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FOREWORD

Interest in human settlement and systems policies has been
a central part of urban-related work at the International Institute
for Applied Systems Analysis (IIASA) from the outset. From 1975
through 1978 this interest was manifested in the work of the
Migration and Settlement Task, which was formally concluded in
November 1978. Since then, attention has turned to disseminating
the Task's results, to concluding its comparative study, and to
exploring possible future work that might apply the newly developed
mathematical methodology to other research topics.

This paper is a result of the continuing collaborative work
being carried out by IIASA scholars and the Migration and Settle-
ment network. In it, Jacques Ledent of HSS and Philip Rees of
the University of Leeds, U.K.,consider several important issues
connected with the construction of multiregional life tables.
They focus, in particular, on problems revolving around the three
approaches proposed to date for calculating the probability
matrices that are the starting point for all applied life-table
analyses: the movement, the transition, and the hybrid methods
of estimation. They conclude that transition data should be used
rather than movement data, where available, and that transition
methods rather than hybrid methods should be applied to the transi-
tion data.

Selected papers summarizing previous work on migration and
settlement at IIASA are listed at the back of this paper.

Andrei Rogers
Chairman

Human Settlements
and Services Area
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ABSTRACT

The methods of multiregional life table construction are
explored through an investigation of a tree of choices with
respect to approach, data, rates definition, probability defini-
tion, and stationary population or life-years-lived calculation.
Two principal approaches are discussed: the movement approach
and the transition approach, although a third label “hybrid
approach” is used to characterize many of the developments in
the field to date. Methods are applied to two population systems,
that of the Netherlands, where moves data are available, and
that of Great Britain, where the data on migration come in
the transition form. The discussion of methods and the computer
runs of the life table model lead to a clear set of recommended
choices for the would-be life table constructor. The fairly
simple and direct transition approach using migrant data measured
by a five-year question is our preferred choice. The paper ends
by speculating on how solutions to the unresolved problems of
multiregional population analysis might be sought.
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CHOICES IN THE CONSTRUCTION OF
MULTIREGIONAL LIFE TABLES

1. PURPOSE OF THE PAPER

Over the past five years or so (1975-79) more than a dozen
scholars from national member organizations of the International
Institute for Applied Systems Analysis have been engaged in col-
laboration with IIASA researchers in a multinational project to
describe and analyze the pattern of population movement and
change among the regions of their countries (Rogers 1976; Wil-
lekens 1978). One of the analytic tools used in these studies
has been the multiregional life table (Rogers 1973a, 1975a;
Willekens and Rogers 1978). Many different types of migration
data have been employed as input to the multiregional life table
program and a variety of different methods of converting these
migration data and associated mortality data into the proba-
bilities needed in the life table have been suggested (Rogers
1973a, 1975a; Rees and Wilson 1975, 1977; Rogers and Ledent
1976; Ledent 1978, 1980a; Rees 1378, 19380a).

The purpose of this paper is to review systematically the
consequences of using different data types, different rate

derinitions, and different probability estimation methods. Ve



do this by applying different methods to the same data set and
examining the resulting effects; we adopt different data sets
and the same methods and examine the results. Out of this
experimentation with Dutch and British data emerge recommenda-
tions as to the most reliable methods to use given available
data, the most reliable data to seek out, and the data set which
should ideally be collected and the methods which should ideally
be applied.

In ‘a sense our search for optimum data and an optimum
methodology resembles the search of the surfer for the perfect
wave. There is always a better wave to be found on the next
beach on the next day. However, given the waves and beaches
available today choices have to be made, and our series of
experiments are intended to inform future constructors of multi-
regional life tables.

However, although our experiments are with multiregional
population systems, most of our methods and conclusions carry
over into other multistate population systems: the movement
of people between marital status states, the transfers of workers
into and out of the labor force, the movement of pupils and
students through an educational system.

We first outline by way of reminder the principal steps
involved in constructing a multiregional regional life table
and identify the steps about which choices can be made.

Two general approaches to multiregional life table construc-
tion can be distinguished; on the one hand, the movement approach,
initially proposed in the context of marital status analysis
by Schoen and Nelson (1974) and Schoen (1975) and further
developed by Rogers and Ledent (1976) and Schoen and Land (1979)
and, on the other hand, the transition approach suggested by
Rogers (1975a) and Rees and Wilson (1975, 1977) and developed
and implemented by Ledent (1978, 1980a, 1980b). However, both
these approaches were predated by and developed in part from
the original work of Rogers (1973a, 1973b, 1975a) in which rate
and probability definition equations follow, by and large, the
logic of the movement approach but in which the transfer data




used consist of changes of residence (numbers of migrants) as
in the transition approach. Table 1 shows the concepts and
data associated with each approach, and why we have elected to
call the earlier stream of work the hybrid approach.

Table 1. The approaches to multiregional life table construc-
tion and their origin.

Data
Concepts Moves Transitions
MOVEMENT APPROACH HYBRID APPROACH
Schoen and Nelson (1974)
Movement
5
Schoen (1975) Rogers (1973a, 1973b, 1975a)
Rogers and Ledent (1976)
Schoen and Land (1979)
TRANSITION APPROACH
oy Rogers (1975a)
Transition
Rees and Wilson (1975, 1977)
Ledent (1978, 1980a, 1980b)

Within these three broad approaches a variety of subapproaches
or choices are explored (as in Schoen and Land 1979), and in the
final section of the paper, recommendations are made about
selecting the best methods and best data for multiregional life
table construction, within the constraints that face the researcher.

Throughout the paper we consider national population systems
(Holland, Great Britain) closed off from the rest of the world
though clearly such systems are unrealistic. None of the method-
ological points made are seriously affected, we believe, by this
action though ideally flows of people to and from the rest of
the world should have been included.



2. MULTIREGIONAL LIFE TABLES: A REMINDER

2.1 The General Steps

The steps in constructing a life table that computes from

current migration and mortality behavior the likely life history

of people born in different states are outlined in Rogers (1975a)

and in Willekens and Rogers (1978). They are as follows.

(1)

(2)

(3)

DATA: The necessary data on populations migration,

regional mortality and regional fertility* are assembled
and/or estimated in one of a selection of ways (see
Willekens and Rogers 1978; Willekens, Por and Raquillet
1979; Rees 1980).

RATES: Migration, mortality or survivorship rates are

computed from the assembled data in one of a variety
of ways.
PROBABILITIES: Probabilities of interregional transi-

tion are computed from the observed rates in one of a
diversity of methods. The transitions are from one
exact age to another (age x to age x + n), and involve
"staying and survival" or "migration and survival" or
"non-survival”. In some cases, the "non-survival"
transition may be broken down into "staying and non-
survival” or "migration and non-survival". 1In most
instances, the formulae expressing the transition prob-
abilities in terms of the input rates follow from a
specific assumptién relating to the derivation of the
number of years lived between two consecutive ages.
There are however exceptions in the case of the transi-
tion approach in which the linear and cubic spline inter-
polation methods for estimating the age-specific prob-
abilities do not preclude any method for calculating

the aforementioned numbers of person-years lived.

*Not strictly speaking necessary for life table computation

per se.




(4) BASIC LIFE TABLE STATISTICS: The following life table
statistics may then be generated (Willekens and Rogers
1978:21-23) :

1. life history of a regional birth cohort

2. number of survivors at exact age x

3. number of years lived between two consecutive ages,
or, the age composition of (the) stationary popula-
tion.

(5) DERIVED LIFE TABLE STATISTICS: From the first three
sets of statistics a further five follow (Willekens
and Rogers 1978:23): ‘

. number of vears lived beyond age x

life expectancies by region of birth
life expectancies by region of residence
migraproduction rates

survivorship rates.

wJgounn &

At each of these steps except the last, step (5), these
are alternative methods or choices, and we will analyze the
consequence of choices within a step on the results in subsequent
steps, particularly on the life table statistics produced at
step (5).

2.2 Definitions

The variables employed in the multiregional life table
model are defined where they are introduced. However, since our
notation differs somewhat from that of Rogers (1975a) or Wil-
lekens and Rogers (1978), the principles behind the notation are
explained in Appendix 1, to which the reader can turn when
further clarification is required. 1In particular, the role of
that "jack of all trades", the subscript x for age, is explained.

2.3 The Multiregional Life Table Functions

These are stated here to remind the reader about how multi-
regional life tables are constructed. However, it must be
stressed that the equations are only one of a family of alter-
natives that will be discussed.




First, rates of mortality and mobility are computed

S(i, _ ~6(1i) .1
M = D /Kx (1)
ij _ fid pd
M D~ /Ky (2)
where Mi(l) is the observed rate for a T-year pericd at which

. . . §(i) . .
persons die in region i between age x and X+n, Dx( ) 1s tnhe
number of deaths in region i to persons aged x to x+n at death,
K; is the population risk in region i aged x to x+n (normally

the mid-period population or average of initial and final popula-

tions in a period). In equation (2), M;J is the observed rate
at which people move between regions i and j while aged x to

ij
X
Then, probabilities of transition are worked out

Xx+n, and D is the number of such moves or displacements.

. n oyij
plJ = 5(T) X X (3)
x n i n i
1+ 5= M + 5= L M
2T "'x 2T K#i X

The variable pij is the probability that a person attaining

age x in region i will survive at age x + n in region j, where

n is the age interval adopted in the life table, T is the length
of the time period to which the data refer and % is the ratio

of age interval of the model to time period of the data required
to make the two equivalent in the model. Eguation (3) is referred
to as the "Option 1" method in Rogers (1975a:82) and Willekens

and Rogers (1978:51-52).

Probabilities of non-survival for persons in region i are
given by

n .6 (1)
is _ T My
Px = oS0 | n 5 ik (4)
2T 'x 2T




where p;G is the probability that a person attaining age x in
region i will die before attaining age x+n.

The probabilities of survival and staying are found by

subtraction

Py = 1- 1 Py - Py (3)

These probabilities of transition are then applied to the
regional cohorts at birth, éﬁ (age 0 in region i or birth in
region i) which may be allocated values of 1, so that subsequent
statistics have a "per unit born" or "probability-like" inter-
pretation, or values of say 100,000, when subsequent statistics
will have the interpretation of "numbers in a hypothetical
cohort". For convenience, we adopt here the "probability" inter-

pretation.

In general, the transition history of the hypothetical

cohort is traced out as follows

j ,1k . i ik
3£x - %Ex Py (6)
J o,k - j,ik
0£x+n g Ozx (7)
3,46 _ j,i 16
otx = 0% Px (8)

where gki is the probability ?hgt persons born in region j
attain age x in region i and 8£;k 1s the probability that those
persons make a transition to region k at age x+n (that is, are
in region k at age x+n, n years after birthday x). Equation

(7) gathers together these transitions to obtain the probability
that persons born in region j will be in region k at age x+n.
The probability of dying before reaching the x+n-th birthday,

given you were born in region j and were present age x in region



i, is estimated through egquation (8). Note that equation (6)
contains a key assumption: that the probability of making an
interregional transition between regions i and k is independent
of region of birth. This is the normal assumption that has to
be made to construct a multiregional life table but Ledent
(1980c) has shown that if we can replace eguation (6) by

jpik _ jpi j_ik
Ozx O£X UpX (6')

j.ik
where 0Px

will make a region i to region k transition in age interval x

is the probability that a person born in region j

to x+n, then we must obtain a better estimate of people's life
histories.

It is convenient at this point in the exposition to move

to a matrix notation and rewrite (6) and (7) as

§x+n = Ex gx (9)
where
S DS = [piK
Ly = [pty! and Px By

1)
0
in region i by persons born in region j, is obtained from

Then, the matrix L, = [ Lé] of number of life vears spent

1
= f[éx - §x+n] (10)

The total number of years lived beyond age x by persons

newly born, T, in matrix form,is defined as



2

where z denotes the last age group (z years and over). Life
expectancy can be defined (Willekens and Rogers 1978:40,42)
either by place of residence

_ -1
x8x = Tx(£y) (12)

or by place of birth
e =T [£.]7) (127)
0<x ix-~x'd

where %Sx refers to a matrix of life expectancies beyond age X
conditional on region of residence at age x, where 0%x is a

matrix of life expectancies beyond age x conditional on region
of birth; where [éx]d is a diagonal matrix with elements of the

vector {}}'gx in the diagonal, {i}' being a row vector of ones.

