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PREFACE 

This  paper i s  a  b r i e f  review of  t h e  t h e o r e t i c a l  concepts  
under ly ing  t h e  contemporary approach t o  t h e  model l ing of wate r  
q u a l i t y  i n  r i v e r s  and i t s  systems.  S p e c i a l  a t t e n t i o n  i s  given 
t o  some s p e c i f i c  mathematical  q u e s t i o n s  when one i s  cons ide r ing ,  
numerical ly ,  a  network of  channe ls .  The s u b j e c t  of t h e  paper is  
of p r o f e s s i o n a l  i n t e r e s t  t o  t h e  au thor  and a t  t h e  same t i m e ,  has  
d i r e c t  r e l a t i o n  t o  Task 2 on Models f o r  Environmental Q u a l i t y  
Cont ro l  and Management, of t h e  Resources and Environment Area, 
i h  t h e  c u r r e n t  Research P lan  of  I I A S A .  
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SUMMARY 

This  paper d e s c r i b e s  t h e  p r i n c i p l e s  o f  t h e  contemporary 
approach t o  mathematical  modell ing of wate r  q u a l i t y  i n  r i v e r  
channe ls  and t h e i r  networks,  i nc lud ing  t h e  formula t ion  of 
b a s i c  equa t ions  f o r  t h e  hydrophysical  and chemica l -b io log ica l  
p rocesses  involved ,  t h e  r o l e  of  l o n g i t u d i n a l  d i s p e r s i o n ,  and 
t h e  i n i t i a l  and boundary c o n d i t i o n s .  S p e c i a l  emphasis i s  given 
t o  some s p e c i f i c  q u e s t i o n s  r e l a t e d  t o  t h e  numerical  computation 
of  channel  networks.  

v i i  





Mathematical Modellinq of Water Quality 

in River Channels and its Systems 

0 .F . Vasiliev 

In assessing the effects of pollution sources on water bodies, 

related hydrophysical and chemical-biological processes need to be 

taken into account. For the description of these processes in 

river systems, mathematical models have been developed which are 

based on the use of hydraulic one-dimensional equations for open- 

channel flows and of balance equations for various substances as 

well as for heat and oxygen. Such models make possible the pre- 

diction of the content of oxygen, substances, and also of water 

temperature along the channels of a river system, dependent on its 

hydrological behavior and on the intensities of pollution sources 

(the rates of effluent disposals). From the physical point of 

view, the principle point in formulation of convective-diffusion 

equations describing the processes of substances and heat trans- 

fer, is the question of exchange coefficients. In the case of 

one-dimensional models, the question is reduced to that of the 

coefficient of longitudinal dispersion of substances (or heat). 

Here we will not consider the local phenomena taking place 

in the zones of mixing and will address the problem of mathema- 

tical description of the processes of transfer and transformation 

of substances and heat in the zones of complete vertical mixing. 

For simplification, the problem of the distribution of water 

quality characteristics along a water course can be reduced to 

a one-dimensional model with the use of averaging variables over 

flow crbss -sections. 



1. Bas i c  Equa t ions  

A one-dimensional  model o f  wa t e r  q u a l i t y  f o r  r i v e r s  c an  be 

based on t h e  e q u a t i o n s  o f  uns teady open-channel  f low t o  d e s c r i b e  

t h e  h y d r a u l i c  p a r t  of t h e  problem under c o n s i d e r a t i o n .  These 

i n c l u d e  an  e q u a t i o n  o f  mass conse rva t i on  ( a n  e q u a t i o n . o f  c o n t i n u i t y )  

a A - a t  + - a Q = q ,  ( Q  = UA) 
ax (1 

and t h e  l o n g i t u d i n a l  momentum equa t i on  ( a  dynamic e q u a t i o n )  [ I ,  21 

a a a z  u l u l  - (AU) + - ( Q U )  = -gA ( - + -  hc a~ 
a t  ax P ax + -  - )  ( 2 )  

ax C ~ R  

Both a r e  w r i t t e n  i n  a one-dimensional  approx imat ion .  

