(3.2)

£RU STACK PROGRAM C

size

PROGRAM 8
2 words

LAYV STACK
pege_size: 2 words. 1
. g xS .

Figures 3 : LRU Stacks



A CACHE MEMORY FOR A MINI-COMPUTER 439

We give in figures 3 some typical results we obtained. We have plotted the proba-
bility for a rank of the LRU stack to be referenced as a function of the rank.

As far as the 128 words stacks are concerned, we observe a global decrease (see
figure 3.1) which can be locally contradicted on a few ranks (see figure 3.2). This
fact comes from sudden cyclic locality changes. Despite that point, we may conclu-
de there exists some locality phenomenon.

We may notice that such a behaviour is very close to the ones met on large compu-
ters which use other addressing mechanisms and more sophisticated instructions.

As for the double word stacks, the decrease is not so obvious because of the in-
fluence of program loops (see figures 3.3 and 3.4). This influence is particularly
noticeable for programs A and C (we give in figure 3.4 the results for program C)
where some ranks the order of which is greater than 10 or 40 have almost the same
probability as the first rank to be referenced. It is noteworthy that some of these
peaks can be interpreted to give an order of magnitude of program loop sizes. Note
also that the high probability for the first rank to be referenced indicates that
the prefecting mechanism described in section 2.1 will increase the hit ratio of
the cache, since after having referenced a double word, there is a high probabili-
ty for referencing it again.

3.2.2 - Working Sets L8]

The results we have just presented do not allow to size up the cache and do not
give a detailed behaviour of programs with respect of memory. Therefore we have
studied the working-sets [8] of the different programs. In fact, instead of the
working-set itself, we have studied its size. Because of the MITRA 125 addressing
mechanism (see § 3.2.1) we considered again 128 words pages.

We give in figures 4 two kinds of results. Both are related to program locality,
but the second one can be used to roughly estimate the global size of the cache.

a - program locality

We_have plotted the mean size of the working-sets as a function of their window
T(W(T)). The slower the increases of these curves, the more "local" the programs.
Let us notice that these curves are unit slope straight lines for a program not
"local™ at all which accesses a new page at each reference. From figure 4.1, we
can conclude that the notion of locality exists (on the figure, since the scales
are quite different, a unit slope straight line is very '"close'" to vertical).

b - global size of the cache

The cache will be all the more efficient as its size will be large enough to load
working-sets of programs. We give in figure 4.2 the working-set according to the
time for a relatively "excited" program (program B). The working-sets under study
have a window of 2048 refermsnces. Thelr sizes are counted in number of 128 words
pages and the time is counted in steps of 512 references.

From this kind of figures of merit, we may deduce that

- a waiting loop has a working-set of roughly 5 pages,

- the '"quiet'" programs have working-sets of 20 to 30 pages and
"excited" ones of 40 to 50 pages,

- no program has a working-set which contains more than 80 pages.

We can conclude that the order of magnitude of the cache size is possibly about
10K words. This will be corroborated by the results presented in section 4.
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(4.2)

Figures 4 : Working Sets

3.3 - Program behaviour with respect of the low order bits of the
referenced addresses

Because of the cache structure (see § 2.1, figure 1), the low order bits of a refe-
renced address take a prominent part in the cache performance, from the standpoints
of both hit ratio and segment space utilization. In particular, a good segment
space utilization needs a uniform probability distribution of the low order part of
the referenced addresses, since, in this case, all the segment entries have the

same probability to be accessed. (Notice the conflict with the "locality'" assump-
tion).
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In this context, we have estimated histograms of the low order part addresses gene-
rated by programs. We have considered low order parts coded on 1, 2,...,10 bits.
That is we have estimated the entry access probabilities of segments of

2, 22,...,2'° vords.

The results we obtained (see figure 5) shows that these probabilities are nmot equal
(non utniform distribution) for large segments (many entries). If the segments are
small, the accesses are more balanced, but they can fluctuate according to the
programs (see programs B and C). Therefore if the segments are too large, bad
segment space utilizations have to be expected. This is corroborated by the results
presented in section 4.

We give in figure 5 some results we obtained for segments of 2, 4, 8 and 16 entries.
Notice that the probabilities to access odd or even addresses are relatively equal
but the ones for the even addresses are always slightly greater.

3.4 - Conclusion

Up to now the results we have presented deal with the only program behaviour, but
they permit to have some strong conclusions on the cache architecture

- the idea of a cache memory is quite justified since the concept of
"locality" exists both at a fine level (the 16 bits words) and at
a more global one (the 128 words page).

~ the cache will be large enough, about 10K words (the maximum working-
set size).

- the segments will not be too large so that they are filled enough,
but not too small in order to allow the loading of a 'locality".

- a prefetching mechanism will increase the hit ratio of the cache
(see § 3.2.1).

4 - THE PERFORMANCE EVALUATION

4.1 - The simulator

Precise cache performance has been evaluated by simulation. A simulator of the
cache structure as described in section 2.1 was built in such a way that it permits
to study the impact of :

- the cache size,

- the number of segments,

- the replacement algorithm (three algorithms were considered : FIFO,
LRU and RANDOM),

- the policies concerning write accesses originated either from CPU
or from i/o channels.

The inputs of the simulator consists of addresses'traces and the outputs provide
information on hit ratios, space utilizations (global and for each segment), sta-
tionary or non-stationary behaviour of the cache (in case of stationarity, condi-
dence intervals are built on the different figures of merit).

The results we seek for are of three kinds :

~ to evaluate the minimum performance to be expected for the cache
(which can be reached in the worst case).
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~ to study transient behaviour of the cache in order to find out
reasonable performance (which can be expected, in average, on a
long rum).

- to evaluate the influence of the write accesses (generated from
either CPU or i/o channels) on performance.

4,2.~ The minimum performance

We have considered the worst operation conditions, that is :

- the cache is started empty. Our purpose is to take into account a
sudden context change large enough so that information contained in
the cache is no longer relevant.

- the length of the addresses'trace feeding a simulation run is limited
to one block of 32K consecutive referenced addresses (see § 3.1).

- the blocks selected for the simulation runs are particularly "exci-
ted" in order to get pessimistic performance.

The approach we present aims at determining performance reachable at any time. In
other respects, building confidence intervals in such conditions has the following
meaning : all the conditions during the experiments are stationary. That is, in-—
tuitively speaking, the references are always rather not "local' and "complete"
cache "renewals" regular and relatively frequent (in the average, every 32K refe-
rences).

We give in figure 6 the characteristics of the "excited'" blocks selected according
to the program behaviour studies we have presented in section 3.

Numbers of Min., Numbers of | Max, Numbers ofI
Selected block references references references
Programs numbers different within different for different for
(see Annexe I) the block the whole the whole
program program
A 16 3335 495 3335
B 21 5687 1848 7762
c 3 2544 74 4718
D 18 3550 1668 3639
E 17 4632 3176 3141
F 19 5874 3012 8134
G 17 9278 57 11019
H 8 3077 1350 8125
Figure 6

We present some results we obtained in figures 7. The figure of merit we consider
is the hit ratio.
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We can summarize these results as follows :

1 - Replacement algorithm

. the replacement algorithm has a slight influence on hit ratios.
In general, the confidence intervals obtained are overlapped.

the LRU algorithm is often the best and FIFO is very close to
LRU. RANDOM is the worst.

. the influence of the replacement algorithm becomes noticeable
when the cache is small and has many segments. That is normal.

2 — Number of segments

. the hit ratios increase with the number of segments.
. this parameter has a strong influence, if the cache is small.

3 ~ Global size of the cache

. the hit ratios increase with the cache size.
. this increase depends on the programs.

. beyond 8K or 10K, this parameter has a small influence on
performance.

. this parameter has a strong iInfluence on performance.

. prefetching seems to be essential in order to get satisfactory
performance.

All the results we present have confidence intervals the widths of which vary from
¥ 0.05 for the small caches (512 words) to ¥ 0.03 for the large ones (8K words).

4.3 — Transient behaviour of the cache

4.3.1 - Stationarity of time_intervals between cache faults

The hit ratio we are interested in derives from time intervals between cache faults
counted in numbers of references. Therefore we will consider these time intervals
in order to get some results on the cache stationarity. Let T be the period during

which we observed the cache and B Bpaeenty <T < tn+1 the n instants at which

n cache faults occureed. If we assume stationarity, we get (see [91) :

(5) lim Unzlim — = N(0, 1)

n*e - fl
T 12n

That is U, converges towards a Gaussian distribution. Notice that the test we con-—

sider is optimal [9], if the stochastic process is Poisson with an arrival rate
given by :
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o+Rt
= %R

(6) A(t)
In that case, we get

B =0 <=> stationarity

B8 # 0 <=> non-stationarity

We computed the Un's for the programs A, B, and C for large n's by considering the

whole traces without taking into—account the "holes" (see section 3.1). This
approach seems reasonable if we consider the figures given in Annexe I where the
"holes" do not disturb the sampling. The results we got shows that the Un's abso—

lute values are very much greater than 1.96, that is (see a table of Gaussian dis~
tribution) the stationarity is rejected with a 95 % confidence. Therefore statio—
narity does not exist for programs A, B and C as far as we consider them globally.

We repeated computations of Un's for different n's (hence for different periods T)

in order to find out some piecewise stationarity. This assumption has been rejected
for the programs B and C where the stationary regions were very 'small". On the
contrary, for program A we found out "large" stationary regioms (from 10,000 to
100,000 references) interrupted by '"small' non stationary ones (from 1,000 to

5,000 references). Thus, strictly speaking, there does not exist a stationary state
performance. Therefore we undertook a more precise study in order to formalize this
notion.

For that purpose, we defined a new measure intermediate between traces given in
Annexe I and working-sets, more appropriate to take into account working-set varia-
tions. The main memory is divided into 128 words pages and its "occupancy" is re-
presented by a boolean vector where 0's or 1's indicate whether the corresponding
pages were referenced or nmot during the considered time window. The measure we
consider is the distance between two such consecutive memory 'occupancies'. That

is

n
(7) d(x, y) = L X ® v where x and y are two memory "occupancies" and
i=1 Xy Voo their respective components.

It is obvious that the distance we just defined is the number of the components of
vectors x and § which differ. So the larger the distances, the more "excited" the
programs.

We give in figures 8 the results we obtained for programs A', B' and C' which are
very similar to programsA, B and C reported through this paper. The time windows
we considered are of 1024 references. The Y-axes represent both the distances
(between two consecutive memory '"occupancies") and the numbers of cache faults (on
a time window), whereas the X-axes represent the time counted in windows of 1024
references. The dotted lines are distances and the continuous lines are numbers of
cache faults for caches of

| - 2 segments of 4K with prefetching
- | segment of 8K without prefetching

segments of 4K with prefetching

S/~ N
|
3]

- | segment of 8K without prefetching.
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When the curves are separated from each other, they always are in the order indi-
cated above (1, 2, 3, 4). From figures 8, we can notice that the cache (in fact,
its performance) immediately reacts to program behaviour : a mediocre performance
corresponds to an "excited' behaviour (concordance of peaks) and a good one to a
"quiet'" behaviour (concordance of troughs). From this strong evidence, we tried to
model the cache by a simple transfer function between distances representing pro-
gram behaviour and cache fault rates representing the figures of merit under consi-
deration. Unfortunately we were unable to find out such a function.

4.3.2 - The hit ratio_as_a_function of time

From the previous results we have presented, we cannot consider a limiting quantity
such as :

(8) p = lim pB(t) where Pp(t) is an estimation of the hit ratio compu-
e ted between the instants 0O and t.

since there does not exist a steady state. Therefore we studied hit ratios as func-
tions of time. We give in figure 9 some results we obtained. In order to get
reasonable sizes for the different figures we used a logarithmic scale for the
X-axes where the time is counted in references. For all the experiments, all the
32K references blocks of a program trace (see section 3.1) were considered as con-
secutive and devoid of "holes" (see also 4.3.1).

/]-O hit ratio = TP [“”H .
| l‘! Mu
{ ‘ ,f.'.t,
0-34 ’ it
i iy
= ! Il
8 L
O. 4
i [t
i ']
R
0:7 4] !
4 |
i
FL !r
06 ¢ S afissnask
10° 10°

Figure 9 : Hit ratios as functions of time

From all the results we got, it seems there exists, except perhaps for programs B
and G, an asymptote (a limiting hit ratio) located a bit beyond 0.9. This would
lead to conclude that the limiting quantity in (8) exists. In fact we have to be
careful because p(t) 1s an cumulative quantity and therefore not much sensitive to
fluctuations. However that may be we give these limiting quantities for some caches
in figures 10. To understand the behaviour of the cache as the time is running we
give in figures 1] the space utilization of the cache as a function of time. Except
for program B, which is very scattered in memory (see Annexe I), we notice that

the space utilizations are very low. We must not deduce from this that the cache

is badly used : it is the price we have to pay in order to get satisfactory perfor-
mance.
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LRU LRU
Programs without with
prefetching prefetching
A 0.977 0.979
B 0.910 0.954
C 0.972 0.984
D 0.984 0.991
E 0.900 0.949
F 0.903 0.946
G 0.877 0.922
H 0.936 0.960

Figure 10.1

Hit ratios of caches of two segments of 4K
(confidence intervals less than 0.01)

LRU LRU
Cache without with
prefetching prefetching

1 x 8K 0.889 0.942
2 X 4K 0.910 0.954
4 X 2K 0.926 0.959
8 x 1K 0.934 0.961
[ X 4K 0.835 0.920
2 X 2K 0.858 0.934
2 x 1K 0.797 0.900
2 x 512 0.738 0.862

Figure 10.2

Hit ratios of different caches for program B
(confidence intervals less than 0.01)
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4.3.3 = The influence of the initial state

The results given in section 4.2 are surely pessimistic but the ones given just
above are perhaps optimistic. Therefore we studied the influence of the initial
state of the cache on the performance. In this view we give in figures 12 some
results we obtained. We have drawn hit ratios as functions of time, on the one hand
the simulation experiments were started with the cache empty of information and on
the other hand the cache was initialized with the 32K references blocks preceding
the selected one (see section 4.2).

From these experiments we may conclude that the average cache performance on a long
run will be probably a lot better than the results reported in figures 7 and perhaps
not so far from the ones given in figures 10.

Figure 12.1 Figure 12.2

4.4 - The influence of the write accesses

A word in the cache can be read or written either by the CPU or by the i/o channels.
Several policies can be implemented as far as the write accesses (modification of
information) are concerned. Until now, the policy we have followed in all the
experiments consists in :

| - invalidating the data within the cache which are modified by
i/o channels,

2 - not loading the data outside the cache which are modified either
by the CPU or by the i/o channels (write accesses).
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LRU LRU Total Number|Total Number| Number of
Programs Cache without with of analyzed of write 1/o
prefetching | prefetching | references |i/o accesses| accesses
1 X 4K 0.978 0.991
4 2 X 4K 0.996 0.998 | 1,245,184
1% 8K 0.978 0.995 / s
/
1 X 4K 0.868 0.953 ///
B 2 X 4K 0.947 0.988  [1,295,419 e
1 x 8K 0.925 0.977
1 X 4K 0.944 0.984
c 2 X 4K 0.982 0.993 1,306,624
1 x 8K 0.977 0.988 ///
1 x 4K 0.967 0.988
D 2 X 4K 0.993 0.998 980,507
1 x 8K 0.984 | 0.995 /
1 x 4K 0.817 0.913
E 2 x 4K 0.944 0.978 1,132,956 25,033 13,924
1 x 8K 0.865 0.949
1 X 4K 0.852 0.941
F 2 X 4K 0.937 0.977 682,308 7,637 5,820
1 x 8K 0.904 0.966 '
1 % 4K 0,815 0.935
G 2 x 4R 0.925 0.976 672,005 19,780 16,123
1 x 8K 0.892 0.958 E
|
1
1 X 4K 0.899 0.954 :
i
H 2 X 4K 0.953 0.976 325,445 2,720 2,235 }
1 x 8K 0,923 0.966
Figure 13

(Confidence intervals less than 0.01l)
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We will compare this policy with the new one that we consider now :

1 - the data within the cache which are modified by i/o channels are
updated,

2 - the data outside the cache which are modified by the CPU (and not
by the i/o channels (write accesses)) are loaded into the cache.

We give some interesting results weobtained in such conditions in figure 13. More
details are presented concerning the i/o transfers of the programs E, F, G and H,
since their percentages are higher than the others (see figures 2, sectlon 3.1).

By comparing these results with the ones given in figures 10, we notice an increase
of the hit ratios not negligible if we consider the speeding up of the target ma-
chine (see equation (4) and table in section 2.2).

5 - CONCLUSION

We have presented in this paper the performance improvement which can be expected
by providing a mini-computer with a cache memory. The major criterion we have con—
sidered is the hit ratio from which we deduce a speeding up of the target machine.
Our results show that in order to get satisfactory and stable performance a relati-
vely large cache is needed, the size of which is of the order of 10K words. These
results also show that when high performance is achieved, the improvements brought
by implementing a prefetching mechanism or by increasing the number of segments

are of the same order, but that in bad operating conditions a prefetching solution
is always better. Therefore we may conclude that, in our case, we can easily triple
the speed of the target machine with a reasonable trade-off.

In other respects, we carefully studied the behaviour of the program run on the
machine and we showed the strong influence of the locality phenomenon on the
performance.
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PERFORMANCE IMPROVEMENT
BY FEEDBACK CONTROL OF THE OPERATING SYSTEM

A. Geck
Informatik Rechnerabteilung
Universitat Karlsruhe
D-7500 Karisruhe

Earlier tuning and optimization of the system (B6700)
suggested that both the degree of multiprogramming and
the intensity of memory usage should be dynamically
adapted to configuration and load. A pragmatic approach
was taken to do this by a controller integrated in the
operating system and using feedback information. The
controller was constructed using an intuitive model,
implemented on the real system and tuned to maximize
throughput. Synthetic mixes were used to measure
performance and system behaviour under the original and
the controlled system.

INTRODUCTION

The operating system of the B6700 offers the operator several system parameters
to control the degree of multiprogramming and memory usage. In an earlier project
/9,11/ the influence of these parameters on system behaviour were tested with
various main memory sizes. It turned out that for a given load the set of optimal
parameters depended on memory size. Tests also verified that for a given memory
size the optimal values of parameters were depending on load characteristics as
memory needs or CPU intensity. More precise analysis of the measurements of both
experiments showed that the relationship between load demands for resources and
resource capacities was most relevant.

At the B6700 installation in Karlsruhe, upgrading and temporary failure of single
components had led to configuration changes. Measurements of the daily load had
shown a great variance in CPU-, I0- and memory demands by users. To set the op-
timal values of parameters an operator many times a day might have adapted them
to the actual load. The idea of this project was to enable the operating system
to do this job.

THE REAL SYSTEM AT THE BEGINNING

The B6700 was the heart of a computer center managed by the University Karlsruhe
Informatik Rechnerabteilung and therefore dedicated to teaching and research in
Computer Science. There were up to sixty terminals connected to the system for
interactive sessions. Batch jobs could be started by a terminal user or via a
card reader.

The system had a cual processor,262 KW main memory, two disks and six packs. The
operating system was a modified version of Burroughs Corporation Master Control
Programm release II. 8.

Special characteristics of the operating system were:

459
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- a virtual memory with segments of variable length,

- regulation of the degree of multiprogramming by a system parameter AVAILMIN re-
presenting a lower 1imit of available core which the system should not exceed,

- control of memory usage intensity by another system parameter OLAYGOAL defining
the amount of overlayable memory to be overlayed to background per minute.

A SIMPLE MODEL FOR THE SYSTEM AND CONTROLLER

To understand system behaviour and to help construct the controller a system
model was intuitively developed. This model made the following assumptions:

Al:  The system has three main resources: CPU, I0 and memory

A2: Each task demands service from each main resource. The amount of
service asked for and the relationship between demands for different
resources varies widely in time, and from task to task. The average
arrival rate of tasks and the average distribution of demands among
resources are not constant.

A3: For each resource there exists a lower and an upper bound to the
load (user and system), which should not be exceeded to achieve
optimal system performance.

A4; Load may be transferred from one resource to another (within certain
1imits) by changing system parameters and strategies. Load should
be dynamically balanced in this way to achieve optimal system per-
formance.

For the given real system, assumption one was apparently true. For other systems
it may be necessary to include a special software resource, such as for example
a data base system, or to divide I0 into different resources for paging and user
I0. It may also be useful not to include the CPU resource, if it is never a
bottleneck.