A set of products of the multiregional life table model
alternative to the statistics associated with the expected
number of years lived in various regions by regional cohorts
are the statistics on numbers of migrations that particular
regional cohorts expect to make. Among the statistics that
are produced are the gross migraproduction rate, the generalized
net mobility function, and the net migraproduction rate. These
rates (defined in Rogers 1975b and incorporated in the multi-
regional life table program in Willekens and Rogers 1978:99-117)
measure in various ways the numbers of migrations out of partic-

ular regions expected to be made by regional birth cohorts.
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The gross migraproduction rate matrix, GQR, is defined as

rA

_ 0,
GMR = n [ (M ]4 (13)
x=0

where [Mg]d is a matrix of total outmigration rates from region
1 to r arranged along the principal diagonal with zeroces else-
where.

The general mobility function is computed as

-~

and the net migraproduction rate matrix is simply a sum of the

age-specific mobility matrices over all ages

Z
=
P
n
Il e~

(15)

H
»

0

The distinction between the expectation~-of-life and migra-
production-rate statistics is an important one to keep in mind
as the choices in life table construction are reviewed in the
paper. Certain choices will be preferred if good time spent
or life expectancy statistics are what is sought; other choices
will be recommended if good migraproduction statistics are the
goal.

The final product of the multiregional life table model,
which we consider here, are the survivorship rates (also called
survivorship proportions in the literature). Normally, these
are computed once the life table stationary populations Ex are
known (Rogers and Ledent 1975; Rogers 1975a)

-1
Se = Lysn [Tyl (16)

2]
|
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although we shall show later that it is possible to change the
order of calculation here and compute the L, variables given
observed values for the §x variables. The survivorship rates
are used as part of the input to population projections.

2.4 Choices: Alternative Approaches to the Estimation of Multi-
regional Life Tables
What choices face the person who wishes to construct a
multiregional life table? The alternatives can be conveniently
viewed in the form of a table, the columns of which refer to
the steps in the construction of life tables, and the rows to

the three approaches we distinguish (Figure 1).

The first choice is between data types. Either data on
events taking place at given points in time may be used or data
on changes in a person's characteristics between two points in
time. The first type of data we term "movements" data, the
second "transitions" data. Movements data include deaths,
births and migrations; transitions data include non-survivors,
newly-born infants and migrants. Occasionally, transition
data may be classified by region of birth, although we know only
of one country (United States) in which the necessary tabulations

have been produced.

The second choice is between periods over which the data
are collected. Movements data are collected usually in regis-
tration systems for annual periods. They can be used directly
with a single year of age classification of the population or
if this is too fine, the one year data can be either aggregated
over a large period or suitably multiplied by % where n is the
age interval used in the life table model and T the period for

which data have been collected.

Transitions data derive from periodic national censuses
in which the two points in time are a fixed interval apart,
usually one to ten years apart. In the U.K. census of 1961
(and 1981), a one year question only was employed; in the Soviet

census of 1970 a two year question was utilized; in the Australian
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Notes to Figqure 1

1. "Option 1%, "Option 2", and fOption 3" are the titles given to various
probability estimation equations in Rogers (1975a) and Willekens and
Rogers (1978).

2. T
n

length of time period to which mortality and migration data refer
the age interval used in the life table model

3. =—e indicates that the two choices under separate columns are linked
of necessity.

4. The choices are defined in the following sections of the paper.

Type Period
of and Rates Probab-
Data Approach Interval Mort. | Mob. ilities Life Years
3.3.1
3.3.2
3. 3 - - = 3.3.3
3.3.4 3.3.5
4.2.2
4.4 4.2.4
4- 4.5 - 4.3 4.2.1
4.2.2
4. &5
5.3.1
2
5 5.8 2o 5.3.2 5.4
e 5.3.3

census of 1971, the Canadian census of 1971 and the U.S. censuses
of 1940, 1960, and 1970 a five year question was used; in the
French censuses of 1962, 1968 and 1975 eight, six and seven year
questions were posed, respectively, in order to link together
successive censuses. In certain censuses information about more
than one period of observation is available: in the U.K.
censuses of 1966 and 1971, in the Japanese census of 1970, and
in the Australian census of 1976 both one year and five year
migrant data are tabulated. 1In the majority of situations,
therefore, the researcher has no choice of period length.

However, when transition data are employed, period length does
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turn out to have a considerable effect on our estimate of the
regional distribution of the life expectancies of babies born

in the various regions, whereas when movement data are employed
period length has no effect as long as migration patterns remain
stable.

The third set of choices involves the definition of rates:
mortality and mobility rates in the movement and hybrid approaches,
survivorship and non-survivorship rates in the transition
approach. In the movement approach conventional definitions of
mortality and mobility rates are used, and so no choices are
involved, unless the movement data are classified by both age
and birth cohort, when improvements to conventional methods
are possible. In the hybrid and transition approaches there
are alternative ways of computing rates, and we make a careful
analysis of the alternatives.

The fourth choice that needs to be made concerns the prob-
ability definition equation. The choices involve the "options"”
defined by Rogers (1975a), Rogers and Ledent (1976) and Willekens
and Rogers (1978), the modifications developed by Ledent (1978,
1980a, 1980b) and suggestions made in Rees and Wilson (1975,
1977) and Rees (1980a).

Each method has its advantages and disadvantages: there
is a fair measure of agreement between different methods for
normal, low mobility and mortality situations; where mobility
is very high, probabilities do differ significantly.

Finally, there are a set of choices which carry over from
the conventional life table concerning the function assumed for
the life years lived/stationary population. In the case of the
movement approach, these generally follow directly from the
choices made for the probabilities, except that a choice is
possible if the interpolative-iterative method is used. 1In the
case of the hybrid approach the life years or stationary popula-
tion equations are all directly linked with choices of probab-
ility estimation equation. This is also true for the first
choice of probability equation in the transition approach but
with the second and third alternatives either of two stationary

population equations can be used.
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3. THE MOVEMENT APPROACH
3.1 General Characteristics

The movement approach to multistate life tables grows
naturally out of conventional life table methods. The movements
considered in the conventional life table are those into life-
births and those out of life-deaths. In the multiregional life
table model further movements, into and out of regions, are
incorporated. However, this introduces, as Ledent (1980) points
out, a severe methodological problem:

The fact 18 that any model of the life-table type is

a transittion model: that is,... moves have to be

transformed into transitions. (Ledent 1980a:548)

However, none of the methods we discuss or suggest effect this
transformation satisfactorily, since we would need statistics
such as the average number of interregional moves per intef-
regional transition to use as divisors of moves. Such statistics
are unavailable unless a country measures both movements through
a registration system and asks a retrospective migration ques-
tion of the right kind in the national periodic census.

Why has this problem not been encountered before in life
table work? The reason is fairly simple. In conventional
life tables the number of movements always equals the number of

transitions, that is:

the number of transitions

the number of births from preexistence to exis-
(moves from preexis- = tence or the number of per-
tence to existence) sons making those transi-

tions (infants born)
and

the number of transitions

the number of deaths from existence to post-
(moves from existence = existence or the number of
to post-existence) persons making those transi-

tions (the non-survivors)

with one or two significant individual exceptions.
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This problem of moves-transitions inequality undoubtedly
occurs in other multistate population systems such as marital
status classified populations but hithertofore has not come to
light because over short periods (say, of a year) the inequality
was probably small. However, legal changes in divorce law in
many countries have increased the possibilities of multiple
moves within short time periods. Such an inequality is so obvious
and serious in the case of employment classified populations
that substantial surveys have been mounted to measure the numbers
of persons continuously in unemployment, and to test the claim
that rising unemployment consists of a larger number of short
spells rather than the lengthening of the spells of unemployment
of persons already unemployed.

If interest is focussed on assessing the numbers of moves
that are likely to occur in a population, then counter-arguments
in favor of the transition approach can be mounted, although in
as much as the stationary population statistics involved in
migraproduction functions will be biased, so will those statistics

themselves.

3.2 General Equations

Formally, the movement approach is characterized by two
sets of equations--flow and orientation equations--originally
proposed by Schoen and Nelson (1974) and Schoen (1975) in the
context of marital status analysis and later generalized by
Rogers and Ledent (1976); the generalization pertains to the

introduction a second subscript referring to the place-of-birth.

The flow equations may be defined as

.. ) ) r . .
J _ 3 J ki

de de + k£1 de (17)
i k#i

o r

Jpl = Jpl _

0£x+n Oﬂx z
#

where 3d;k terms are the life table displacements from region i

to region k that occur to members of the born-in-region j cohort
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§ (1)
x
of deaths that occur in region i to persons in the region j birth

in the age interval x to x+n, and the gd are the numbers
cohort between ages x and x+n. So the first set of decrements
from gﬂi are the estimated out-migrations, the second set of
decrements are the deaths and the set of increments are the
estimated in-migrations all occurring to the life table cohort
born in region j. This equation is the life table equivalent
to the simple components-of-growth equation freguently used to

estimate regional populations.

The orientation equations may be defined as

8d;k= m;k Y (18)
ja8(i) _ _8(i) ij;.
de mx OLx (19)

which contain the assumption that the life table rates of moving
between region i and region k at age x, mik, and the life table
rates of dying in region i are independent of place of birth.

If movement statistics are classified by place of birth of the
person making the move, then this restriction can be relaxed.

Normally, however, we assume

ik _ ik
m = M (20)
RS o 8 (2) (21)
X X

where the capital M's refer to the observed rates corresponding
to the left-hand side life table rates. The observed rates

were defined earlier in equations (1) and (2).

Let us now substitute the right-hand sides of equations
(18) and (19) for the displacements variables in the right-hand
side of (17), rearranging the {-variables at the same time and

multiplying both sides by -1
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j,i  g,i T ik ij §(i) i3
le 0£x+n = k£1 X 0 x + mx OLx
k#1i
r N .
_ ki kj._.
k£1 L A (22)
k#i

Now by using the device invented by Rogers and Ledent (1976) of

arranging all the m rates in a matrix thus:

mé (1) + z mlk -m12 ............... -m)l(r
x k#1 x
21 I ) 2%k 'mir
x * kF2 . .
o : T ; (23)
~X : : . :
_mil _miz S0, Itk
_ X K#T i

we can re-express equation (22) as a matrix equation
L. - ¢ =1n_ L (24)

~X ~X+n ~X <X

where

el o= (25)

L 3)1( ................ Z}r{
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and

11 1r

Ll

~X (26)

ri rr

The transpositions are used to preserve the original superscript

ordering used in our algebraic equations.

To compute the L, matrix the equation (24) is rearranged

-1
L. = m, (@x - £

L, = m £+n) (27)

Note that the above reasoning also applies to the last age
group (whose length is w - z where w is the maximal age one can
reach); equation (24) still holds but, since the second term

on the left-hand side is zero, it simply becomes (Ledent 1978)

£ =m_ L (28)
so that Lz can be obtained from

_ =1
Ez =m, gz (29)

The sequence of multiregional life table statistics then follows

once Lx is known, as outlined in an earlier section.
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3.3 Applied Calculation

-~ -~

To derive the values for the Pyr £x and Lx variables, some

four methods have been suggested

1) the linear method

2) the exponential method

3) the cubic method

4) the iterative-interpolative method

Each of these is discussed in turn.

3.3.1 The Linear Method ("Option 3")

Here the assumption is made that the stationary population

is a simple average (linear integration) of £x and £x+n matrices:

_n
L, = f[gx + §x+n] (30)

where n is the age group interval (equal to the period length).
This is simply a restatement of equation (9). Now we can sub-
stitute for Ex in equation (24) from the right-hand side of
equation (30) and also replace m. by the observed gx [the
assumptions of equations (20) and (21)] to yield

= n
Ly = Lyon T M T §x+n] (37)
Then if we multiply out the right-hand side thus,
= n n
Ly = yun "M 7 4 T My 3 Loin (32)

regroup all terms involving £x on the left-hand side and terms

involving Zx n °n the right-hand side, we obtain
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n = n
gx My 3 fx =M 3 £x+n + £x+n
(I - !x)fx = (I + gx)§x+n

so that (as given in Rogers and Ledent 1976)

I - T (33)

Because (I + % M ) and (I - % Mx) are commutative, we can also

write equation (33) as

(34)

&~
I
-
'
NS
<4
-
+
Nk
3

~X+n

as derived in Ledent (1978), where it is shown that the linear
formula for Py is equivalent to assuming that movements out of
or into a state are evenly distributed over an age/time interval
(Ledent 1978:42fn). So that, we can replace the probabilities
matrix in equation (25) by a matrix expression involved the

observed rates of mortality and mobility:

Py = (I +3M)7 (I -3FM) (35)
or if the rates are not annual rates we should modify this to
Py = (I + 22 M ) (I - 22M) (36)

In the methods and programs monograph by Willekens and Rogers
(1978), this is referred to as the "Option 3" method, and this
is its title in the p-definition column, movement method row

in Figure 1.
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6, they can be

As for the probabllltles of non-survival Py
assembled in a vector {p } which can be obtalned as a residual

from
{ §, _ . s
Pt = {i} - p, i} (37)

where {i} is a column vector of ones

pl

x is the transpose matrix of Py

In fact, these probabilities can be further disaggregated
to account for the place in which the deaths actually occur.
It has been shown (Ledent 1978) that the matrix pi--whose

(i,j)~th element is the probability of dying in region i for

an individual aged x in region j--can be derived from

s _ 8 n -1
B, = 0 M [T+ 3 M (38)

where Mi is a diagonal matrix of the regional death rates.