For t h e  purpose  o f  d e f i n i n g  wate r  q u a l i t y  c h a r a c t e r i s t i c s ,  

t h e  b a l a n c e  e q u a t i o n s  f o r  t r a n s f e r  o f  h e a t ,  oxygen, and o t h e r  

s u b s t a n c e s  must be fo rmu la t ed .  They have a s i m i l a r  s t r u c t u r e  

and may b e  cons ide r ed  a s  one-dimensional  e q u a t i o n s  o f  convec t i ve -  

d i f f u s i o n .  F i r s t ,  l e t  u s  w r i t e  e q u a t i o n s  f o r  h e a t  b a l a n c e  ( i n  a 

s i m p l i f i e d  form) and f o r  d i s s o l v e d  c o n s e r v a t i v e  m a t t e r  ( o r  s a l i -  

n i t y  i n  p a r t i c u l a r )  : 

a -- a a ,  (AT)  + - a a T  
ax (QT) = - ax (AD -) ax - k T ~  ( T  - T~ ) 

a a 
-- (AS) + - as 
a t  ax x ( 4 )  a (AD a) t qsj (QS) = 

These e q u a t i o n s  must be  supplemented w i th  a n  e q u a t i o n  of  s t a t e  

connec t i ng  t h e  wa t e r  d e n s i t y  ( P )  w i t h  t empe ra tu r e  and s a l i n i t y ,  

P = f ( T , S )  . ( 5 )  



Here t is time; x is the longitudinal coordinate of the cross- 

section; A(x,Z) is the area of flow cross-section; Q(x,t) is 

the rate of water discharge; Z(x,t) is the elevation of free- 

Q surface level, with respect to horizontal datum; U =Tis 

the mean discharge velocity of flow; T(x,t) is the water tem- 

perature; S (x,t) is the salinity (or the concentration of a 

dissolved matter); q(x,t) is the lateral inflow per unit 

length of channel. (directed norn~aliy to the x-axis); R is 

a hydraulic radius; C is the Chezy coefficient; g is the 

acceleration of gravity; hc is the depth of the centroid of 

the cross-section; D is the coefficient of longitudinal dis- 

persion; Tr is the so-called equilibrium temperature of water 

(defined as the temperature at which, under given meteorological 

conditions, the net surface heat flux is equal to zero); 

kT is the coefficient of the surface heat exchange; Te (x,t) 

and S (x,t) are the temperature and the saiinity (or the con- 
A4 

c2ntration of a dissolved matter) in the lateral inflow water, 

respectively. 

To describe hydrochemical and hydrobiological processes 

in a water stream, the above equations must be supplemented 

with equations for the transfer of dissalved and suspended 

matter : 

Here S.(x,t) is the concentration of the i-th component of 
1 

the passive admixture (i,j=1,2,3, ..., n). The last term Ri 



r e p r e s e n t s  a l l  c h e m i c a l - b i o l o g i c a l  l i n k s  and i n t e r a c t i o n s .  

I t  c h a r a c t e r i z e s  t h e  r a t e  of change of  t h e  c o n c e n t r a t i o n  

f o r  t h e  i - t h  component of t h e  admix tu re  due  t o  c h e m i c a l  and 

b i o l o g i c a l  t r a n s f o r m a t i o n s  ( i . e . ,  k i n e t i c  i n t e r a c t i o n s  between 

t h e  d i f f e r e n t  components of t h e  a d m i x t u r e ) .  Here t h e  com- 

ponen t s  o f  t h e  p a s s i v e  (from t h e  hydrodynamical  p o i n t  o f  

view) a d m i x t u r e  c a n  i n c l u d e  d i f f e r e n t  chemica l  ~ u b s t a n c e s  

a s  w e l l  a s  t h e  components o f  biomass such  a s  phyto-  and 

zooplankton.  A s  c a n  b e  s e e n  from e q u a t i o n  (6), t h e  r a t e  o f  

k i n e t i c  i n t e r a c t i o n s  R g e n e r a l l y  depends upon t h e  c o n c e n t r a -  i 

t i o n s  of  t h e  r e l a t e d  components of  t h e  admix tu re ,  Si and S  
j t  

a s  w e l l  a s  upon t h e  t e m p e r a t u r e  T and t h e  i n s u l a t i o n  I .  I f  

a  c e r t a i n  component of  t h e  admix tu re  i s  c o n s e r v a t i v e ,  t h e  l a s t  

t e r m  i n  e q u a t i o n  ( 6 )  i s  a b s e n t ,  i . e . ,  Ri = 0 ,  and w e  a r r i v e  

t o  t h e  e q u a t i o n  ( 4 )  . 
I n  p a r t i c u l a r ,  t h e  l a t t e r  e q u a t i o n  c a n  b e  a p p l i e d  t o  

consider the  balances of carbonaceous organic matter and oxygen in a  river 

f low w i t h  t h e  u s e  of  t h e  c o n c e p t  of  b iochemica l  oxygen demand 