Assumption two is surely valid for every environment with interactive users and
therefore also for the modelled system. There are many reasons for Joad changes
within more or less short periods of time in other environments.

In assumption three the existence of a lower bound is equivalent to the fact that
each system resource should be kept busy to achieve good throughput. The existence
of an upper bound for memory load is justified by tha ovarhead required to manage
a heavily loaded memory. An overioaded CPU with many waiting tasks causes no im-
mediate overhead. But all these tasks need memory. Even if memory is not yet over-
loaded, memory management causes overhead, which normally increases with the
amount of memory used. Therefore, if the CPU is heavily loaded, the probability

of improving throughput by a larger load is low and limited, but savings in memory
management overhead by 1imiting load are quite certain. That's why the model does
not regard the highest possible load as the best load.

Load 1imiting is also necessary if optimum performance requires low or limited
response times. The exact values of the bounds in assumption three may depend on
system structure and the relative weighting factor for throughput and response
times in the performance criterion. A high weight for throughput corresponds to
higher values, a high weight for response times to lower values.

Assumption four establishes the possibility of partially transforming demands for
service on one resource into demands for service on other resources. With a vir-
tual memory system. it is easily seen how memory demands are transformed into CPU-
and 10-demands, thus enlarging the virtual memory capacity. Load may be balanced
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in such a system by controiling the degree to which such transformation takes
place. For the B6700, this could be done by using the parameter OLAYGOAL; for
other systems it may be done by controlling the frequency with which the useful-
ness of pages is tested, or by controlling the timelimits defining the working
set of a task. Transformation of load is not only possible between memory and

the resources CPU and I0. Many operating systems use complicated optimizations in
I0-handling. This is a partial transformation of I0-demands into CPU-demands.

Assumption four requires load balancing by means of transferring load from the
actual performance 1imiting bottleneck to other resources. Load balancing by se-
lecting tasks during scheduling is not proposed, because task demands may be un-
balanced over longer periods of time. In addition there may be not enough tasks
waiting for selection or the need for short response times may prohibit task se-
lection. Selecting tasks for load balancing, implies adapting the load to the sy-
stem configuration, whereas changing parameters or strategies for load balancing,
implies adapting system management to the load.

IMPLEMENTATION OF THE CONTROLLER IN THE REAL SYSTEM

The degree of multiprogramming was chosen to control overall load. Load may be in-
creased by admitting new tasks to the system or by reactivation of suspended tasks.
Load may be decreased by suspension of some task (the task lToses all overlayable
memory and must wait for reactivation).

Changing the OLAYGOAL parameter was used for load balancing. With this method Toad
may only be transferred to or from memory. Memory management was that part of the
system which had been well studied in earlier projects and apparently had a great
influence on load distribution and performance. Other feasible methods of load
transfer between resources were not included because of lTimitations in time and
manpower.

The B6700 operating system realizes some sort of look ahead paging out: every
three seconds a special task is activated that overlays segments chosen by a ran-
dom strategy out of core. OLAYGOAL defines the percentage of overlayable core to
be overlayed in advance within one minute. This strategy ensures a constant level
of memory usage intensity: segments not referenced over a longer period of time
are eventually overlayed.

A higher value for OLAYGOAL, shifts load from memory to CPU and [0 {(or more pre-
cisely, to CPU and paging devices and channels, which, under the B6700 operating
system, are not physically separated from file devices and channels). A lower
value shifts load in the opposite direction.

Figure 2 shows in principle, in which directions load is shifted by the different
activities. By combining several activities, a wide range of possible Toad changes
becomes available.

Based on these assumptions a model controller was developed. Is was.assumed.that
a measure for the load of each main resource exists. A sca]eifor this was divided
into three regions by bounds corresponding to those defined in assumption three.

Tower upper bound

| measure of
| |

|

|

- Toad

I
underioad thediuml oad overload region

Figure 1
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Overall load was controlled by the following rules:
- Load is increased whenever all resources are underloaded,
- load is decreased whenever one resource is overloaded.

A load of resource 1

load of
resource 2

mA
|
|

load of
— resource 3

Figure 3:
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In figure 3 the space of overall system load - like that of one resource - is di-
vided into the three regions of underload, medium load and overload. The underload
region equals the smallest cube, the medium load region equals the medium sized
cube minus the smallest cube, and the overload region equals the largest cube mi-
nus the medium sized one.

The load balance was controlled by an additional rule:

- Load is transferred from the most heavily loaded resource to other resources.

Toad of &
resource 1
load of
resource 2
Max
load of
Min —» resource 3
Figure 4;

In figure 4 the line crossing the cube from Min, the point at which all resources
are unloaded, to Max, the point at which all resources are fully loaded, repre-
sents the region of balanced load. The three pyramids around it with their top in
Min and their base equal to the upper, rear or right surface of the cube represent
the regions within which load has to be transferred from resource one, two or
three respectively to other resources.

To determine the memory, CPU and I0 load eight terms measured by the operating
system were used:

- AVAILABLE CORE, CC-OVERLAYS and PRESENCEBITS to define memory load,

- PROCESSTIME, ALIVE TASKS and ALIVE TASKS/MIXCOUNT to define CPU load,

- TOQUEUES of PACKS and IOQUEUES OF DISKS to define IO load.

AVAILABLE CORE is the amount of free memory, CC-OVERLAYS is the number of core to

core overlays per second (performed if the operating system tries to overlay small
segments in order to find space for large segments) and proved to be most sensible
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to thrashing. PRESENCEBITS denotes the number of segments loaded after presence
bit interrupts per second. PROCESSTIME is the percentaga of time processors are
busy , ALIVETASKS is the number of tasks waiting for a CPU or at a CPU, MIXCOUNT is
the total number of tasks.

To compute a measure for memory, CPU and I0 load respectively, the scale for all
terms was divided into three regions. The scale for AVAILABLE CORE was further di-
vided into six subregions. The resulting 64 different memory-, 27 CPU- and 9 10-
situations were mapped via tables into an underload, medium load and overload re-
gion for memory, CPU and IO respectively. Memory load regions were composed

of ten subregions. A subregion reflected the relationship between the amount of
memory used and the intensity of memory usage. Memory load definition was more
complicated, because it had to be taken into account, whether intensity of memory
usage could really be further increased or decreased by change of OLAYGOAL.

Using the rules established for the model controller, mapping of the actually
measured memory, CPU and I0 load into the possible activities was performed as
follows:

M : If memory, CPU and IO were underloaded, new tasks were admitted or
reactivated,

D : if either memory, CPU or I0 was overloaded, one task was suspended,

@ : if memory load was very low (most probably CPU and/or 10 are then more
heavily loaded), OLAYGOAL was set to zero,

- : if memory load was low or medium and memory usage intensity relatively
high, OLAYGOAL was decreased,

+ : if memory load was medium or high, memory usage intensity relatively
low, and CPU and I0 were underloaded, OLAYGOAL was increased.

The exact values of the bounds of each measured term were controller parameters
that could be dynamically changed. They were tuned to maximize throughput, as were
parameters of the controller defining the range of possible values of OLAYGOAL and
“how fast OLAYGOAL was increased or decreased.

The controller was implemented as an operating system subroutine activated once a

second. This was easily done, because the operating system of the B6700 was writ-
ten in a high level language, ESPOL.

memory load

CC-Overlays Low Medium High AJ

PRESENCEBITS | L M H L M H L

1| H-10 | H-10| H-10 | H-10 | H-10 | H-10 | H-10 | H-10| H-10

2|M-9 |M-9 | M-8 |M-9 [M-9 | M-8 | H-10| H-10| H-10

3|M-9 (M-9 | M-6 |M-9 (M-8 |M-6 [M-8 | M-8 | M-6

4|L-4 |L-3 | M-6 |L-3 |[L-3 |M-6 [M-7 |M-7 |M-6

M-6 |L-2 |L-2 |M-6 |M-6 | M-6 | M-6

AVAILABLE CORE
=
o
—
o
p
~

H |6|L-1 |L-1 |M-5 |L-1 |L-1 |M-5 [M-5 |M-5 |M-5
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The interface to other operating system parts was established by variables and mi-
nor changes in other modules. To improve the influence of the OLAYGOAL parameter,

it was necessary to change computation of the 0S overlayable core to be overlayed
in advance.

To avoid instability of the controlled system, activities were performed with cau-
tion. For example not more than one task was suspended every three activations of
the controlier. The controller was slowed down, thus enabling the operating sy-

stem to react between two activations of the controller, and measured terms were
smoothed.

As measurements showed, the demands of the controller itself were lTow. Within
elapsedtime of 100 seconds the controller used less than 3 seconds I0 time and 4
seconds CPU time, including times for the overlay of segments to background con-
trolled by OLAYGOAL.

RESULTS

To measure performance changes caused by implementation of the controlier, four
synthetic mixes with different characteristics were run twice under the original
and twice under the controlied system. The mixes consisted of batch tasks only and
were based on the real load of some day. Performance was measured as throughput:

Performance = Number of tasks / (Finishtime of last - starttime of first)

Performance improvements by the controller varied between 8 % and 18 % for a sing-
le run. In the following table the average performance improvement for each mix is
shown.

MIX Finish of last- Performance (tasks/min) Performance

starttime of first improvement

(sec)
original | controlled | original | controlled
0s 0s 0s 0s

CPU- 1775 1588 6.73 7.52 12 %
bound
10~ 1789 1613 6.73 7.40 11 %
bound
slightly 1985 1820 6.02 6.56 9 %
memory-
bound
memory- 2268 1983 5.26 6.02 14 %
bound

The original system with a constant value of 3 % for OLAYGOAL was best adapted to
a slightly memorybound load, that is why performance improvement is smallest in
that case. It was not well adapted either to CPU- or I0-bound loads, for which a
Tower value of OLAYGOAL is suitable, or to memory-bound loads, for which a higher
value of OLAYGOAL 1is necessary. With all mixes the load Timiting feature of the
controlled system avoided unnecessary overhead.
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The following diagrams show in more detail the differences in system behaviour un-
der both operating systems. In figure 5 MIXCOUNT and ALIVE TASKS are outlined. The
figure shows lower values for both MIXCOUNT and ALIVE TASKS under the controlled
system thus demonstrating the Toad 1imiting feature of the controlled system.
ALIVE TASKS values up to 8 under the uncontrolled system indicate CPU overloading
(the system has 2 CPU s).

Figure 6 shows SCHEDULED TASKS, the number of tasks waiting to enter the Mix.
Higher SCHEDULED TASKS values of the controlled system prove again the load limi-
ting feature.

Figure 7 compares AVAILABLE CORE distributions. Under the original system the dis-
tribution has two peaks, one for a dangerously low value, caused by memory over-
loading, and one for a relatively high value, caused by unnecessary advance over-
lays by a constant OLAYGOAL value. Under the controlled system overloading is
avoided and OLAYGOAL is adapted to memory situation thus producing a distribution
with one peak for a low, but not dangerously low value.

In figure 8 finally the correlation of PROCESSTIME to ALIVE TASKS is plotted. Un-
der the uncontrolled system quite a 1ot of measured points are found in the CPU
overload region. Under the controlled system points have been shifted out of the
overload region to a high load region.
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ABSTRACT. The paper presents a queueing analysis of a
pre-emptive,priority driven, timesliced dispatcher algorithm,
typical of those found in many timesharing systems. A
distinctive feature of the system being modelled is that a pre-
empted task, when re-admitted to the dispatcher, is re-allocated
a full timeslice rather than the residual. The combination of
pre-emption, timeslice renewal and class dependent arrival and
service rates, places the analysis beyond that of the well-known
FBN algorithms. The model is used to predict the behaviour of
the dispatcher algorithm under various workloads.

1. INTRODUCTION

The Reference-Model Parameter Adaptive (R-MPA) control system [2] is a control
system currently being developed to optimise the performance of a UNIVAC 1110
computer. The overall goal of the R-MPA system is to monitor workload processing
and to adjust the operating system to respond optimally to any significant change
in workload composition. The R-MPA system consists of three hierarchically inter-
dependent models of the UNIVAC 1110 computer, namely a multiclass network model
describing overall system performance and two detailed analytical models des-
cribing CPU dispatching and memory allocation respectively. This paper describes
the dispatcher model, outlines its mathematical structure and presents an evalua-
tion of dispatcher performance, namely average response times, queueing delays,
queue lengths and CPU utilisation for each of the batch, timesharing and systems
overhead fractions of the workload, as a function of workload composition, work-
load Tevel and timeslice length.

473
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2. THE DISPATCHER

The function of a dispatcher algorithm is to allocate CPU processing time so as
to achieve maximum throughput for higher priority tasks while ensuring that lower
priority tasks receive an adequate fraction of the CPU processing capacity.

The UNIVAC 1100 Executive (EXEC-8) classifies the workload into several distinct
workload types, each type having a distinct priority, The dispatcher itself is
based upon a pre-emptive, priority driven, timesliced multi-level feedback
queueing system and is typical of multitask dispatchers in general. The feed-
back queueing system consists of 7 distinct First-Come-First-Served (FCFS)

queues. Each queue serves tasks of a distinct priority level, level 1 being of
the highest priority. Operating system activities arrive to the level 1 queue

and are not timesliced, but run to completion. Timesharing and batch tasks arrive
to the level 2 queue. Levels 2 through 7 are timesliced. The task selection rule
is as follows: a task in the level n queue may only go into service if the level
1 through n-1 queues are empty (2 < n < 7).

For purposes of illustration, the workload types in this analysis are restricted
to 6perating system activities, timesharing and batch jobs, The EXEC dispatcher
however further classifies operating system activities into several distinct
priority types and the user workload may also contain real time, transaction
processing and deadline batch programs, all of which run at higher priority than
timesharing and batch programs. These additional workload types can straight-
forwardly be incorporated into the analysis.

Consider a level n task that is currently in service and is receiving a time-
slice of length qy,- This task may leave the CPU for one of the following reasons:
1) the task terminates, 2) the task issues a synchronous I/0 request. When the
1/0 is completed, this task will be returned to the end of the level 2 queue.

3) the timeslice expires, in which case the task is returned to the end of the
level (n+l) queue, 2 < n < 7. Tasks in the level 7 queue are returned to the end
of the level 7 queue. 4) the task is pre-empted by an arrival to the level 1
queue {2 < n < 7) or by an arrival to the level 2 queue (3 < n < 7). The pre-
empted task is returned to the head of the level n queue.

A distinctive feature of the EXEC-8 dispatcher is that when pre-empted tasks are
re-admitted to the CPU, the task is re-allocated an entire timeslice of length a,
rather than the residual of - This re-allocation of entire timeslices is
referred to as timeslice renewal.
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Note that the combination of pre-emption, timeslice renewal and class dependent
arrival and service rates places the analysis of the EXEC-8 dispatcher beyond the
reach of the well-known Feed Back N-level (FBy) algorithms and their variants
[1,3].

3. THE DISPATCHER MODEL

The dispatcher is modelled as a queueing system consisting of a single server,

m queues and n customer classes. In our case, m=7 (queue 1 being of highest
priority) and n=3, where class 1 represents programs with long CPU processing
intervals, class 2 represents programs with short CPU processing intervals and
class 3 represents system tasks. Note that class 1 and class 2 might typically
represent timesharing and batch programs, though the EXEC dispatcher itself does
not make any explicit distinction between these two workload types.

The model assumes that customers arrive to the system according to n independent
Poisson processes. Each customer class is further assumed to have an exponential
distribution of service times. The routing of the customers is as described in
Section 2 and the priority queue is illustrated in Figure 1.

)\1 - . A1+ )\2
" ]evel2 ——C> )\3

A3 ———  level]

Figure 1. Dispatcher model

3.1 Analysis of the priority queue

A detailed analysis of the priority queueing system illustrated in Figure 1 can
be found in van den Heever [4]. We do not intend to repeat the analysis. We
shall rather describe the input parameters required by the model, give a brief
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summary of the analysis method and then detail why this model is not sufficient
for our purposes. The following section 3,2 then outlines how this priority
queue can be generalised to give an adequate description of the dispatcher
algorithm.

Briefly, the analysis method is based upon the concept of virtual workload V(t)
which is defined as the total remaining amount of work (measured in time units)

at time t. The distribution of V(t) for an M/G/1 queue is known [5]. It can be
shown that the actual amount of work found in the system upon the arrival of a
customer of any class is identical to V(t). The analysis then traces the progress
of a class j customer as it threads its way according to its priority routing
through the several queues illustrated in Figure 1.

The processing of a class j customer is formally described in terms of the
following parameters:

xj = mean arrival rate of class j customers to the system.

Py = (igs ov sips - ,1pj) leip<m

= the route that a class j customer follows through the m priority
queues. The integer pj is the number of passes through the processor
required to complete a class j customer. The integer 1k identifies

the queue that a class j customer joins on his k th pass through the

processor.
& T probability that a class j customer completes service and leaves the
system on its k th pass through the processor.
k-1

= the arrival rate of class j customers to the k th queue.

S

ik a random variable denoting the amount of service that a class j
customer receives on its k th pass through the processor.

The analysis proceeds to build a set of linear equations expressing the expected
queueing delays experienced by a class j customer on its k th pass through the
processor as a function of the variables described above. These equations are
then solved, yielding the expected queueing delays, queue lengths and processor
utilisations for jobs from each of the customer classes.
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However, in order to solve for the expected queueing delays, we must first
determine the first and second moments E(Sjk) and E(S jk) of the service requests
Sjk of class j customers on their k th pass through the processor, These moments
can easily be calculated once the distribution of Sjk is known. The kernel of

the matter is that, for the dispatcher algorithm under consideration, these dis-
tributions are not straightforward, since they depend not only upon the timeslice
lengths and the times between successive 1/0 operations, but because of the time-
slice renewal scheme, they also depend upon the rate of arrival of higher priority
jobs. The following section reports how the service time moments can be cal-
culated for timeslice renewal schemes.

3.2 Service time distribution for a customer at level j

Consider a customer of class j on its k th pass through the processor (for
notational convenience, the subscripts j and k are omitted from the subsequent
analysis). Define the following terms:

q = preset length of the timeslice for this queue.
A = total arrival rate of customers that may pre-empt the customer
in service. This arrival process is Poisson.
3 = EJk
= total service time requested by class j customer on pass k,
A = Sjk

= effective timeslice length as extended by timeslice renewals caused
by pre-emptions. Note that only two events can terminate A, namely
1) an I/0 request 2) a preset timeslice expiry.

€] = processing time excluding the final processing interval, where the
final processing interval is terminated either by an I/0 request
or by a timeslice expiry.

Note that A = min (£, 0 +q)

Define:
F.(t) = Pr (.<t)
fo(t) =Pr (t<.<t+8t)
where f.(t) =

dF.(t) if and only if F.(t)} is continuous. Define the
t

Laplace- Stieltjes transform F.(s) of F.(t) as

F*(s) = f e Star. (¢)

- oo
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Note that the general form of the transform has been used where t ¢ (-o,») since
we do not preclude F.(t) having discontinuities at t = 0. If F.(t) is continuous,
F*(s) = f¥(s) where f*(s) is the Laplace transform of f.(t)

©

Fi(s) = fe () dt
0

The function form of the probability density fA(t) is straightforward:

fi(t) Gcteg
fA(t)= Pr(¢ = t and the customer acquires 2t - q from
timesTice renewal)
+ Pr(g>t and the customer acquires exactly t - g
from timeslice renewal) t>q
................... (1)

The calculation of fA(t) is simplified by defining an auxiliary variable X5 where
X; denotes the elapsed time between the (i - 1) th and the i th pre-emptions. The
roles of xi,O,t and q for the case t > q are illustrated in Figure 2.

