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ABSTRACT 

The paper presents a survey of dynamic linear programming 
models. First, models are considered which can be referred to, 
rather conventionally, as a (specific) resource supply model 
(energy supply model, extraction and exploration of mineral 
resources, water management systems, manpower and educational 
models, agricultural models), then we describe the production 
or economy model. The linkage of such models into an integrated 
system (examples are energy-economy or manpower-economy inter- 
actions) is discussed in the final part of the paper. 



MODELS OF DYNAMIC LINEAR PROGRAMMING 

A .  P r o p o i *  

I N T R O D U C T I O N  

The i m p a c t  o f  l i n e a r  programming (LP) ( D a n t z i g  1963,  
Kan to rov ich  1965)  models  and  methods i n  t h e  p r a c t i c e  o f  d e c i s i o n  
making i s  w e l l  known. However, up  t o  now most  o f  t h e  LP a p p l i c a -  
t i o n s  a r e  o f  o n e - s t a g e ,  s t a t i c  n a t u r e ;  t h a t  i s ,  t h e  problem o f  t h e  
b e s t  a l l o c a t i o n  o f  l i m i t e d  r e s o u r c e s  i s  c o n s i d e r e d  a t  some f i x e d  
s t a g e  i n  t h e  deve lopment  o f  a  sys t em.  When t h e  sys t em t o  be  
o p t i m i z e d  i s  d e v e l o p i n g  - - n o t  o n l y  i n  t i m e  b u t  p o s s i b l y  a l s o  i n  
s p a c e - - a  o n e - s t a g e  a p p r o a c h  i s  no more a d e q u a t e .  I n  t h i s  c a s e  
d e c i s i o n s  s h o u l d  b e  phased  o v e r  t i m e  and t h e  problem o f  o p t i m i z a -  
t i o n  becomes a  dynamic,  m u l t i - s t a g e  one .  I n  f a c t ,  a l m o s t  e v e r y  
s t a t i c  LP model h a s  i t s  own dynamic v a r i a n t ,  t h e  l a t t e r  b e i n g  o f  
growing i m p o r t a n c e  b e c a u s e  o f  t h e  i n c r e a s i n g  r o l e  o f  p l a n n i n g  i n  
d e c i s i o n  making ( P r o p o i  1976,  P r o p o i  1979)  . 

The p u r p o s e  o f  t h i s  p a p e r  i s  t o  r e v i e w  d i f f e r e n t  dynamic 
l i n e a r  programming (DLP) models .  F i r s t  w e  c o n s i d e r  mode l s ,  which 
r a t h e r  c o n v e n t i o n a l l y  c a n  be  r e f e r r e d  t o  a s  a  r e s o u r c e  s u p p l y  model 
( S e c t i o n s  2 - 7 ) ,  t h e n  p r o d u c t i o n  o r  economy development  models  
( S e c t i o n  8 ) .  The l i n k a g e  o f  such  models  i n t o  an  i n t e g r a t e d  model 
i s  d i s c u s s e d  i n  t h e  f i n a l  p a r t  o f  t h e  p a p e r  ( S e c t i o n  9 ) .  Emphasis 
i s  p u t  on long- t e rm a p p l i c a t i o n s ,  t hough  o f  c o u r s e  t h e r e  a r e  many 
d i f f e r e n t  s h o r t - a n d  medium-tern DLP models  (some o f  them a r e  g i v e n  
i n  t h e  r e f e r e n c e s ) .  S o l u t i o n  methods  f o r  DLP models  a r e  n o t  con- 
s i d e r e d  i n  t h i s  p a p e r ;  a  s u r v e y  o f  t h e s e  methods  i s  g i v e n  i n  
( P r o p o i  1979)  . S e e  a l s o  ( B e e r  1977,  B u l a v s k i i  e t  a l .  1977,  D a n t z i g  
1963,  K a n t o r o v i c h  1965,  Madsen 1977,  P r o p o i  1973,  1 9 7 6 ) .  

*On l e a v e  from t h e  I n s t i t u t e  f o r  Systems S t u d i e s ,  
MOSCOW, USSR. 



ENERGY SUPPLY MODELS 

W e  b e g i n  w i t h  t h e  Energy Supp ly  System (ESS) model  b e c a u s e  it 
p l a y s  a  c e n t r a l  r o l e  i n  many e n e r g y  r e s o u r c e s  s t u d i e s ,  i s  r a t h e r  
w e l l  known and t y p i c a l  enough t o  b e  g e n e r a l i z e d  a s  some r e s o u r c e  
s u p p l y  model.  

The main p u r p o s e  o f  t h e  ESS model i s  t o  s t u d y  m a j o r  e n e r g y  
o p t i o n s  o v e r  t h e  n e x t  25-50 y e a r s  and  l o n g e r ,  t h u s  d e t e r m i n i n g  t h e  
o p t i m a l - f e a s i b l e  t r a n s i t i o n  from t h e  mix of  t e c h n o l o g i e s  f o r  e n e r g y  
p r o d u c t i o n  c u r r e n t l y  u s e d  ( f o s s i l ) ,  t o  a  more p r o g r e s s i v e  a n d ,  i n  
some s e n s e ,  o p t i m a l ,  f u t u r e  m i x t u r e  of  t e c h n o l o g i e s  ( n u c l e a r ,  c o a l ,  
s o l a r ,  e t c . )  f o r  a  g i v e n  r e g i o n  ( c o u n t r y ) .  

I n  f o r m u l a t i n g  DLP p r o b l e m s ,  it i s  u s e f u l  t o  s i n g l e  o u t  
( P r o p o i  1976 ,1979)  : (i) s t a t e  e q u a t i o n s  o f  t h e  s y s t e m s  w i t h  t h e  
d i s t i n c t  s e p a r a t i o n  o f  s t a t e  and  c o n t r o l  v a r i a b l e s ;  (ii) c o n s t r a i n t s  
imposed on t h e s e  v a r i a b l e s ;  (iii) p l a n n i n g  p e r i o d  T  - t h e  number 
o f  t i m e  p e r i o d s  d u r i n g  which  t h e  s y s t e m  i s  c o n s i d e r e d  and t h e  l e n g t h  
of  e a c h  t i m e  p e r i o d ;  ( i v )  p e r f o r m a n c e  i n d e x  ( o b j e c t i v e  f u n c t i o n )  
which q u a n t i f i e s  t h e  q u a l i t y  o f  a  program. W e  w i l l  c o n s i d e r  t h e s e  
f o u r  s t a g e s  s e p a r a t e l y  a s  a p p l i e d  t o  t h e  ESS model .  

S t a t e  E q u a t i o n s .  The ESS model i s  b r o k e n  down i n t o  two sub- 
sys t ems :  e n e r g y  p r o d u c t i o n  and r e s o u r c e  consumpt ion  s u b s y s t e m s .  
Hence two sets  o f  s t a t e  e q u a t i o n s  a r e  needed .  