3.3.2 The Exponential Method

An alternative starting point for the calculation of px's
and Lx‘s is that of assuming that the instantaneous forces of
mortality and mobility are equal to the observed discrete

counterparts over an age interval: that is,

u(y) = M (39)

for all y such that x £ y < x+n where u(y) is a matrlx of
instantaneous rates of mortality ut (y) and mobility u J(y),
functions of continuous age y, arranged in the same fashion

as gx [whose transpose was defined in equation (23)]. Krishna-
moorthy (1979) and Schoen and Land (1979) have shown that this
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assumption leads to the following expression for the Py prob-

abilities

~

Py = exp (-n gx) (40)

The right side expression is evaluated by using matrix equiva-

lent of the Taylor expansion for computing e X

2 3 4

2 n 3 n
T M 3T Mt M

o

p =I—nM + = e e e (u1)

4
X

»
8

with as many terms being used in the computing algorithm to

~

give Py probabilities accurate to the sixth decimal place or
10-6. Note that

§ .8 =1
P, = My M [I - exp(-n M )] (42)

To estimate the Lx matrix in this method, the m. terms in

equation (24) are replaced by the observed rates

— m— ) _
Ex - @x (gx §x+n) (43)

although occasionally computation of the inverse of M does give
problems when the mortality rates are low and need to be care-
fully checked.

2,3.3 The Cubic Method

As an alternative to the linear and exponential methods,
one czn use the cubic method proposed by Schoen and Nelson
(1974) and further extended by Ledent (1978); again the exten-
sion pertains to the introduction of a second subscript relating

to the place of birth. The integration of L is carried out
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by fitting a curve of degree three through four successive

values (the conventional life table version is explained and

derived in Keyfitz 1968) ¢ _ ., &, £ ., and £ . :
L= 3% v p 1 -DBie o+ ] (44)
~X 4 "<x ~X+n 24 " x-n ~X+2n

with slight modifications of this formula for the first, second,
and last but one last ages:

_ n 13n _ n
Ly =24 * 27 &4 - 27 on (45)
_n
“n 2(£n * Lon) (46)
. n
Len © sn T L) (47)

Note that the special treatment of these age groups follows
the procedure used in the application of the analogous method
used in the construction of an ordinary life table (Keyfitz 1968).
To derive the gx values either the linear or the exponential
method can be used to give initial values which are input to

equation (44) and then used in a rearrangement of equation (24)

L =4{_ - M L (48)

~X+n ~X ~X ~X

with Mx substituted for m for computational purposes, to give
fresh Zx estimates. The procedure is repeated until satis-
factory Ex values are obtained (that is, when the sixth

decimal place value does not change with successive iterations).

If the probability matrix values are required they may be

obtained from
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Py © £x+n gx (49)

using the fx values that have been generated from equations (44)
through (48). If some of the states employed are initially
empty (which will virtually never be the case in multiregional
applications), the assuming radices of 1 for those states will
ensure that the computations (inversion of @x) can be carried

out.

3.3.4 The Iterative-Interpolative Method

The linear, exponential and cubic methods rely on the
assumption that the life table rates are equal to the observed
rates. This assumption is not tested. However, Keyfitz (1966,
1968) has developed "life table that iterates to the data";
Oechsli (1972, 1975) has outlined the principles upon which
this method might be developed for a multistate system. In
the context of interregional migration, such a method was first
developed by Ledent and Rogers (1972) and later improved by
Ledent (1978:54-57). A further improvement of this method is
presented below.

The calculation comprises two steps. First, the mortality
and mobility curves are graduated to small intervals and then
the rates for the small age intervals are adjusted so that,
aggregated to the larger age intervals normally employed in
multiregional life tables (5 years), they match the observed

rates.

The method adopted here fits a cubic spline function to
the observed mortality and mobility rates to carry out the
required interpolation {(using a similar method to that described
by McNeil, Trussell and Turner 1977). The interpolation was
to rates applicable to one-year age groups (rather than 0.2
year age groups) because of computing constraints.

Once the values of the mortality and mobility rates for
the single year age groups have been interpolated, one uses

either the linear or the exponential or the cubic method to
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derive the hPx hgx’ and hEx values for single years of age
where h is the small age group interval (one in this case).
From these values, the implied five years of age rates of
mortality and mobility can be derived from equation (24)

rewritten as

1

IP; = (f’x - gx+n)£'x (50)
where the ﬂx and §x+n matrices are selected from the more detailed
ey nlx+n ng+2n’ -+ * rnlx+n Series and

x+§-h
L. = L (51)
X y=x h-y

The T; estimate thus obtained will generally not agree with
the observed Mx. Improved estimates of the single year mortality
and mobility rates are obtained by adjusting the initial estimates

using
i i -~
Rl (k + 1) = hmy (k) mlj*(k) (52)
X
and
Md(i)
§ (1) Vo= § (1) X
h™y (k + 1, K™y (k) —ETITTTE? (53)
X

for all i from 1 to r, all j from 1 to r, and all y such that

X £y £ x+tn-h, where k and k + 1 refer to successive iterations
of the procedure. The procedures involving equations (50)
through (53) are repeated until convergence is achieved, that

is, until

L1 * 1 7
im 7 (k) - M:7] < .000001 (54)
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Imi(i)*(k) - Mi(i)[ < .000001 (55)

for all i, j and x.

3.3.5 About the Last Age Group

The treatment of the last age group is the same regardless
of the method used. One simply substitutes the observed rates

matrix MZ for the life table rates matrix m_ in equation (28).

Z

3.4 The Effects of Alternative Methods

Schoen (1979) has looked at the effect of the first three
of the probability estimation methods in a marital status clas-
sified population system. Here we extend the comparison to a
multiregional population system and include the additional
interpolative-iterative method in the comparison. To ascertain
how important the choice of method of probability and life years
estimation is we apply each method to data from Drewe (1980) on
the Netherlands case in the IIASA Migration and Settlement series
of country studies. Migration data collected are of the movement
type as is clear from Drewe's description

As regards migration data, movers (migrating families

or single persons) receive a special card ("verhuis-

kaart") from the municipality of origin, which they

are requested to fill in and hand over to the munici-

pality of destination. After registration, the card

is returned to the municipality of origin, and from

there it is passed on to the Central Bureau of Statis-

tics (Drewe 1980:16).
Drewe's data have been aggregated for convenience of presentation
to a four-region system by combining the South-West and South
regions into one. The detailed makeup of each region in terms
of Dutch provinces is spelled out in the footnote to Table 2.

Selected multiregional life table statistics are presented
in Tables 2 through 4, and in Figure 2. Table 2 shows the
probabilities (Ex's) for the age 20 to age 25 transition. The
columns of the table refer to a separate computer run employing
the method indicated at the top of the column: the last two



~28~

Table 2. Netherlands: transition probabilities, ages 20 to 25
(P2g) -
Method of probability estimation
Interpolative-iterative
Regions Linear Exponential Cubic Linear Exponential
DEATH PROBABILITIES
North .00376 .00375 .00376 .00376 .00376
East .00378 .00378 .00378 .00378 .00378
West .00299 .00299 .00299 .00299 .00299
South .00385 .00385 .00385 .00385 .00385
SURVIVAL AND STAYING PROBABILITIES
North .80886 .80876 .80892 .80929 .80933
East .76554 .76747 .76593 .76682 .76689
West .86852 .86925 .86835 .86851 .86854
South .84295 .84357 .84321 .84357 .84360
OUT-MIGRATION PROBABILITIES FROM NORTH TO:
East .07472 .07392 .07460 .07426 .07423
West .09180 .09153 .09175 .09162 .09161
South .02086 .02103 .02097 .02107 .02107
OUT-MIGRATION PROBABILITIES FROM EAST TO:
North .04218 .04175 .04205 .04186 .04184
West .12994 .12887 .12963 .12911 .12907
South .05856 .05814 .05859 .05844 .05844
OUT-MIGRATION PROBABILITIES FROM WEST TO:
North .02438 .02430 .02440 .02438 .02438
East .05722 .05674 .05724 .05711 .05709
South .04689 .04671 .04702 .04701 .04701
OUT-MIGRATION PROBABILITIES FROM SOUTH TO:
North .01036 .01045 .01040 .01044 .01044
East .04774 .04742 .04762 .04745 .04743
West .09510 .09472 .09492 .09469 .09468
Note: The probabilities in the table are given to five decimal places.
They were computed to six.
SOURCE: The population, deaths and migrations data for the Netherlands were

abstracted from Appendix A in Drewe (1980:44-48). The five regions
Drewe used were aggregated to four by combining his South and South-
West regions. The regions are aggregations of the Dutch provinces
and are composed as follows: North is made up of Groningen, Fries-
land and Drenthe; East is made up of Overijssel and Gelderland;

West is an aggregation of Utrecht, Noord-Holland, and Zuid-Holland;
South (in this paper) is an amalgam of Noord-Brabant, Limburg and
Zeeland.
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columns show two alternative versions of the interpolative-
iterative method, one in which the linear method is used with
the (converged) one year mortality and mobility rates, and the
other in which the exponential method is used. We could also
have used the cubic method. A glance at the table and Table 3
shows that this sub-choice makes very little difference to the
resulting life table statistics.

The arrangement of statistics in Table 2 is as follows.
The probabilities are most usually shown in the form of a matrix
or table of migration probabilities, such as in the linear case

From Migration to

North East West South
North .80886 .07472 .09180 .02086
East .04218 . 76554 .12994 .05856
West .02438 .05722 .86852 .04689
South .01036 .04774 .09510 .84295

and a vector of death probabilities

From Death
North .00376
East .00378
West .00299
South .00385

In Table 2 the migration probabilities and death probabilities
have been rearranged in one continuous column, the death prob-
abilities first, then the retention probabilities (the diagonal
elements of the matrix), followed by the remaining elements in
the matrix, row by row. The same rearrangement has been affected
in Table 3 for life expectancies by region of birth and the

percentage distribution of life expectancies for each region of

birth by the regions in which life is spent.
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Table 3. Netherlands: regional life expectancies at birth (in
years) and their distribution by region of residence
(in percentages).

Method of probability estimation

Interpolative-iterative
Regions Linear Exponential Cubic Linear Exponential

LIFE EXPECTANCIES BY REGION AT BIRTH

North 74.60 74 .57 74.65 74 .64 74.64
East 74.53 74.49 74.57 74.56 74.56
West 74.81 74.78 74.86 74.86 74.85
South 74.44 74.40 74.49 74.48 74.47

PERCENT OF LIFE SPENT IN REGION OF BIRTH

North 60.00 60.01 59.99 59.99 59.99
East 56.47 56.50 56.48 56.49 56.49
West 64.78 64.79 €4.76 64.76 64.76
South 69.98 69.99 69.98 69.99 69.99

PERCENT OF LIFE SPENT IN OTHER REGIONS: BORN IN NORTH

East 14.75 14.74 14.75 14.75 14.75
West 17.44 17.43 17.43 17.43 17.43
South 7.81 7.81 7.82 7.83 7.83

PERCENT OF LIFE SPENT IN OTHER REGIONS: BORN IN EAST

North 8.75 8.74 8.75 8.75 8.75
West 21.06 21.04 21.04 21.03 21.03
South 13.72 13.72 13.73 13.73 13.73

PERCENT OF LIFE SPENT IN OTHER REGIONS: BORN IN WEST

North 7.01 7.01 7.01 7.01 7.01
East 13.80 13.80 13.81 13.81 13.81
South 14.40 14.40 14.42 14.42 14.42

PERCENT OF LIFE SPENT IN OTHER REGIONS: BORN IN SOUTH

North 3.45 3.45 3.46 3.46 3.46
East 10.01 10.00 10.01 10.01 10.01
West 16.56 16.55 16.55 16.54 16.54
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The principal feature of the results of these five experi-
ments with different alternatives of the movement approach is
that they all are in very close agreement. The maximum disagree-
ment between methods in life expectancies at birth is 0.09 of
a year (South exponential result compared with South cubic) or
just a little over a month, and between retention percentages
is 0.03 of a percent (Table 3). The probabilities of transition
from age 20 to 25 (Table 2) show greater differences but these
are compensated for by differences in the opposite direction at
other ages.