(BOD) and o f  t h e  t e r m  d i s s o l v e d  oxygen (DO)  : 

where 

L ( x , t )  i s  t h e  u l t i m a t e  ca rbonaceous  b iochemica l  oxygen 

demand (BOD) ; 



c ( x , t )  i s  t h e  c o n c e n t r a t i o n  o f  d i s s o l v e d  oxygen (DO)  ; 

kl i s  t h e  BOD decay c o e f f i c i e n t ;  

k  i s  t h e  s u r f a c e  r e a e r a t i o n  c o e f f i c i e n t ;  2 

c i s  t h e  s a t u r a t i o n  c o n c e n t r a t i o n  o f  d i s s o l v e d  
S 

oxygen ; 

L4 ' ce i s  t h e  BOD and DO i n  t h e  l a t e r a l  i n f l o w  w a t e r .  

Some o t h e r  p o s s i b l e  p h y s i c a l  and c h e m i c a l - b i o l o g i c a l  p r o c e s s e s  

which can  o c c u r  i n  a  r i v e r  s t r e t c h  a r e  n o t  t a k e n  i n t o  a c c o u n t  h e r e .  

Among them a r e :  

( 1 )  t h e  removal  o f  oxygen by n i t r o g e n o u s  b iochemica l  r e a c t i o n s ,  

( 2 )  t h e  removal  o f  oxygen by t h e  b e n t h a l  l a y e r ,  

( 3 )  t h e  r e p l e n i s h m e n t  o f  oxygen due  t o  t h e  p h o t o s y n t h e t i c  

p r o d u c t i o n  b y p h y t o p l a n k t o n  ( a l g a e )  and f i x e d  p l a n t s ,  

4 t h e  removal  of oxygen by t h e  r e s p i r a t i o n  o f  p l a n k t o n  and 

f i x e d  p l a n t s ,  

( 5 )  t h e  removal  o f  BOD by a d s o r p t i o n  and s e d i m e n t a t i o n ,  

( 6 )  t h e  a d d i t i o n  o f  BOD due  t o  t h e  i n t e r a c t i o n  w i t h  bot tom 

d e p o s i t s  and t h e  b e n t h a l  l a y e r  ( t h e  s c o u r  o f  bot tom 

d e p o s i t s  and t h e  d i f f u s i o n  o f  o r g a n i c  p r o d u c t s  from t h e  
# 

b e n t h a l  l a y e r )  . 
I n  some c a s e s ,  t h e s e  p r o c e s s e s  can  make a n  i m p o r t a n t  c o n t r i b u t i o n  

t o  t h e  b a l a n c e  of  o r g a n i c  m a t t e r  and a l s o  p l a y  a  s i g n i f i c a n t  r o l e  

i n  t h e  oxygen regime o f  a  w a t e r  c o u r s e / s t r e a m  a s  a  whole. 

I f  t h e  h e a t ,  t h e  d i s s o l v e d  and suspended s u b s t a n c e s  t r a n s p o r -  

t e d  by a  f low do  n o t  s i g n i f i c a n t l y  a f f e c t  t h e  d e n s i t y  p and conse-  

q u e n t l y  t h e  l a t t e r  t e r m  o f  t h e  dynamic e q u a t i o n  ( 2 )  i s  n e g l i g i b l e ,  

( t h e  c a s e  o f  p a s s i v e  a d m i x t u r e ) ,  t h e  sys tem o f  h y d r a u l i c  and 



transport equations is uncoupled. The hydraulic equations ( I ) ,  

(2) can be solved first, independently of the others and then the 

results can he used to solve the equations for transfer of sub- 

stances and heat. In the opposite case, the equations for trans- 

fer of matter (and heat), actively influencing the flow dynamics, 

need to be solved simultaneously with the hydraulic ones (1) and 

(2). It may take place in case of intrusion of saline water into 

the lower reaches of rivers near coastal zones (i.e. estuaries) 

and, at least theoretically, in the case of significant quantities 

of heated water wastes, discharged into rivers. In accordance 

with a statement in the introduction of the paper, where the above 

equations apply, it is assumed that there is a well developed 

mixing process in a stream (the well mixed state of flow), which 

prevents density stratification in the vertical direction. 