Energy P r o d u c t i o n  and  C o n v e r s i o n  Subsys t ems .  The subsys t em 
c o n s i s t s  o f  a  c e r t a i n  number n  o f  t e c h n o l o g i e s  f o r  e n e r g y  p r o d u c t i o n  
( f o s s i l ,  n u c l e a r ,  s o l a r ,  e t c . ) .  The s t a t e  o f  t h e  s u b s y s t e m  a t  e a c h  

t i m e  p e r i o d  t i s  d e s c r i b e d  by t h e  v a l u e s  o f  t h e  c a p a c i t i e s  i n  t h a t  
I p e r i o d  t f o r  a l l  e n e r g y  p r o d u c t i o n  t e c h n o l o g i e s .  

L e t  y i ( t )  b e  t h e  v a l u e  o f  t h e  i t h  e n e r g y  p r o d u c t i o n  c a p a c i t y  
i n  t i m e  p e r i o d  t ;  v i ( t )  b e  t h e  i n c r e a s e  o f  t h e  i t h  c a p a c i t y  i n  t i m e  
p e r i o d  t i = 1 , . . . n  . I t  i s  assumed t h a t  a  s e r v i c e  ( l i f e - )  t i m e  
o f  e a c h  c a p a c i t y  i s  l i m i t e d  and  c o n s t i t u t e s  T~ p e r i o d s  f o r  t h e  i t h  
c a p a c i t y .  

Thus t h e  s t a t e  e q u a t i o n s ,  which  d e s c r i b e  t h e  deve lopment  o f  
t h e  e n e r g y  p r o d u c t i o n  and  c o n v e r s i o n  s u b s y s t e m  w i l l  b e  t h e  f o l l o w i n g :  

w i t h  t h e  g i v e n  i n i t i a l  c o n d i t i o n s  

The i n c r e a s e  o f  t h e  new c a p a c i t i e s  v i ( t )  i n  p r e p l a n n i n g  p e r i o d  
( t  < 0 )  i s  a l s o  assumed t o  b e  known: 



The s t a t e  e q u a t i o n s  f o r  p r o d u c t i o n  c a p a c i t i e s  can  a l s o  b e  
w r i t t e n  i n  t h e  form: 

Here g i  ( t )  , 0 < 6 i  ( t )  - < 1 i s  t h e  d e p r e c i a t i o n  f a c t o r  f o r  t h e  
i t h  production c a p a c i t y .  

Resources Consumption Subsystem. S t a t e  e q u a t i o n s  of t h i s  sub- 
system d e s c r i b e  t h e  dynamics of  cumula t ive  amounts of  e x t r a c t e d  
pr imary  energy  r e s o u r c e s .  

L e t  z . ( t )  be  t h e  cumula t ive  amount of  t h e  j t h  r e s o u r c e  ex- 
t r a c t e d  by3 t h e  b e g i n n i n g  o f  t i m e  p e r i o d  t ( j  = 1 , . . . , m )  ; m be  t h e  
t o t a l  number of  d i f f e r e n t  pr imary  r e s o u r c e s  under  c o n s i d e r a t i o n ;  
q  i ( t )  be  t h e  r a t i o  of t h e  amount of t h e  j t h  r e s o u r c e  (p r imary  
eiergy i n p u t )  r e q u i r e d  f o r  l o a d i n g  t h e  i t h  ene rgy  p r o d u c t i o n  capac- 
i t y  ( secondary  energy  o u t p u t )  i n  t i m e  p e r i o d  t (i  = 1 ,  ..., n ; j  = 
l r . . . r m ) ;  q j i  ( t )  r e p r e s e n t s  t h e  convers ion  p r o c e s s  j -+ i. 

Assuming a  comple te  l o a d  o f  p r o d u c t i o n  c a p a c i t i e s  and t h a t  
t h e  pr imary  Energy r e s o u r c e  e x t r a c t i o n  i n  t i m e  p e r i o d  t i s  propor-  - 
t i o n a l  t o  t h e  v a l u e  o f  t h e  energy  p r o d u c t i o n  c a p a c i t i e s  i n  t h i s  
p e r i o d  w e  can w r i t e  t h e  s t a t e  e q u a t i o n s  i n  t h e  form: 

I f  some c a p a c i t i e s  a r e  n o t  comple te ly  loaded ,  t h e n  t h e  i n t e n -  
s i t i e s  u . ( t )  of  p r o d u c t i o n  c a p a c i t i e s  a r e  i n t r o d u c e d  w i t h  condi-  

1 t i o n :  ui ( t )  < y .  ( t )  (i  = 1 , .  . . , n) . I n  t h i s  c a s e  v a r i a b l e s  yi ( t)  
s h o u l d  be  r e p i a d d  by u i ( t )  i n  e q u a t i o n  ( 4 ) .  

C o n s t r a i n t s .  The s t a t e  e q u a t i o n s  ( 1 )  and ( 4 )  d e t e r m i n e  dyna- 
m i c  ( inter temporalJ  c o n s t r a i n t s  on v a r i a b l e s .  W e  a l s o  have s t a t i c  
( in t ra temporal )  c o n s t r a i n t s  on v a r i a b l e s  f o r  each  t i m e  p e r i o d  t .  

Nonneqa t iv i ty  C o n s t r a i n t s .  E v i d e n t l y ,  a l l  v a r i a b l e s  i n t r o -  
duced i n t o  t h e  s t a t e  e q u a t i o n s  ( 1 )  and ( 4 )  canno t  b e  n e g a t i v e :  

A v a i l a b i l i t y  C o n s t r a i n t s .  F i r s t ,  t h e  upper  bounds shou ld  be  
imposed on t h e  annua l  c o n s t r u c t i o n  r a t e s  



where v.(t) are the given numbers. In a more general form these 
constraints can be written as 

where {f (t)) is the vector of non-energy inputs which are needed 
for the &ergy production subsystem (e.g. labour) . The coef fi- 
cient fs.(t) denotes the amount of the resource s required for the 
construction of a unit of the ith capacity in time period t. 
Bounds on new technology introduction rates can also be written 
in the form (7). 

The constraints on the availability of the primary energy 
resources can be given in the form: 

where {z.(t)) is the vector of all available energy resources 
(resourcAs in the ground) in time period t. 

Demand Constraints. The intermediate and final demands of 
energy are supposed to be given for all planning periods. Hence 
the demand constraints can be written as 

where {dk(t)) is the given vector for all t = 0,1, ..., T-1 of 
energy demand, both intermediate and final (e-g., electricity 
and nonelectric energy for final demand); coefficient d (t) 
defines either intermediate consumption of the secondar$ienergy k 
per unit of the secondary energy production or conversion effi- 
ciency of capacity i to produce a unit of the secondary energy k. 

Planning Period. The planning period is broken down into 
T steps where T is given exogenously. Each step contains a 
certain number of years (e.g. three, five). In (Haefele and 
Manne 1974) the planning period equals 75 years and each step 
corresponds to three years, thus T = 25. Since information of 
the coefficients of the model becomes more inaccurate with the 
increasing number of steps it is useful to consider steps which 
have different length. For example, in (Markuse et al. 1976) 
the planning period is 1 0 0  years and T is equal to 1'0 periods 
(five periods six years each, the next three periods ten years 
each and the last two periods twenty years each.) 