We have no "true" life table values against which to evaluate
the methods properly, but we can select the interpolative-iterative
method as a standard, and theoretically the best alternative,
against which to compare the others. 1In Figure 2a are plotted
the differences between the retention probabilities for the North
region and those for the linear, cubic and exponential methods,
and in Figure 2b the corresponding differences for the probabil-
ities of migration from the South region to the North are plotted.

The cubic methcd turns out to be the closest to the inter-
polative-iterative method (that is, closest to the horizontal
line plotted at the zero level) in terms of retention and migra-
tion probabilities. The linear method fares better than the
exponential for the retention probabilities shown in Figure 2a
but slightly worse for the migration probabilities plotted in
Figure 2b. Overall, the linear and exponential methods perform
at much the same "error" level in distributing life across the
Dutch regions, but the exponential method gives slightly worse
total life expectancies. As might be expected the linear,
exponential and cubic methods fare worst compared with the
interpolative-iterative method between ages 15 and 25 when the
migration propensity curves are altering shape and direction
dramatically, and at the last two ages transitions where rather

unsatisfactory agssumptions are made.



-32-

A. Netherlands, north region age-specific
retention probabilities; deviations from interpolative—
iterative method probabilities {t—IP), linear variant
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A/: : /&
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\
-.001 T
002 4
Below |—IP (underestimates)
-.003 -L
-.004 ¢
B. Netherlands, south region to north region age-specific
transition probabilities; deviations from interpolative—
iterative method probabilities (1-IP), linear variant
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Figure 2. Comparisons of selected probabilities from linear,
exponential, and cubic methods with those from the
iterative-interpolative method.
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A final set of statistics which can be used to evaluate
the movement approach alternatives are the mean durations to
transfer (within an age interval)--shown in Table 4--obtained

for each method by applying the equation given by Ledent (1978:
39-40, equation 48)

_ _ -1
[fx ® Tx] = (Ly n £x+n)§x (56)

where [ax ® mx] is a matrix each element of which consists of a

term in a matrix ay multiplied by the corresponding term in the

m, matrix, so that
[.6(1)m6(1) + Z alkmlk] -alzmlz ...................... aitnlt
X X k¥l X X x X x.
-32111\21 [.6 (z)né (2) + Z azkHZkl .......... azrmzr
x . X X % X x x X
: kP2
o5 - (57)
~afigtl _arz;nrz .......... [.d(r)m6(r) ’ arkmrk]
x X X X X X X X
kpr .
The a;k variables are the average time spent in region i by
. . S (k
persons making moves to region k, and the ax( ) are the average
times spent in k before death, all in the age transition x

to x+n. The aik's are computed by dividing each off-diagonal
element in the [éx ® @x] matrix by the corresponding element

in the m. matrix; the offg?i?gonal values can then be inserted
in the diagonal and the ag 's worked out. Numerically, the
application of equation (56) gives rise to slight problems in
the case of younger ages when the determinant of %x is close to
zero.
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Table 4. Netherlands, age transition 70 to 75: mean duration
to transfer.

Migration to

From Death North East West South
LINEAR
North 2.50 0 2.50 2.50 2.50
East 2.50 2.50 0 2.50 2.50
West 2.50 2.50 2.50 0 2.50
South 2.50 2.50 2.50 2.50 0
EXPONENTIAL
North 2.42 0 2.32 2.33 2.35
East 2.42 2.32 0 2.32 2.32
West 2.42 2.33 2.32 0] 2.32
South 2.42 2.36 2.32 2.32 0
cuBIC
North 2.62 0 2.37 2.46 2.44
East 2.62 2.31 0 2.42 2.37
West 2.61 2.22 2.25 0 2.27
South 2.60 2.35 2.31 2.32 0

INTERPOLATIVE-ITERATIVE (LINEAR VARIANT)

North 2.61 0 2.39 2.50 2.48
East 2.61 2.31 0 2.42 2.37
West 2.60 2.22 2.25 0 2.28

South 2.59 2.30 2.39 2.45 0
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From the results shown in Table 4 we can see that the cubic
and interpolative-iterative are necessarily more accurate than
the alternative linear and exponential approaches. Since mortal-
ity rate functions are steeply increasing between ages 70 and
75, we would expect the mean duration of transfer to death to
exceed 2.5; since mobility rate functions are declining between
ages 70 to 75, we would expect the mean duration of transfer
not to exceed 2.5. These expectations are fulfilled in the cubic
and interpolative-iterative cases but not in the linear or

exponential.

3.5 The Negativity Problem and Related Issues

The observation has been made (Rees 1978) that the linear
method can produce negative probability estimates, typically
on the diagonal, if high annual migration rates are observed.
The reason for this result is that no non-negativity constraints
are imposed on the probabilities, and that the linear method
does not effect a "conceptual”" conversion of movements to
transitions. To ensure non-negativity would require that only
one move per transition occur (unlikely)* and that the conversion
from a one-year to five-year period be affected by powering

the one-year probabilities:
=@+ M) (T~ om)" (58)
P ~ 7 Zx’ ~ 2 <

The counter-observation, however, has been made (Rees
1979b) that migration rates sufficiently high for the results
of equation (58) and equation (35) to differ significantly are
rarely observed: they do not, for example, occur in interregional

migration between regions in Great Britain (Rees 1979a).

*This could be achieved if the number of moves per transition
were known: each movement flow could be divided by this
number.
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To test the likelihood of such negative probalkility estimates,
a simple hypothetical two-region system has been designed:

M= v 0.001 0 +w 0.005 -0.010 (59)
- ) 0.001 -0.005 0.010

where v is the mortality level and w the mobility level. The
mortality levels were allowed to vary from 1 to 100, yielding
mortality rates of from 1 per thousand to 100 per thousand; and
the mobility levels were allowed to vary from 1 to 200, generating
movement rates of from 5 per thousand to 2000 per thousand.

What equation (58) does is to generate hypothetical M matrices
which then input into the linear probability equatioﬁ (35), the
modified power version of the linear probability equation,
equation (58), or the exponential equation (40).

It turns out that the second region exhibits negative
retention probabilities (p22) at high mortality and mobility
levels, so that in Figure 3 the region 2 retention probabilities
have been plotted on graphs for each of the three estimation
equations. Only the linear equation produces negative values;
the power-linear and exponential equations always give positive
results, very close together, which approach an asymptote
result as the mobility level increases. Increasing the mortality
level has only a moderate effect on the outcome.

However, although negative retention probabilities only
occur with the linear equation at mortality levels not observed
in real world regional systems, a worrying discrepancy between
the results of the linear equation and the other two appears
at lower mobility levels between 10 and 15 (or between 100/1000
and 150/1000 total outmigration rate for region 2). One year
mobility rates are observed at this level in many countries,
but not for interregional migration, merely for migration from
residences in generil. In Rees (1979b) results of using power-
linear were very little different from those of the linear

equation for a three-region, British population system.
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Our general conclusion must be therefore that the negativity
problem is not a serious one but that it would be as well to keep
in mind the problem when new and highly mobile multistate systems

are being investigated.

3.6 Conclusions About the Movement Approach

Let us review now the choices facing someone wishing to
construct a multiregional life table and having available only

movement type data (Figure 1).

Firstly, if these movement data are classified by place
of birth, they should be employed to construct r separate multi-
regional life tables, one per region of birth. Although we can
not present empirical evidence in favour of this choice (although
Ledent 1980 gives the evidence in the transition case), it is
clearly justified on theoretical grounds since it relaxes a key
assumption of the model. However, normally this choice is not
available.

The second set of choices concern probability and stationary
population estimation equations. Again we would argue on theo-
retical grounds that the interpolative-iterative method is the
best, although rather more demanding in programming and computer-
time terms. Of the non-iterative methods the cubic is closest
to the interpolative-iterative, followed by the linear, and then
the exponential. There are arguments in favour of the exponential
or a power modification of the linear if mobility leveéls are

very high.

However, the differences between the various methods are
probably not large enough to be of empirical interest, and the
extensive use to which the linear (Option 3) method has been put
(in IIASA's Migration and Settlement Task) would seem justified.
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4. THE HYBRID APPROACH: USING MORTALITY AND MOBILITY RATES
WITH TRANSITION DATA

4.1 General Observations

It is clear from the preceding section that the movement
approach to the calculation of a multiregional life table
constitutes a generalization of the classical method of ordinary
life table construction: in most instances, matrices are
simply substituted for scalars. A characteristic of this
approach is the observation and calculation of mobility rates
in age-time arrangements identical to the common observation
and calculation of mortality rates. It thus requires data in
the form of moves or migrations that are to be established from
a population register.

In fact, many countries do not maintain such registers
and geographical mobility data are then obtained from a popula-
tion census in the form of migrants or changes of residence
derived from questions about residence one or five years earlier.
The proper approach for taking care of this data type is the
transition approach which attempts to generalize the methods

of ordinary life table construction based on survivorship rates.

Historically, however, the case of mobility data from
census information was dealt with by Rogers (1973a, 1973b, 1975)
in yet another approach in which the concepts were borrowed from
the classical or movement approach. Because of these two
ingredients--methods from the movement approach and inputs
being transition data--we have characterized this approach as
the hybrid approach, to contrast it with the transition approach.
These distinctions were recognized in part in Rogers (1975a)
in the discussion of probability estimation options and in the
description of those options (Options 1, 2, and 3) in Willekens
and Rogers (1978). We hope in this section to make the distinc-

tions as clear as we can.
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4.2 Probability Estimation and Associated Egquations

Formally, the transition approach is characterized by a

set of flow ard orientation equations pertaining to the evolu-

tion between ages x and x+n of the closed group of people ;Z;
present at age X in region i, regardless of their place of
birth. Note that

. . r . .

i,i _ j,i

xzx Z Ozx (60)

and observe the difference with the movement approach.

The basic flow equation may be defined as (Rogers 1973a,
1975a)

1,i  _ dpi _

i,ik _ i,is(.)
x"x+n =~ x"x £ £ (61)

X X X X

o1

k=1
k#i
where ;ﬂ;k terms are the number of persons in the life table
population who, present at age x in region i, survive to age
i6¢(.)
X

same closed group who die before reaching age x+n.

x+n in region k and ;Z is the number of persons in the

The definition of the orientation equations here is not as
straightforward as in the movement case. Rogers himself (Rogers
1973a, 1975a) does not present any clear specification of such
equations but his approach of the problem (Rogers 1975a:82-84)

can be viewed as consisting of the following:

ik _ i_ik ii 1

i .

Al T it el (note that k # 1) (62)
and

1,i8(.) _ i i6(i) iipi (63)

X X X X X X
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where the mobility and mortality rates thus defined are--in spite
of the identical notation used--diffgrgnt from those defined
earlier in the movement approach: i;Ll are the life years lived
in region i by members of the region i, age x cohort over the

X to x+n age interval. The interpretation of such a set of

The interpretation of such a set of equations is rather
simple from the point of view of classical mathematical demo-
graphy: any move by a member of the closed group iiik out of
region i is regarded as a death, at least as long as the focus
is on the age/time interval x to x+n. [The provision for return
migration within such an interval which Rogers (1975a) evoked
in theoretical terms but disregards at the applied level is,
however, inconsistent with such a view.] 1In other words, the
specification of the above orientation equations implicitly
rules out the possibility of multiple moves per age interval.
Therefore, an individual who has just moved out from a certain
region is not exposed to the risk of dying until he or she
reaches the next exact age in the series 0,n,2n,...! We will

see later on an important consequence of such an assumption.

Then, substituting the orientation equations into the flow

equations leads to

1.1k 11,1 1 16 (1) 11,1 (64)
;1 XX XX X X x"x

[
(o)
%
[
-
(&)
[N
S N iy

k
k#1i

which together with (62) constitutes the fundamental system of
equations leading to the derivation of formulae for estimating
the survival probabilities. Unfortunately, this system cannot
be simply summarized into a matrix equation similar to equation

(24) of the movement approach.