2. Longitudinal Dispersion 

The one-dimensional equations given above, of convective- 

diffusion of heat and dissolved and suspended substances, include 

the effect of a longitudinal dispersion. G.I. Taylor [3] has 

demonstrated that the non-uniform distribution of the rate of con- 

vective mass transfer (due to the nonuniformity of mean velocity 

distribution) over the cross-sectional area, and the turbulent 

lateral mixing (due to lateral velocity fluctuations), together 

play a major role in the longitudinal spread of the substances. 

The difference in the longitudinal convective mass transfer which 

is associated with the actual velocity distribution and that which 

is accounted for by the average discharge velocity U is taken into 

account by the term of longitudinal dispersion in the equations of 

transfer [4,51. It is necessary to distinguish between turbulent 

longitudinal diffusivity (caused by turbulent longitudinal fluctua- 

tions of velocity) and longitudinal dispersion. The evaluation of 



the coefficients related to both phenomena shows that, for example, 

in a uniform turbulent flow in a straight pipe, the latter one is 

about 200 times larger than the first one: a longitudinal spread 

of substances due to dispersion is much higher than that due to 

the diffusivity. 

According to Harleman [4], the coefficients of longitudinal 

dispersion for a flow in a straight open channel can be evaluated 

by the expression obtained through the reformulation of the G.I. 

Taylor formula for a pipe flow: 

However, Fisher [ 6 1  has demonstrated that the longitudinal 

dispersion coefficient for an arbitrary river channel can be one 

or two orders of magnitude larger than in a straight channel. 

It can be shown that when there is a gradually varied change 

of temperature or concentration along a channel under steady con- 

ditions, the role of dispersion is mostly insignificant. Under 

steady state conditions, the relative importance of longitudinal 

advection U, and longitudinal dispersion D for a substance under- 

going a f irst-order decay [rate constant kl (t-' ) ] is given by the 

dimensionless ratio 

4k10/u2 

when this ratio is small compared to unity, longitudinal disper- 

sion may be neglected. Accordingly, taking note of longitudinal 

dispersion may be important in estuaries where the flow is in- 

herently unsteady or in the consideration of rapid unsteady 

processes such as the emergency release of wastes. 



3 .  I n i t i a l  and Boundary C o n d i t i o n s  

C a l c u l a t i o n s  o f  u n s t e a d y  f l o w  and water q u a l i t y  c h a r a c t e r i s -  

t i c s  i n  sys tems o f  open c h a n n e l s  come down t o  f i n d i n g  t h e  s o l u t i o n  

o f  t h e  e q u a t i o n s  ( 1  ) - ( 6 )  f o r  g i v e n  i n i t i a l  and boundary condi-  

t i o n s .  

A s  i n i t i a l  c o n d i t i o n s ,  t h e  v a l u e s  of  s ta te  v a r i a b l e s  Z ,  Q ,  

T I  Si need t o  b e  g i v e n  a l o n g  t h e  r i v e r  c h a n n e l s  a t  a n  i n i t i a l  

moment o f  t i m e .  

The boundary c o n d i t i o n s  f o r  t h e  h y d r a u l i c  v a r i a b l e s  Z and Q 

are  p r e s c r i b e d  i n  t h e  form o f  f u n c t i o n a l  r e l a t i o n s  

i n  t h e  ups t ream and downstream s e c t i o n s  of  t h e  c h a n n e l  sys tems.*  

I n  t h e  i n f l o w  and o u t f l o w  c r o s s - s e c t i o n s  o f  t h e  sys tem 

it i s  a l s o  n e c e s s a r y  t o  s p e c i f y  one boundary c o n d i t i o n  f o r  each  

of  t h e  v a r i a b l e s  c h a r a c t e r i z i n g  t h e  c o n t e n t  o f  s u b s t a n c e s  t r a n s -  

f e r r e d  by a f low and t h e  water t e m p e r a t u r e  (Si t  T ) .  I n  t he  up- 

stream s e c t i o n s  where t h e  i n f l o w  t a k e s  p l a c e ,  it i s  s u f f i c i e n t  

t o  p r e s c r i b e  t h e  v a l u e  of  t h e s e  v a r i a b l e s  S i t  T o r  t h e  i n t e g r a l  

f l u x e s  o f  r e s p e c t i v e  s u b s t a n c e s  and h e a t  as t h e  f u n c t i o n s  of  

t i m e .  For  example, i n  t h e  f i r s t  case: 