Figure 2a. ¥ = t and costomer acquires © > t-q from timeslice renewal
(customer completes during final processing interval)
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| |
[ |

Figure 2b. & > t and customer acquires © = t-g from timeslice renewal
(customer does not complete during final processing interval)

Equation (1) can be written

fg(t) 0<tc<qg
fA(t) = o
f.(t) fo(u) du + {1 - F_(t)} fo(t-q) t>q
AN AN £ ]
and
* _ * -st
fx(s) - 0/ et f (1) dt

Assuming the service request & to be exponentially distributed with mean 1/u

The next step is to calculate Fg(s)

0 t<0
Pr (no renewal) t=20
Fe(t) = Pr (1 renewal) Pr(0 <t | 1 renewal occurs)

+ Pr (2 renewals) Pr(0 <t | 2 renewals occur)
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Where
Pr(® < t | n renewals occur) = Pr(xyp +x, + ..+ x < t)
Pr(timeslice renewed) = Pr{l or more arrivals during q)
= 1-e7M
Pr(n renewals occur) = Pr(timeslice renewed)n Pr{timeslice not
_ _ renewed)
= (1-e Aq)n e
Thus
0 t<0
Folt) = Je?9 s (1= e™9e™ pr(x) < t)
+ (1 - %M prix, 4 Xp S )+ il t>0
whereupon it can be shown
Fa(s) = e/ (1 - (1- e FXs)} Ll (3)

The next step is to calculate F;(s). We make use of the fact that the times
between successive arrivals that renew the timeslice are exponentially distributed
and cannot exceed q. Therefore

(1- e/ - e 0<tcq
F(t) = =
1 t>q
whereupon it can be shown that
Fe(s) = fe'St dF (1)
0
= a{l- e-(x+s)q}/{(x+s)(l - e'xq)} ................... (4)

Substituting (3) and (4) into (2):
Fr(s) = w/u+s)+{s(rA+u+ S)e'(X *uts)qy,

{(u+s)(u+s+ e (A S)Q)}
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Note that:
(a) lim fZ(s) = 1. Thus when g»0, the only value of t that can be realised
q+0 is t=0, that is the customers can achieve no service at
all.
(b) 1lim fz(s) = u/(p +s). Thus, as the timeslice lengths increase, each
g customer consumes his entire service request (in a
single pass) which is exponentially distributed.
(c) lim fz(s) = {u+ se'(u * s)q)/(u +s). As the arrival rate decreases,
A0 timeslice renewal decreases and the queue reduces to a

time sliced FCFS exponential server.

(d) lim fa(s)

w/{u + s). MWhen timeslices are renewed infinitely fast,

Moo each customer is guaranteed to complete and consume his

entire service request which is exponentially dis-

tributed.

The required moments E(A) and E(AZ) can now be calculated
E(a) = -lim d_ fi(s)
s»0 ds

s Yu- (0 p)e WG g e (e

Similarly
E) = 1im 48 f(s)
-0 ~2 &
ds
N ¢ PR LY L I PO VAT HENBR UL IS
21+ 1)a e - aee® V)
+ -
ulp + )\e'b‘ + U/Q) U+ )‘e'(k + Uyq
It only remains to calculate ejk where
e. = Pr(class j customer departs from the system after completing

Jjk
service on its k th pass through the processor)
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Recall that Ejk is the total service time requested by a class j customer on its

k th pass through the processor. Consider a class j customer who achieves exactly
0+ q = y seconds on its k th pass. The probability that this customer does not
complete, given O + q =y, is ./'wngjk(t). Therefore

Y
Pr {customer does complete | @+ gq=y) = 1 - dFE (t)y =1-¢e lad
Jk
Yy

Removing the conditioning on (0 + q),

- e TWY

&5k = /(1 e )dF®+q (y)
0
- _ -uy
=1 fe dFe+q (¥)
0
= 1 a0
= 1-Fg(wq) = 1-e MR

From equations (3) and (5), the above reduces to

&5k = E(Ajk)

4, DISPATCHER PERFORMANCE PREDICTION

Figures 3 through 7 summarise the model's predictions of dispatcher performance as
a function of the total arrival rate A where A = )1 + Ao+ A3. The mean service
requests of the various job classes were chosen to be l/u1 = 7 msecs for short
jobs, l/u2 = 60 msecs for long jobs and l/u3 = 700 microsecs for system tasks.

Workload composition was maintained by keeping the ratio A AZ : A, constant.

3
One measure of dispatcher performance is its response time, defined as the
average time elapsed between a job joining the dispatcher queue and leaving the
dispatcher, either to do synchronous I/0 or because it has terminated. Figure

3 illustrates the dispatcher response time as a function of the total arrival
rate A. Notice that short jobs maintain a better response at higher pre-emption
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rates than longer jobs, thus complying to the fundamental requirement of any dis-
patcher algorithm. The response of long jobs on the other hand rapidly degrades
with increasing A.

The main purpose of the dispatcher model is to continually furnish the R-MPA
control system with optimal values for the preset timeslice lengths. Figure 4
reveals the model's ability to identify the preset value of the first timeslice
which minimises response for short jobs. Note that the optimum value of this
timeslice does not depend upon the arrival rates and service requirements of the
Tong jobs present in the workload.

Figure 5 illustrates the extent to which timeslice lengths are extended by
renewals; preset values for these results were 9, = 2 msecs and 93 = 16 msecs.
Due to the extension of timeslice lengths, few jobs enter the lower priority
queues 4 through 7 until high arrival rates saturate the system. Figure 6 con-
firms that for A < 70 arrivals per second, about 80 percent of the jobs are dis-
patched from queues 2 and 3.

Figure 7 reveals the distribution of queue lengths for short and long jobs for
two different arrival rates, A = 30 sec “Land & = 90 sec L (Pre-empted jobs
which have already received some service are not considered to be in the waiting
Tine). Note that the results presented in figure 7 cast some doubt on the wisdom
of the timeslice renewal policy. The goal of this policy is to prevent long jobs
from migrating to the very low priority queues where they will remain without
service while jobs on higher Tevels are being served. This goal is indeed
achieved. However, this positive effect is counterbalanced by the fact that,
under heavy load conditions, all jobs receive longer timeslices. Therefore, under
heavy Toad conditions, the order of arrival of tasks to the dispatcher becomes an
important factor in determining dispatcher response.
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This paper deals with the following mechanism for controlling the
multiprogramming set in a demand paging system: processes are
dynamically divided into several categories according to the number of
page faults generated during their residence in main memory. A process
is admitted into the multiprogramming set only if there is enough
space free in the main memory to contain the number of pages
corresponding to the current category of the process. Using a queueing
network model of an interactive system with such a control mechanism
we study the effectiveness of the control considered, and, more
particularly, its ability to partition the memory space according to
the locality of processes.

1. Introduction

Since the experimental studies of the dynamic program behaviour (1), and the
introduction of the notion of locality and of the working set model (2), a number
of system designers have attempted to include these results in their memory
management algorithms (e.g. (3)). An interesting attempt to dynamically partition
the memory space according to the observed behaviour of processes was implemented
in the interactive virtual memory system ESOPE (4).

TERMINALS

memory residence time out

new command 14 A command completion

category transgrvession

.
i
|
v
t
g~ ’
— EI 4
F1FO
admicssion queue multiprogramming
set
Figure 1: framework for algeritbm considered

487
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The algorithm, apparently inspired from the EMAS system (5), is as follows (see
Fig. 1): processes are divided into categories, and a process is admitted into
the multiprogramming set (i.e. allowed to share real memory and to compete for
other system resources) only if there is enough space free in main memory to
contain the number of pages corresponding to the current category of the process.
This number of pages are reserved for the process, but the actual fetch takes
place on a page on-demand basis. The process category is adjusted, basically, in
two instances:

i) upon command completion: the category is reduced by one (if possible), if the
number of pages fetched (i.e. of pages faults generated) is smaller than the
corresponding limit for the immediately preceding (i.e. lower) category;

i1) upon category transgression: if a process attempts to access more pages than
reserved for it according to its current category, the process is ejected from
the multiprogramming set. The memory pages that have been allocated to it are
freed, and its category is increased by one (if possible). The process is then
placed at the end of the admission queue.

A new process entering the system is assigned a category on an arbitrary basis.

The intuitive motivation behind this algorithm seems to be the following. The
current category of a process is used as an estimate of its working set size. In
order to prevent thrashing (6), processes are admitted into main memory only if
the latter can contain their estimated "working sets". Note that this algorithm
not only controls the partitioning of the memory space (and thus the
multiprogramming level) but also automatically ensures replacement of pages {when
a process leaves the multiprogramming set). Note also that it reacts to
instantaneous changes in program behaviour, and thus introduces a strong coupling
between the system execution and control functions. This hinders the system's
decomposability (7).

In summary, the algorithm controls the multiprogramming set via dynamic memory
partitioning. The latter depends on an on-line process classification based on
the virtual time paging behaviour of a process. The number and limits of the
categories are the parameters of the algorithm. Therefore, it is important to
study the system throughput (or, equivalently, the mean response time) as a
function of the category assignment, and its dependence on system and program
behaviour parameters. It is also important to study the effectiveness of the
virtual time on-line classification of processes. (The latter point is suggested
by the obvious result of recent modelling studies (see e.g. (8) ) which indicates
that the number of pages needed by a process "to be executed efficiently" (9) is
not an absolute process characteristic but depends strongly on e.g. the average
service time of the secondary memory device). These questions are addressed in
this paper.

The problem of multiprogrammed memory management, and, more particularly, that of
controlling the level of multiprogramming has received a considerable attention
in the litterature, e.g.(10-19) are but a few recent references. The work by
Schoute (17) seems the closest to this paper. Our work differs from (17) in that
we explicitly take into account the effect of program loading (20, 21) on the
performance of the admission mechanism, i.e. on the current category of
processes. This allows us to study the influence of program behaviour on system
performance, and, in particular to consider the case where the processes belong
to different classes as regards their locality znd total compute time.

Let us now define the scope of our paper. We shall restrict our attention to a
situation where only interactive processes are present in the system (no
background batch jobs) and where the number of logged-in (active) terminals is
constant over periods of time long enough for a stationary amalysis to be valid.
The arbitrary initial category assignment will thus be neglected and only the
long-run behaviour of the algorithm under consideration will be studied. It may
be noted that in the algorithm as implemented in the ESOPE system, processes are



CONTROLLING MULTIPROGRAMMED MEMORY IN AN INTERACTIVE SYSTEM 489

ejected from the multiprogramming set if their residence time in real memory
exceeds a given limit. We concentrate on the paging behaviour of processes and,
therefore, neglect this mechanism.

To start with, we shall assume that all the users are statistically identical and
independent. Their paging behaviour will be modelled by the life-time function
(1) which relates the average process execution time between two successive page
faults, e(m), to the amount of memory m, allocated to the process. We shall use
the two-parameters fit proposed in (9)
e(m) = 2b/(1+(d/m?%), (1.1)

which accounts for the saturation effect at larger m. Figure 2 shows examples of
the life-time function for several sets of parameters b and d.

e(m)F
(ms)

20 =60

20 40 60 B0 100 m memory space (pages)

Figure 2: examples of life-time curves

1/0 activity other than caused by paging, and most overheads will be neglected.

The next section is devoted to the description of a queueing model of the system
under study. In Section 3 the numerical results obtained with a single class of
processes are discussed. Section 4 is devoted to the numerical results with
several classes of processes.

2. A queueing network model

The queueing network model we shall use to study the properties of the algorithm
under consideration is represented in Fiqgure 3. The behaviour of a user is
modelled by a sequence of think times followed by a generation of a command after
which the user remains inactive until the system response (22). (A somewhat more
elaborate model of user interaction has been proposed recently in (23) ). The
user think time is assumed to be an exponentially distributed random variable
with mean 1/A; the set of terminals is thus represented by an exponential server
with service rate n A\, n. being the current number of active terminals. We assume
that there are q categories in the system, and we denote by m; the page number
limit for category j, j= 1,...,0, where my< my< ... mq.4 < my. A command generated
by a user (a process) enters a FIFD admission queue (A0). According to the
admission mechanism described, if the process at the front of AQ is of category
Jj» it will be admitted only if there are at least mj memory pages available
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page fetth request
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Figure 3: a queueing network model

The multiprogramming set is represented by a CPU and a secondary memory (SM)
device with their queues of processes. We denote by v, (m) the page fault rate of
a process which has m pages present in real memory, and we let

1/e(m) , m:l,...,nu H
vy m)= (2.1)
1/w , m=0 ;

where e(m) is given by (1.1), and  is the average system overhead time per
process admission into the multiprogramming set. A process having requested a
page is either placed in the SM queuve if m< m;, or ejected if m=m;. The mean
service time of the SM is 1/u,, and it is assumed to account for a possible
preliminary saving of a written-onto memory page before the actual fetch of the
page requested. We assume that the SM service time 1is an exponentially
distributed random variable, and that the SM queueing discipline is FCFS.

In the case of ejection, the memory pages belonging to the process are freed, and
the process category is adjusted (j:=j+l, if j< g). The process is then placed in
AQ, and, once admitted, will have to reacquire one by one its pages.

The service discipline at the CPU is assumed to be Processor Sharing. The CPU
service time for a process is assumed to be an exponentially distributed random
variable with rate
Vi([)) ’ if m=0
v(m)= (2.2)
vy (m)+v,  , m=1,...,m,

for a process of category j with m pages in memory. v, denotes the rate of
command completions. We let

Vo= 1/c (2.3)
where ¢ is the mean total CPU time per command.

If a process of category j has no more than nﬁ_¢ pages in memory at the moment
of completion its category is adjusted (j:=j-1, if j>1).
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At this point, we shall use the mean system response time, W, as a measure of
overall system performance and of the utilization of the CPU system resource
(using the Little's formula (24), one can easily show that W=cN/B - 1/), where N
is the total number of terminals and B denotes user mode CPU utilization).

Note that despite a number of assumptions aimed at the tractability of the model
its solution is far from obvious. A direct brute-force attack of the model
balance equations would be difficult in practice because a very detailed state
description is needed. The latter seems particularly inadequate with respect to
the performance measures defined.

We summarize below the four main steps of the approximate hybrid solution method
we have used. The interested reader may refer to (32) for details.

Step 1 We analyze the behaviour of a user in its virtual (i.e. execution) time
so as to obtain, for an active process of category j, j=1,...,q:

-fj, the rate of page faults;

-, the rate of category transgressions;

~zj, the rate of command completions;

-s;, the probability that process category will decrease upon command
completion. This is similar to the approach used in (20, 21), and yields a simple
analytical solution.

Step We use the average page fault rates f; in a simple model of the
multlprogrammlng set (see Figure 4) to compute Aj (n), the CPU utilizations faor
processes of each category under a constant load of n={ng, ..., nq }, where nj is
the number of category j processes in the multiprogramming set.

Figure 4: multiprogramming set submodel

Due to the assumptions on service time distribution and on gueueing disciplines,
the analytical solution of this model may be easily obtained (25).

Step 3 We use the Aj (n), wj, zj and sj in a gueueing model of the
multiprogramming set control The” model (see Figure 5) reflects only events
pertaining to the operation of the admission control, and is studied under
constant load of processes in order to obtain u(£), the rate of command
completions with a total of { processes (waiting and admitted).

category transgression

Y A command
n { A (n) 1 completion

Jw_DID——)‘—[DID—&

multiprogramning
set

r o

L processes

Figure 5: multiprogramming control model



492 A. BRANDWAJN and J.A. HERNANDEZ

The multiprogramming set is represented by an exponential queue. Its current
state is described by p=(ny,..., nq ), the vector of the numbers of processes of
each category currently in the multiprogramming set. The rates of departures from
the latter are set to be the products of Aj(n) by the corresponding rate obtained
in Step 1, e.g. the rate of category transgressions for processes of category j
is AJ(Q) wj. The state of the admission queue is described by k, the vector of
process categories in FIFO order.

The model can be solved using discrete event simulation (26). A confidence
interval for the result may be derived applying the regenerative simulation
method (27), so that we obtain two numbers u'(£) and u"(£) which are the bounds
of the confidence interval for the rate of command completions with a total of £
processes.
Step 4 We analyze the system behaviour at a highly aggregate level via the
queueing model of Figure 6.

n A n = N~%
c c

TERMINALS

2 u(®)

SYSTEM

Figure 6: aggregate system model

The terminals and the system are represented by exponential servers with service
rates n A and u( @), respectively (nc+€ =N, the total number of terminals). The
analytical solution of this model is well known and allows an easy computation of
the average number of processes in the system, and, hence, via the Little's
formula (24), of the mean system response time. In our case, since u(£) is given
in the form of an interval, interval arithmetic has to be used to finally obtain
W' and W", the two bounds of the confidence interval for the mean system response
time. Note that we have used a decomposition technique whereby one computes
approximate values for conditional probabilities by analyzing subnetworks under
constant (full) load conditions (28, 29). As a whole, our approach is similar to
that discussed in (30), in that at each step in the solution of the decomposed
problem, the solution method which seems the most appropriate (analytical,
discrete-event simulation,...) is used.

The next section is devoted to numerical results obtained from our model.

3, Numerical results with a single class of processes.

Since the system under consideration is quite complex, and both the model
elaborated and its solution involve a number of simplifications and
approximations, it is importanmt to gain some confidence in the accuracy of the
results before using them to draw conclusions. Therefore, we have tested our
model using results of measurements of the ESOPE system under simulated load
(31). A few modifications had to be introduced in our model to reflect the actual
operation of the ESOPE svstem, and to be able to use measurement results. Mainly,
in FSOPC not all page faults result in a page fetch. Some of the pages
deallocated at the moment of process ejection, and recuested again during
subsequent residence periods, may still be present in main memory. Such pages are
simply "recovered" by table update. The number of pages actually fetched has been
measured. The ratio of the latter number to the total number of pages faults will
be denoted by 1—5, so that @ is the relative frequency of pages recoveries.
Hence, the actual page fetch rate becomes fj =(1-8) fi, and this value has to be
used in Step 2 to compute the CPU utilization.

We also let
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"oo" , m=0,
v(im)= (4.1)
V, Vs s m:l,...,mJ,

where v, is the average page fault rate (i.e. total number of page faults divided
by total CPU time), v, is the rate of command completions (i.e. total number of
interactions divided by total CPU time).

Table 1 shows the results of model tests. A 90% confidence interval will be used
throughout this paper.

Table 1
values of model parameters:
category limits in number of pages {(q=10):
my=45 my=8; my=16;5 m,=24; mg=32; mg=48;
my=64; mg=80; my=112; m,, =148;
category reduction:
m=m.y -1, =2, 3,..., 10;
total memory available for paging: M=184 pages;

I N=5 (number of active terminals)
Vo =1/c=1/464 ms H vy =0.04 ms @ =0.76;
1/uy =37 ms (mean service time per page fetch);
1/A =10.4 s (mean user think time);
response time W measured : 0.70 s
obtained from model : (0.77 s , 0.85 s)
IT N=5
Vo =1/458 ms v, =0.058 ms ; 6:0.69; 1/uy =38 ms ; 1/) =10.8 s;
response time W measured : 0.89 s
obtained from model : (0.93 s , 1.04 s)
111 N=12
Vo =1/490 ms  ;vy =0.038 ms ;6:0.47; 1/uy =41.1 ms; 1/A =11.8 s;
response time W measured : l.44 s
obtained from model : (1.37 s , 1.56 s)

Clearly, the model may be used with reasonable confidence.

We now first use it to study the influence of system and program behaviour
parameters on the choice of category limits. To start with, we consider the case
where the number of categories is egual to one (g=1). The calegory mechanism then
results in a fixed maximum degree of multiprogramming. For a given main memory
size (available for paging), only a few discrete values of category limit m, have
to be studied, viz. those for which m, is maximum with a given resulting degree
of multiprogramming. All other values of m, may only cause the page fault rate fy
to increase with no compensation by the multiprogramming effect, since the
multiprogramming degree will not increase. Thus for a memory of M=128 pages, the
values of m, to consider are 128, 64, 42 pages, etc. Note that with one category
the solution Step 3 may be easily carried out analytically.

We have represented in Figure 7 the average relative system response time
i.e., the ratio W/c, versus the number of terminals, N, for a set of model
parameters with the mean service time of the secondary memory device, 1/uy, set
to 20 ms. Figure 8 shows the results obtained with 1/u, set to 5 ms, the other
parameters remaining unchanged. We observe the important effect of the mean
service time of the secondary memory device on system performance, and, in
particular on optimum (i.e. which minimizes mean system response time) category
assignment. The latter changes from 64 pages for the set of parameters used in
Figure 7, to 42 pages in Figure 8.

(In Figures 7 through 14 the following values of model parameters are used:
M=128 pages, 1/v=0.01 ms).