In practice, the derivation of such formulae requires the
adoption of a method for calculating the number of person-years
lived as well as a linkage of the life table with the observed
rates. With regard to the latter, it is customary to assume--

because of the format in which mortality and census migration
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data are generally collected and tabulated--that the mortality
and mobility rates are independent of the place of residence at

age x
imik - Mik (65)
X X X
and
i 16(¢(i) _ ,.6(1)
xmx - Mx (66)

How does one observe such rates in practice? 1In the case of

mortality, the observed rate can be simply assimilated with the
.6 (1)
X

case of the mobility rate is more complicated and will be dealt

conventional mortality rate M pertaining to region i. The

with later on.

4.2.1 The Linear Approach ("Option 1")

Rogers (1973a, 1975a) simply assumes that the number of
person-years lived by the members of the group ;ﬂ; can be obtained

linearly from the {-statistics as

ki i _ n izk i,ik .
xLx 2[x£x + xﬂx ] for all k's (67)

. . _ i,ii _ i,i i,ik _ 4 . .
including k = i. (Note that xﬂx = x£x+n and xzx 0 if k # 1i.)

Then, it can be established (Rogers 1975a:82-84) that

n Mij
ij T 'x . :
Py” = T for all j # i (68)
n Z Mik + D MS(i)
1 4+ == -—
27T K#i X 2T 'x

(69)
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and
I . .
n ik n ,,0(1i)
T -ap LM a1 My
ii k¥l X
Py = r . oy (70)
n 1 n 1l
Troar LMt oam
ik 1S
or 1 - k;.p; - Py (71)
1

These equations have already appeared as equations (3), (4),

and (5) but are repeated here for convenience.

4.2.2 The Exponential Method

As an alternative to the linear approach, it is possible
to assume that the mortality and mobility propensities are con-

stant over the whole interval x to x+n. Then we have

r ik, §(i)
-n{ Z Mx +Mx )
. . k »
pit = 1 (72)
and
r
i3 -n( Z Mlk+M6(l))
i3 My k#i * X
P,” = T 1 -e (73)
Ttk s ()
k#l X X /
and
r . R
5 (1) —n( ] MRS (3D,
5 My k#i XX
o= - e (74)




44

In such circumstances, the number It of person-years lived in
region i is obtained by substituting pil ;2; [where p is given

by (72)] into (c)

-n( M Kim: 6(1))

iii_1-e ki i,i (75)
XX ( z Mlk + M.d(l)) X x
#i X
and finally we have
g -n § w00,

ji i MxJ 1 e k#1 i i i,i
L = - - n - - - ' (76)

X x ( zjﬁk + M.5(1)) ( z M + M.6(1)) X x

k#i X X k#i ¥ X

4.2.3 The Linear and Exponential Methods from the Movement
Approach
As seen earlier, a fundamental problem with the hybrid
approach as exposed above is the ruling out of the possibility
of multiple moves which leads to an artificial reducing of the

exposure to the risk of dying.

Ledent (1978:67) indicates that the multiple move assump-
tion can be somewhat attenuated to allow for the possibility of
death after a migration (two migrations within the same interval
are still not allowed). This does not lead to a much greater
complexity for the derivation of the survival probabilities
for which explicit formulae have been derived by Ledent (1978:
71-73) in the case of a linear calculation of the L-statistics.

An alternative possibility of achieving the same result
has been proposed by Willekens and Rogers (1978); it simply
consists of substituting the movement-based linear formulae
("Option 3") for the above linear formulae ("Option 1"). 1In
the same vein, it is also reasonable to substitute the movement-

based exponential formulae for the above exponential formulae.
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4.2.4 About the Last Age Group

The treatment of the last age group is the same for all

methods. The egquation

L =M £ (77)

is used (the migration rates are assumed to be zero).

4.3 Rate Estimation Egquations

4.3.1 The Approach So Far: Equivalence of Data and Model Age
Labels
At this point it is useful to retrace our steps in Figure
1 and go back to the column labeled "Rates - Definition". We
concentrate our discussion on migration rates, since the mortality

rates are as conventionally computed.

In defining rates in the movement approach (and mortality
rates in all approaches) the match between the definition of
the events by the data collecting agency and in the model are
usually identical. This is the situation shown in Figure 4a
for a five-year age interval and one-year time interval, although
the same principle applies no matter what the intervals. The
dots in the data Lexis diagram refer to movements at the point

in age-time space that they occur.

In the case of the hybrid approach in which transition
data are used, difficulties occur. We cannot in this case
assume an equivalence of the age-time space in which the data
are gathered, and that used in the model, as is clear from
Figure 4b for a one-year time interval and from Figure Udc for
a five-year time interval. The transition data are recorded
in an end of interval census (at time t+1 in Figure U4b or time
t+5 in Figure 4c) and are classified by age at the end of the
time interval. Their age at the start of the interval can be
worked out using the Lexis diagram and will be x-1 to x+n-1 in
the one-year case when n = 5 and x-n to x in the five-year case

when n = 5.
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A. Movement approach: 1 year B. Hybrid approach: 1 year
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t
x—-1
i..
t t+7 t t+ 7 LION t+7T t t+T
x . x [*5%%° x
LK IR J
p @ © o
[ 3K N J
b o 0 ¢
L IR K J
p © o o
[ 3K K J
> o & o
L 3K JK
b o o 1
® 00
'o.o.ﬂ
p o O W
'......
x+n—1/[ee.°
[ 3K )
o 4
[ ]
x+n X+n XxX+n x+n
Data Model Data Modei
C. Hybrid approach: 5 year
(n=5,T=5)
t
x—n | w movement as
:o events in age/time space
[ ]
o0
:o:o:. o e o o . transitions as
9,000 e e »2¢%% events in age/time space
.’.o.o.o.o ®
P.O.O....... t+T
)% %° °...0.0.o t+T t !
X .°...O.o.o.:.:.: X
e '.0.0.0.0
.......
......
... [ ]
...
....
L ]
@
x+n x+n
x+2n
Data Model

Figure 4. The data and model matching problem in the hybrid
approach.
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It is therefore incorrect to define mobility rates as

ij Kl>j<
M = —= (78)
X K
X
or
ij
. . K
M;J = .xl+n (79)
K
X
i3 K,
equivalent when T = n to M 3= X (80)
. x gi
X

where K'J refers to migrants classified by age at their region
j location at the end of the measurement period, at the time
of the census.

Both alternatives will be equally incorrect when n = T but
the definition in equation (78) will be better if T < n. 1If
n=5and T= 1, equation (78) will give a reasonable approxima-
tion on the assumption that events in the bottom triangle in
Figure 4b are the same as events in the top triangle. Unfor-
tunately, neither in Rogers (1975a) nor in Willekens and Rogers
(1978) is the method of rate computation made explicit, but
looking at the empirical work on the United States population
(Rogers 1975a), normally equation (78) is employed with one-
year period data and equation (79) with five-year data. For

the first age group, >t is assumed, in the one-year period case,

(81)

where Kl% are the migrants from region i to region j aged one
to four at the end of the period, and KS is the mid-period
population aged one to four. 1In the five-year period case, the

equation adopted is
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(82)

ok

ij o ki3
M, K'g / K

where Klg are the i,j migrants aged five to nine at the end of
the period. For the last age group in the one- and five-year

cases, it is assumed
ij _ ij i
Mz K.z / Kz (83)

where z refers to the last age group z years and beyond.

The problem with the first age group equatlons is that they
neglect to take into account infant migrants--K 3--and the prob-
lem with the last age group equations is that again there is a

mismatch between the migrants' age and those of the denominator.

4.3.2 An Averaging Procedure

The correct procedure, following Rees (1979a), is to estimate
the necessary model inputs from adjacent age group data, thus¥*:

lJ
. (1 - ——)F + ( )K
mid = . 2n .x+n (84)
X 1
K
X
with the n = 5, T = 1 equation being
iy _ _ ij i
My = [(1 O)K + (10)K.x+n] / Ry
(85)

ij ij i
[(-1—0—)1( + ( )K.x+n] / Kx

*This assumes T < n. When T > n, then more age groups become
relevant.
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and the n = 5, T = 5 equation being

ij _ 5,413 5. .13 ] i
Mx - b1 10)K.x + (Tﬁ)K.x+n / Kx

(86)

1,45 L 1,013 i
Diox.x * (7)K.x+n] / Ky

Modifications of these equations are needed for the first age

group and the last. The general estimation equation for the
0 to n transition where T £ n is:

i - [«B(1)3 , i3 T ij] i

Mo [K.o * KT (KL ]/ K (87)
where Keél)J is the number of persons born in region i who
migrate to region j and are aged 0 to T at the end of the period;

Kl% are the region i to region j migrants who are aged T to n at
the end of the period. When the age group interval equals the

time period length, equation (87) reduces to
Ml = [x?‘l)J + (%)ng] / K (88)

With the last but one and last age groups, there is the
difficulty that the Lexis diagram "geometric" weights are poor
estimators of the distribution of migrants. A simple, although
inadequate, suggestion would be to use population weights

y . K2 y .
i3 _ _ T \,13 z ij 1
Mz—n [(1 7H>K.z-n * (Kj‘+Kj )K.z] / Kz—n (89)
z z+n

and

Ml = (_;llL_.KlJ / Kt (90)
z-n KJ+x .2 z
¥4 Z+n
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where z-n is the age which starts the last but one age group

in the migrant data, and z is the age which starts the last

age group; Kg is the population of region j aged w to w+n; and
Kg+n is the population aged z+n and over. This method requires
Xxnowledge of population stocks to an age one interval greater

than the migrant data, which is usually the case.

These rate estimation methods would, of course, be much
improved through the adoption of an interpolative-iterative
method of the type outlined in section 3.

4.4 Period of Data Measurement

A final element of choice in the hybrid approach concerns
the period over which the migration data have been measured.
The observation has been made by several researchers (Rees
1977a; Long and Boertlein 1975) that

13 13 91
KJ(5) # 5 K7 (1) (91)
or more generally that

.. T .
ij 2 _ij
Ky (T5) # TT Ky (T,) (92)

where the term in brackets indicates the time period over which

the transitions were measured.

Three possible explanations for this observation have been

proposed, and these are briefly considered here:

(1) It is a result of changes in the migration propensi-
ties over the different time periods of measurement
--from t-5 to t compared with from t-1 to t, for
example.

(ii) If the migration rates are transition rates then a
multiplicative, Markov process should link the two

observations. That is,
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(T,/T,)
H(T,) = H(T 27

H(T,) (93)

is a better description of the process, where H is

a matrix of transition rates defined as
htd = k' 7 xt (o) (94)

neglecting for the moment the treatment of age which

is more complicated. The multiplicative process

should create sequences of shorter period transitions
which will be consolidated into one longer period
transition with the short period transitions that

"disappear" in the consolidation numbering

[;% k23T, - x;j(wzﬂ :

(iii) Or it could be that, although the first and second
explanations hold, they are insufficient to account
for the differences observed. Instead, if there
was to be a substantially higher probability of a
person returning to his previous region of residence
or region of birth than of a persoﬁ making a new
migration there, this might account for the discrep-
ancy.

Results reported by Rees (1977) for the one year periods
1965-66 and 1970-71 which exhibited very little difference in
their migration levels and patterns, and for the five-year
period 1966-71 suggest that the first explanation has been a
minor one. The second explanation appears to count for some
of the five-year - one-year differences, particularly if migra-
tion propensities are high (cf. Figure 4 results), but a good
deal is left over to be explained. Ledent (198QGc¢) has shown
for the United States between 1965 and 1970 that return migra-
tion was a very important phenomenon, which might well account

for the one-year - five-year phenomenon.
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Our conclusion from this discussion is that if eguation
(91) is true and equation (93) fails to hold, then the choice
of period length to which the migration data apply could have
a serious influence on the estimation of multiregional life
table.

Speculations by Ledent (1978:133-137) were confirmed by
analysis by Rees (1979b) which suggested for Great Britain
that a substantial difference exists between the one-year based
and five-year based life tables. This analysis is repeated in

the present wider context.

4.5 The Data Sets Used and the Experiments Performed

The one-year data used consists of the original data
assembled by Rees (1979a) on population, births, deaths, and
migrants for the ten-region Great Britain country study in the
IIASA Migration and Settlement Task. The data have been
aggregate from ten to three regions (East Anglia, South East,
Rest of Britain), and the migrant data manipulations, equiva-
lent to the denominator on the right-hand side of equation (85),
have bee left undone.

The five-year data are for the three-region system East
Anglia, South East, and Rest of Britain and derive from the
population accounts presented in Rees (1980a) which derive
from an earlier study (Rees 1977b).