Si = S i ( t )  and T = T ( t )  

T h i s  i m p l i e s  t h e  c o n c e n t r a t i o n s  o f  t r a n s p o r t e d  s u b s t a n c e s  and 

t h e  t e m p e r a t u r e  a r e  g i v e n  i n  t h e  i n f l o w  s e c t i o n .  

* 
It  shou ld  b e  n o t e d  , t h a t  as usua1,when c o n s i d e r i n g  sub- 

c r i t i c a l  f l o w  reg imes ,  o n l y  a s i n g l e  boundary c o n d i t i o n  needs  t o  
b e  e n t e r e d  f o r  e a c h  o f  t h e s e  s e c t i o n s .  



I n  t h e  second c a s e ,  t a k i n g  i n t o  accoun t  t h e  r o l e  o f  l o n g i -  

t u d i n a l  d i s p e r s i o n ,  t h e  i n t e g r a l  f l u x  0 of  a  subs t ance  charac -  

t e r i z e d  by a  c o n c e n t r a t i o n  P through t h e  c r o s s - s e c t i o n  o f  a  

channe l ,  shou ld  be  p r o p e r l y  r e p r e s e n t e d  by t h e  fo l l owing  

exp re s s ion :  

The h e a t  f l u x  can  be  exp re s sed  s i m i l a r l y .  

Of somewhat g r e a t e r  complex i ty  is  t h e  q u e s t i o n  o f  imposing 

p h y s i c a l l y  sound boundary c o n d i t i o n s  on t h e  downstream c r o s s -  

s e c t i o n s  of  t h e  channe l  system where t h e  ou t f l ow  of  water and 

consequen t l y  o f  t r a n s p o r t e d  s u b s t a n c e s  and h e a t  o c c u r s .  The 

p r e sence  o f  d i f f u s i v e  terms i n  t h e  e q u a t i o n s  f o r  t r a n s f e r  of  

s u b s t a n c e s  and h e a t  needs  imposed boundary c o n d i t i o n s  f o r  Si 

and T v a r i a b l e s  i n  t h e  downstream s e c t i o n s  a s  w e l l .  However, 

t h e  s p e c i f i c a t i o n  of s u b s t a n c e s  c o n t e n t  and t empe ra tu r e  ( o r  

t h e  f l u x e s  o f  s u b s t a n c e s  and h e a t )  i n  t h e  ou t f l ow  s e c t i o n s  
- . L - . - - - 

would be u n n a t u r a l  from t h e  p h y s i c a l  p o i n t  of  view. I t  appea r s  
. . . 

t h a t  more n a t u r a l  c o n d i t i o n s  can b e  o b t a i n e d  by s u g q e s t i n g  t h a t  

a t  an  ou t f l ow  s e c t i o n  s i t u a t e d  a t  a  d i s t a n c e  l a r c e  enough from 

t h e  p o i n t  of t h e  p o l l u t a n t  o r  h e a t  r e l e a s e ,  t h e  ro le  of 

l o n g i t u d i n a l  d i s p e r s i o n  becomes n e g l i g i b l y  small and so t h e  

s u b s t a n c e  ( o r  h e a t )  c o n t e n t  i s  main ly  d e t e m i n e d  by t h e  a d v e c t i v e  

t r a n s f e r .  if t h e  e q u a t i o n  of  t r a n s f e r ' o  a  s u b s t a n c e  ( g e n e r a l l y  

a  non-conserva t ive  one)  o r  of h e a t  i s  w r i t t e n  a s  f o l l o w s :  

t hen  t h e  boundary c o n d i t i o n  which f o l l o w s  from t h e  above assumpt ion  

w i l l  h a v e a  form [8 ,91:  



A similar physical consideration of the question was done by 

D. Harleman et a1 [ 1,2] in the development of a numerical 

scheme for the transfer process in an estuary. 