494 A. BRANDWAJN and J.A. HERNANDEZ

W/ i
c 4
€4
/51
ey
5.0 5.0 L /
. | L SN TSROV E S NV PR |
5 10 15 N 5 10 15 N
b=15; d=30; ¢=500 ms; l/ul=20 ms ; b=15; d=30; c=500 ms; I/u1=5 ms;
Figure 7 Figure 8
w/e ‘ / w/e f
* ; /
5.0

A L NI ] s 1 . i
5 10 15 N 5 10 15 N
b=20; d=60; c=500 ms; l/ul=5 ms ; b=15; d=30; c=250 ms; l/ul=5 ms ;

Figure 9 Figure 10



CONTROLLING MULTIPROGRAMMED MEMORY IN AN INTERACTIVE SYSTEM 495

The effect of program behaviour may be seen in Figures 8 and 9 in which the
values of life-time function parameters used are b=15 ms, d=30 pages, and b=20
ms, d=60 pages, respectively. Again, we observe that the optimum category
assignment changes. Similar observation may be made as regards the influence of
the average total CPU time per command, ¢, in Figures 8 and 10, c being set to
500 ms and 250 ms respectively. As a whole, the figures obtained clearly indicate
that the optimum limit assignment fpr one category may be sensitive to both
system and program bebaviour parameters. In particular, an important and
undesirable effect to be noted is that the optimum category assignment may depend
on the number of logged-on terminals. This may be seen in Figure 8 where the
category limit of 64 pages yields better results than the 42 pages limit up to
N=12 terminals. The curves of Figure 10 exhibit a similar effect.

As a next step in the study of the category mechamism we consider the case where
the number of categories is sufficiently large so that two successive category
limits differ only by a small number of pages. E.g. for a total memory space of
128 pages and =32 with equidistant category limits, two adjacent categories
differ only by 4 pages. A high number of categories results in excessive
computational difficulties, especially in Step 2 of our solution procedure. It
may be noted, however, that the probability distribution of the current category
of an active process (denoted p{(j) )} is highly non uniform. As a consequence, if
we use only the few most probable categories in Steps 2 and 3, the error
introduced in the final result should not be important (this reduction of the
number of categories has been actually used in the model validation for N=12
terminals). Figure 11 shows a few examples of the above probability distribution.
We have represented there p(j) versus j, the category number, in the case of
equidistant categories with g=16 and 32, for two different life-time functions.
We observe that p(j) is non negligible only for some five to six values of j out
of 16 or 32.

(G [ N
P a) q=16 P | N
0.3 0.3 L
0.2 | 0.2 |
O.] | ‘ / 0.1 | })(

- Co- j (pages) L.L...ll ‘I. ,,,,, i(pages)
b=15; d=30; c=500 ms;
p(3) c) q=16 p(3) 8 qe3
1 )

I | J (pages) a 1l I - 3 (pages)

b=20; d=60; c=500 ms;
Figure 11
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In Figure 12 we have plotted the results obtained (using the five most probable
equidistant categories out of 32) for the values of model parameters used in
fFigures 7 and 8.

W/e

b=15; d=30; c=500 ms;

5.0

PV I RSN N |
5 10 15 N

A comparison of the curves indicates that a large number of categories, in the
case studied, does not improve the system response time. The effect may even be
adverse, as illustrated by the curves for 1/u ;=20 ms. It is not difficult to
understand why this is so., While with only one category the latter may be
adjusted to match best the speed of the paging device, in the case of a large
number of categories there is not much adjustment possible. The category
mechanism "classifies" the processes according to their virtual time page fault
rates. There is, in general, no reason for this classification to correspond to
the optimum multiprogramming level, since the latter may be very sensitive to the
gpeed of the paging device. So far we have considered only a single class of
processes. It is interesting and important to determine whether our observations
carry over to the case where the processes form several classes as regards their
paging characteristics and total CPU requirements. The next section is devoted to
this subject.

4. Several classes of processes

We now aasume that there are § classes of processes present in the system, We
denote by c,, (i=l:::; § ) the average total CPU time for a class i command, and
by ei(m) the mean CP!l time between successive page faults for a class i process
with m pages in main memory. Using obvious notational generalizations we have

e.(m)=2b, /(1+(di /m) 2 ) (5.1)
1/e.(m) , m=1,...,mj

v, (m)= (5.2)
1/w , m=0,

Vo =1/ci , (5.3)
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v, (0) ,if m=0 ,
ve (m)= {:‘* o (5.4)

vy (M) yif mal,...my
for i=1l,..., .

We denote by p¢, ( i:p¢=l) the probability that a newly generated command is of
class i. d

The analysis presented in Section 2 may be easily extended to include several
classes of processes. In fact, it suffices to modify the solution Step 1
(i.e. the analysis of process behaviour in its virtual time), the other steps
remaining unchanged. The detail of the modification is given in (32). It is worth
noting that we obtain a well-decomposed, easy to evaluate recurrent solution for
Step 1. Hence, our model has no difficulty in coping with many classes of
processes.

We now discuss the numerical results obtained from our model with classes of
processes. We have studied the case when there are two classes of processes,
equally probable {p,=p,=0.5), with different memory locality as represented by
the life-time function parameters b. and d(. In Figure 13a we have plotted the
relative average response time versus the number of terminals for a set of model
parameters with 32 equidistant categories and two different values of the mean
total compute time per command: c¢;=1000 ms, i=1,2, and c.=250 ms, i=1,2. The
dotted curves correspond to the optimum category assignment with only one
category.

W/e | I i 17 l
L ‘
\
5.0 L. . ..I| hl ;
b) c=1000 ms;
[ £ S B R e e B 'S
J I i {
| ! ! I ‘
|‘ NN
a) o - ‘ i
c) c=250 ms;
b]-ls; d1'30; b2-20; d2-60; l/ul-IO ms; q=32; e =, e

Py =py=0.5;

Figure 13
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We observe that not only a large number of categories does not result in an
improvement over the optimum with one category, but may yield significantly worse
results. This is in particular the case for c[ =250 ms, i=1,2. We hence conclude
that an effective control of the multiprogramming set cannot be based only on the
virtual time behaviour of processes, like the "classification" performed by the
category mechanisms. Parameters such as e.g. the speed of the paging device must
be included in the control mechanism. We have represented in Fig. 13 b and c the
virtual time probability that a process belongs to category j, p(j), for
¢c=1000 ms and c=250 ms, respectively. We observe the important effect of the
average total compute time on the process classification.

Since the category mechanism with many categories fails to control efficiently
the multiprogramming set, and since its primary motivation is to provide
estimates of the "working-set" sizes for different processes, i.e. to classify
processes according to their locality, it is interesting to study its performance
with respect to this objective. We have therefore computed the stationary
(virtual time) conditional probability that a process is classed in category j
(j=1,...,9) given that it is of class i (i=1,...,5), p(j|i). The results obtained
are represented in Figure 14. They clearly indicate that this probability
strongly depends on the total compute times ci (which we have already observed),
and on the relative frequencies of different classes of commands, p.. In
particular, increasing the total compute time, c., results in a classification in
a higher category. A possible explanation for this effect is that with larger c¢
more pages are referenced, and the category mechanism is such that when new pages
are to be loaded the category must, quite often, be increased. Therefore, the
most probable category for a given class of processes does not, in general,
correspond to a "good" point on the life-time curve of the process.

p(ilD j“ i : p(jlz) [ ] | \ :
| {
0.3 L-lp ,}, . “ N 0-3 L
: c 1
0.2 T 0.2 i c=1000 ms;
LN ‘ o p.=0.5;
YR R 0.1 ) P17P2
o 11 aull
SR 1 I g 1 .
L ] : A - § (pages)
o
N
0.2 0.2 T
c=500 ms;
0.1 0.1 r | Py=Py70:33
l 11 J (pages)
|
0.3 0.3 % \
|
02 0.2 | c=500 ms;
: | [ P =0.75; p,=0.25;
0.1 ’- -T‘ - . o l : “
| ! !
- ’ e ] ..‘.I |Ai J(paﬁes)

b =20; d,=60; b,=15; d,=30; q=16;
Figure 14
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S. Conclusion

We have presented a study of the category mechanism for multiprogrammed memory
management. This study has been performed in the context of a demand-paged
interactive system. A queueing network model of such a system has been built, and
a hybrid (analytical-discrete event simulation) decomposed solution has been
obtained for classes of processes. The model neglects I/0 activity other than
paging, and overheads other than that incurred when a process is admitted into
the multiprogramming set. (Numerical results, not reported in this paper, show
that the latter overhead has little influence on the performance of the admission
mechanism). These features can be relatively easily incorporated in our model,
and require that only Step 2 (i.e. the analysis of the CPU utilizations) of our
solution procedure be modified.

The numerical results obtained indicate that the system performance (as measured
by the relative average response time) with several categories is, in general,
worse than the optimum performance with a single category. This seems to be true
both for cases when there is a single class and when there are several classes of
processes with distinct paging behaviour characteristics. Moreover, the category
which is the most probable in the virtual time of a process of a given class does
not seem to reflect in any clear way the paging characteristics of the process,
as represented by its life-time curve.

Hence, we must conclude that -for the type of life-time curves considered- the
category mechanism fails both in optimizing the level of multiprogramming and in
classifying the processes according to their paging characteristics i.e. in
dynamically partitioning real memory. We interpret the former failure as
indicating that an effective control of multiprogramming, in general, cannot be
based solely on virtual time behaviour of processes. Although algorithms
including the speed of the paging device have been proposed (e.qg.(11) ), the
problem of optimal multiprogramming seems to require further study. Indeed, a
(near) optimal policy should also incorporate features such as various I/0's and
overheads (including that of the policy itself) since these may be shown to
importantly affect the optimal multiprogramming level.

An interesting point for further investigation is to determine to what extent our
findings could be affected by the shape of the life-time curve. In particular, it
will be important to study the multicategory versus the monocategory performance
in the case where the life-time curves of processes possess distinct sharp
"knees".
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This paper presents a new concept for local computer networks.
Main features of the new model are: automatic reservations for
colliding packets (thus avoiding repeated collisions); near
optimum throughput; finite maximum waiting times even for prio-
rity scheduling policies.

The performance of the system is analyzed by means of a Semi-
Markov-process. Numerical results have been obtained for the
most interesting parameters. A comparison with reservation
techniques which have been proposed for other computer networks
is given in the final section of the paper.

I. INTRODUCTION

Various multiplexing schemes (ALOHA, CSMA, Reservation schemes, Polling, ...) for
packet switching networks have been investigated in the recent past (see [Sc]).
Some of these methods have been designed for remote networks, but others are par-
ticularly effective for local computer networks which may be characterized by the
fact that the propagation delay of the signal is small compared to the packet
transmission time.

In 1976, a prototype of a new concept for local computer networks has been presen-
ted by Metcalfe and Boggs [MB]; this technique (called ETHERNET) is particularly
attractive by reason of its structural simplicity. ETHERNET combines any number of
stations by means of a logically passive medium for the propagation of packets. By
reason of the limited distance between the users (less than 1 km) in the ETHERNET
prototype a coaxjal cable has been choosen as the propagation medium but other
media could be used as well; for example, the extremely rapid development of fiber
optics (see [Li]) suggests to choose fiber optics instead of coaxial cables.

A system of this type (called FIBERNET) is actually in investigation (see [RM]).
Since the transmission principles of FIBERNET are basically very similar to those
used in ETHERNET we will restrict ourselves on ETHERNET in the following.

The structure of ETHERNET may be modelled as an unrooted tree; a new user joins
the system simply by tapping into the propagation medium at any convenient point.

¢<—— propagation
medium

4 U2 U «—— users

Packets in ETHERNET are of variable length; they include a source and a destination
field in the header. Packet transmission is similar to the 'Carrier Sense Multiple
Access' (CSMA) technique, i.e. most of the possible interferences are avoided by
lTistening to the carrier. Thus a collision will occur only if the channel is erro-
neously sensed idle during the beginning of another packet transmission. Due to the
Jimited distance between the users, a packet interference will be detected within

a small fraction of a packet transmission time; the conflicting packets will be
truncated, thus wasting only a small amount of channel time.

The transmission of collided packets has to be rescheduled. It is well known that
uncontrolled systems will be overloaded sooner or later by an increasing number of
interferences and retransmissions; for this reason, ETHERNET uses a heuristic
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retransmission control policy which is based only on local information. The stra-
tegy attempts to relieve a temporarily overloaded system of a part of its load by
introducing higher delays for packets which have been colliding more than once.
The mean retransmission delay is determined by the degree of overioading which is
estimated by the number of interferences of the packet in question.

Formally: a packet belongs to class i if it has already had i interferences. Then
the probability f1 that a class 1 packet will retransmit is choosen as follows:

0 < fi <1 f1+1 < fi }ig fi =0 (see [Bal,[BG]).
It has been shown by simulations that ETHERNET may be controlled both by a polyno-
mial increase of mean retransmission delay (f. = p/cti} or by an exponential in-

crease of delay (fi q/i+E) if the parameter§ p,c,q and E are suitably choosen.

In addition to the necessity of controlling the retransmissions (uncontrolled sys-
tems are unstable!) the ETHERNET concept has several other structural shortcomings:

a. There is no upper bound for the maximum number of interferences of a packet.
b. Collided packets are discriminated by increasing delays (unfairness!).
¢. High variations of waiting times due to this unfairness effect.

In this paper a modification of ETHERNET will be presented which tries to overcome
these disadvantages by introducing a slotted local computer network (SLOTTED ETHER-
NET). This approach will maintain the principal advantages of ETHERNET but it will
be impossible that a particular packet will collide more than once. This will be
effected by reservations which are to be made in a 'Time Division Multiple Access'
mode by the conflicting users immediately after seeing a collision. The retrans-
mission of the packets will be automatically scheduled according to any priority
scheme which has been agreed by the users. In this retransmission period it will

be guaranteed by a special transmission protocol that no unauthorized packet trans-
mission will take place; thus repeated collisions of a packet will be avoided.

This concept implies a finite maximum waiting time until success for any priority
scheme; the maximum is proportional to the total number of users.

For exponentially distributed packet generating times the behaviour of SLOTTED
ETHERNET may be interpreted as a Semi-Markov process. An evaluation of the through-
put and the waiting times of the system will be given in sections IIl and IV. In
the final section of the paper SLOTTED ETHERNET will be compared with other models.

The price to be paid for the advantages of the new concept is that variable packets
are not allowed and that the system can only accept a finite total number of users
which depends on the slot (i.e. packet) length and the maximum signal propagation
delay. The first of these drawbacks may be overcome by introducing multipacket
transmissions (see I11.3) or by a BUSY TONE ETHERNET model (see Appendix). An in-
crease of the number of users is possible either by extending the slot length or

by introducing additional reservation slots, but these solutions would reduce the
throughput and increase the overhead as well as the waiting times of the system.

IT. THE SLOTTED ETHERNET CONCEPT

In this and the following sections we restrict on a slotted version of ETHERNET
(i.e. fixed maximum length of a single packet); the problems arising with variable
packet sizes will be discussed in the appendix.

I1.1. DESCRIPTION QF THE MODEL

Due to the small amount of propagation delay in local networks, a collision will
be detected very quickly; thus only a small amount of a slot will by wasted by a
conflict. If a collision occurs in SLOTTED ETHERNET, then we assume that all users
which are involved in this collision will notify its actual priority in a TDMA
mode during the rest of this slot; each of these users listens to the channel dur-
ing this "reservation slot" and schedules its retransmission slot according to a
prearvanged oriority rule (see below). It will be assumed that the system consists
of a fixed number, N, of users Uo’ e, UN_1 . A user is not necessarily active.
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Each slot begins with a group R of bits announcing whether a retransmission is
scheduled for this slot (R = 1) or not (R = Q). R =1 will be given by the (pre-
viously collided) station whose retransmission will take place in this given slot.

A slot ends with an ACK part which confirms a successful transmission in the pre-
vious slot. Acknowledgments will not be considered in the model analysis because
they are not susceptible to collisions.
There are the following four types of slots which have to be distinguished:
a. "Free":
—t + t {
R=0 0 0 & ACK —>
b. "Immediate success":

T 1
R=0 No Coll.

Packet transmission < ACK >
c. "Reservation slot":
I I il + + } I 4 | | I
— t } t t t
R=0 Coll. PRO PR1 PR2 PR3 ........ N 2 & AcK )
(PR, := priority of user Uis for example: priority = actual wa1t1ng time)

d. "Retransmission slot”:
| .
r T

R=1

¢ ACK ;

Packet retransmission

Remarks:

a. The combination of ETHERNET and TOMA principles in SLOTTED ETHERNET removes all
of the collisions before admitting new packet transmissions. Thus, no packet
can collide more than once; this leads to a finite maximum waiting time until
success since the total number of users is Timited.

b. The maximum number, N, of users which can be tolerated by the system depends on
the packet size (slot length); this number will be further reduced by the safe
guards which are necessary between any two consecutive slot sections. If the
number of users grows bigger and bigger, we could either increase the slot
length or introduce additional reservation slots; both solutions will reduce
the throughput of the system.

c. As a priority rule for user U1 we could choose for example:

PR. := a.-z + b, (where a.,b. >0 and 2z := actual waiting time in
i i i 7

full slots).
As a tie breaking rule for equal priority values, the strategy "higher number
first" or any other could be used.
As an examp1e, the behaviour of a system with PR := z and "higher numbered
user first" is given in f1gure 1.

tr

0 0 0<—U3—> <——U0—>ACK06011000ACK
= —= +—f =t +—]
Pty ya?t LM U9_J‘ Ugj

3 0 2
< UtY‘ 5 ¢ Utr N «— tr—
1l 2 1 1 1 ACKIO 100032 ACKll U4 X
I + t g + $ t g t T —+—+—+—+—+ 3 B { 1
vg Y3
—utr——ack e— ulm Ak« it hack ACK
ll 5 1 0 0 4 0 0
; N | L L. Y | | [}
L I tUg ' L I v ¥ ! LI ! | §
4
Figure !: Transmissions in SLOTTED ETHERNET with o users U, , U

tr A . _ g A
(U = Uj transmits successfully ; Ui = Ui gehnerates a new packet)
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II.2. THE INTERPRETATION OF SLOTTED ETHERNET AS A SEMI-MARKOV PROCESS

The behaviour of SLOTTED ETHERNET may be described as a sequence of RETRANSMISSION

PERIODS (RTP) Xo’ cee Xj , X

where Xi:: RTPj dgf i <=> the i-th retransmission period consists of j users
<=> Jj packets have been generated during Xi-l .

The duration (in slots) of a retransmission period is given by

1 if Xi <1
W)= xe1 ir x 22 = Xy rsion(]xg-1])
since no reservation will be necessary if only one packet will be generated in a
retransmission period ("immediate success" in the next nonreserved slot). A free
slot may be considered as a retransmission period which contains no users. Finally,
if two or more users generate a new packet in a period, a reservation slot has to
be added to the next retransmission period.

If the packet generating time of user U. (i=0,..,N-1) is exponentially distributed
with parameter Ai then the stochastic p}ocess {X_ , n=0,1,2,...} 1is an aperiodic
and irreducible ' Markow chain with finite state space {0,1,...,N}.

Thus M= Tim Pr(Xn=1) is given by the solution of the system of equations:
«
, ™ 1=1]

P=mn
h P o= .. d .S
where (p1’J) an p1,J

[r -

Pr(Xn+1:jIXn=1) (see [Ci] and [Rol).

i-1
If [T,,T.,,) is the time interval which belongs to X (i.e. T. = J d(X))
it i+l i i =0 r

then the continuous time stochastic process {Yt , t =0}
defined by Yt 1= Xn if te [Tn,Tn+1)

is a SEMI-MARKOW PROCESS with sojourn time d(r) in state r (r = 0,...,N).
Sojourn times depend on the actual state, but are independent of the next state
which will be visited.

It can be shown (see [Cil) that

Pi 1= proportion of time that the stochastic process Yt spends in state i
ﬂi'd(i) Wi'd(i)
= lim Pr(Y,=i) = =
tow N F+l-m
] m.d(r) 1
r=0
_ N
where 7 := 1lim E(Xn) = 7 rem. = expected number of users in a RTP.
N0 r=0

Remark: In general, the formula given for Pi holds only for Semi-Markov-processes
which are not lattice, but due to the simple structure of the process in SLOTTED
ETHERNET (sojourn times in state r are fixed and independent of the next state to
be visited) it can be shown that the formula can also be applied for our model.

The retransmission periods of figure 1 are demonstrated in figure 2.

| t % ¥ i S A g ——t——
Xg T X | X, f X = X, —" X T X

i Jo 1 2 3 4 5 6

X; o 1 1 2 3 1 0 peessszecedd L peservation slot

dx)l1t 11 3 411

Figure 2: Retransmission periods in SLOTTED ETHERNET
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I1.3. MULTIPACKET TRANSMISSION

SLOTTED ETHERNET can also be used for multipacket reservation and transmission.

In this case, each packet in a retransmission period has to begin with R = o
(instead of R = 1) where o > 1 is the number of packets which have not yet
been transmitted by the actual user; this holds also for the packets of an immedia-
tely successful transmission (except for the first packet). Thus, the actual user
will finish his multipacket transmission after the following o slots; then the
next user will be scheduled exactly as in SLOTTED ETHERNET for single packets.