A third data set is also employed that combines the one-
year deaths data for 1270 with the five-year migration data
for 1966-71 for the three-region system. Comparisons can then
be made between the first and third sets, holding the mortality

information constant.

The data have been used with assumption that Great Britain
constitutes a closed population system. Although this assump-
tion is incorrect, it has to serve for present purposes either
until work on developing a life table including the rest of the
world is carried out (the second author's intention) or until a

method of constructing life tables for an open system is
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developed. As a result the retention probabilities will tend
to be inflated by the level of the emigration probabilities,
as Rees (1980a) has pointed out.

Table 5 sets out the experiments carried out in order to
analyze the effect that different method and data set choices
have on the Great Britain multiregional life table. Obviously,
only a selection of the results can be presented here: reference
back to Table 5 will help clarify the nature of each analysis
as it is presented.

We begin first by considering the effect of choice of

probability and associated estimation equations.

4.6 The Effect of Choice of Probability and Associated Estimation

Equations

Before beginning the presentation of the effect of choosing
different probability estimation equations, we set out in Table
5 the region 1 (East Anglia) probabilities and in Table 6 the
Great Britain life expectancy values and their distribution for
the three-region system that are equivalent to those published
in the UK Migration and Settlement country study (Rees 1979a,
1979b, Table 11, p. 48). One year data is employed, rates are
computed by averaging successive census age groups for transi-
tion data, and the "Option 3" probability estimation method
{movement-based/linear method) is utilized. Tables 6 and 7
represent therefore the best published estimates to date of
the Great Britain multiregional life table.

We can now ask the questions: What would have been the
effect of using different methods on these estimates? Table
8 collects together the probability vectors that refer to death
or to outmigration from the East Anglia population for the four
probability estimation methods. Table 6 values, our best
estimates to date, appear in the third column under "Run 7".
When the exponential version of the movement-based method is
employed, the death probabilities are lowered somewhat (compare
run 7 with run 8, and run 3 with run 4) and the migration

probabilities are lowered a little. These were the differences
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Table 6. Great Britain, hybrid approach: transition probabilities
art of East Anglia, averaged rates, movement-based/
linear method with one year (1970) data (xrun 7).

Probabilities of surviving in:

Death
probability East Anglia South East Rest of Britain
13 11 12 13

Age, x px X X X

0 .01894 .81079 .08019% .09008

5 .00184 .87637 .05846 .06333
10 .00166 .90383 .04617 .04834
15 .00359 .83890 .08405 .07346
20 . 00403 .75125 12771 .11701
25 .00272 .78867 .10869 .09992
30 .00343 .85372 .06679 .07606
35 .00610 .88411 .05273 .05706
40 .01128 .91518 .03579 .03775
45 .01810 .92525 .03019 .02646
50 .02924 .90665 .03425 .02985
55 .04784 .92024 .01711 .01481
60 .07744 .89055 .01773 .01429
65 .13213 .83799 .01535 .01453
70 .19736 .76556 .01944 .01765
75 .28768 .68812 .01264 .01156
80 .41545 .56364 .01116 .00974
85 1.00000 .00000 .00000 .00000

Table 7. Great Britain, hybrid approach: 1life expectancies
and their regional distribution, averaged rates,
movement-based/linear method with one year (1970)
data (run 7).

Percent spent in:

Life
Region expectancy East South Rest of
of birth {years) Anglia East Britain
East Anglia 72.43 41.02 25.78 33.19
South East 72.45 4.11 64.55 31.35

Rest of Britain 71.49 2.31 16.31 81.38
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Table 8. Great Britain, hybrid approach: transition probabil-
ities out of East Anglia based on one year deaths and
migrants data, 1970.

Method Nt probability astimation Mezthol of probuility estimation
Transition-bascd Movemont-based Transition-based Moverent-bascd
Age Lincar £xponcntial Linear Cxponential Age Linear Expunential Linear Exponertial
Run 3} Run 4 Run ? Run 8 Run 3 Run 4 Run 7 Run 8
PROBABILITY OF DYING (p:d) PRCB. EAST ANGLIA -+ FEAST ANGLIA (pil)
[ .01719 ,01714 .01894 .01894 9 .80998 .81061 .81079 .81148
S .20174 .CC174 .00184 00184 H .87598 87615 .87637 .87656
10 .00159 .00159 .00166 .00166 10 .90359 .90367 .90383 .90392
15 ,0C334 .00333 .00359 .00359 15 .83827 .8386% .83890 .83931
20 .90359 ,C0357 .00403 .00403 2C .71968 .15116 .75125 .75287
25 .002135 .00234 .00272 .00272 25 .78747 .78837 .78667 .78965
30 .00310 .00310 .00343 .00344 30 .8531% .85343 .85372 .85401
3s .00572 .00571 .00610 .00610 35 .88378 .8e392 .68411 .88426
40 .¢lo82 .01081 .01128 .0l128 40 .91%01 .91507 91518 .91524
45 .01748 .01747 .01810 .01810 45 .92514 .92518 .92528 .92529
50 .02811 .02809 .02924 .02925 Ho] .90653 .90660 .90665 .906713
S5 .04691 .04688 .04784 .04784 S5 .92018 .92023 .92024 .92029
60 .07593 .07584 .07744 .07741 60 .89047 .89059 .89055 .89067
65 .12982 .12951 .13213 .13194 65 .83793 .83932 .83799 .83838
70 .19294 .19195 .19736 .19669 70 .76551 .76672 .76556 .76677
75 .28311 .28062 .28768 .28543 75 .68809 .69105 .68812 .69108
80 .40952 .40142 .41545 .40817 80 .56362 .57226 .56364 .57229
as 1.00000 1.00000 1.00000 1.00000 85 . 00000 .00000 .00000 .00000
12 13
PROB. FAET ANGLIA = SOUTH EAST (Px ) PROB. EAST ANGLIA = REST OF BRITAIN (p‘ )
[«} .08303 .NB27S .08019 .07977 [} .08989 .08950 .09008 .0898)1
S .05954 .05946 .05846 .05834 S .06274 .06265 .06333 .06326
10 .04685 .04632 .04617 .04611 10 .04797 .04793 .04834 .04831
15 .08588 .08567 .0e30s .08376 15 .072%2 .07235 .07346 .07334
20 .13294 .13215 .12771 .12651 20 .11379 .11312 .117€1 .11659
25 .11308 .11260 .10869 .10793 25 .09711 .C9670 .099%92 .09970
30 .06849 .06835 .06679 .06658 30 .07526 .07512 .07606 .07595
35 .05373 .05367 .05273 .05264 35 .C5677 .05670 .05706 .05700
40 .03643 .03640 .03579 .03575 40 Q377 .03772 .03775 .03773
45 .03090 .03089 .03019 .03016 45 . 02648 .02646 .02646 .02645
50 .0352% .93523 .03425 .03420 50 .03010 .G3cv8 .02985 .02983
55 .C1780 .01779 .01711 .01709 55 .01511 .01510 .01481 .01479
60 .01879 .01877 01773 .01767 60 .0l482 .01480 .01429 .01426
65 Clo72 .0l1068 .0153S .01524 65 .01553 .01549 .01453 01445
70 .02179 .02108 .01944 .01915 70 .01976 .01966 .01765 .01739
75 .01488 .01474 01264 .01228 75 01272 .01359 .01156 .01120
80 V1423 .01394 01116 .01046 80 .vl263 .01238 00974 .00909
85 .00000 .00000 .00000 .00000 85 . 00000 .00000 .00000 . 00000
12 13
PROB. MIGRATION OUT OF EAST ANGLIA (px * Px )
0 .17282 .17225 .17027 .16958 NOTE: All these runs employ rates
5 .12228 .12211 .12179 .12160 computed by the averaging
10 .09482 .09475 .09451 .09442 method.
15 .1583% .15802 .15751 -15710
20 .24673 .24527 .24472 .24311
25 .21018 .20930 .20861 .20763
30 .14375 .14347 .13685 .14253
35 .11050 .11037 .10979 .10964
40 .07417 .07412 .073%4 .07348
45 ,05738 .05737 .05665 .05661
S0 .065136 .06531 .06410 06403
55 L0329l .03289 .03192 .03188
60 .03361 .03357 .03202 .03192
65 .03225 L3217 .02983 .02968
70 .04155 .04134 .03709 .03654
75 .02860 .02833 .02420 .02348
BO .02685 .02632 .02090 .01954
85 .00000 .00000 . 00000 .00000
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observed in the movement approach. Compared with the linear
approach, however, the life expectancies are lower in all regions
(Table 9). This is intuitively unreasonable since lower mortality
rates in all regions should not lead to lower life expectancy

in all regions. The retention probabilities have been raised,
however, and this raises the populations at risk of dying and
thus, the number dying in earlier ages, leading to the lower

life expectancies.

Another element in our comparison of exponential and linear
methods is the non-negativity problem. This has already been
discussed for the movement-based probability estimation methods
(see section 3.5). The same toy model (equation 59) can be
applied in the case of the transition-based probability estima-
tion formulae (equations 68 and 70 for the linear case and
equations 72 and 73 for the exponential case). Figure 5 presents
the results for the region 2 retention probabilities where nega-
tive probabilities occur. The migration level is taken only
up to 100 because at this level, the transition rate out of
region 2 is 1, the maximum that can occur (and highly unlikely
since some of the population will die). The problem is worse
than in the movement-based case since in the formulae transi-
tions are still being treated in part as if they were movements
by being multiplied by n. Significant differences between linear
and exponential formulae begin at lower mobility levels (between
5 and 10 rather than 10 and 15). The exponential formulae still
ensure non-negativity.

The differences between linear and exponential formulae
are very small for the transition based equations--only .03,
.03, and .04 of a year for East Anglia, the South East, and the
Rest of Britain, respectively (or about 12 days). These negli-
gible differences are comparable to those observed in the move-
ment approach analysis of the Dutch population system. However,
the differences between movement-based linear and exponential
formulae for the British population system are larger--.09, .07,
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and .20 of a year for the three regions (or about 44 days or

one and a half months).

This difference between the British

and Dutch observations is probably due to the higher levels of

migration in the U.K. compared with Holland.

Table 9. Great Britain, hybrid approach: regional life expec-
tancies at birth (in years) and their distribution by
region of residence (in percentages) based on one
year deaths and migrant data, 1970. Probability
estimation comparison.

Method of probability and L-function estimation
Transition-based Movement~based
Linear Exponential Linear Exponential

Region Run 3 Run 4 Run 7 Run 8

LIFE EXPECTANCIES BY FEGION AT BIRTH

East Anglia 72.74 72.71 72.43 72.34

South East 72.66 72.63 72.45 72.32

Rest of Britain 71.83 71.79 71.69 71.49

PERCENT OF LIFE SPENT BY PERSONS BORN IN EAST ANGLIA

East Anglia 40.82 40.84 41.02 41.02

South East 26.27 26.27 25.78 25.97

Rest of Britain 32.91 32.89 33.19 33.01

PERCENT OF LIFE SPENT BY PERSONS BORN IN SOUTH EAST

East Anglia 4.36 4.36 4.11 4.28

South East 63.99 63.99 64.55 63.98

Rest of Britain 31.65 31.64 31.35 31.74

PERCENT OF LIFE SPENT BY PERSONS BORN IN REST OF BRITAIN

East Anglia 2.42 2.42 2.31 2.50

Scuth East 16.87 16.87 16.31 17.51

Rest of Britain 80.71 80.70 81.38 79.99

Note: All runs

method.

presented in this table are based on the averaging rates
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The second comparison that should be made is between the
transition~based and movement-based formulae. Here the differences
are larger. Using the transition formulae persons appear to
live about .27 years or 100 days longer than when movement
approach formulae are used (see Table 9), and slightly lower
proportions of this time are spent in the region of birth
[although there are exceptions (Rest of Britain), exponential
method, comparing run 4 with run 8). Our earlier (and Appendix
A.3) analysis of the transition-based formulae suggest that
both mortality and migration probabilities are underestimated:
this means that the life expectancies should be lower in reality,
and nearer the movement-based numbers, but that the percentage
of lives spent outside the region of birth should be higher.

Are our probability estimation method comparisons
confirmed for the other data sets, with their different migrant
data and deaths data (in the case of data set two)? Table 10
extracts some selected probabilities from the data set two and
three runs corresponding to those discussed in Table 8. The

same comparisons can be made.

4.7 The Effect of Choice of Migration Rate Estimators

Two methods of computing migration rates were outlined
earlier in the paper. Although our recommendation would always
be to adopt the averaged rates method (section 4.3.2) where
interpolative-iterative methods were not used, it is instructive
to compare the results of the two alternatives in order to
gauge how much error has resulted from the past use of the

equivalent rate method.