Objective Function. The choice of the objective function is 
one of the important stages in model building. Discussion of eco- 
nomic aspects of ESS modeling objectives comes out of the frame- 
work of this paper. Here we would like specifically to underline 
only two points: 1) in many cases the objective functions can 
be expressed as linear functions of state and control variables, 
thus making it possible to use LP techniques; 2) the optimization 



procedure should not be viewed as a final one in the planning 
process (yielding a 'hnique"optima1 solution), but only as a tool 
for analyzing the connection between policy alternatives and 
system performance. Thus in practical applications the policy 
analysis with different objective functions is required. For 
our purpose it is sufficient however to limit ourselves by some 
typical examples of objectives. 

Below we consider the objective function which expresses 
the total capital costs both for operation and construction, dis- 
counted over time: 

where cT(t) is the operating and maintenance cost for the ith 
capacity in time period t; cy(t) is the investment cost for the 
ith capacity in time period t; O(t) is the discount rate. 

It should be noted that the first sum in (10) expresses not 
only direct operating and maintenance costs at step t but also 
may indirectly include the cost for primary resources consumed 
at this step. In a more explicit way this cost can be written 
as c . (t) qj (t) yi (t) , where c . (t) should increase with the cumu- 

1 3 
lative amourit of resources being consumed. This leads to a non- 
linear objective function (Pianne 1976, Manne et al. 1979). A 
reasonable approximation in this case is a step-wise function 
for c .  (t). 

3 

Now we can formulate the model. But before let us intro- 
duce definitions. 

A sequence of vectors v = {vi (t) 1 ,  (i = 1 , . . . , n; t = 0,1, . . . , 
T-1) is control or program of the system. A sequence of vectors 
y = {yi(t)}, (i = l  ,..., n,; t - 0  , . . . ,  T) determined by (1) and (2), 
(3) is a (capacities) trajectory of the system; a sequence of 
vectors z = {z. (t) ) (j = 1,. . . ,m ; t = 0,. . . ,T) determined by (4) 
is a (cumulatiae resources) trajectory of the system. Sequences 
of vectors {v,y,z), which satisfy all constraints of the problem 
are feasible. 

Choosing a control v one can obtain by (I), (2) and (4) 
trajectories y and z and compute the value of objective function 
(lo). Thus, J = J(y(O),z(O),v) = J(v). A feasible control {v*), 
which minimizes the (1 0) (or J (v) ) is an optimal control. 

The optimization problem associated with the ESS model can 
be stated now as follows. 

Problem 1. Given the state equations ( 1 )  and (4) with initial 
conditions yU and z and known parameters (3), find control v and 
corresponding trajectories y,z, which satisfy the constraints 
(5) - (9) and minimize the objective function (10). 

Problem 1 represents only a very simplified version of ESS 
models. For detailed discussion of these models see (Haefele and 
Manne 1974, Makarov and Melentjev 1973, Manne 1976, Manne et al. 
1979, Markuse 1976, Propoi and Zimin 1979). 



Verbally, the policy analysis in the energy supply system 
model, which is formalized as Problem 1, can be stated in the 
following way. In a country or in a region there are some ini- 
tial capacities for production of energy resource and there are 
different ways (options) of developing these capacities during the 
considered period. Each of these options has its own advantages 
and disadvantages. The problem is to find such a mix of these 
options, which 

-- meets the given demand in secondary energy (9); 
-- satisfies the availability constraints on the primary 

energy and other resources (labour, etc.), which are 
needed for developing the ESS system (6) - (8) ; 

-- minimizes the total operational and construction cost (10). 

Clearly, this formulation is general enough in order to 
permit different specifications for other types of resources. We 
illustrate it by examples. 

EXTRACTION AND EXPLORATION OF MINERAL RESOURCES 

In this section we describe the model for analyzing different 
policies in extraction and exploration activities for some mineral 
or primary energy resource (e.g. coal, oil, etc.). 

The model is literally a repetition of the above model: for 
a given region (country) there are known initial values of identi- 
fied and hypothetical stocks of the resource, classified on n 
different categories (e.g. on-shore crude oil, natural gas and 
off-shore crude oil). There are also M different extraction and K 
different exploration technologies. The intensities of the tech- 
nologies depend on the extraction and exploration capacities 
available at this time period. 

The problem is to determine the optimal mix of extraction 
and exploration activities in a given planning horizon, which is 
balanced with the development of the capacity subsystem and yields 
the maximum output for this planning horizon. 

The model is formalized as follows. For each category 
i = 1, ..., n let initial stocks of identified and hypothetical 
resources be given: 

with the state equations for extraction activities 



and exploration activities 

2 2 2 3 
Xi(t+l) = xi (t) - I Uki(t) + 6; (t) . 

k= 1 

1 
Here x.(t) is the amount of the identifjed resource of cate- 

gory i at the beginning of time period t; xi(t) is the same quan- 1 tity for hypothetical resource of category i; umi(t) is the (net) 
amount of resource i extracted by technology m in time period t 
(extraction activity); 6Ai(t) is the recoverability factor of 
resource i by extraction activity m; ugi(t) is the (gross) amount 
of resource i shifted from the hypothetical to the identified 
category by exploration activity k; ~ f ( t )  is the exogenously 
given increase of the hypothetical resource of category i at 
time t (discovery rate). 

Let also be given the initial values of extraction and ex- 
ploration capacities (a = 1 ,  ..., M; k = 1 ,  ..., K) 

with the state equations 

Here, as in (1) vA(t) is the increase of the m - th extrac- 
tion capacity in time period t; r A  is the service time for this 
capacity; v$ (t) and r$ have the same meaning for exploration 
capacity k. 

The intensities of extraction or exploration activities can- 
not exceed the existing capacities 

Besides, we have to take into account budget and other resources 
availability constraints which are needed for operation and 
contraction of new capacities. These constraints are written 
in a form similar to (7). 



Finally, the problem is to find such nonnegativity controls 
1 2 1 2 

{umi(t)), {uki(t)) and {vm(t)), {vk(t)) with corresponding tra- 
1 2 1 2 jectories x ( t  {xi(t)} and z m t  {zk(t)) which satisfy 

the given state equations (12), (13), and (15), (16) with ini- 

tial conditions (11) and (14) and the availability constraints 

(17), (7) which yield a maximum total output of the resource 

in question: 

where ci is the weight coefficient for the resource of category i 
i (e.g. energy conversion factor for primary energy resource) . 

Another type of objective which may be of interest here is 

the minimization of total cost for extraction and exploration 

(under given demand constraints) which is similar to the objec- 

tive of Problem 1 .  Different modifications and generalizations 

of this model are discussed in (Propoi and Zimin 1979). 

WATER MANAGEMENT SYSTEMS 

In the same way as the above models it can be formulated for 

a water supply model (Agarkov et al. 1957). There is one impor- 

tant difference, however. In comparison with the secondary energy, 

the expenditures for transhipment of water or many other primary 

resources are rather significant, therefore the model should be 

regionalized in most cases. Note also, that there are many other 

different applications of DLP in water management (alternative 

evaluation of a river basin, etc. (Agarkov et al. 1957, Biswas 

1976, Parikh 1966). 

MANPOWER AND EDUCATIONAL MODELS 

In these models we deal with a special kind of resource, 

namely, with the human resource. Different manpower and educa- 

tional DLP models are discussed in (Bartholomew 1973, Charnes et 

al. 1978, Grinold and Marshall 1977, Propoi 1978). Some problems 

of policy analysis in migration or, generally, in national settle- 

ment systems planning as well as problems of health care planning 

can also be considered in the framework of DLP (propoi 1977a, 



Propoi and Willekens 1 9 7 3 ) .  Here we describe only an educational 

model which can be viewed as a skilled labour supply model. 