With multipacket transmission facilities, the throughput of SLOTTED ETHERNET will
be increased as well as the maximum waiting time for a particular user. The size

of a multipacket should be limited in order that no user will eventually monopolize
the system.

The throughput and waiting time considerations of sections III and IV are based on
SLOTTED ETHERNET systems which are designed for single packet transmissions.

ITI. THROUGHPUT OF SLOTTED ETHERNET SYSTEMS
III.1. GENERAL THROUGHPUT FORMULA. LOWER AND UPPER BOUNDS
1 if i

Let myot= im Pr(X =1) and d(i) := {1+1 i

N>

IV IA
~N

be the probability and the Tength of a retransmission period consisting of i users.
Then the throughput S of the system is given by:

g.
i, —
. i T 1 -
_ i=0 B _ _ 1
S— N = —1 _——_—
_Z (i), T+ 1=y T+ l-m
i=0
_ N
where 7 := 7§ i-m, denotes the mean length of a retransmission period.
i=0
The following Tower and upper bounds for the throughput are easily obtained:
A. LOWER BOUND: 2. (1) 1 on
S > S = 0 =1 - 2. 0
= “min o, . . . - o, .. T 3 9%6m
2(1—n0) + 1 2(1—v0)+1 0
with equality if and only if M, = 1-v0 (i.e. zero or two arrivals per RTP).
B. UPPER BOUND: 1- " 1 if m = 1
SsSmax=1——- 1
Myt N.(l—nl) - ?;7TT:FIY7:7¢ if T < 1

with equality if and only if TNe1 = l-vl (i.e. one or N-1 arrivals per RTP).
The following extremes of Smax may be considered:

1. Sé;i = 1 if my = 1 (i.e. exactly one arrival per slot, perfect
scheduling)
2. Séii = 1- %- if vN_lzl (overloaded system, all but the the last user

generate a new packet during the RTP).
These bounds hold independently of the distributions of packet generating times.

Remark: If k reservation slots are used (due to an excessive number of users) then:
Ez_k i 2wy c 5. Tgtke(1=my=my) S ke (1-7)
+ (2+k)-((2+[<)-(1—~n0)+170) = +Tr0+k-(l—ﬂ0—ﬂ1) +k-1) STy
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I1I.2. CALCULATION OF . FOR EXPONENTIALLY DISTRIBUTED PACKET GENERATING TIMES
We assume that the system is composed of N independent users and that the packet
generating time for each user is exponentially distributed with mean 1/X , i.e.
Pr(Ui generates a packet during [t,t+h) | Ui active at time t) = 1 - e_x'

As already mentioned in section II, the sequence of retransmission periods is in
this case an aperiodic and irreducible Markov chain with unique positive statio-
nary state probabilities i (1=0,...,N).
In order to find the solution of the system of equations which determines these
probabilities we have to calculate the transition probabilities P, j given by:
o (N) L o Sy = ’
P g = P, 1T Prl¥pg=d | Xp=t)
= Pr(j of the N users generate a new packet during a RTP of i users).

These values are obtained as follows:

A.i=0":

pé g = Pr{ j packets are generated in a free slot )
TN SN N (3= 0,.0M)
= [j).(l - € > '(e )
B. i=1":
pgN} = Pr( j of the N-1 active users generate in RTPl)
> . ) = 0,...,N)
CNSLy o sa g aN-T- (N (= 0seees
=717 (e = 003
C.iz22:

The retransmission period consists of one reservation slot followed by i trans-
mission slots.

Since the transition probabilities are not influenced by the numbering of the
users, we assume that the RTP consists of the users U  {r=0,...,i-1) and that
the transmissions will be scheduled according to the sequence Ui-l’Ui—Z""’U .

It will be assumed that a blocked user will become active again (i.e. he starts
a new packet generation time) immediately after the transmission of his packet.
Thus the production period of user Ur in RTPi consists of

{ i+l slots if r=9,i+l,...,N-1
r " if r=20,1,...,i-1
Let G(r,i) := Pr( Ur doesnot generate a new packet during RTPi).
U e
Then: G(r,i) = er
e’ ifor <

If U1 denotes the event that Ur produces a new packet, and if Ue is the
event that no new packet will be produced by Ur then:
=

“r 1 - G(r,i if o= 17
Pr(v.) = G(r,ﬁg K else " } = e (26l
The transition probabilities pgNg are now given by:
(NYy 2 ) S| EN-1
pi,j = y : )rBN N-1 4 Pr(Uo A U1 Ao A UN_1 )
s 1EN-1/F ‘ 'Z Ci_JJ
i=0 £ £ £
= 1 2 N-1
ZE::: N-1 Pr(U1 ) P»-(U2 ) Pr(UN_1 )
(s cyq)E gV 1 7oe.=dl
1 TN-1s L J
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The system of equations which determines the stationary state probabilities ™ is
now easily solved; the solution depends only of the parameters X and N .

Figure 3 shows the trade-off between throughput S and the distribution parameter
% for several values of N.

.d s

0.9 N=29

0.8

X

t 4+ . ——————+{ t +——+
107 107! 0.5 1 2 3 4

Figure 3: Troughput of SLOTTED ETHERNET systems (exponentially distributed packet
generating times; parameter )

IIT.3. ASYMPTOTIC BEHAVIOUR OF THROUGHPUT

The throughput of SLOTTED ETHERNET systems may be asymptotically calculated for
very small and for very large packet generating rates:

Theorem: a. S —— 5(2) = 1- 1 .
—_— A-beo max N

b. If packet gener. times are expon. distr. with parameter X then:

N-X
S———-)ﬂl—»msN-)\.
-0
Proof: (2)
a. If s then TNo1 ™ 1. Thus S ~» Smax (see III.1).

b. If X0 then D, i 0 for i>1 or j>l; thus from IIl.2 we obtain:

(N) | A1) (N) ) AL

N) |, -aeN 3N
g e R ' P11

Po,0 " € » Po,1
Thus, disregarding terms of order Az or higher, the system of equations for the
stationary probabilities reduces to:

Ty = WO'DO’O + Wllpl,O , Tyt T = 1
1-p
0,0 1 - (1-aN) AN
Thus S = PR & L S — = A0
! TP 0'P1.0 sw0 1 - (1AN) + (I-X(R-17) T+x
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IV. WAITING TIME ANALYSIS
IV.1. UPPER BOUNDS

A main advantage of SLOTTED ETHERNET is the maximum waiting time until success;
furthermore, the waiting time is upper bounded for any priority scheme:

Theorem: a. FIFO-scheduling: wmax = N+1 slots
2-N-1 slots.

=
1}

b. Arbitrary priority scheme: max

Proof:

a. In a FIFO sequencing rule, a customer will be delayed by at most the trans-
mission of all other users and by a reservation slot; an additional slot of
waiting time will be encountered if the packet has been generated immediately

after the beginning of a slot. Thus: wmax = N-1+1 +1 = N+1 slots.

b. In the worst case, a user will generate his packet at the beginning of the
reservation slot of a RTP which consists of all the other users. If the next
RTP also contains N-1 users and if (due to a very discriminating priority rule)
the transmission of our particular user will be scheduled after all these other
packet transmissions, then: wmax =1+ N-1+1+N-2 = 2-N-1 slots.

IV.2. MEAN WAITING TIMES

In this section, mean waiting times for any priority scheme will be calculated. It
will be assumed that packet generating times are exponentially distributed with
parameter X.

The actual waiting time w("J) of a user whose packet is generated in RTP. (i>0)
and whose packet transmission will take place in RTP (j>1) is composed of
three parts

(1,3) . () (J) (3)
W = W 1t W ot W 3 .
where W( ) is the waiting time in the generation period RTPiz 0 < w(l) < i+l

i
1

w(%) is the waiting time which is caused by an eventual reservation slot
in RTP. (which will be necessary if and only if at least one of the
other ~ users d1d produce a packet in the same period RTP. )

(J) it iz .

o Thus =1y 1 IzE Y - sioeD)

w(%) is the waiting time in RTP (until the beginning of the packet

transmission). 0 < w(%)

o

< j-1.
Mean waiting times are obtained as follows:

In the mean, the (re-)transmission of a user will be scheduled after (j-1)/2 trans-
missions of his competitors.

Thus: w(%5 = Q%l (this holds for any priority scheme).

w(15 depends on the packet generating time distribution. For an exponential distri-
bution, the mean can easily be calculated:
Lemma: If packet generating times are exponentially distributed with mean 1/X then:

7 . A 1,11,
a U L L AR
b ix2:
- i-1 . i-1
W e ¢ TR/ (N - (et L zle'“‘ )
hel he
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Proof:
Assume that Ur generates a packet in RTPi which is assumed to be composed of the

users Ui—l""’UO (in this order}.
Let wg‘z 1= expected waiting time of Ur in RTPi.
E(r,i) := expected packet production instant relative to the beginning of
1 TERES! RTP; .-
M(r,i) := r if 122 and r <
i+l if i22 and r=1

Thus wlhz = M(r,i) - E(r,i) for i =0,...,N (see III.2).
E(r,i) is calculated as follows:
a. i<1:

RTPi consists of exactly one slot. If Zr is the production instant of Ur’ then:

Pr(Z <h \ U, produces in RTP, or in RTPl) = Pr(Z,<h | Z,<1) =

Pr(Z . < h) M h
- r = 1- (h<1)

Pr(Zr <T) 1- e—x -

Lye?X 11 1
Thus: E(r,0) = E(r,1) = [=————dx = = - e [0:35).
0 1-¢? US| 4

b. i22:

The activity period of U, in RTPi has a duration of M(r,i) slots. Thus: “-h

- . l-¢
Pr(Zr < h | Ul" produces in RTP'I) = Pr(Zr < h ‘ Zr < M(r,'l)) = w
M(r,1) X
. ’ “A-e 1 M(r,i
Hence:  E(r,i) = f —5—:—7MT-—vT dx = & -
0 1-e A-M(r,1 A ex 1)

If Q(r,i) 1s the probability that a customer producing in RTP. is U , then:
Q(r,i)=(1-Gr1/§16h1)=(1-er1/Zlem)
where G(r,i) 1is the probability that Ur produces a new packet in RFPi (see III.2).
Thus: QTTT = Niéo(r,i)-ﬁgTZ = Niio(r,i)-(M(r,i) - E(r,i))
r= r=

which after insertion of the formulae reduces to the expression given in the Temma.
The mean waiting time W’ of an arbitrary packet is now obtained as follows:

N
Theorem: W = % + Z p. _T_T + %-(jzzj.pﬁN) _ (N ))/(1 p( %X

i%o i 1,] p1 1
where the values w(15 are obtained from the previous lemma (for exponen-

tially distributed packet generating times).

Proof:
SLOTTED ETHERNET may be modelled as a Semi-Markow-process (see 1I.2).
Thus an arbitrary packet will be produced in RTPi with probability

P]. = Tr]-'d(i)/ (?+1-W1).
The packet transmission will be scheduled in RTPj (j = 1) with probability

Pi'pg ) /(1- pg %) Thus W is given by:

N - .

_ 7y . . -1 (N

Wo- Z Z<w1 v sign(i-1) + 351, -pM)
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RN
v
=|
=
W
w0

>

y

N
w
=

FPigure 4: Mean waiting times of SLOTTED ETHERNET systems (exponentially distributed
packet generating times; parameter A)

IV.3. BOUNDS AND ASYMPTOTIC BEHAVIOUR OF MEAN WAITING TIMES IN SLOTTED ETHERNET

The following relations for W are obtained for a given number, N, of users of
the SLOTTED ETHERNET system:

Theorem:
a. W is monotonically increasing with . The mean waiting time is bounded by:
1 1

i = W()\:O) < W < N -&.m = W(A:m)

b. The following approximations of W are obtained:
W~ % + %-(N—1)~A if (N-1)-2 << 1 (exponential distribution)
W~ Nty if (N-1)-x >> 1 (any distribution of

packet generating times)
Both approximations become exact if A»0 and X»= respectively.

Proof:

a. The mean waiting time is monotonically increasing with X since an increase of
the packet generation rate will result in more and in earlier packet productions.
Thus the waiting time in the production period RTPi will increase as well as the
waiting time in the retransmission period RTP 5 furthermore, the probability

- of a collision will be increasing.

To show that W € [%-: N + NlT] it will be sufficient to verify the approxima-
tions given in part b. of the theorem.

b. Small Xx; exponential distribution:
It is easily verified that:

Pp=1-Nas 00l Py = Nod+ 002

2y, P, =00 fori > 1.
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1
. ! GOV L Lo (N Ny, g N 2
Thus: W = 7+ izopi [W 13 (2-p ) p ,1)/(1 p1,0)] + 0(x7)
1 2:p: 5P
= 1+ %». I P 11’2 LER 0(x%)
i=0 Pi0
Ny .y2
2-Py =P 2-(9) "2 = NA(1-(N-1)1)
Now e — 00
0,0 Nx - (o) 2
= (2 (1m0 By v on?) = Jena- 1+ 00d)
and: E—;llglgkll = g»(N 2)'a - 1+ o(xz).
1,0 2
Thus: W o= 1+ 23 (W1a-1)(1-00) - N]+ 00%) = 2+ 3n-1)x + 003
Large A; arbitrary distribution:
. ) (-1 (N-1) , N-2
If A»e then: PN_1 -1, pN-l,N-l -1, W P 1, W 3707

(a1l retransmission periods consist of N-1 users; each RTP will contain a reser-
vation s]ot the actual user will be scheduled after (N-2)/2 of his competitors).

Thus W Py (WD 14 2 0T N
Furthermore:
Q(roN-1) » {1/(N‘1) ot e a1
N-1 N-1 1
Hence: W'%,°/ = rz Q(r,N-1)- (M(r,N-1)-E(r,N-1)) + I -(1+r§1r) - ¥
N, 1
TrtTWI TR

The calculation of W (I D for overloaded systems ( (N-1)}i>>1 ) is
figure 5.

illustrated in

) Res. s]og N-1
Un-1 2 Unes e U Yo
X 2 ' ) ! ' ! waiting
% I . — > times
-3 —— — ]
! in RTPN_1

MUS- -(1+N§1r) -1

1 7RI L by
Figure 5: Mean waiting times In the production period RTPN—J
V. COMPARISON OF SLOTTED ETHERNET WITH OTHER SLOTTED NETWORKS
V.1. THE ALOHA RESERVATION SYSTEM PROPOSED BY ROBERTS
As in the ALOHA reservation scheme (cf.

(overloaded systems)

[Rb1) SLOTTED ETHERNET alternates between

a RESERVATION state and a RESERVED state. The throughput of both models is conside-

rably higher than the throughput of systems without reservation (cf.
It should be pointed out that Roberts reservation scheme suffers from the

[Tol).

[Ab], [Ba],

same instability problems as slotted ALOHA systems without reservations; thus a

retransmission control policy will be necessary.



514 0. SPANIOL

The main differences of Roberts system and SLOTTED ETHERNET are:

RESERVATION SCHEME SLOTTED ETHERNET
Designed for remote networks: Designed for local networks:
Propagation delay is much higher Propagation delay is very small compared
than packet transmission time to the packet transmission time
System turns to the RESERVED state The RESERVED state is preceded by a
after seeing a successful reservation collision (reservation slot)
The number of RESERVED slots between Number of RESERVED slots is given by
two RESERVATION slots is a constant the number of colliding users
The throughput will be reduced by The throughput is not necessarily reduced
the RESERVATION slots by reservation slots (see III.1)

No upper bound for the maximum number A packet can collide at most once.
of collisions of a given packet

Any number of users is allowed to be The maximum number of admissible users

in the system simultaneously depends on the slot length; it can be
increased by introducing additional
reservation slots

V.2. COMPARISON WITH TDMA AND FDMA SCHEMES

SLOTTED ETHERNET systems are more flexible than 'Time Division' or 'Frequency
Division' schemes since the channel will never be idle if there are packet trans-
missions to be scheduled (except for the waiting time between the generation time
and the beginning of the next slot). In contrast to TDMA and FDMA systems, SLOTTED
ETHERNET 1is particularly suitable for bursty users.

V.3. THE IMPLICIT RESERVATION SCHEME

This reservation method for ALOHA type systems has been introduced by Banh, Gelenbe
and Labetoulle ([Ba], [BG]), [BL]). Its main characteristics are as follows:

After generating a multipacket, a user will first enter a waiting state where the
system will be observed for L successive slots (L = window size). Some of these
slots will be eventually free of a successful transmission (i.e. nonreserved) and
the user will try to transmit the first packet of his multipacket in one of these
supposedly free slots in the next cycle (modulo L). If the packet enters in a col-
lision, then the next attempt to transmit will take place after a random retrans-
mission delay in a nonreserved slot. On the contrary, if the packet has been
successful, then beginning with this slot every L-th slot will be implicitly
reserved for the remaining packets of this user. Thus the first successful trans-
mission will seize one particular slot of the window for this user.

Using similar assumptions and arguments as with slotted ALOHA systems it can be
shown that the throughput of the Implicit Reservation scheme is approximately given

by: o L . . .
S = oo T (a:= gxpectat1on of the multipacket size,
i.e. number of single packets per multi-
packet).

The throughput of the Implicit Reservation Scheme approaches unity if the mean
size of a multipacket tends to infinity. But in this case the system will be mono-
polized by at most L users whose transmissions will never be stopped. This effect
leads necessarily to a large variation of waiting times in heavily loaded systems
since perhaps some of the users will be immediately successful whereas the others
have to wait many slots until the first successful transmission.

It should be noted that the Implicit Reservation scheme has to be stabilized by a
retransmission control strategy.

Implicit reservation schemes and SLOTTED ETHERNET are contrary to each other in
many respects. Some of the main differences are illustrated in the following table:
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IMPLICIT RESERVATION SLOTTED ETHERNET

Substantial amount of propagation delay Designed for local computer networks:

(but propagation delay < window size L) very small propagation delay

Implicit reservations after the first (Implicit) reservation for single

successful transmission packets after a collision; can be
extended on multipackets; see II.3.

Before the first transmission, the chan- The (first) packet will be transmitted

nel is observed for I consecutive slots in the first slot which follows the

actual retransmission period

'Time Division' after the first success Priority scheduling after collisions
Any number of users may be active simul- The maximum number of users depends
taneously on the slot length

No upper bound for the maximum number of At most one collision per (multi-)
collisions, but no more collisions after packet; the maximum waiting time is
the first successful transmission upper bounded for any priority scheme
Large variation of waiting time in Very small variation of waiting times
heavily loaded systems even for heavily loaded systems

VI. CONCLUSION

The rapid development of new transmission technologies (see [Li]) during the past
few years has considerably increased the interest in the study of local computer
networks. In this paper a new model for such networks has been presented which is
based on the ETHERNET and on the FIBERNET concept. In contrast to these networks,
the performance of SLOTTED ETHERNET has been evaluated by mathematical methods.
Some other important features (finite maximum waiting times, priority scheduling
policies, ....) indicate that SLOTTED ETHERNET is really an extension of ETHERNET.

The model can be extended to include multipacket transmissions or packets of vari-

able length (see Appendix). These and various other model extensions are actually
in investigation.

APPENDIX

If we want to generalize SLOTTED ETHERNET to include packets of variable length
we are immediately confronted with the following problem:

Idle times in a reservation slot (i.e. time slices reserved for users which do not
participate in a collision) and safety guards separating two packet (re-)trans-
missions could be sensed idle and erroneously be interpreted as unused.

Two proposals for a solution of this problem can be discussed:

I. The channel is sensed for a considerably longer time period (at least for a
whole 'reservation slot'). A new packet is started if the channel is sensed
idle during the whole carrier sense period.

This solution leaves the equipment cost unchanged but results in some reduction
of channel occupancy as well as in an increase of waiting times (especially for
Towly loaded systems).

IT. BUSY TONE ETHERNET:
Transmitting users send a 'Busy Tone' (BT) over an additional channel during
their transmission or reservation as well as during the following signal propa-
gation delay. A new packet is started if the BT-channel is sensed idle.

This method is an application of the Busy-Tone solution for 'Carrier Sense
Multiple Access' (CSMA) techniques proposed by Tobagi {see [Tol).

In both cases, retransmissions are to be scheduled exactly as in SLOTTED ETHERNET
systems; thus the advantages of SLOTTED ETHERNET over ETHERNET are preserved.
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The scheduled retransmission starts when the transmission channel is sensed idle.