The annual or annual equivalent migration rates from the
South East to the Rest of Great Britain are plotted against age
in Figure 6. For one-year data and annual rates the two rate
schedules are very close except for ages 0 to 4 (plotted at
age 0 on the graph) where the rates assuming ecguivalence are
below those using the averaging method. The reason is that
infant migrants are ignored in the egquivalent method. The dif-

ferences in rates estimation methods decrease the years spent
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outside the region of birth by an average of 0.73 percent over

the three regions (Table 11).

Table 10. Great Britain, hybrid approach:

transition proba-

bilities out of East Anglia for ages 20 to 25 based
on the five-year deaths and migrants data, 1966-71,
and the combined one-year deaths and five-year

migrants data.

Ages 20 to 25 Method of probability estimation

Transition-based

Movement-based

Linear Exponential Linear Exponential
Data set two == Run 11 Run 12 Run 15 Run 1l6
Data set three ——————pRun 19 Run 20 Run 23 Run 24
PROBABILITY OF DYING IN EAST ANGLIA (p;g)
Data set two .00378 .00378 .00401 .00401
Data set three .00382 .00382 .00406 .00406
PROBABILITY OF STAYING IN EAST ANGLIA (p;é)
Data set two .860605 .86627 . 86651 .86674
Data set three .86602 .86623 .86647 .86670
PROBABILITY OF MIGRATING FROM EAST ANGLIA TO SOUTHEAST (p;g)
Data set two .06819 .06808 .06704 .06689
Data set three .06819 .06808 .Q6703 .06687
PROBABILITY OF MIGRATING FROM EAST ANGLIA TO REST OF BRITAIN (p;g)
Data set two .06197 .06188 .06244 .06236
Data set three .06197 .06187 .06245 .06237
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regional life expec-

tancies at birth (in years) and their distribution

by region of residence (in percentages) based on one-
year deaths and migrant data and five-year deaths and
migrant data, 1970. Rates estimation comparison.

Migrant data period and method of rate calculation

One-year migrants data

Five-year migrants data

Equivalent Averaged Equivalent Averaged
rates rates rates rates
Region Run 1 Run 3 Run 9 Run 11
LIFE EXPECTANCIES BY REGION AT BIRTH
East Anglia 72.74 72.74 73.02 73,00
South East 72.66 72.66 72,66 72.66
Rest of Britain 71.83 71.83 71.76 71.78

PERCENT OF LIFE

SPENT BY PERSONS BORN IN EAST ANGLIA

East Anglia
South East
Rest of Britain

PERCENT OF LIFE

41.98 40.82
25.82 26.27
32.20 32.91

57.78 56.02
19.14 20.05
23.08 23.93

SPENT BY PERSONS BORN IN SOUTH EAST

East Anglia
South East

Rest of Britain

PERCENT OF LIFE

4.28 4.36
64.70 63.99
31.03 31.65

3.57 3.64
74.40 73.63
22.03 22.73

SPENT BY PERSONS BORN IN REST OF BRITAIN

East Anglia
South East

Rest of Britain

2.38 2.42
16.59 16.87
81.04 80.71

1,75 1.88
11.52 11.85
86.72 86.27

Note: All runs presented in this table are based on transition-based/linear
method of probability and stationary population estimation.
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The differences are much greater for rates computed from
five-year migrant data (the annual eguivalent rates shown in
Figure 6 are derived by dividing the five-year migration rates
by five). The effect of adopting the equivalent method is to
shift the migration rate curve to the left by an average of
about half the age interval (two and a half years). Infant
migrations are again ignored but this has less of an effect in
the five-year case because of a probable underestimation of
infant migrants in the Great Britain accounts from which the
five-year data derive (Rees 1980a). The years spent outside
the region of birth are decreased by an average of just under
one percent through the adoption of equivalent rates compared

with averaged rates.

Rate estimation method does not, however, appear to have
an effect on the computation of total life expectancy at birth.

4.8 The Effect of Choice of Alternative Period Length Data

Much more dramatic differences than those between rates
estimation methods are apparent in the Figure 6 schedules and
the Table 11 statistics, however. The five-year annual equiva-
lent migration rates are lower at all ages than the one-year
migration rates. (It is better to look at the averaged rates
in this case because different equations were used in the one-
year and five-year cases for the equivalent rates.) These
differences are particularly dramatic for the ages at which
migration rates are highest (15-30).

The differences in the migration rate schedules feed
through to the probability matrices and so the rest of the life
table. Tables 11 and 12 show that independent of rates estima-
tion method or probability estimation method, the five-year
based life tables exhibit far lower expectations of life outside
regions of birth than the one-year based life tables. The
comparisons in Table 11 show 10.3 percent less of regional life
expectancies spent outside the region of birth in the five-year
tables, and 10.1 percent less in the Table 11 comparisons.

These results confirm the premonitions of Ledent (1978:133-137),
and the findings of Rees (1979b:46-51).
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Great Britain, hybrid approach:

regional life expec-

tancies at birth (in years) and their distribution
by region of residence (in percentages), using averaged

rates and the exponential method.

A comparison of

one-year (1970) and five-year (1966-71) rates.

Method or probability estimation and data period

Transition-based

Movement~based

One-~year Five~year One-year Five-year
Run 4 Run 12 Run 8 Run 16
LIFE EXPECTANCIES BY REGION AT BIRTH
East Anglia 72.41 72.98 72.34 72.74
South East 72.63 72,64 72.32 72.43
Rest of Britain 71,69 71.77 71.49 71.55
PERCENT OF LIFE SPENT BY PERSONS BORN IN EAST ANGLIA
East Anglia 40,84 56.02 41,02 56.13
South East 26.27 20.05 25.97 19.87
Rest of Britain 32,89 23.93 33.01 24,00
PERCENT OF LIFE SPENT BY PERSONS BORN IN SOUTH EAST
East Anglia 4,36 3.65 4,28 3,62
South East 63.99 73.62 63,98 73.50
Rest of Britain 31.64 22,73 31.74 22 .88
PERCENT OF LIFE SPENT BY PERSONS BORN IN REST OF BRITAIN
East Anglia 2.42 1.88 2,50 1,93
South East 16.87 11,85 17,51 12.29
Rest of Britain 80.70 86.27 79.99 85,77

Note:

All runs presented in this table use averaged rates and the exponential
method of probability/stationary population estimation.




-66-

By way of completeness one can note that the difference in
mortality rates (1970 vs. 1966-71) or in number of age groups
(18 vs. 16) does not affect the one-year - five-year migrant
data comparison. Table 13 assembles life expectancies and
distribution percentages in the by now familiar format for a
comparison of similar data set two (five~year deaths data and
five-year migrants data) with a synthetic data set three (one-
year deaths data for 1970 and five-year migrants data for 1966-71
with 16 age groups). The mortality data have no effect on the
regional distribution of life statistics., The differences in
the total life expectations between the one-year and five-~year
cases are due to the differences in the migration schedules
rather than to variations in the mortality pattern. Ideally,
this should not be the case but in the hybrid approach this

coupling unfortunately occurs.

4.9 Conclusions about the Hybrid Approach

To summarize, the elements of choice in calculating a multi-
regional life table using the hybrid approach can be ranked in
order of increasing impact on the life table statistics as

follows.

(1) The choice of linear or exponential formulae has a
very small impact. From Table 14 we can see that the average
difference between linear and exponential 0 values is .07 of
a year (25 days) and retention percentages are shifted by an

average of .25 of a percent.

(2) Using transition-based rather than movement-based
equations for probability estimation shifts life expectancies
by .21 of a year (77 days) but changes retention probabilities
by only .13 of a percent.

(3) Employment of equivalent migration rates as opposed
to averaged rates makes virtually no difference to life expec-
tancies but does on average shift retention probabilities ,U46

of a percent.
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Table 13. Great Britain, hybrid approach: regional 1life
expectancies at birth (in years) and their distribu-
tion by region of residence (in percentages), using
averaged rates, the exponential method, and five-
year migrant data. A comparison of results using
one-year (1970) and five-year (1966-71) deaths data.

Method of probability estimation and deaths data period
Transition-based Movement-based

Five-year One-year Five-year One-year
deaths deaths deaths deaths

Region Run 12 Run 20 Run 16 Run 24

LIFE EXPECTANCIES BY REGION AT BIRTH

East Anglia 72.58 72.86 72.74 72.63

South East 72.64 72,75 72.43 72,54

Rest of Britain 71,77 71.66 71.55 71,45

PERCENT OF LIFE SPENT BY PERSONS BORN IN EAST ANGLIA

East Anglia 56.02 56.01 56,13 56.15

South East 20,05 20.10 19.87 19.92

Rest of Britain 23.93 23.89 24,00 23.93

PERCENT OF LIFE SPENT BY PERSONS BORN IN SOUTH EAST

East Anglia 3.65 3.64 3.62 3.61

South East 73.62 73.70 73.50 73,60

Rest of Britain 22,73 22.67 22.88 22,79

PERCENT OF LIFE SPENT BY PERSONS BORN IN REST OF BRITAIN

East Anglia 1.88 1.88 1,93 1,93

South East 11.85 11.89 12.29 12,33

Rest of Britain 86.27 86.23 85.77 85.73

Note:

method of probability/stationary population estimations,
data all refer to the 1966-71 five-year period.

All runs presented in this table use averaged rates and the exponential

The migrant



-68~-

Iedh e JOo GO'0O+ = IDoudIdIITd

saeak z,.*'zL = seInwxol TeTiuauodxa ay3z bursn eyrbuy 3seg 103 pajndwod Aduezoadxa a8JTIT abeiaay

saead [(.°2L =

seTnuIOy IedUTT ay3z buirsn eyrhuy 3seg ao3j pajznduwoo Aouejoadxa 2JT[ abexaay

‘uuUMTOD yoea peay YITym saArTieuxaille 3o atred eyl jo sArjeuxajzre ra2ddn ayy Huridope weaboad ajqel

93TT 9Y3 3O sunx pz ITe I03J OFISTILIL 9Y3l US9M32q DPOUBIIIITP

9y3 Jo onTea 3yl s a[qe3 ayj uy aanbrzy yoeg :330N

zz'ot1- LL + €T - GZ'+ g9 ‘eobexany

LS G- w°+ LO+ oG+ ure3lTIg JO 3sad

Z9°6- vL'+ o1 - vz o+ 3seg yanos

1R B ¢ T+ ) 20"+ eT1buy 3segy

(00T x _,) (s3uedxad) NOILNALTY

vl - T10°+ 12+ LO+ g9 ‘ebeasay

20"+ T0°+ 6T + 60+ ure3tig Jo 3say

11° -~ 00"+ 0z'+ 90"+ ised yanos

8z - 10"+ ST '+ G0+ et1buy 3sea

Em, (sxeak) XDONVLDIAXT FAIT

jueabtu xealk-aatTg pabeiaay pIseq-3UsWSAON TeT3uauodxy uotbay
snsIaA sSNSIaA SNSI3A SNSIaA
Jueabru aealk-auQ juarearnbg peseq-uoT3lrsuexy, Ieauy]

JO swIa3l uf SIDTOYD 3Yy3 JO s3IO083Jd ay3z Jo Axewuns

* {3uaddaad) uotijuslax pue (sxead) Adouejzoadxad 9ITT UT SOOUIDIITP
tyoevoadde ptaqdAy ‘urtejtag 3eard

‘hl °TqeL



-69-

(4) Use of five-year migrant data rather than one-year has
a slight effect on life expectancy values of .14 of a year (51
days). However, all other effects are completely overshadowed
by the dramatic effect of period of migration measurement on
the retention statistics. When a switch is made in computing
the three-region multiregional life table for Great Britain
from one-year to five-year migrant data, the percentage of life
estimated to be spent in the region of birth increases by an
average of 10.22 percent or about 7.4 years.

It is difficult to make recommendations as to the best
choice among the alternatives described in this section but
nevertheless advice should be offered.

(1) It is a matter of indifference whether linear of
exponential equations are chosen, except when migration rates

are extremely high when the latter should be used.

(2) Although logically transition-based formulae should
be used with transition data, the ones used here are less

satisfactory than the equivalent movement formulae.