Let xi(t) be the number of specialists of type i (grade, 

speciality, age, etc.) at time period t ( = 1 ,  n and uk(t) 

be the number of entrants to the educational system of type k 

(school, faculty, vocational courses, etc.) at time period t 

(k=l,..,r). It is assumed that T~ time periods are required 

for graduating from the educational system of type k. 

The vector x (t) = {xi(t) } represents the distribution of 

specialists at time t (manpower stock) and vector u (t) = {uk(t) } 

is the distribution of new enrollments at time t over different 

types of the educational system. Vector x(t) is the state of the 

system and vector u(t) is the control. 

The state equations describing the development of the man- 

power system are 

Here a . .  is the coefficient which shows how many specialists 
11 

of type j progress to group i between steps t and t+l; in many 

cases aii = I-gii, if i = -j and is zero otherwise; Bii is the 
manpower stock attrition rate; 

bik is the coefficient which shows 

how many enrollments to educational system k (at time t - ~ ~ )  will 

enter the manpower stock of type i at time t. These coefficients 

denote the ratio of graduates of type i to the total number of 

enrollments of type k. 

The constraints on the variables can be written in standard 

form of (7): 

where f (t) = {fs(t) 1 is the vector of given resources required 

for education (teachers, buildings, equipment, etc.), coeffi- 

cients f specify the requirements in resource s per unit of sk 
education of type k. 



Sometimes it is more convenient to evaluate the required 

resources for the total number of students at current time pe- 

riod t: 

In many cases it is also necessary to single out the con- 

straints on the availability of teachers or instructors, which 

may be a part of the educational system. In this case 

where h (t) = 1 if the i - th type specialists are full-time i j 
teachers of type j and 0 - < hij(t) - < 1 for part-time teachers; 

coefficients g specify the requirements for teachers of type 
jk 

j by students of type k. 

Usually, the objective of the educational system is to meet 

the given denand {xi(t)} in manpower as closely as possible. 

This closeness can be expressed by the piece-linear objective 

function 

1 where rnt = ai (xi (t)-Xi (t)) for surplus of specialists and 
t i 2 - 4 .  = a. (x. (t) -x. (t) ) for their shortage. This objective func- 
1 1 1  1 

tion can be easily reduced to linear 

with additional constraints 

xi (t) + ti (t) - " (t) = xi (t) ; ti (t) , Qi t )  < 0 .  - 



Other objectives are also of interest, for example, to de- 

velop a special program for training the maximum feasible number 

of specialists of the eligible group of specialities by the end 

of this program, etc. (Propoi 1978). 

As mentioned above, the separation of the models into supply 

and production type is rather conventional. In fact, for ex- 

ample, the educational model considered above can be viewed as 

either a labour supply model or as a model for planning the 

"production" of specialists. This is also true for different 

agricultural models, which are described in the next section. 

AGRICULTURAL MODELS 

First, we describe a model for livestock breeding (Propoi 

1979, Swart 1975). 

Livestock Breeding. Let xia(t) be the number of animals 

of type i (calf, heifer, dairy cow, sow, etc.) and age group 
+ 

a at time period t (e.g. year), u (t) be the number of animals ia 
of type i and age group a purchased at time period t, and uYa(t) 

is the same number for sold animals. Then in matrix form the 

state equations which describe the development of livestock 

will be 

+ + - Here vectors x(t) = {x (t)}; u (t) = {uia(t)); U-(t) = {uia(t)} ia 
(i=l, ..., n; a=1, ..., N) specify respectively the state and con- 
trols of the system at time t; G is a so called growth matrix: 

Here B(a) is a birth matrix for age group a; the element bij (a) 

of B(a) shows what number of animals of type i is "produced1' 



( b o r n )  by one  a n i m a l  o f  t y p e  j and a g e  g r o u p  a .  I t  i s  assumed 

t h a t  t h e  r e p r o d u c t i v e  a g e  b e g i n s  w i t h  g r o u p  N 1  and  e n d s  w i t h  

g r o u p  N .  S ( a )  i s  a  s u r v i v a l  m a t r i x  which shows what  p r o p o r -  

t i o n  o f  a n i m a l s  o f  g r o u p  a  p r o g r e s s e s  t o  g r o u p  a  + 1 f o r  one  

t i m e  p e r i o d  ( I - S ( a )  i s  a n  a t t r i t i o n  m a t r i x ) .  D i a g o n a l  m a t r i c e s  

B+ and B- s p e c i f y  t h e  p u r c h a s i n g  and  s e l l i n g  a c t i v i t i e s  i n  

t h e  s y s t e m  ( e . 9 .  t h e r e  i s  1 on  main d i a g o n a l  i f  w e  have  s u c h  

a c t i v i t y  f o r  g i v e n  t y p e  i and a g e  g r o u p  a  and 0 o t h e r w i s e ) .  

Along w i t h  e v i d e n t  n o n n e g a t i v i t y  c o n s t r a i n t s  b o t h  f o r  

c o n t r o l  and s t a t e  v a r i a b l e s ,  i t  i s  n e c e s s a r y  t o  t a k e  i n t o  

a c c o u n t  c o n s t r a i n t s  a s s o c i a t e d  w i t h  c a r e  and  f e e d i n g  o f  a n i m a l s .  

They c a n  b e  w r i t t e n  a g a i n  i n  t h e  form o f  ( 7 ) .  

T h i s  model c a n  b e  c o n s i d e r e d  a s  a  r e s o u r c e  s u p p l y  model 

f o r  a  food  p r o d u c t i o n  s y s t e m  ( m i l k ,  mea t ,  c h e e s e ,  e t c . ) .  O r ,  

i t  c a n  a l s o  b e  viewed i t s e l f  a s  a  p r o d u c t i o n  s y s t e m ,  which re- 

q u i r e s  i t s  own r e s o u r c e  s u p p l y  s y s t e m ,  f o r  example ,  f o r a g e  p ro -  

d u c t i o n  (hay ,  c o r n ,  h a y l a g e ,  e t c . )  f o r  f e e d i n g  a n i m a l s  (see 

S e c t i o n  9 ) .  

I n  s p i t e  o f  i t s  s i m p l i c i t y  ( o r  maybe due  t o  i t s  g e n e r a l i t y )  

t h i s  b a s i c  model c a n  b e  u s e d  i n  many f i e l d s  of  p o p u l a t i o n  con- 

t r o l  ( c a t t l e ,  p i g ,  and s h e e p  b r e e d i n g ,  p o u l t r y  f a r m i n g ,  o p t i m a l  

c o n t r o l  o f  f i s h  b r e e d i n g ,  f u r  f a r m i n g ,  e t c . ) .  S i m i l a r  p rob lems  

a l s o  a r i s e  when p l a n n i n g  t h e  m i g r a t i o n  o f  w i l d  a n i m a l s  o r  when 

t h e  s u p p r e s s i o n  o f  p e s t s  i s  n e c e s s a r y .  