Remarks:
a. No reservation indication is needed (this information is replaced by the Tonger
period of carrier sensing and by the 'Busy-Tone‘channel respectively}.

b. A main disadvantage of variable packets (compared to packet transmissions in
SLOTTED ETHERNET) is that collided users have to be in a 'Busy Waiting' state
of unknown duration until their retransmission begins. A remedy for this problem
would consist in the indication of the priority as well as the duration of the
planned packet transmission; these informations would have to be given by each
user who participates in a collision.
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We consider a two-way communication protocol used on a full-
duplex link to transmit variable packets (or messages) between
two communicating nodes or centers. Node 1 can transmit up to

W, packets before obtaining an acknowledgement packet from

Node 2 ; the correspording quantity for Node 2 is Wp. When both
nodes have attained this maximum transmission capacity (or
window), they exchange acknowledgements before the transmission
routine begins once again. If a node has no packet to transmit
it sends a packet signalling its idle state to the other node
in order to avoid unnecessary waiting times for the acknowledge-
ment. This protocol is a generalization of the usual Send-and-
Wait procedure and constitutes an alternative to protocols deri-
ved from the HDLC procedure. After introducing the protocol, we
evaluate its throughput using a mathematical model for which an
exact solution is provided. The problem we examine is equivalent
to that of two finite capacity queues whose service is trigerred
simultanecusly when both queues attain their maximum capacity.

Nous &tudions une procé&dure de communication entre deux noeuds
permettant 1'échange simultané de paquets ou de messages de
longueur variable. Le Noeud 1 transmet W, paquets avant de s'ar-
réter pour attendre un acquittement du Noeud 2, qui peut envoyer
W, paquets avant d'avoir besoin de recevoir un acquittement pro-
venant de son partenaire. Il est convenu qu'un noeud n'ayant pas
de paguets 3 transmettre le signale 3 1'autre noeud par un pa-
quet spécial qui permet d'éviter une attente inutile avant 1'é-
change d'acquittements. Cet é&change a lieu quand les deux noeuds
ont atteint le nombre maximum de paguets qu'ils peuvent envoyer.
Cette procédure de liaison (ou protocole) est une alternative 3
des procédures obterues & partir de HDLC. Nous présentons une
évaluation de cette procédure en utilisant un modéle mathémati-
que qui nous permet de calculer de fagon explicite son débit ma-
ximun. Nous montrons que le probléme étudié est éguivalent &
celui de deux files dont le service s'effectue simultanément
quard les deux files ont atteint leur capacité de stockage ma~
ximum : la solution de notre probléme permet donc de résoudre
également un nouveau probléme de files d'attente couplées.
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INTRODUCTION

Protocols are procedures designed to guarantee that two or more processes exchan-
ging messages or packets of data, can be informed of the proper receipt of the pac-
kets they send, or of transmission errors or failures. They are introduced at all
significant levels of communicatirg systems and their structure has been defined
in certain cases so as to obey international standards. A well-known example is

the High- level - Data - Link - Control (HDLC) procedure [6].

These procedures have an important effect on the performance of data communication
systems : it has been shown [1,4] that the choice of protocol parameters conditions
the throughput achievable by a data transmission link.

The purpose of this paper is to introduce a direct generalization of the Send -

and - Wait (SW) protocol, which we shall call SW (W,,W,). SW governs the exchange
of packets between two communicating nodes (N1 and N2) as follows. Consider a
full-duplex link between N1 and N2 so that each node can send a packet to the other
node independently of transmissions in the reverse direction. SW requires each node
to stop its transmission, and to wait until the packet it has sent is acknowledged
by a special packet (which we shall call the ACK), before it may transmit its next
packet. The behaviour of the two communicating nodes controlled by SW can be repre-
sented by the state transition diagram shown on Figure 1. In state PP both nodes
are transmitting a packet. States PW or WP indicate that one node is still trans-
mitting a packet while the other has finished its transmission and is waiting for
an ACK. In the state AA the two nodes exchanges ACKs.

In the SW(Wl,WQ) protocol, N1 can send up to W; packets to N2 before having to
stop to wait for an ACK. The reception of the ACK will slgnlfy that all W, packets
have been correctly received by N2, and the behaviour of N2 is symmetrical except
that it can send up to W, packets before having to stop to wait for an ACK.

In Section 2 we will analyze this protocol. A mathematical model of its saturated
performance will be presented andanexplicit expression for the throughput in each
direction will be obtained. We will then show that the problem considered is analo-
gous to one of two coupled queues with finite capacity W, and WQ, and provide an
analytical solution to this problem yleldlng the statlonary joint queue length dis-
tribution. This model and result are new in the queueing theory context.

The performance of protocols has received considerable attention recently. In[1],
simulation studies showing the incidence of protocols on the behaviour of computer
network nodes are presented. A study of SW, using both analytical modelling and
measurements, is presented in [4]. The choice of the optimum value of the time-out
in host-to-host protocols is discussed in [2]. An analysis of HDLC [ 6] with and
without packet losses is given in [5].

A MODEL OF THE SW(Wl,W?) PROTOCOL

The behaviour of the SW(W;,W,) procedure will be represented, as was the case with
SW, by a state transition diagram. We shall assume saturated behaviour : both N1 and
N2 have an unlimited queue of packets to send to their partner. Thus our analysis
will allow us to determine the maximum capacity of the SW(W;,W,) protocol, since

it has been shown | 1] that the throughput of a saturated queueing system is identi-
cal to the maximum arrival rate it can support before saturatiorn.

The state of the protocol will be represented by an integer pair (i,j), Osisw,,
Osj<W?, where this state indicates that :

- if i <¥y and j <W,, N1(N2) has completed the transmission of i(J) packets
and is currently transmitting the i+1 th(j+1 th),
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- if i=W1 and j <Wy (or i<Wy and j=W,), N1 (or N2) has completed its trans-
mission of W, (or Wy) packets and is waiting for an ACK,

- if i=Wq and j=Wp, N1(N2) has received Wq(Wy) packets is sending an ACK to
N2 (N1). When both N1 and N2 have received an ACK, the state will return to
(0,0) and the packet transmission procedure will begin once again.

The transitions between these states are shown on Figure 2. When both N1 and N2
have transmitted the maximum number of packets which they are allowed, they enter
state (Wq,W;) in which they exchanges ACKs.

Related queueing problem

The protocol model we have presented above is closely related to the following
queueing problem.

Consider two queues Q1, Q2 of finite capacity W, and W, , respectively. Let 1,] de-
note the length of Q1 and Q2, respectively. Assume that when i=W; all arrivals to
Q1 are lost, the same being true for Q2 when j=W,. The queueing system is such that
no service is rendered as long as either i<W, or j<W,. However, as soon as i=Wy and
J=W, the queues are emptied in a time 3 (which can be a function of Wy and Wp). Du-
ring the service time arrivals to both gueues are lost : equivalently we may assume
that both queues are instantaneously emptied at the end of the service epoch.

Notice that the state transition behaviour of the two queues will be identical to
that of the protocol in all respects. The end of a packet transmission will corres-
pond to an arrival to a queue. The exchange of ACKs in state (wl,wz) of the proto-
col corresponds to the service in state (Wq,W;) in the coupled queueing system. The
coupling of the queues only takes place when both gqueues are full ; the queues beha-
ve independently at other instants. These two queues may be visualized as two reser-
voirs of finite capacity which are emptied as soon as both are completely full.

ANALYSIS OF THE SW(Wl,WA) PROTOCOL AND OF THE COUPLED QUEUES

We shall state the assumptions concerning the SW(W,,W,) protocol, and for the sys-
tem of finite capacity coupled queues,separately even though the mathematical pro-
blem to be solved is identical for both systems. Then the main result, yielding the
stationary probability distribution of the state of the protocol, as well as the
joint probability distribution for the queue lengths; will be stated and proved.
Measures of interest, such as the throughput of the queueing system will then be
derived.

Assumptions for the SW(Wy,W,) model

We shall suppose that the time necessary to transmit a packet from N1 to N2 is expo-
nentially distributed of average value Azl ; the corresponding quantity in the re-
verse direction is A;l. The trarnsmission time is measured from the instant at which
the sender begins its transmission to the instant at which the receiver has recei-
ved the whole packet and thus includes the transmission delay (if any). During the
transmission time only one packet travels in any given direction. Furthermore, the
time necessary for the exchange of aknowledgements (in state (Wq,Wp)) will also be
exponentially distributed of average value a~'. This last assumption is not really
necessary : the results we will prove hold even though this time has an arbitrary
distribution with average o~!.

Assunptions for the coupled gueue model

The arrivals to Q1 constitue a Poisson stream of rate Aq; customer arrivals to Q2
are Poisson of rate A,. Wnen the queue length of Q1 attains wl, arrivals are lost
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or rejected ; equivalently we may assume that the arrivals are stopped at that
time. The same assumptlon is made when the length of Q2 attains Wy. When both AN
and Q2 attain thelr maximum capacity, a service epoch of average duration a~
takes place ; all customers are served (batch service) and both queues become
empty at the end of the service epoch. No arrivals occur during the service time.
Though we shall assume that this service time is exponentially distributed, the
results will hold in the case of an arbitrary distribution.

The transition equations for the staticnary probability distributions and their
solution

We denote by p(i,j) the probability that the protocol is in (i,j) in steady state,
or that the length of Q@ is 1 and Q 1s j. The p(i,j), O<iswW,, O<j<W,, satisfy the
following equations :

(1) p(O,O)[X1+A?} =(1p(w1,w2)

For 1si<w1, 1sj<w2

(2) p(i,j)[k1+x?] = A pA-1,0) + 4, p(i,i-1)
For Osi<w1

(3) >\1p(i,W2) =M p(i-1,W,) + A, p(i,W,-1)
For Osj<w2

) Ap(Wy55) = Ay p(W -1,5) + X, p(W ,5-1)

with the usual convention that a term p(x,y) is zero if x or y is negative. Finally

(5) ap(Wl,WQ) = A p(Wl-l,WQ) + Azp(wl,wg-l)
and the normalizing condition is

Wi Wp
(6) I % op(i,) =1

i=0 j=0

Theorem_1. The unique solution to the system (1)-(6), yielding the stationary pro-
bability distribution for the SW(W,,W5) protocol states and to the coupled queue
problem, is given by :

For 051<w1, Osj<w2

A 51 I |
(7) p(i,]) = ( i) x %5 p(0,0)
For Osi<w1 W_+k-1
Ay Wyl K
(8) p(i,W,) =+ x, T x; p(0,0)
2 k=0 k
For 0sj<W, W, +k~1
Al W1 1 J 1 K
(9) p(wlyj) =5 X1 z X2 D(O,O)
2 k=0 k

A +A,
(10) p(W W) = 2 p(0,0)
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where x, = Al/(A1+A2), X, = AQ/(A1+A2), and for W = mln(wl,WQ)

—14W -
oA, W Wk [T
472 %

(11) p(0,0) = 1 +

swe oz Ayt Tt
Weigr, 101
Wej <N

That (10) satisfies (1) is obvious, and it is easy to see that (7) satisfies (2).
Let us show that (8) satisfies (3) : it suffices to show that p(i,W,-1), which is
given by (7), is equal to

Aoh, o Wm1 [Tt
(12) T X X p(0,0)
2 "1 1 2 i
But from (7) we have
Worisl) L W,-1
(13) p(i,W,-1) =| X X, p(0,0)

i
which establishes the result.

known finite capacity queueing models. Thus the solution does rnot have the usual
"oroduct form" [ 3].

THROUGHPUT OF THE SW(Wl,Wz) PROTOCOL

The maximum throughput achievable by the protocol in each direction can be compu-
ted directly from the above result. Let T, and T, denote the throughput, in packets
transmitted per unit time, from N1 to N2 and from N2 to N1 respectively.

Notice that N1 transmits packets in all states (i,j) of the protocol, except those
with i=W,. Since a packet requires A;l units of time to be transmitted from N1 to
N2, we obtain

W

2
(14) T, = Al - p(W,,3)
J=0
and similarly
Wq .
(15) T, = A,01 - iEO p(i,W,)]

These expressions for throughput are a useful measure allowing us to compare this
protocol to others, in particular to HOLC.

First consider the case where A, = AQ (symmetric traffic) and Wy = W, = W. Assume
that the length of the acknowleégement packet is negligible compared to that of
information packets (A<<a) ; throughput in any one direction versus W is given in
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Table 1. On the same table we give the throughput of HDLC, derived in [5]1, under
the same conditions.

Table 1
W 1 2 3 4
SW(W,W) 0.667 0.728 0.763 0.785
HDLC 0.5 0.75 0.875 0.9375

Throughput versus window width fon SWiW,W) and HOLC under symmetrnic traffic.

We see that HDLC is clearly superior even for small values of window size under
symmetric traffic and when the length of ACKs is very small.

When the ACK bits in an HDLC packet are an important part of each packet the trade-
of ' between SW(W1,Wp) and HDIC becomes more complex to evaluate. For SW(Wq,W;), the
ACK traffic in any one direction is limited to X/wiu of the throughput while for
HDIC it will be Wy times larger. On the other hand, the effective waiting time for
an ACK will be gréater with SW(W1,W2), since with HDLC an ACK is transmitted with
each packet.

For large values of W one can argue that SW(W,W) will be superior because the rela-
tive importance of the waiting time for an ACK will become negligible. The argument
is as follows. Let A be the total time for transmitting W packets from N1 to N2,
and let B be the corresponding quantity in the reverse direction. As W becomes
large, by the central limit theorem A will become normally distributed of mean W/X
and coefficient of variation tending to zerc ; a similar statement can be made
about B. Therefore, of the system is under symmetric traffic, the probability that
A>B, or that B> A will tend to zero since A and B will both tend towards constants
of the same value. Thus the throughput 6 in either direction will have the form

~ A
(16) EX )
The corresponding quantity for HDLC is [5]

(17 T

1 A
HDLC =X (1- F)/(l*‘ a)

and we see that for large W :

atA

(18) T/T = W(m)

HDLC
for symmetric traffic. Thus we can expect that SW(W,W) will be superior to HDLC for
large values of window size whenever the ACK packets (or bits) cannot be neglected.

In the case of non-symmetric traffic and different window widths W,,W,, a similar
analysis can be carried out. By virtue of the central limit theorem, the time ne-
cessary for Ny to _transmit W; packets will be approximately gaussian of expected
value Wy/Aq; if of 1s the variance of packet length, the variance of this time will
be approximately Wioq“° so that its coefficient of variation will be Aioi//wl. The
same analysis being valid for N,, we see that if (say) Wi/Xy>W,/A,, we obtain

= 1 -
(19) T,= ) W_ = A/ (14, /o))

1
1
— 4 =
Xl a
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and
W./% AW A
2/ %0 _ 2% 2
(20) T, =4, W, W W NSt @)
PV SR
2 Mo Ay O

because N, will remain idle for, approximately, a time of length (Wi/Ay)=(W,/X,)
after having transmitted its W, packets.

For HDLC we shall have [5] :

Aq
= _1L
(21) T = A /(1 =
>\2
(=) <
(22) TS = /(1 )
so that
a+X1
=
(23) Tl/Tl Wi (W at+A )
1 1
and
a+X2
=
(4 T,/T5 (Agwl X, )
o + ==
>\1W2 w2
Let us define
. Wl W2
k = T / '>\—
1 2

By assumption, and without loss of generality k>1. Then, by equation (2U4) we can
see that T2>Té whenever W1

alk=1) <Ay (=—)
2

or whenever the (approximate) inequality
k~1 1
(25) —)q <3

holds. Thus we see that for large Wi,W, and asymmetric traffic, sw(wl,wz) yields
a higher throughput from Nj to N, in all cases (see equation (23)), and also a
higher throughput from N2 to N1 whenever (25) holds.
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Figure 1

State transition diagram of the Send-And-Wait protocol.
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Figure 2

State transition diagram of the sw(wl,w?) protocol.



Performance of Computer Systems
M. Arata, A. Butrimenko, E. Gelenbe (eds.)
©IIASA, North-Holland Publishing Company, 1979

VIRTUAL CIRCUITS VERSUS DATAGRAM -
USAGE OF COMMUNICATION RESOURCES

Alexandr Butrimenko and Ulrike Sichra

Computer Science Project
International lnstitute for Applied Systems Analysis
A-2361 Laxenburg
Austria

Abstract: Acceptance of X.25 international standards
requires a virtual call procedure, which imposes some
restriction on the usage of communication resources,
namely a fixed route for the whole duration of the
session. In an example of network simulation, data-
gram and virtual call methods are being compared,
with the result that the datagram shows a better
performance with respect to delivery time. The
difference between both methods increases with load,
number of packets per message and the size of the
network.

One and probably the most significant breakthrough in computer communications
has been achieved, as it is well known, due to the application of the so-called

store—and-forward technique.

This technique relies explicitly on the possibility

of treating the pieces of a message as separate entities, which could be delivered
in arbitrary order and within different time intervals. This allows a more effec-
tive usage of communication resources. ln particular, increased efficiency is
achieved in the following three ways:

(a) By queueing the packets at every channel through the way,
instead of only having one queue at the source by circuit

connection.

(b) By using the capacity of a trunk as a single high speed

(c)

channel versus multiplexing it to a number of slow speed
channels,

By using various routes for every piece of informationm,

depending on the actual loading of the system, and by
assembling the whole message at the destination only.

525
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The recently accepted international standard X.25 [1], based on the store-
and-forward technique, requires a specific procedure, the virtual call, which pro-
vides a logical channel between source and destination for the duration of the
whole session.

If the first two points (a) and (b) are applicable for any type of store-
and~forwarding technique, i1.e., either pure datagram service or virtual call,
then the third point cannot be used for the virtual call, because the route is
fixed for the whole duration of the session and will not be adapted to the chang-
ing loading situation of the network.

Table 1 represents some differences between datagram and virtual call tech~
niques with respect to the use of communication resources. There are obviously
some other significant differences that lead to the acceptance of the X.25 stan-
dard in general, but these problems are not considered here. We concentrate only
on the usage of communication resources. We wish to estimate the price to be paid
for a permanent route by virtual call, in terms of a possible decline in the ef-
ficient usage of communication resources.

From now on, however, we consider all packets both in the virtual call and the
datagram to be equal in length, and concentrate only on differences which are
caused by a fixed route for the whole session for the virtual call procedure and
by free routing for every packet in the datagram procedure. A comparison of two
methods has been done by simulation.

Let us describe in more detail some characteristics of the load generation
process and measurements. The main performance characteristic of such a network
is not the delivery of a single packet or packets, but the duration of the whole
session when the complete generated message is delivered. The message generator
is a Poisson process and the distribution of sources and destinations is even, ac-—
cording to a given matrix. As soon as a message is generated, the first packet
of the message appears; the countdown of the message delivery time starts from
this point.

Packets in one message are generated with exponentially distributed inter-
arrival times and every message has the same standard number of packets to be
generated. Therefore the actual load of the whole system depends on the number
of simultaneously existing message generators in the system or on the number of
sessions established by the virtual call simulation. Each one of these processes
is finished after the required number of packets has arrived at its destination.
However, it should be noted that the message delivery time is not equivalent to
the duration of the corresponding generation process, because the packets require
some transmission time after they have been generated. We must stress that the
moment of generation of the next packet is counted from the creation moment of
the previous packet. Therefore, if the interarrival intervals are shorter than
the length of the packet, the packets of the same message could overlap in the
time*. So the delivery time of the message will be the time period starting with
the generation of the first packet of the message until all packets of the same
message are delivered to their destination. For the datagram technique, a special
ordering at the destination will be required, but this is not considered here.
The routing technique used 1s based on a so-called "relief method" described
earlier [2 and 3].

We do not intend to give special attention at this stage to routing prob-
lems, but only wish to emphasize that the same mechanism is used both to route
datagrams and to define the route of a virtual call. As this method does not

*
This possible source of delay, due to congestion at the origin node, will be
accounted for later.
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guarantee the complete absence of loops, any packet can start circulating in the
network. To avoid endless loops, it is assumed that every packet has a counter,
which is increased by one with every transit. As soon as this counter achieves

a maximum number, which for this simulation has been set equal to eight, the packet
is removed from the system. It is also assumed that the source becomes informed
about the dropping of a particular packet and will re-generate it again. The time
interval of the generation is the same as for the normal process of creating pack-
ets and is counted from the moment the packet has been dropped. The process of
informing the source at which node the packet was removed has not been simulated.