The matter is much simpler whenthe longitudinal dispersion 

does not play an essential role and the diffusive term is 

omitted from the transport equations (D = 0). In this case it 

is mathematically enough to impose the appropriate boundary 

conditions for Si and T variables only on the upstream cross- 

sections. 

4. Coni unction C.onditions 

To complete the mathematical formulation for the problem 

of a system of channels it is necessary to specify conjunction 

conditions to be satisfied at the points of abrupt change of 

cross-section, of channel confluence, of local inflows (and 

outflows), of local (point) pollutant or heat sources and at 

hydraulic structures as well. 

The conjunction conditions for the hydraulic variables 

take the form of a balance of discharges Q and of conditions 

of connection between the levels Z respectively. It seems con- 

venient at each junction to designate the free surface ordinate 

with 2, , while the local inflow is denoted by Q*. For instance, 

on the boundary of two reaches ( Fig. 1) marked hv indices 1 

and 2 for the upstream and downstream reach respectively, the 

conjunction conditions may be formulated without taking into 

account the level difference in the following form: 



Figure 1. Case of local inflow Q, 

a) equality of levels in adjoining sections of the reaches 

z2 = z1 = z*, (15) 

b) balance of discharges 

Q2 = Q1 t Q* (16) 

Here it is assumed that the rate of local inflow Q* may 

be the specified function of Z, and t. The conjugation con- 

ditions in the case of confluence of two (or more) channels 

are formulated in an analogous way. These will be discussed 

below. 

The conjunction conditions for water-quality characteris- 

tics are also based on the balance considerations. For example, 

from the formal mathematical standpoint for the diffusion 

equation of type (13) on the boundary of two reaches with a 

local (point) pollutant source or a local release of water, 

we should specify two conditions, such as: 

0 = ol+ o*, 2 Q2q2 = Q 1 1  q + 0, (1 7) 

(Note: This is so if D f 0; but if D = 0, these conditions are 

identical). In the case when there is an inflow Q,> 0, the 



i n t e n s i t y  of  a  p o l l u t a n t  r e l e a s e  @* must be given a s  a  func t ion  

of t i m e  t o r  it can be expressed through t h e  r a t e  of  wate r  in f low 

Q8 and t h e  time-dependent concen t r a t i on  q * ( t )  of a  m a t t e r  r e -  

l ea sed  ( o r  t h e  tempera ture  of r e l e a s e d  wate r )  

@ *  = Q* v* (18) 

In  t h e  ca se  of an ou t f low,  Q*< 0 ,  it is  expedien t  t o  assume 

t h a t  t h e  concen t r a t i on  of  a  m a t t e r  ( o r  temperature)  i n  t h e  ou t -  

f lowing water  i s  t h e  same a s  i n  t h e  upstream reach:  

Y;, = v l ,  and consequent ly ,  (19) 

- v2 = 'f', - (P*. (20) 

I n  a  s i m i l a r  way, t h e  conjunc t ion  c o n d i t i o n s  f o r  t h e  c a s e  

of a  b i f u r c a t i o n  of  upstream channel  ( F i g .  2 )  can be ob ta ined :  

Q1 = Q2+ Q 3 r  Z 1  = Z 2  = Z 3  (21) 

Q1 + o2 = (03 ,  (pl = v2 = 9' 3  (22) 

When t h e r e  is  a  conf luence of two channels  (F ig .  3 j  t h e  

conjunc t ion  c o n d i t i o n s  a r e  g e n e r a l l y  s i m i l a r  t o  t h e  above ones 

f o r  t h e  c a s e  of a  l o c a l  in f low (Q*> 0 ) :  

The process  of  s o l v i n g  t h e  l o n g i t u d i n a l  d i s p e r s i o n  equa- 

t i o n s  may be s i g n i f i c a n t l y  s i m p l i f i e d  i f  an apnroach s i m i l a r  

t o  t h e  one suggested i n  s e c t i o n  3 i s  app l i ed ;  n a m l y ,  i f  a t  t h e  

lower e n d ( s )  of t h e  upstream r e a c h ( e s )  ad jo in inu  a  node under 

c o n s i d e r a t i o n ,  t h e  r o l e  of d i s p e r s i o n  becomes n e g l i g i b l e ,  a s  an 

example, t h e  cond i t i ons  ( 2 4 )  w i l l  t a k e  t h e  fol lowing form: 