P e r e n n i a l  Crop P r o d u c t i o n  ( C a r t e r  e t  a l .  1 9 7 7 ) .  I t  i s  i n t e r -  

e s t i n g  t o  n o t e  t h a t  w e  w i l l  o b t a i n  p r a c t i c a l l y  t h e  same e q u a t i o n s  

when t h e  p e r e n n i a l  c r o p  ( g r a p e s ,  a p r i c o t s ,  a p p l e s ,  a l f a l f a ,  e t c . )  

p r o d u c t i o n  model i s  c o n s i d e r e d .  To i l l u s t r a t e  w e  w i l l  d e s c r i b e  

o n l y  t h e  model f o r  t h e  p r o d u c t i o n  o f  one  t y p e  o f  p e r e n n i a l .  L e t  

x i ( t )  b e  t h e  number o f  h e c t a r e s  u s e d  f o r  a  p e r e n n i a l  c r o p  o f  age  
+ 

g r o u p  i ( i  = 1 , .  . . , N )  a t  t i m e  p e r i o d  t ,  and  u  ( t )  b e  t h e  number o f  

h e c t a r e s  u s e d  f o r  new p l a n t i n g  a t  t i m e  t .  Then t h e  s t a t e  e q u a t i o n s  

w i l l  be  i n  c o o r d i n a t e  form: 



+ x l  ( t + l )  = b0u ( t )  

x N ( t + l )  = NN ( t )  + N,N-1 x N-1 ( t )  

O r ,  i n  m a t r i x  form 

0  x ( t + l )  = Ax ( t )  + b u + ( t )  , x ( 0 )  = X , 

where 

+ 
I n  more g e n e r a l  form,  when w e  have  b o t h  p l a n t i n g  u  ( t )  and 

- 
h a r v e s t i n g  u  ( t )  a c t i v i t i e s ,  t h e  s t a t e  e q u a t i o n s  a c q u i r e  t h e  

form o f  ( 1 9 ) .  

Note,  t h a t  t h e  same e q u a t i o n s  a r e  a l s o  a p p l i e d  f o r  f o r e s t  

management models  ( K a l l i o  e t  a l .  1 9 7 9 ) .  D i f f e r e n t  t y p e s  o f  DLP 

models  f o r  s e p a r a t e  a g r i c u l t u r a l  a c t i v i t i e s  a r e  c o n s i d e r e d  i n  

( C a r t e r  e t  a l .  1 9 7 7 ) ,  C s a k i  1977,  P r o p o i  1979,  S w a r t  1 9 7 5 ) .  

ECONOMY DEVELOPMENT MODEL 

S e v e r a l  examples  o f  DLP models  were c o n s i d e r e d  above which 

can  be  r e f e r r e d  t o  a s  a  ( s p e c i f i c )  r e s o u r c e  s u p p l y  model unde r  

t h e  g i v e n  demand c o n s t r a i n t s  f o r  t h i s  s p e c i f i c  r e s o u r c e  and t h e  

a v a i l a b i l i t y  c o n s t r a i n t s  f o r  o t h e r  r e s o u r c e s  which are r e q u i r e d  

f o r  deve lopment  o f  t h e  s y s t e m .  A c o u n t e r p a r t  o f  s u c h  models  i s  

a  p r o d u c t i o n  o r ,  g e n e r a l l y ,  an  economy development  model (Agan- 

b e g i a n  e t  a l .  1972, D a n t z i g  1955,1963,  Dukalov e t  a l .  1974,  

I v a n i l o v  and P e t r o v  1970,  ~ a n t o r o v i c h  1965,  Koeh le r  e t  a l .  1975,  

P e g e l s  1976,  P r o p o i  and Zimin 1 9 7 9 ) .  Below w e  d e s c r i b e  a  s i m p l e  

DLP model o f  an  economy (see a l s o  I v a n i l o v  and P e t r o v  1970,  

P r o p o i  and Zimin 1979)  . 



State equations. The system under consideration is broken 

down into two subsystems: production and capacities development 

(or capital stock accumulation). 

Production subsystem. The operation of industry is described 

in terms of n production sectors. Let xi(t) be the stock of pro- 

duction in sector i = , . . . , accumulated up to a time period 

t, ui(t) be the gross output (production level) of sector i in 

time period t, vi(t) be the additional capital stock constructed 

in time period t, and aij(t) be the input-output coefficients. 

We assume also, that T; is the time (number of time periods) 
J 

required to construct and to put into operation additional ca- 

pacity in sector j; bi j (T) are capital coefficients; bij (TI 

shows the requirements in good i to build a unit capacity in 

sector j which will be available T time periods later; wi(t) 

is the final consumption of sector i products, and s.(t) is the 
1 

net export. Then the state equations describing the production 

subsystem can be written as follows: 

Initial inventories and preplanning controls are assumed 

to be given (i=l, ..., n;t=O, ...,y 1 ) :  

Capacities Development Subsystem. Let yi(t) be the value 

of the production capacities of type i and b.(t) be the depre- 
1 

ciation factor in sector i at time period t. Then the dynamics 

of production capacities is written as follows (cf.(la)): 



C o n s t r a i n t s .  E v i d e n t l y  a n y  economic s y s t e m  i s  o p e r a t i n g  

w i t h i n  c e r t a i n  c o n s t r a i n t s  which imply  p h y s i c a l ,  economic ,  

i n s t i t u t i o n a l  and o t h e r  l i m i t s  t o  t h e  c h o i c e  o f  c o n t r o l s .  

R e s o u r c e s  A v a i l a b i l i t y  C o n s t r a i n t s .  The p r o d u c t i o n  s y s t e m  

r e q u i r e s  c e r t a i n  e x t e r n a l  r e s o u r c e  i n p u t s  f o r  i t s  o p e r a t i o n .  

F i r s t  o f  a l l ,  t h e s e  a r e  l a b o r  and  p r i m a r y  r e s o u r c e s .  Both 

c o n s t r a i n t s  c a n  b e  w r i t t e n  i n  a  s i m i l a r  way: f o r  l a b o r  re- 

s o u r c e s :  

where R k ( t )  i s  t h e  t o t a l  l a b o r  o f  c a t e g o r y  k  a v a i l a b l e  i n  t i m e  

p e r i o d  t ;  R ( t )  a r e  t h e  l a b o r  o u t p u t  r a t i o s  f o r  s e c t o r  j ;  
k  j 

f o r  o t h e r  r e s o u r c e s  ( e . g .  l a n d ,  w a t e r ,  e t c . ) :  

where r m ( t j  i s  t h e  t o t a l  amount o f  r e s o u r c e  c a t e g o r y  m ,  a v a i l -  

a b l e  i n  t i m e  p e r i o d  t ;  r ( t )  a r e  r e s o u r c e  r e q u i r e m e n t s  p e r  
m j 

u n i t  o f  s e c t o r  i p r o d u c t i o n  i n  t i m e  p e r i o d  t. 

P r o d u c t i o n  C a p a c i t i e s  C o n s t r a i n t s .  The g r o s s  o u t p u t  o f  

e a c h  s e c t o r  i s  l i m i t e d  by t h e  a v a i l a b l e  p r o d u c t i o n  c a p a c i t y  

I n v e n t o r y  C o n s t r a i n t s .  These  c o n s t r a i n t s  r e l a t e  t o  t h e  

p o s s i b i l i t y  o f  a c c u m u l a t i n g  l i m i t e d  amounts  o f  good s t o c k s .  