To establish connections for the virtual call, we could use two different
methods:

(a) The first packet of the message has a special calling
function. Before this packet is delivered to its de-
stination, no other packet of the message will be
generated and put into the network. If the first
packet is dropped, the message will merely require
another attempt to establish a virtual call connec-
tion. In the simulation model, only one reason for
dropping packets was considered, namely too high a
number of transits. This means that as soon as the
virtual call is established, no packets of that mes-
sage will be dropped. Therefore, in this case, the
loss of the first packet leads only to a delay in
establishing a connection and in such a way as to
increase the whole delivery time of a message.

(b) The second interpretation is that the generation pro-
cess is not influenced by the establishing or non-
establishing of a call. All subsequent packets just
follow the routes of the first packet. If the first
packet is dropped the generation process will be
stopped and the call is considered to be lost. The
rest of the packets will also be dropped - at the
same point as the first onme. All later results of
simulating a virtual call are based on this inter-
pretation of the virtual call setup.

Two networks (Figures 1 and 2) of different size have been simulated. Actual
measurements have been made for the delivery of each packet and message. Depend-
ing on the minimum distance between source and destination, all messages (and
packets) have been divided into classes. For example, in Figure 2, a message to
be delivered from 1 to 4 belongs to the first class and a message to be delivered
from 2 to 12 belongs to the second class, independent of the actual number of f
transits that it will pass in the network.

The first set of simulation runs has been carried out in order to compare the
delivery time of both methods with respect to the length of the messages and the
number of packets per message. Table 2 shows that not only the delivery time for
the virtual call is higher than the one for datagrams, but also that the delivery
time for each packet of a virtual call is greater and increases with the length of
the message. The load of the network was chosen in such a way that it remains con-
stant, independent of the number of packets per call. Thus, Table 2 represents
the results achieved by constant load, equal in this case to 6.6 packets per time
unit in the network.

The simulation was carried out until the main measured values lay within a

0,2 interval with a probability of 95%. This accuracy has been kept for all other
runs.
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Similar tables have been made for a set of loads, varying between 4.3 and 10
packets per time unit with an approximate step size of one packet per time unit.

The most general results of the simulations are represented by two figures.
Figure 3 shows the dependence of the delivery time for both datagram and virtual
call on the load for three particular lengths of messages, 3, 5, and 9 packets
each. It is evident that not only is the datagram faster but also that the dif-
ference of delay between the datagram and virtual call increases with the load.

For all simulated loadings and lengths of messages it is clear that the de-
livery time for a virtual call increases with its length, and the difference of
delay between these two methods also increases with the length of the message.

Figure 4 depicts the delivery time measured in time units depending on the
message length, for both virtual call and datagram. The results of simulations
with two different loadings are shown, and one can see that the relationship is
more or less linear, although the rate of increase changes with loading as well
as with virtual call handling as compared to datagram handling.

These two figures demonstrate clearly that a datagram performs better in terms
of the most important characteristics - delivery time, and even more, this is even
true for all lengths and loadings.

Let us make a more detailed analysis of the simulation results. The delivery
time of every message consists of three components:

(a) Time length of the message, i.e., number of packets and
time intervals between their creation points;

(b) Distance to be passed in the network;

(c) Delay caused by queueing every packet, routing it,
eventually dropping a packet, and rejecting it, plus
regeneration of some packets when the network is loaded.

If we subtract from the delivery time of a message the time required to trans-—
mit it to the destination under ideal - unloaded network ~ conditions, we will get
the delay caused by actions in point (c).

The ideal delivery time for virtual calls is characterized solely by the mini-
mum distance between source and destination, and its length. The estimation of the
delivery time is

delvc = packVc +cl-1 ,

because in the chosen vc creation process the packets overlap. pack,. is the num-

ber of packets per message, and cl is the class (distance) to which the call be~
longs.

The overall ideal delivery time then depends on the ratio of possible connec-—
tions and on the ratio of messages generation for the different classes.

In the datagram delivery system the ideal delay is dependent on the topology.
A “rough" calculation of the ideal delivery time, biased towards the least number
of outgoing channels of the net in Figure 1, has been taken to draw the simulation
results of Figure 5. The number of packets per message is plotted on the x-axis,
the difference between actual and ideal delivery time is shown on the y-axis.
Each pair of curves is for a specific class (1 or 2) and a fixed loading.

In class 1, virtual calls suffer less delay caused by the actions of point (c),
i.e., routing, queueing, etc. than datagrams, but the delivery time is-still better
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for datagrams than for virtual calls. In class 2, the difference of real and
ideal delay is greater in virtual calls than in datagrams and increases when the
net is more loaded.

As pointed out previously, the routing of the first packet of a virtual call
and of all packets of a datagram is performed in the same way. Each node exchanges
information with its neighbouring nodes about the situation of its queues. There-
fore all nodes in the net have complete, though delayed information about the over—
all situation. When messages are treated as virtual calls, less information is
exchanged between nodes than in the datagram treatment (see Table 3). This means
that greater overload is created in the datagram connections. In our simulation,
this overload has no influence on the delivery time as the ''update packets'" are
assumed to be transmitted along channels different from those of messages.

A short analysis of some simulation runs for the net in Figure 2 shows re-
sults similar to those for the small net (see Figure 1).

In Figure 6 one can see that the delivery time of messages increases with
the load and is higher in virtual calls than in datagrams. As the number of links
to be passed increases, the delivery time is also raised and in class 4 (minimal
distance is 4 links) the difference becomes rather large.

In a few simple examples it has been shown that a datagram is better than a
virtual call and the differences increase with the load, length of message, and
size of the network. This exercise was not done to prove that the virtual call
is an inefficient way of communication, but rather to draw attention to the price
to be paid for the advantages offered by the virtual call method.

As mentioned earlier the Poisson creation process does not ensure that the
interarrival times of packets are longer than the packet length; thus packets of
the same message could overlap in time at the creation node. Therefore a set of
simulation runs has been carried out with a slightly changed timing of packet
creation.

The argument that virtual calls behaviour is worse than that of datagrams in

terms of delivery time no longer holds, because of overlapping packets. As can

be seen from Figure 7 the datagram method is better than the virtual call method

in terms of delivery time for different loadings of the network, and in terms of
looking at different classes of packets. To actually compare the performance of
the network the generation time should be deducted from the delivery time (genera-
tion time meaning average creation rate of messages + 1; in the nonoverlapping case
the "idle time" is alsc included).

Figure 8 shows the behaviour of datagram and virtual call methods taking into
account both generation procedures, the nonoverlapping and the overlapping. On
the x-axis the packets created per time unit are represented. The y-axis repre-
sents the actual delay of a message in relation to its delivery time. The as-
sumption underlying these figures is thesimple idea that a message cannot arrive
more quickly than the time needed to generate it. 1In this case the distance is
not accounted for, but it still provides an upper limit for the maximal delay
caused by queueing and routing in each simulation example.
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TABLE 1

COMPARISON OF THE DATAGRAM AND VIRTUAL CALL IN RESPECT TO THE

USAGE OF COMMUNICATION RESOURCES

DATAGRAM

VIRTUAL CALL

Setting up of
the session

nomne

delayed until the session is
established or risk of misused
resources if the first packet
is lost or looped.

Channel usage
due to

queueing, high
speed trunks,
routing for
every packet

queueing, high speed channels,
routing only for setting of a
call

Address

full address in
each packet -
longer packets

full address only in the first
packet -~ shorter packets
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FIGURE 1

FIGURE 2
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FAILSAFE DISTRIBUTED LOOP - FREE ROUTING
IN COMMUNICATION NETWORKS

Adrian Segall
Dept. of Electrical Engineering
Technion - Israel Institute of Technology
Haifa, Israel

We present several algorithms for routing of information in
communication networks. A1l protocols are characterized by
distributed computation, Toop-freedom in the routing tables
for each destination in the network, adaptability to changes
in flow requirements and immunity in face of arbitrary number,
location and timing of topological changes. Two algorithms
converge to the minimum delay routing in message and line-
switched networks respectively. A third, somewhat simpler
algorithm, maintains at any given time only one route between
each pair of nodes in the network and converges to the
shortest paths between each source and each destination in
terms of arbitrary weights on the 1inks.

INTRODUCTION

Reliability and the ability to recover from topological changes are properties of
major importance in the design of communication networks. In today's networks it
happens occasionally because of technical malfunctions or, in military networks
because of war actions, that nodes and 1inks fail and then possibly recover; also
new nodes or links become operational and have to be smoothly added to an already
operating network. The reliability of a communication network depends on its
ability to cope with these changes, meaning that no breakdown of large portions of
it will be caused by such changes and that in finite - and hopefully short - time
after their occurrence, the remaining portions of the network will be able to
operate normally.

The present paper gives an overview of several algorithms for routing in communi-
cation networks. In order to fix ideas, we shall call them ALGORITHM A, B and C,
respectively. A1l algorithms have the following features and properties:

Distirbuted computation.

Loop-freedom for each destination at all times.

Adaptability to load changes.

Recoverability from arbitrary number, timing and Tocation of
topological changes.

ao oo
— s

In addition, each algorithm brings the network in steady-state to some type of
optimal condition:

e) If topological changes stop after a certain instant for long enough time and
during this time the requirements are stationary, ALGORITHMS A and B bring the
network to minimal average delay routing for message and (virtual) Tine-
switched disciplines, respectively. If the links are assigned arbitrary

This work was supported by the Advanced Research Projects Agency of the U.S.
Department of Defense, under Contract N00014-75-C-1183.
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weights that are time-invariant for long enough time, and during this time
topological changes do not occur, then the third algorithm (ALGORITHM C) pro-
vides in steady-state the shortest route between all node pairs in the network.

In the following sections we shall describe the algorithms and discuss in some de-
tail their features. Algorithms A and B for networks with no topological changes
were introduced in |1|,|3|, respectively; in the same references, proofs of their
properties b), c), e) are given. The extension of these algorithms to take into
account topological changes and complete proofs of recoverability appear in |6],|5].
Proofs of the properties of Algorithm C are given in |4[,]|2|. In Sections 2 and 3
we shall describe the algorithms for networks without topological changes and in
Section 4 we introduce their extension to cover the possibility of such changes.

UPDATING AND REROUTING

Loop-freedom of routing is a desirable property in communication networks, because
it saves network resources and message delays. As said in the Introduction, our
algorithms indeed maintain loop-free routing tables at all times for each destina-
tion, but in our case, this property has an additional important purpose. Loop-
freedom defines a per-destination partial ordering of the nodes in the network,
which is used by the protocols for the propagation of updating information and of
rerouting commands. To understand this propagation, it will be useful to look at
2 specific network example and at several possible partial orderings for-a given
destination (Figs. 1a,b§. Also, since the loop-freedom property and the corre-
sponding partial ordering hold on a per-destination basis, and since the algorithms
work independently from destination to destination, it will be useful to look from
now on at the algorithm for a given destination, which we denote by SINK. Observe
that in Fig. la each node has one and only one path to the destination, and there-
fore the partial ordering defines a tree, whereas in Fig. 1b nodes may have sever-
al paths to the SINK. This is the main feature distinguishing ALGORITHM C from
ALGORITHMS A and B, and will be discussed in more detail later. We may mention
here that ALGORITHM C, which maintains only one route to the destination, does not
provide the policy for actual splitting of the traffic. For example, in a line-
switched network, this route can be used tb establish new connections, while the
already established connections are not rerouted. On the other hand, ALGORITHMS A
and B provide policies for actual routing of information, so that minimum average
delay is reached in steady state. As such the latter give better performance, but
ALGORITHM C is much simpler.

2 \
\ 0 (SINK)

|
0 (SINK)

_()"

(a) (b)

Fig. 1 - Examples of networks and of routing partial orderings.
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As a matter of definition, if node k 1is on a path from node i to the SINK, we
say that k is downstream from i and that node i 1is upstream from node k.
Since the routing is loop-free, no node can be both upstream and downstream from
any other node (for a given destination). Also, if node k is the next node
after i on a path from i to the SINK, we say that k s a son of i and i
is a father of k. For example, in Fig. 1b nodes 5,6 are sons of 7, and nodes
7,8 are fathers of 5.

As said before, the partial ordering defined by the loop-free routing sustains the
propagation of updating control messages and of the timing of rerouting. An up-
date cycle is started by the SINK by sending control messages to all its neigh-
bors. A cycle consists of, first, propagation of update control messages over the
partial ordering from the SINK upstream and second, propagation of rerouting com-
mands downstream towards the SINK. The interesting fact here is that this pro-
cedure allows the SINK to be informed of the termination of a cycle, so that no
new cycle will be started before the previous one has been completed. In addition,
if the link delays for transmitting control messages are finite and no topological
Tth?eT)occur, then each cycle will be completed in finite time (for proofs, see
31, 12]).

Next, we describe the node algorithms allowing the two waves of a cycle to propa-
gate. As said before, a cycle is started by the SINK when it sends control mes-
sages to all its neighbors and during a cycle exactly one control message is sent
over each 1ink in each direction (for each destination).

A node can be in one of two states: normally it is in state S1, whenever it re-
ceives control messages from all its sons, it goes to state S2, and by the time it
receives control messages from all neighbors the node returns to state S1. In ad-
dition to the list of its sons, each node i also maintains an estimated distance
d; to the destination where this distance is measured in terms of some Tink
weights that are possibly time-varying, but always strictly positive. In the
transition from state S1 to 52, a node, i say, takes the following actions:
decide upon the new d; using the control messages corresponding to the current
cycle received up to now and send a control message of format (SINK, d;j) to all
neighbors except the sons. The exact policy for calculating the new dj is dif-
ferent from algorithm to algorithm and is not very important at this stage. One
can see that the transition from S1 to S2 is exactly the updating part of a cycle
and propagates from the SINK upstream. Next consider the second part of a cycle,
namely the propagation downstream from the network towards the SINK. A node i
will perform the transition from S2 back to S1 only after receiving control mes-
sages from all its neighbors. During this transition, node i takes the actions
of first sending a control message {of format (SINK,dj)) to all its sons and then
rerouting, while possibly choosing new sons and cancelling old ones. Again, the
exact strategy of rerouting is not important at this stage, except that one needs
to be careful not to close loops when choosing new sons. Strategies to insure
this appear in Section 3.

Returning to the propagation of signals in the network, one can easily see that
with the above algorithm no node can perform the transition from S2 to S1 before
all its fathers do. Therefore, the first to perform this transition will be nodes
without fathers, and the return to S1 will propagate downstream. The last node
to return to S1 will be the SINK, and this provides signal to the SINK that the
cycle has been completed, namely all nodes have returned to S1. The SINK can
start a new cycle at any time afterwards.

LOOP-FREEDOM

Observe that nodes can form loops only when choosing a new son. It is at this
stage that care must be used to prevent such a loop from forming.

Consider first ALGORITHM C, where only one route is maintained from each node to
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the destination. One of the main theorems regarding this algorithm (see 12|)
states:

Theorem 1

At all times the pattern defined by the son - father relationship is a tree rooted
at SINK with the following properties:

a) if one defines S2 > S1, then the states are nondecreasing when moving down-
stream.

b) for all nodes in S1, the estimated distance d; to the SINK, is strictly in-
creasing.

The full proof of the Theorem appears in |2|, but roughly speaking, it proceeds by
induction as follows: Suppose the properties hold up to time t-. Since a node,

i say, can change his son only during the transition from S2 to S1, it is easy to
see that it will not close a Toop if we insure that the newly chosen son, k say,
has distance dy strictly less than di‘ This is because all nodes upstream from

i are already in S1 (from part a) of the Theorem) and they all have distances
strictly Targer than di’ which implies that k cannot be upstream from i. The
policy for calculating di and choosing the new son assures that dk < di‘ When-
ever node i received a control message (SINK,d) from neighbor £, it calculates
d4-d1[, where dil is the weight of the link (i,£) and stores this in memory
as Di(l). The estimated distance di is calculated at the time of transition
from S1 to S2 as the minimum of all Di(l) over all neighbors £ from which i
has already received control messages during the current cycle. On the other hand,
the new son k 1is chosen by 1 at the time of transition from S2 to S1 as the
neighbor with minimum Di(l), where the minimum is taken over all neighbors. With
this policy, it is clear that dk < di'

The procedure to prevent loops in ALGORITHMS A and B is somewhat more complicated.
This is because these algorithms maintain more than one route to the destination,
and more than that, because reaching optimum delay requires a certain step-size
for the amount of rerouting allowed during each cycle. As such, it is possible in

these algorithms that a node, i say, will have a son, k say, with estimated
distance dk > di' In this situation loops are prevented as follows: if a node

i has a son k with dk > di and node i s not sure that it can cancel all

traffic through k during the present cycle, then node i declares itself
blocked for the present cycle at the time of transition from S1 to S2. This block-
ing information is sent as an extra-flag together with all control messages of the
present cycle. Any node hearing that a son of his is blocked, declares itself
blocked too and sends an extra-flag attached to all control messages. In this

way, node 1 and all nodes upstream from it become blocked for the present cycle.
The protocol then requires that no blocked node can become a new son of any node
during the present cycle. The full proof that blocking prevents Toops for
ALGORITHMS A and B appears in |1],|3].

TOPOLOGICAL CHANGES

For networks with topological changes it is necessary to use counter numbers m
for the updating-rerouting cycles. It is possible that when topological changes
occur, a previously started cycle cannot be completed, and if the SINK decides to
start a new cycle before completion of the previous one, it will increase the
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cycle number m. If a cycle has been completed, then the SINK may use the same
cycle counter number for the next cycle. Exact procedures to trigger the start of
a new cycle by the SINK even if the previous one has not been completed (because
of a topological change) will be described presently. Nodes will also have
counter numbers n corresponding to the cycle counter number, and all control

messages will now have the format (SINK,m,d) where - if node 1 is the sender -
then m = n; and d = di' The counter number NS INK is exactly the counter

number of the last cycle started by the SINK. Also, a node i receiving a
message (SINK,m,d} from a neighbor k, stores m 1in a cell Ni(k) in addition
to storing d+d1‘k in Di(k)'

For ALGORITHM C, a failure in the network may happen on a tree-link or on links
that are not on the tree (failures of nodes are considered as failures of all
links adjacent to the node, so that they need no special attention). In either
case, the SINK must be informed (by a distributed protocol to be presently indica-
ted) not to wait for the completion of the present cycle, because this completion
may never occur, and to start a new cycle with a higher counter number. In addi-
tion, if the failure occurs on a tree-Tink, all nodes upstream of the failure
must be informed that their route to the destination has been disconnected and
therefore not to wait for updating control messages over the tree. For example

in Fig. la, if Tink (2,3) fails, then nodes 1,5,8 lose their route to the destina-
tion.

We next describe the propagation of failure information upstream and the actions
taken by the nodes receiving such information. A node whose link to its son fails,
enters a state S3 and sends a message (SINK,m,d = ») to all its remaining neigh-
bors. A node receiving such a message from its son, also enters state S3 and

sends a similar message to all neighbors except its son. In this way, all nodes
upstream from a tree-link failure eventually enter state S3. A node i entering
S3 looks at its tables Nj;(k) for messages with counter numbers higher than its
own node counter number, and if none are present. waits for such messages to come.
In the former case, it picks the neighbor with smallest D;(k) as the new son, in
the latter, it picks the neighbor from which it first receives such a message as
the new son. At the time this happens, the node transits to state S2, chooses the
corresponding Dj(k) as its new estimated distance d; to the SINK, sends control
message (SINK,m,d) to all neighbors except the new son, and from now on proceeds
as usual.

Bringing a link up is done by a similar protocol. If a link between two nodes i
and k becomes operational, the two nodes compare their counter numbers via a
local protocol and choose the maximum of those as the number to use for bringing
the 1ink up. Node i actually brings Tink (i,k) up whenever it receives a
message with counter number strictly higher than this maximum, either from its
best Tink or from k. A similar algorithm holds for k.

Finally, we describe the (distributed) protocol for informing the SINK that be-
cause of a topological change, the present cycle might not be completed, so that
the SINK will know to immediately start a new cycle with a higher counter number.
A node, i say, discovering a failure or a link (i,k) becoming operational
sends a special control message REQ(m) to its son (if i is not in S3), where

m =n; 1in the case of failure, or m equals max(nj,ng) for links becoming
operational. A node £ receiving a message REQ(m) forwards it to its son if £
is not in S3 or destroys it if £ s in S3. Clearly, a REQ-message may encounter
another failure or a node in S3, namely with no routing path to the SINK, in which
case it gets destroyed. However, one of the main theorems of |2| states that if a
message REQ(m) is generated, then some message REQ(m) will positively arrive
at the SINK in finite time. The protocol requires that if the SINK receives
REQ(m), then it will immediately start a new cycle with counter number (m+1),
provided such a cycle was not started before (because of a REQ(m) message previ-
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ously received). It is proved in |2| that with this protocol the network will
recover in finite time, in the sence that all nodes physically connected to the
SINK will have a routing path to it.