F i g u r e  2. Case  of  a  Channel  B i f u r c a t i o n  

F i g u r e  3.  Case  of  t h e  Channels  Conf luence  

- -. --- 

Q1(41+ Q2Y2 = G 3 t  

a a (24 ' ) - -  ) Q = F (p, t) a t  t h e  e n d s  o f  ups t ream a t  
r e a c h e s  1 and 2  

S i m i l a r l y ,  i n s t e a d  o f  t h e  c o n d i t i o n s  (17) one  c a n  g e t  t h e  

f o l l o w i n g  one:  

\ Q2 = Q1Y1 + G* 

l ( 1 7 ' )  
- a a (Ay)  + -(QY) = F ('f,t) a t  t h e  end o f  ups t ream r e a c h  1  ) a t  ax 



Thus, i n  c a l c u l a t i n g  t h e  t r a n s f e r  of  s u b s t a n c e s  and h e a t ,  

t h e  p roce s s  of  s o l v i n g  c o n v e c t i v e - d i f f u s i o n  e q u a t i o n s  f o r  a  

branching sys tem of  channe l  ne tworks  ( a  t r e e - t y p e  sys tem) IS re- 

duced t o  t h e  c o n s e c u t i v e  s o l u t i o n  f o r  s e p a r a t e  e l emen t s  o f  t h e  

sys tem (from upst ream t o  downstream). These a r e  s e p a r a t e d  i n  t h e  

cor responding  nodes by t h e  second c o n d i t i o n s  and a r e  con juga t ed  

by t h e  f i r s t  ones  i n  ( 2 4 ' )  and ( 1 7 ' ) .  

N a t u r a l l y ,  t h e  c o n s i d e r a t i o n  of  t h e  problem w i t h o u t  t a k i n g  

a c c o u n t o f  l o n g i t u d i n a l  d i s p e r s i o n  ( D  = 0 )  g r e a t l y  s i m p l i f i e s  

t h e  mathemat ica l  d e s c r i p t i o n  of  t r a n s p o r t  p r o c e s s e s  i n  complex 

channe l  ne tworks ,  p a r t i c u l a r l y  w i t h  r e g a r d  t o  c o n j u n c t i o n  

c o n d i t i o n s .  Under t h e  c o n d i t i o n s  i n  (1 7) , (22)  and (24)  , t h e  

f i r s t  e x p r e s s i o n s  ( i n  terms of  O i )  can  be  o m i t t e d ,  because  t hey  

a r e  reduced t o  t h e  second ones  i n  a l l  t h e s e  c a s e s .  

5.  Numerical C o m ~ u t a t i o n  

The numer ica l  p rocedu re s  f o r  t h e  computa t ion  o f  h y d r a u l i c  

regimes  and r e l a t e d  wa t e r  q u a l i t y  c h a r a c t e r i s t i c s  o f  uns teady  

f low i n  open-channel ne tworks  can be  found i n  a  number o f  p u b l i -  

c a t i o n s ,  i n c l u d i n g  t h e  p a p e r s  [ 8 , 1 0 ] .  Both t h e  b ranch in?  

network sys tem (those: of  t h e  t r e e - t y p e )  and t h e  g e n e r a l  network 

sys tems ( t h o s e  w i t h  l oops )  a r e  cons ide r ed  t h e r e .  The sys tems 

d i f f e r e n t i a l  e q u a t i o n s  a r e  s o l v e d  u s i n g  t h e  i m p l i c i t  f i n i t e -  

d i f f e r e n c e  methods. A number of  e f f e c t i v e  a l g o r i t h m s  have been 

deve loped ,  which t a k e  i n t o  accoun t  t h e  t h r ee -d i agona l  s t r u c t u r e  

o f  d i f f e r e n c e  e q u a t i o n s  n a t l i x  and a r e  v a r i a n t s  o f  t h e  m a t r i x  

~ e t h o d  o f  f a c t o r i z a t i o n .  The sugges ted  t e c h n i q u e  i s  embodied 

r a t h e r  s imply  i n  t h e  programming p r o c e s s  anfi can  be  a p p l i e d  

e f f e c t i v e l y  t o  s o l v e  a wide range  o f  problems. 
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