F o r  s t o r a b l e  goods :  

where xi ( t )  a r e  t h e  g i v e n  s t o c k  c a p a c i t i e s ,  and  xi  ( t )  a r e  c a l -  

c u l a t e d  f rom ( 2 0 ) .  



For nonstorable goods we have instead of (26): 

It should be stressed that in many practical cases, the accumu- 

lation of goods stocks in large amounts is unreasonable or too 

expensive. Hence, {xi(t)} are small in comparison to the out- 

puts of the system. Therefore we can consider the balance 

equation (bill of goods) in the form of inequality (which is the 

matrix form of (27) ) : 

or equality 

both for storable and nonstorable goods. (In (28) and (28a) it 

is assumed that T = T.). 
3 

Consumption Constraints. Final consumption is usually 

bounded for each sector i. In many cases it can be represented 

in the form: 

where w(t) is the total final consumption, gi(t) is the share 

of total consumption provided by sector i. Exogenously given 

vector g (t) = {gi (t) } predefines the profile of a final consump- 

tion over time. The introduction of a consumption profile allows 

one to use a scalar control w(t) instead of control vector 



Objective Function. Above, {u,v,w,} = {ui(t),vi(t),w. (t)} 
1 

are control variables, ' {x,yl = {xi (t) ,yi (t) J are state variables. 

The choice of optimal control depends on the choice of the ob- 

jective of the model. In the following we consider typical 

examples of the objective functions. 

Maximization of the cumulative discounted goods supply 

(final consumption). In this case the objective function is 

where B(t) is the discount factor. 

For the last step, the objective function will be 

where h.(t) is the weight coefficient for sector i products. 
1 

Maximization of the final stock of qoods. 

hl (T) is the weight coefficient ("cost?') for production stock 

x. (T) in sector i. 
1 

Maximization of the terminal values of production capacities. 

~Y(T) is the weight coefficient for production capacity yi(T) 
1 

in sector i. 

Minimization of total expenses. This criterion is similar 

to the objective functions, considered in Sections 1 and 2: 

u Y v where Ci (t) I Ci (t) are operating and maintenance costs, ci (t) 

is the investment cost, B(t) is the discounting factor. 



Other objective functions are also possible. It should be 
noted that goals of control can also be expressed by additional 
constraints, such as w(T) > ;(T) ; x(T) 2 F(T) ; y (T) 2 ?(T) . For 
example, one wishes to maxTmize the total expenses under the 
given level of final consumption ;(T). 

Using the above conditions one can specify different economy 
models. As an example we formulate the following model. 

Problem 2. Given the state equations (20), (22) with ini- 
tial conditions (21). Find control {u,v,w) and the corresponding 
trajectories {x,y) which satisfy conditions (23)-(29) with non- 
negativity constraints and minimize the objective function (30). 

INTEGRATED MODELS 

Above some separate DLP models were described which can be 
used individually for different purposes. However, this approach 
of separate analysis is limited in its possibilities because 
many important features of systems are missing due to their in- 
teractions. Therefore integrated models are needed which describe 
resource supply economy or production interrelations. Below we 
describe three such models: energy supply economy; skilled labour 
supply economy and an integrated model for agricultural production. 

Energy-Ecanomy Model. (Dantzig 1976). Considering the ESS 
and economy models one can see that there are two main links be- 
tween them: final demand for energy which is the output of the 
economy model and nonenergy resources supply for which the re- 
quirements are outputs of the ESS model. We shall combine the 
ESS model (Problem 1) and the economy model (Problem 2) into a 
whole system, using subscripts E for the energy sector and NE for 
the nonenergy sectors. For a uniform representation we assume 
that both the industrial processes of economy and energy sectors 
are described in terms of physical flows. Besides, we omit, for 
simplicity, time lags in construction and putting into operation 
production capacities. 

Production Subsystem is described by a combination of state 
equations (1) and (2) for energy and nonenergy sectors respective- 
ly in their simplified form (we describe depreciation of the 
capacities in the same way for both equations): 



Here yE ( t )  and yNE ( t )  a r e  v e c t o r s  o f  p r o d u c t i o n  c a p a c i t i e s  

f o r  e n e r g y  and  nonenergy  s e c t o r s ,  v  ( t )  and v N E ( t )  a r e  t h e  i n -  E  
c r e a s e s  o f  t h e s e  c a p a c i t i e s  i n  t i m e  p e r i o d  t .  

To d e s c r i b e  t h e  a c c u m u l a t i o n  consumpt ion  o f  p r i m a r y  e n e r g y  

r e s o u r c e s  w e  c a n  u s e  t h e  e q u a t i o n  ( 4 ) ,  t h e  t o t a l  l o a d  o f  capac -  

i t i e s  i s  assumed h e r e a f t e r .  

The most  i m p o r t a n t  c o n s t r a i n t  i n  t h e  model i s  t h e  b a l a n c e  

between t h e  p r o d u c t i o n  of  goods  and t h e i r  consumpt ion  ( B i l l - o f -  

Goods ) .  Here w e  n e g l e c t  t h e  p o s s i b i l i t y  t o  s t o c k  g o o d s ,  t h u s  

c o n s i d e r i n g  t h e  s t a t i c  form o f  t h e s e  c o n d i t i o n s :  f o r  e n e r g y  

o u t p u t  ( u p p e r  i n d e x  "E" f o r  m a t r i c e s )  : 

f o r  nonenergy  p r o d u c t s  ( u p p e r  i n d e x  "NEW f o r  m a t r i c e s ) :  

Labor a v a i l a b i l i t y  c o n s t r a i n t s  ( 2 3 )  a r e  w r i t t e n  i n  t h e  form: 

S i m i l a r l y  it c a n  b e  w r i t t e n  c o n s t r a i n t s  ( 2 4 )  f o r  t h e  a v a i l a b i l i t y  

of  o t h e r  r e s o u r c e s ,  whi-ch a r e  e x t e r n a l  t o  t h e  sys t em ( e . g .  l a n d ,  

w a t e r ,  e t c . )  



F i n a l  consumpt ion  c o n s t r a i n t s  ( 2 9 )  a r e  w r i t t e n  a s :  

where t h e  g i v e n  v e c t o r s  g ~ ~ ( t )  and g E ( t )  s p e c i f y  p r o f i l e s  o f  
f i n a l  consumpt ion  f o r  nonenergy  and e n e r g y  p r o d u c t s ,  r e s p e c -  
t i v e l y .  E v i d e n t l y ,  a l l  t h e  v a r i a b l e s  a r e  n o n n e g a t i v e .  

L e t ' s  d e n o t e  t h e  o p t i m i z a t i o n  problem a s s o c i a t e d  w i t h  con- 
d i t i o n s  ( 3 1 ) - ( 3 9 )  and  t h e  o b j e c t i v e  f u n c t i o n  ( 3 0 )  a s  Problem 3 .  