The extension of ALGORITHMS A and B to take into account topological changes is
similar in principle to the one for ALGORITHM C, except that one has to separately
consider situations when a node has only one or more than one son. The full pro-
cedure is described in |5].
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SIZING & MESSAGE STORE
SUBJECT TO BLOCKING CRITERIA

E. Arthurs and J. S. Kaufman
Bell Telephone Laboratories

A common theme in computer applications is that of a number of
users contending for a shared resource. One example of a
shared resource is storage (primary or secondary), which often
must be shared by a large number of messages having varying
size and residency requirements. In this paper we analyze the
blocking that messages with different storage requirements incur,
in contending for a common message store. Examples are pre-
sented which indicate the effect that various traffic para-
meters have on blocking and which also illustrate trade-offs
inherent in a message storage environment. These results are
applicable to sizing message stores in a variety of applica-
tions such as store and forward networks, call answering
systems and disk storage systems.
INTRODUCTION
In recent years, considerable attention has focused on computing the
blocking that different data streams incur, in contending for a common multiplexed
data channel [1-8]. The basic queuing model studied in these papers (from a data
multiplexing viewpoint) turns out to be appropriate in studying the blocking that
different size messages incur, in contending for a common message store. This
latter problem arises naturally in sizing message stores subject to blocking cri-
teria [9]. Message stores can be found in an increasing number of applications
such as store and forward networks, call answering systems and disk storage systems
In this paper, in addition to our new application of the above mentioned
model, we present new results on both the theoretical and computational aspects of
the queuing model. These results include
i) Replacing the previously assumed exponential service time distributions
[1-8] by general service time distributions.
ii) Eliminating a problem encountered by previcus authors in dealing with
a huge state space — which effectively prevented numerical computations
[7,8]. This problem was solved by developing a Buzen type recursion [10].
All gquantities of interest are formulated and efficiently computed in
terms of a recursively computed partition function.
iii) Developing a number of easily computable and quite accurate approxima-
tions, which are appropriate for back-of-the-envelope type calculations.
One of these approximations uses a very effective but relatively little

known "peaked traffic" characterization [11,12].

547
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The paper is organized as follows: in Section 2 we define the model and
briefly discuss previous relevant work. The Markovian state equations and the
known product form sclution are briefly reviewed in Section 3 to set notation.

The key to using this solution in problems with a large state space (~106 states
are common in message store problems) lies in being able tc efficiently compute a
normalizing constant (the partition function). 1In Sections L and 5 we show how to
compute this partition function via a Buzen-like recursion and we obtain explicit
expressions for various quantities of interest. Several approximations to the
message blocking, which only rely on readily available Erlang B tables, are pre-
sented in Section 6. In Section 7 we study a variety of examples which illustrate
the sensitivity of message blocking to various parameters. The paper concludes in
Section 8 with a discussion of several useful extensions of the model.

THE MODEL

Figure 1 shows the problem under consideration in general terms. The
message store has a finite capacity of c units, messages arrive at a mean rate X
and a message carries with it two requirements:

a) a spatial requirement - b units of storage
b) a temporal requirement - storage for T units of time
The specific assumptions we make are
i) the message arrival process is a stationary Poisson process with
mean rate A.

ii) the message size b is an arbitrary discrete random variable

(P{b=bi} =q; , 1= 1,...,k).

iii) a message with size b, has & residency (storage) time T which is
drawn from an arbitrary distribution with mean u;l.

iv) the system is in equilibrium.

v) a message requiring bi units of storage is blocked if and only if
fewer than bi units of storage is available.

vi) blocked messages depart without further effecting the system.
Although assumption v) implies complete sharing of storage by all messages, we
will see that considerably greater generality is possible (e.g., portions of
storage may be dedicated to specific message sizes, etc.). Also, although assump-
tions i) and ii) imply that messages of size bi arrive according to a Poisson
process with mean rate Ai = Aqi, the theory actually allows for finite scurce
and/or Poisson message arrival processes.

The salient difference between the assumptions made earlier [1-8], and
those made here is the generality of the storage time assumption. On the other
hand, but in consonance with the classical Erlang B loss model [12,13], the
detailed structure of the storage time distribution doesn't effect the equilibrium

blocking phenomena - only the mean storage time {u;l} enters the picture. Thus,
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the earlier results [1-8] are considerably more general than was realized. These
comments apply only to the basic loss model studied in Reference 1-8. Several of
these papers generalize the basic model in other directions, loss-delay [1], pre-
emptive [3] and limited availability configurations [L,6]. These generalizations
were studied, for the most part, via analytic approximation and simulation tech-
nigues - and the generalization to nonexponential storage time distributions does
not hold for any of these generalizations.

To set notation, but also to make this paper self-contained, we briefly
review the Markovian balance equations and the product form state distribution.
This has been studied with varying degrees of completeness in References 1-8.

THE STATE DISTRIBUTION

If each of the c units of storage is thought of as a "server", a message
of size b will require exactly b servers. Unlike blocking systems with batched
Poisson arrivals [1L4] however, all b servers must be relinquished simultaneously.
To capture this effect it is appropriate to define the system state

nbyn= (nl,...,n ) where n, = number of type i messages in storage. Clearly,

k
the storage occupied when the system is in state n is simply n<b = Z nibi' In
- i=1
this section we assume that the distribution of storage time Fi(.) for type i

messages is exponential:

F.(x)=1-e"* x>0 (1)

and study the resulting Markovian population process. In Appendix I we briefly
sketch the basic results which hold for general storage time distributions. The
proofs have been omitted due to space limitations but are the subject of a forth-~
coming paper [15].

We begin with the case of most interest to us - namely, that where the
total message store of capacity c is completely shared. Assume that the message

sizes are ordered:

and define the disjoint sets:

R = {n: ozn-bse-b )

It
—_
=
o
|
o’
A
(=]
1A
5}
¥
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Note that for all states nch, J =1,...,k the ] message sizes b )""’bk

k-(3-1
are blocked. And clearly, the set of all states @ = {n: o < n*b < ¢} is par-
titioned by the sets Ro""’Rk'

The global Markovian balance equations in Q can be written down by

inspection. Thus, for nef we have

k k k
Voa6.(n)+ ¥ nou|P(n) = § A.y.(n)P(n])
j=1 j=1 7 =1 *
k +
+ 5 (n;+1)uP(n; )38, (n)
i=1
where n = (n, ..,nk)
o = (npseenony pom-ling s eeony )
n
n; = (nl, .0 —l’ni+l’ni+l" ,nk)
1 if n. € Q
§,(n) =
kO otherwise
1 ng >0
v;(n) =
0 n, =0
i
and A, = Ag, , 1 =1, »K

i . G-l(

c,k)

(%]

[e]

-

£

I

[
n ==
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and a, = Ai“i is the offered load of type i messages. Of course, the product form
solution {3) is a consequence of the fact that local balance [16] prevails. That

is, for 1 = 1,...,k we have:
a;v; (0P(n;) = n;p(n)  all nee (5)

If we let Pb denote the probability that a message of size i is blocked¥, then
i

k
Py =P UR, =P{n : n°b > e-b,} (6)
j=k-(i-1)

where P{A} is the probability of event AcQ with respect to the distribution defined
by (3).

Equation 3 is a generalization of the classical Erlang B distribution
[12]. The following interpretation of our model may make this relationship
clearer: Consider k infinite trunk groups, with group i trunks having mean
holding time u;l. A fraction Q of the ﬁalls are offered to group i only, and a
type i call is accepted if and only if 'Zl nibi <c - bi where ni is the number
of calls "up" on group i. If bi is regé;ded as the cost of keeping a type i call
up, then a call is blocked if and only if putting it up would exceed the available
budget c.

Figure 2 is a sketch of the two dimensional state space (k=2) for the
case of complete sharing of storage. As mentioned earlier, the model extends to
partial sharing as well. That is, the product form solution holds if the set of

allowable states Q is defined by:

o < n,b

. <c, +tc i=1,...,k
i¥i —

1 (]

and

k
z nib < <, + cq R e
Thus, type i messages have dedicated storage of capacity s and all messages con-
tend for (share) a common portion of storage e, It is clear that the normaliza-
tion constant G in equation (3) depends on Q.

We conclude this section by pointing out that the product form solution

holds for a large class of storage policies which includes the complete and partial

At an arbitrary point in time or at a type i arrival epoch - these are identical
for Poisson arrival processes [12].
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sharing policies already discussed as very special (but important) cases. Thus
consider a storage policy to be any set of states 0 satisfying
i) n; 0 i=1,...,k

ii) ifn e Q and n, > 0 then E; eQfori=1, ...,k (7

iv

Such sets were termed "coordinate convex" by Aein in [7,8] who apparently first
recognized that the product form solution holds for such sets. The interpretation
of such a storage policy is that a message of size bi is accepted for storage when
the system is in state n if and only if ni € Q.

Inspection of the global balance equation (2) will reveal that it aprlies
as is, to any set ( satisfying i) and ii) above. Hence, the proof that the pro-
duct form solution equation (3) applies to any coordinate convex set is immediate.

THE COMPUTATIONAL ALGORITHM

Direct use of the product form distribution eq. (3) is difficult in all
but the most trivial message storage problems, because of problems associated
with computing G{c,k) directly. These problems stem from the cardinality of the
state space, 2, which for typical message storage problems is very large.

In this section we show how G(c,k) can be computed easily and efficiently
via a recursive algorithm. We limit ourselves to the case of complete sharing of
storage, but the results are easily applied to the partial sharing case described
earlier*, Tt is appropriate to comment here that the difficulties associated with
computing G(c,k) directly were recognized in [7,8] and the need for a Buzen like
[10] recursive algorithm was discussed, but its synthesis proved elusive.

In the following development we use [x] in a standard way:

[x] = largest integer < x. Our basic result is

lemma 1: G(c,k) is computed recursively by using

[3/v,1 af
G(j,i) = o G(J—lbi,i—l) i=2,...,k
2=0 3=0,1,... (8)
where
[3/p,] al
1° %1
G{J,1) = ) ' j=0,1,...
2=0

Proof: The idea is similar to that used by Buzen [10]. Define

i
s{j,i)=4n :n_>0,0< J

2 < b, 24
n m=1

n
mm —

*
Each message type has dedicated storage, and all message types share a common
"overflow" store.
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and
n
. m
i a
G(j,1) = 7 - (9)
nes(j,i) |m=1 "m!
for

i=1,2,...,k and J = 0,1,...,c

Note that n_ varies over the values O,l,...,[j/bm] and focus attention on n.

Thus we can rewrite G(j,i) as:

n
[i/e.1] i e ™
N 1 m
6(3,1) = ] (Z 1T+
2=0 nes(j,i) |m=1 “m!
and
n, = 4
1
2 nm
_[J?i]fi i-1 8]
1
g=0 ! nes(j-ib,, 1-1) |m=l Mot
. 3
[3/v,] a;
= ] ETGQ-%i,iJ)
=0

which completes the proof.

Note that one can simply compute the entries of a ¢ x k matrix, sequen-
tially within each column, where G(j,i) is the (j,i)th entry. The normalization
constant is the last computed entry. Fortunately, all quantities of interest can
be computed from this matrix without resort to the underlying distribution. In

particular we have

lemma 2: The blocking that e message of size i experiences, denoted by

Pb , 1s given by*
i

*
Eq. (10) shows that by > bj implies P

> Pb , since G{x,k) is monotone increas-
ing in x. i +

J
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G(c-bi,k)
P = - — i= o
b, 1 e i=1,...,k (10)
Proof':
P =P{n: nb > c-b }
b - = i

L G(c-bi, k)
Gle,k)

Thus we find that the kth column of the matrix referred to above contains all the

entries needed to compute the message blocking probabilities. The partition

function G (.,.) also contains information about the distribution of messages

in storage. As an example, We have:

Lemma 3:

X
& G(c—xbi, k-1)

Plng=x) = 3% Glc,k)

X = O,...,[c/bi] (11)
vhere the partition function in the numerator G(c—xbi, k-1) is computed with
respect to the k - 1 offered loads {aj}j#i' The proof of lemma 3 is similar

to that of lemma 2 and is omitted.

We close this section by noting that the mean message store utilization

L= % E{n-b}

can be obtained directly from the blocking probabilities. Thus, using Littles

Law [12], we have

E(ni) = )\i‘(l-P Yeul
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and hence

Kk
) a;b, (1-P ). (12)

Note that if ueo= o, i=1,...,k and if Pb << 1l, i=1,...,k then

. ab
L= (13)
c
where
a = A/n
and
_ k
b= ¥ a0,
j=1

is the average message size.

5. Scaling the Recursion

For sufficiently small ¢ (c < 102), the recursion defined by Eq. (8)
presents no numerical difficulties. Typical values of c, however, may easily

6 . .
exceed 10”7 1in message storage problems. For such values of c¢ the recursion

defined by Equation (8) is useless. Thus, for example, the corresponding values
al
of a; are such that the weights i%—in the recursion may easily overflow the

computer's word size. Fortunately this problem is easily addressed by approp-

riately scaling the recursion. Thus, define G(.,.) by:

) (3/v,] _%>%
G(j,1) = z e 0 i=0,1,...,c
2=0
and
A (370, ] e, a%
G(3,1) = % e o G(j-Lbi, i-1) i =2,...k (1k)
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Comparing Equations 8 and 1L, it is easy to see that

GlJ,i) = e G(J,1) (15)
and therefore it is obvious (see Eq. 10) that
Gle-b, ,x)
P =1 - =t i=1,...,k (16)
i Glc,x)
The weight functions in this scaled recursion, denoted by Pa («),i=1,...,k
i
%
—ai ai
o, A
i

is of course the Poisson distribution® with mean and variance equal to a;.
Therefore, for relatively small k., essentially all the "mass" is distributed in
the interval [max(O,ai—kO/r;I), a; + kO/f;i1' Hence the range indicated in the
recursion is dramatically reduced, weight "overflow" is prevented and the error
induced by this truncation is easily bounded. This scaled recursion is easily
programmed and has been used to obtain the numerical results presented below

in Section 7.

6. Blocking Probability Approximations

The blocking probabilities Pb

efficiently computed using the recursive algorithm described in the last section.

, 1 =1,...,k can be accurately and
For quick, "back-of-the-envelope" type calculations however, the approximations

presented in this section have proved to be quite useful. Both approximations

approximate the average blocking probability P, defined by

* Note that, as a consequence, G(j,i)e[0,1] 3 =0,0..,50



SIZING A MESSAGE STORE SUBJECT TO BLOCKING CRITERIA 557

and simply require access to Erlang B blocking tables which are readily
available* [12], Approximation II is typically the better of the two approxima-
tions (as examples in Section 7 will illustrate) because it incorporates message
size variance as well as mean information.
Approximation I: If all message types have the same mean storage time

(ui=u, i=1l,...,k), consider a new model in which all

message arrivals have the same size, equal to the mean

message size b:

b = Y a.b. (18)

in our original model. The average blocking seen by message arrivals in the new

model is clearly
B(N_ ,a), N, = c/b, a = Ay
where B(Neq,a) denotes the Erlang B blocking for a group of Neq**servers and

offered load a [12]. The above idea is easily generalized to arbitrary mean

storage times. Thus let r, = ui/ul i=1,...,k in what follows. We obtain:

Approx. I: P = B(Neq’ aeq) (19)
where
Neq = ¢/b
. ko
b= 1 o9
i=1

*
The Erlang B formula is also easily implemented on any programmable calculator.

* %
N need not be integer. When Erlang B tables are used, interpolation is

r&duired [17].
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. X
q; = (a;/r;) /// jzl (qj/rj)

(qj/rj)-a

€q

W
I
I o~1

J=1

a = X/ul
Approximation II: This approximation characterizes the message arrival process
in terms of its mean and peakedness [12] parameters, and
employs Hayward's approximation [11] to estimate the average
blocking probability.
Consider offering our message arrival process (k independent Poisson

1
message store. Let m and z denote the mean and variance-to-mean ratio

message arrival processes with parameters Ai = qik, ui = riu ) to an infinite

(peakedness [12]) respectively of the number of units of storage occupied in

this Infinite store. It is easy to show that

k
m=a:} (q/r )b, (20)
i=1
k
2
izl (q;/r;)o]
z = (21)
Y (a./r,)v,
izl T 1 1
Using Hayward's approximation [11], we obtain
Approx. II: Pb = B(Neq, aeq)
N =-c/z
€q
a  =m/z (22)

€q
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T. Illustrative Examples

Each example presented in this section represents a class of examples

since an example with parameters (bi, b ¢ is identical to the class of

o)

examples (ibi’ ib_), ic i =1,2,...(the state space is invariant to changes in

2
scale).

In Figures 3-7 we view the message blocking probability as a function
of the size of the message store with the mean store occupancy held constant.
In Figures 3 and 4 the mean message sizes are identical, but in Figure L the
variance of the message size distribution has increased with a resulting in-
creased spread in the message blocking probabilities. In Figure 5, the two
message sizes are identical to those in Figure 4, but the message size dis-
tribution has been chosen to maximize the coefficient of variation. The mean
storage times of the two message types in Figures 3-5 are identical.

In Figures 6 and T we hold all parameters - except for the mean
storage times - identical to those in Figure h.* In Figure 6 the smaller
message has a mean storage time twice that of the larger message and in
Figure 7 this is reversed.

Among the several features evident in Figures 3-7 we emphasize:

i) message blocking decreases approximately exponentially with increasing
message storage size.
ii) the mean blocking Pb is approximated very well by approximation II.

iii) the ratio P_ /P, is approximately equal to b, /b, .
b2 bl 271

. . . - P = 5 CH
We note in passing that if Pb /Pb b2/bl then . (bi/ ) Pb ence this

last observation suggests tha% th% approximation

Pbi = (bi/b)Pb’

i=1,...,k

(where Pb is given by expression 22) may often be useful.

In Figure 8 we hold the storage size and mean store utilization
constant and vary the fraction of size b2 messages <q2) from 0 to 1. The solid
and dashed line curves correspond to ¢ = 160 and ¢ = 161 respectively. At first
glance, one might expect the difference in blocking levels for the two store

sizes to be uniformly small. Although this is indeed the case for size b2

For each c, the ratio X/ul is identical in Figures 4, 6 and 7. Obviously, the
offered loads al = X/rlul and a2 = X/rgul differ and conseguently so does the
store utilization.
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messages, note the dramatic difference in blocking for the smaller size bl

messages. This difference is due to the fact that for ¢ = 161, size b, messages

2
always leave at least one unit of storage available to size bl messages.

8. Concluding Remarks

The model discussed in this paper has been studied recently from two
new and interesting points of view. 1In [18], the following optimization question
is raised: of all coordinate convex storage policies, which policy is optimal
in terms of a given cost criterion (for example, maximizing throughput)?
Interesting results are proved for the 2 and 3 dimensional (k=2,3) models.

In [19], the traffic overflowing the message store is studied in a manner

parallel to the classical Kosten [12] analysis. Results obtained generalize

the Kosten results and may find use in engineering "overflow" message stores.
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Appendix T
Basic Results Obtained for General Storage

Time Distributions

Let Ik be the set of k dimensional vectors with nonnegative integer

components, and let Q be any coordinate convex subset of I We denote the

state of the message store at time t by N(t) and assume .
i) same as page 3
ii) same
iii) same
iv) N(0) e Q
v) a message arriving at time t and requiring bi units of storage is
blocked if and only if N(t) = n and g; ¢ Q.
vi) same as page 3
Let ai(t) denote the number of storage requests of type i arriving
in (0,t] and Si(t) the number of blocked requests of type i in (0,t]. Our

basic results are:

Theorem 1: 1lim P(N(t) = n) = p(n) neQ
o0
exists with p{n) > 0 and ) p(n) = 1,
nef
n,
i
n_a’
where p(n) = HET-G Q)
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n
n a,

i
i
!

1 i

G(Q) =

=]

)
ne@ i

and a; = Xi/ui is the offered load of type i messages.

Theorem 2: The probability of blocking of type i messages P, , defined by

b.

B, (%)
Pb‘=llmm i=1,....k

i Lo

exists and is constant with probability one. It's almost certain value is

where V, = {g; neQ and E; ¢ Q} .

The proofs are omitted due to space limitations but will appear in a forth-

coming paper [15].
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