I n  t h e  i n t e g r a t e d  model t h e r e  i s  a n  i m p o r t a n t  f e a t u r e  which  
c a n n o t  b e  e x p l i c i t l y  s e e n  f rom t h e  m a t r i x  n o t a t i o n s  o f  Problem 
3 .  P r a c t i c a l l y  a l l  i n d i v i d u a l  models  which  a r e  t o  b e  i n c o r p o -  
r a t e d  i n t o  a  s y s t e m  may have  d i f f e r e n t  l e v e l s  o f  a g g r e g a t i o n .  
I n  f a c t ,  when w e  i n v e s t i g a t e  t h e  i n f l u e n c e  o f  a  r e s o u r c e  s u p p l y  
sys t em on economy deve lopmen t ,  t h e  r e s o u r c e  s u p p l y  model s h o u l d  
b e  p r e s e n t e d  i n  more d e t a i l  t h a n  t h e  economy model .  I n  t h i s  
c a s e ,  a  s p e c i a l  model i s  t o  b e  deve loped  which  shows t h e  i n f l u -  
e n c e  ( i m p a c t )  o f  t h e  r e s o u r c e  s u p p l y  sys t em upon t h e  economy a s  
a  whole (Kononov and Por  1 9 7 9 ) .  

C o n s i d e r i n g  t h e  i n t e g r a t e d  model (Problem 3 )  o n e  c a n  see 
t h a t  it i s  b a s i c a l l y  t h e  economy model (Problem 2 )  p a r t i t i o n e d  
i n  e n e r g y  ( E )  and nonene rgy  (NE) sectors .  On t h e  o t h e r  hand ,  
it c a n  b e  r e f o r m u l a t e d  i n  s u c h  a  way t h a t  it w i l l  i n c o r p o r a t e  
e x a c t l y  t h e  ESS model and t h e  model d e s c r i b i n g  t h e  r e s t  o f  t h e  
economy sys t em p l u s  l i n k i n g  c o u p l i n g  c o n s t r a i n t s .  

I n  f a c t ,  t h e  c o n d i t i o n s  ( 3 1 ) ,  ( 3 3 )  a r e  t h e  same a s  i n  
Problem 1 .  B e s i d e s ,  l e t  u s  p a r t i t i o n  t h e  b a l a n c e  e q u a t i o n s  ( 3 5 )  
and ( 3 6 )  a s  f o l l o w s :  

E q u a t i o n  ( 4 1 )  e x p r e s s e s  t h e  s u p p l y  o f  e n e r g y  by t h e  e n e r g y  
s e c t o r  and  i n  f a c t  i s  e q u i v a l e n t  t o  t h e  demand c o n s t r a i n t s  ( 9 )  



E with I - AE (t) = DE (t) and dE(t) fixed, while the constraints 

(42) represent the requirements of ESS for nonenergy products 

with the fixed f!E(t), and, taking into account the comparative 

smallness of the second left-side term in (42), are equivalent 

to (7). Equations (40) and (43) represent the demands for 

energy and nonenergy products of the rest of the economy while 

equation (44) expresses the supply of goods by nonenergy sectors 

(with dE (t) and fEE (t) being fixed) . Besides, we can rewrite 

constraints (37) in the form 

Finally, we find that equations (31), (33), (34), (41) J42) 

and (45a) ~::ith variables dE (t) , fEE (t) and RE (t) to be given 
exogenously represent the complete description of the ESS model, 

while equations (32), (40), (43), (44) and (45b) with exogenously 

given dE(t), NE fE (t) and RNE (t) describe the rest of the economy. 

In the integrated model, variables dE (t) , f:E (t) , f:: (t) , 
lE(t) and RNE(t) should be considered as endogenous; in this 

case constraints (44) and (46) are coupling constraints and 

variable d (t) is a coupling variable. E 

Manpower-Economy Model. (Propoi 1978). In the nodel con- 
sidered in Section 5 the demand for manpower and resource con- 
straints for education are given exogenously. Of large interest 
is the analysis of interrelations between manpower and economy 
development models. When this interaction is analyzed, two 
major options should be taken into account: development of 
some sectors in an economy in order to absorb the projected 
surplus in manpower of certain types and development of educa- 
tional facilities in order to fill up possible shortages in 
manpower for other sectors of an economy. Besides, we have to 
add possibilities of labor force migration into and out of the 
system. The problem should be disaggregated on major economic 
activities (e.g., various industrial sectors, agriculture, con- 
struction, transportation, public administration and other 
services) and on the levels of education (e.g. primary, second- 
ary, higher. ) 

One can see that this problem is quite similar to the 
analysis of energy-economy interaction. Therefore, below we 
describe only briefly a manpower-economy model. 



Let x(t) be the vector of skilled manpower at time t, u(t) 
be the vector (of the same dimension) of manpower increase 
during time period t, and A(t) be the transition matrix. Then 
the state equations for the manpower/educational subsystem will 
be the following (cf. (17)): 

The training of people requires resources; first of all, 
teachers: u(t) < $x(t) and second, buildings and equipment: 
u(t) < ye(t) whe7e ye(t) is the vector of the capital stock for 
the ezucational subsystem. The development of this subsystem 
can be expressed in the same terms as development of the pro- 
duction system: 

where subscript e refers to the educational subsystem, Ae(t); 
A(t) are depreciation matrices. The balance of goods production 
and their c~nsumption for the whole system is: 

with constraints z(t) < y(t) and L(t)z(t) < x(t) where the 
matrix L(t) specifies requirement in skillzd labour for each 
sector of the economy, z(t) is the vector of gross outputs. 

The connection between consumption vector w(t) and man- 
power vector x(t) is assumed to be given as w(t) = g(t) + 
F (t)x (t) where g (t) is the exogenously given vector of govern- 
mental consumption, and matrix F(t) specifies the consumption 
profile for different categories of manpower. The last two 
conditions describe the linkage between educational and economy 
submodels. 

With the above model, optimal policies with different 
objective functions can be analyzed. 

Agricultural Model. For illustration, only a very simple 
model of livestock-crop production interaction will be con- 
sidered here (see also Propoi 1979 and Swart 1975) . The DLP 
model of a whole agro-industrial complex development. is repre- 
sented in (Carter 1977). 

The livestock subsystem was described in Section 7. Let 
the consumption of the forage of different types (corn, hay,etc.) 
be represented as 



Dx ( t )  = d ( t )  ( 4 7 )  

where v e c t o r  x ( t )  o f  t y p e / a g e  d i s t r i b u t i o n  o f  a n i m a l s  i s  c a l c u -  
l a t e d  from t h e  s t a t e  e q u a t i o n s  ( 1 9 )  and t h e  v e c t o r  d ( t )  i s  g i v e n  
exogenous ly  i n  t h e  l i v e s t o c k  model .  I f  a  c r o p  p r o d u c t i o n  sub-  
sys t em i s  t o  b e  l i n k e d  w i t h  a  l i v e s t o c k  s u b s y s t e m ,  t h e n  c o n d i t i o n  
( 4 7 )  becomes a  c o u p l i n g  c o n s t r a i n t  ( w i t h  endogenous  d  ( t )  ) be- 
tween t h e s e  s u b s y s t e m s .  L e t  z  ( t )  b e  t h e  v e c t o r  o f  d i f f e r e n t  
t y p e s  of  f o r a g e  ( t h e  same d imens ion  a s  v e c t o r  d  ( t )  ) a t  t h e  be- 
g i n n i n g  o f  t i m e  p e r i o d  ( y e a r )  t ;  v e c t o r  y ( t )  r e p r e s e n t s  t h e  
number o f  h e c t a r e s  f o r  d i f f e r e n t  c r o p s ,  and v e c t o r s  w + ( t )  , w- ( t )  
b e  p u r c h a s i n g  and  s e l l i n g  a c t i v i t i e s .  Then t h e  s t a t e  e q u a t i o n s  
f o r  t h e  c r o p  p r o d u c t i o n  subsys t em w i l l  be  a s  f o l l o w s  (assuming 
t h a t  t h e r e  i s  a  p o s s i b i l i t y  t o  s t o c k  f o r a g e ) :  

+ 
z  ( t + l )  = z  ( t + l )  + C y ( t )  - D x ( t )  +w ( t )  - w - ( t )  ; 

( 4 8 )  

z  ( 0 )  = z  0  

where m a t r i x  C = { c  r e p r e s e n t s  t h e  o u t p u t  of  f o r a g e  s p e r  one 
s j  h e c t a r  o f  t h e  l o t  j .  

I f  t h e r e  i s  no p o s s i b i l i t y  ( o r  n e c e s s i t y )  t o  s t o c k  t h e  
f o r a g e  s ,  t h e n  t h e  above e q u a t i o n  i s  r e p l a c e d  by 

There  c a n  b e  o t h e r  c o n s t r a i n t s  on v a r i a b l e s .  F o r  example ,  
t h e  t o t a l  a r e a  of  a l l  l o t s  i s  u p p e r  bound G y j ( t )  1 Y o r  t h e  
p o s s i b i l i t y  t o  s t o c k  p r o d u c t s  i s  l i m i t e d  b$ s t o c k  c a p a c i t i e s  
z S ( t )  5 < ( t ) .  The o b j e c t i v e  o f  t h i s  model c a n  b e ,  f o r  example ,  
maximization of  d i s c o u n t e d  n e t  r e t u r n s  o f  t h e  g i v e n  p l a n n i n g  
h o r i z o n .  

Two b a s i c  a p p r o a c h e s  c a n  be  s i n g l e d  o u t  when s e p a r a t e  sub-  
models a r e  i n c o r p o r a t e d  i n t o  a  whole sys t em.  The f i r s t  app roach  
i s  t h e  i n t e g r a t i o n  o f  s e p a r a t e  models  i n t o  a n  o p t i m i z a t i o n  
problem w i t h  a  c o r r e s p o n d i n g  o b j e c t i v e  f u n c t i o n .  The example 
f o r  t h e  energy-economy model i s  Problem 3 .  The second  approach  
i s  t h e  i n v e s t i g a t i o n  o f  l i n k a g e  between submodels  c o n s i d e r i n g  
t h e s e  submodels  on an  i n d e p e n d e n t  b a s i s ,  each  w i t h  i t s  own 
o b j e c t i v e  f u n c t i o n .  Fo r  t h e  energy-economy model t h e  l i n k s  be- 
tween ESS and  economy models  a r e  g i v e n  by t h e  c o u p l i n g  c o n s t r a i n t s  
( 4 4 )  , ( 4 6 )  and  t h e  c o u p l i n g  v a r i a b l e  dE ( t )  . 

Both a p p r o a c h e s  n a t u r a l l y  have  t h e i r  own a d v a n t a g e s  and d i s -  
a d v a n t a g e s .  The m a j o r  a d v a n t a g e  o f  t .he f i r s t ,  "machine"  approach  
i s  t h a t  it a l l o w s  one  t o  t a k e  i n t o  a c c o u n t  a l l  t h e  c o n s t r a i n t s  
and i n t e r a c t i o n s  between many f a c t o r s  i n f l u e n c i n g  t h e  d e c i s i o n  
and combining them i n t o  some o p t i m a l  mix. However, b u i l d i n g  an  



i n t e g r a t e d  model e v i d e n t l y  l e a d s  t o  a  v e r y  l a r g e  o p t i m i z a t i o n  
problem, which though it i s  sometimes p o s s i b l e  t o  s o l v e ,  i s  
a lways  d i f f i c u l t  t o  i n t e r p r e t .  The "manual" approach  --when 
i n f o r m a t i o n  o b t a i n e d  from one  submodel i s  i n t e r p r e t e d  by an  
a n a l y s t  and  i s  s u p p l i e d  a s  a n  i n p u t  t o  a n o t h e r  s u b m o d e l - - i s  
more a t t r a c t i v e ,  b u t  i s  more t i m e  consuming and  sometimes may 
l e a d  t o  a n  u n c e r t a i n t y  whe the r  t h e  " t r u e  o p t i m a l "  s o l u t i o n  f o r  
a  whole sys t em h a s  been  o b t a i n e d .  The d i s c u s s i o n  o f  d i f f e r e n t  
approaches  t o  t h e  a n a l y s i s  o f  energy-economy i n t e r a c t i o n  c a n  
b e  found f o r  example i n  ( D a n t z i g  1976,  H i t c h  1977,  Makarov and  
M e l e n t j e v  1973,  Manne 1976,  P r o p o i  1 9 7 9 ) .  

CONCLUSION 

C o n s i d e r i n g  t h e  models  d e s c r i b e d  above  one  c a n  see t h a t  
t h e y  c a n  b e  r e d u c e d  t o  a  c a n o n i c a l  form: 

Problem P. Given t h e  s t a t e  e q u a t i o n s  

w i t h  i n i t i a l  c o n d i t i o n  

and c o n s t r a i n t s  

F ind  c o n t r o l  u  = { u ( t )  and  t h e  c o r r e s p o n d i n g  t r a j e c t o r y  x  = 
{ x  ( t )  ) which maximize t h e  o b j e c t i v e  f u n c t i o n  

The s t a t e  v a r i a b l e  x ( t )  i s  g e n e r a l l y  a s s o c i a t e d  w i t h  p r o d u c t i o n  
c a p a c i t i e s ,  t h e  c o n t r o l  v e c t o r  u ( t )  w i t h  a c t i v i t i e s  f o r  con- 
s t r u c t i o n  o f  new c a p a c i t i e s ;  v e c t o r  f ( t )  r e p r e s e n t s  t h e  exoge- 
n o u s l y  g i v e n  r e s o u r c e s  r e q u i r e d  f o r  c o n s t r u c t i o n  and  ma in tenance  
o f  t h e  c a p a c i t i e s .  



Clearly, not only the above models can be formulated as 
DLP Problem P. As examples we mention here multistage structural 
design problems (Ho 1975) and congested urban traffic control 
(Tamura 1977) . 

The economic interpretation for dual to Problem P (which is 
also formulated in DLP format (Propoi 1977 ) )  is given in 
(Ivanilov and Propoi 1973). The DLP Problem P can be considered 
as a static LP problem (with a staircase constraint matrix), 
therefore standard LP-packages can be (and have been) used for 
its solution. However, the development of special DLP methods 
which take into account the dynamic properties of the problem is 
clearly more perspective. Surveys of such methods are given in 
(Propoi 1976, 1979) . 

It should also be noted that not all dynamic optimization 
problems can be kept within the framework of DLP (for example, 
"crop" coefficients c in (48), (49) or transition coefficients 

s j in manpower models (Bartolomew 1973) are in fact random var- 
4tdles) . Therefore the extension of DLP methods to nonlinear, 
stochastic, multistage maxmin problems is also of large practical 
interest. 
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