(3) Soundly computed migration rates employing the averaging
principle shouléd be employed. "

(4) Two reasons can be suggested for using five-year
transition data when they are available. First, if the iife
table age interval is five years, then these are the data
which match the model transitions most closely. Second, there
is evidence of much return migration over a five-year period
not reflected in the model when one-year migrant data are used.
This issue will be returned to later in the paper. There we
will discuss whether this recommendation should be made less
specific--that is, we should recommend only that T should equal
n for transition data--or whether we should, in fact, prefer

say a T=n =5 systemtoaT=n= 10 or T = n = 1 system.
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Given the difficulties and tensions inherent in a hybrid
model that mixes impact transition data and movement methods,
we turn to the third set of methods involving the transition
approach.

5. THE TRANSITION APPROACH: USING SURVIVORSHIP RATES
5.1 General Discussion

The transition approach is one which takes into account
both the "transition" nature of the multiregional life table
and the definition of much migration data in transition terms.
In contrast to the movement and hybrid approaches which are
based on the assumption of equality of mortality rates and
mobility rates in the life table and the observed populations,
the transition approach instead assumes equality of life table
and observed survivorship rates or proportions. The advantage
of beginning the life table model with survivorship rates is
that one begins with rates defined in a way very close to that
of the probabilities of survival. Survivorship rates together
with non-survivorship rates should, if properly defined, add
up to unity (but never exceed it) and measure changes in state
between fixed points in time (such as t and t+T) just as life
table survival probabilities measures changes in state between

fixed points in age (such as x and x+n).

Demographers have in the past attempted to measure such

rates in countries where mortality data were lacking by comparing

the populations in successive age groups in two consecutive
censuses. Rogers (1975a) has adopted these methods to multi-
regional populations and shown how survival probabilities can
be estimated from survivorship rates. This he called the
"Option 2" method. However, the method has been relatively

neglected because it was proven to produce probability estimates

that were negative or greater than one, and because it was
felt that estimation of reliable survivorship rates from data

was difficult.
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In the next part of the paper, subsection 5.2, we show
that reliable estimates of survivorship rates can be generated
either through the prior estimation of multiregional population
accounts (Rees and Wilson 1977) or through use of census migra-
tion data and start of period population data or through use
of census migration, mortality, and population data. Care
must be taken in handling "closure of the system" when survivor-
ship rates and we show that this is best analyzed in a multi-
regional accounting framework even if multiregional population
accounts are not themselves prepared. To date in the paper
we have ignored the closure issue but in our discussion we show
that it has a hidden influence on multiregional life tables
estimated via the movement or hybrid approaches.

The discussion then leads on in subsection 5.3 to a con-
sideration of ways of estimating survival probabilities from
survivorship rates. We examine the slight modification proposed
by Ledent (1978) to the original "Option 2" method, which appears
to fail to overcom: its disadvantages fully. Then an averaging
method, suggested by Rees and Wilson (1977), is shown to work
well and to avoid the negative or greater than one probabilities
of the "Option 2" method. Finally, the refinement proposed by
Ledent (1980a, 1980b) of the Rees and Wilson method in which a
cubic spline function is used instead of averaging for inter-

polation.

As for the stationary population (L-statistics), we first
consider a linear method identical to the one used in the move-
ment and hybrid approaches. Such a linear approach explicitly
appears in the "Optior 2" method but, in this case, it implicitly
involves more than the simple use of a linear formula. Such an
observation led Ledent (1978) to devise a direct method for
calculating the Lx—statistics which can be substituted for the
linear approach when the survival probabilities are calculated
independently from these statistics (as with the linear and
cubic spline interpolation methods). Below, tne linear and

direct methods are compared.



-72-

After a detailed discussion of the way the British three-
region data were handled, and the life table experiments set
up, we outline in the latter half of this section of :-he paper
the results of our experiments again working from richt tc left

in the choice table (Figure 1).

5.2 Survivorship Rates: Methods of Estimation
5.2.1 An Accounts Framework

Although it will be unusual to compute survivorship rates
directly from accounts, an accounts framework is essential for
understanding the problems involved in handling less-than-

accounts data.

Figure 7 sets out the accounts framework for the Great
Britain regional system we are experimenting with. In this
system transitions within the rest of the world are ignored so
that it is not possible to close the system for life table
purposes by adopting the rest of the world as a fourth region
to add to three we consider within Great Britain. For popula-
tion projection purposes this does not matter as we can close
the system using the immigrant and emigrant information (see
Rees 1979c). However, for life table purposes adjustments are

made, either implicitly by default or explicitly by design.

.Let us first define the "true" survivorship and non-survivor-
snip rates in terms of the accounts variable. The survivorship
13 . . . .
rate, ij, as previously defined, is expressed in terms of

accounts variables as follows

gld = £ (1)a(3) / k(1) () () (95)
X X X
wnere Ki(i)o(j) is the number of persons in existence at the

start of the period in region i in the age group with the age

range x to x+n who survive in region j at the end of the period
€(i). (.)
X

is the population initially resident at time t in region i in

in the age group with ages ranging from x+n to x+2n, and K
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Final state Survival 0 in: Non-survivai 6 in: Total
T E | E
. "East South Restof Restof | East South Restof  Rest of
Initial state Anglia  East Britain  World | Anglis  East Britain  World
1 2 3 4 1 2 4
. E(NO(1) €0 L €IS L €(N01a) | €M) LeERY L1183 Lei118(@ (1)e(e)
East Anglia, 1 | K¢ K¢ K¢ K¢ KE Ke K¢ K< KEme
: . €(210(1) R€A0Q) L0} (L CIA0M8) | L 6(20(1) LE@15 e e84 | L2V o (0)
Exis. | §SouthEast2 | KE K¢ K¢ KS K¢ K¢ KE K< K¢
tence Rest of Britain, 3| KEBI0) K€310Q) (€3)0(3) (eBIUM) | (€] LEBD (EMBBI (L eBIBM) | cel3)elo)
elin: 4 X X X x x x x “x x
E  Restof World, 4 | KEWOU) KeMIO (e@100) geMIol  eB1) eMIBD \eMIBI3) eIl | cela)ele)
’ by x x x 3 x x X x
€(e)0(1) €(e)0D L E(o)(3) (e} O1M) | L E()B(1) elo)B(D) ,€(e)EE3) L c€(e)SH) | (Ols)
TOt.l Kl Kl Kl Kl Kl K: '\l KI KI .(.'
Notes
K = count of people making transitions indicated by subscripts
€ = existence (lifestats)
g = survival (lifestate)
5 = death (lifestate)
x = age which starts age group at time t for transitions
Time - Time »
t t+ T t t+T
X X
I N e BN
x+n xX+n
o 1 . i \\§~‘§\~‘~\_
Life line of a \ Lifeline of a
member of member of
e€iya() ol
K 1060 oynt X +2n Ki('m(‘) count
variable variable
Region i Region j
Figure 7. An accounts framework for a Great Britain, four-

region system (after Rees 1978).
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the age group with age range x to x+n. We assume in these
definitions that the age group interval, n, is equal to the

period length, T.

. L i§d . .
The non-survivorsnip rate, Sx , 1s a sum of more disaggregated

rates:
Sia - g Sié(k) (96)
where
Sié(j) - Ki(i)é(j) / K;(i)'(‘)(t) (97)
€(1)6(3)

The numerator K is defined as the number of persons

X
in existence at the start of the period, dying in either age
group x to x+n or age group x+n to 2x+n (see Figure 7's Lexis

diagram). Note that since

RS () () o (@IS0 g ge()6(K) (98)
X X
k k
so 7 osik 4 gl0 oy (99)
k X X

Examples of an accounts table and associated survivorship rates

for x = 20 are given in Tables 15 and 16, respectively.

The definitions for the first and last age groups are simple
adaptations of equations (95) and (97) for the first age group:

ij _ B(i)o(]) B(1).(.)
st = k2 / K2 (t) (100)
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so that

is _ i6 (k)
s, = z S_. (102)

where the =-n label indicates birth during the period and survival
to or death before reaching the first age group, ages 0 to n,
at the end of the period.

For the last age group, the corresponding equations are

ij _ pe(i)o(3) e(i)- (.)
Sy” = K / Ky (t) (103)
i (3) o Re(i)o(]j) e(i). (.)
527 T K / ¥, (t) (108)
- i _ i6 (k)
ana 5, ~ E S, (105)

wnere persons are aged Z and over at the start of the period and

z+n and over at the end of the period, if they survive.

5.2.2 Closing the System by Default

In this subsection we define survivorship rates in a
fashion that simulates the treatment of the rest of the world
in the movement and hybrid approaches. This is not to suggest
that this is the way survivorship rates are computed in those
approaches. By constructing these alternate ways of closing
the system we can get a feel for some of the biases introduced
by the treatment of closure in the three approaches to life table

construction.

The survivorship rates involving migration within the
nation are defined as in equations (95) and (100). The non-
survivorship rate is implicitly defined as in equations (96)
and (97) althougin if full accounts were not available, the

following approximation might be used
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i6 _ o8(1) _ pe(.)8 (1) e(i). (.) :
sx = sx Kx / Kx (106)

In other words, observed deaths in a region are substituted for
deaths to persons initially in that region at the start of the
period. Then the survivorship and staying rates (retention

rates) are defined implicitly as residuals

st =1 - ] stk - sif for i ¢ I (107)
X k#l X
kel

where j € I means that region j belongs to the set of regions
I making up the internal or national system. The equivalent

accounts definition of retention rates as residuals would be

st =1- ) s, - s for i e I (108)
X k#i X X
kEIIE

wnere E refers to the external set of regions.

If we label accounts=-based survivorship rates with a
label (0), and subsequent definitions with (1), (2) and so on,
we can show explicitly how the various definitions are connected.

The retention rate from equation (107), 8;1(1) is therefore

siti1y = sty + T (o for i e I (109)
X X kEE X

In other words retention rates will, if the system is closed
by default, be greater than their time values by emigration
rate. In other words, it is assumed that people who otherwise

leave the country remain in their region of birth.
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5.2.3 Closing the System by Regarding Emigration as Death

In the life table model itself, normally only survivorship
rates are defined and non-survivorship rates are obtained, if

needed, as a residual
(110)

Therefore, one method of closing the system would be to use
equation (95) to define the survivorship rates, correctly, for
internal transfers, and by implication to alter equation (110)
to

ié ik :
st°(2) = 1 - § sI7(0) (111)
X kel X

sc that in this case

sib(z) = Sié(O) + 7 Sik(O) (112)
keE

This method assumes that when people emigrate out of the country,

their lives are lost to the system, and they are treated as dead.

The problem with this method of closure is that the life
expectancies for regicnal cohorts will behave with age in a way
very different from those of any other life tables, as can be
seen from comparing the §§0(2) rates with those for 530(1)

~

shown in Figure 8.

5.2.4 Closing the System by Reducing the Population at Risk

If the data to hand are in form of population accounts,
it is possible to close the system by redefining the population
at risk: emigrants (both survivors and non-survivors) are

abstracted from the initial population, so that
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By default
.84050 .07502 .08060 .00388
§
520(1) = .01217 .91710 .06735 §2O(l) = .00338
.00413 .03700 .95521 .00366

By combining emigration and death

.78826 .07502 .08060 .05611
§
= . " . 2 = .
§20(2) 01217 83111 06735 §20( ) 08937
.00413 .03700 .90813 .05072

By reducing the population at risk

.83197 .07918 .08507 .00378

$
§20(3) = .01332 .90942 .07369 §20(3) = .00357
.00434 .03883 .95306 .00377

By using conditional survivorship rates

.83205 .07919 .08508 .00368

$
520(4) = .01332 .90957 .07370 §20(4) = .00341
.00434 .03883 .95314 .00369

By expanding to include the rest of the world

.78826 .07502 .08060 .05243 .00368

.01217 .83111 .06735 .08596 s .00341

§20(5) .00413 .03700 .90813 .04703 520(5) - .Q0369
.00003 .00037 .00030 .99230 .00700

Rows = origins 1 = East Anglia 2 = South East 3 = Rest of Britain

Columns = destinations 1 = East Anglia 2 = South East 3 = Rest »f Britain

Figure 8. matrices for Great Britain consequent on various

520
methods of closing the system.
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sii(zy = ge Do) <Ke(i).(0)(t) ;e ) e )
" ) " kee (113)
- k;EKima(k)) i et
£

sif(z) = [ xEDED (Ke(i).(.)(t) o 5 kEDIOK)
X je1 X keE ¥ (114)
_ 3 Ke(i)d(k)) Ce 1
keE

The survivorship and non-survivorship rates are then conditional
on staying within the internal set of regions and they will still
have the property

i id _
Sx (3) + Sx (3) =1 (115)

Compared with the first definition (by default) the diagonal
elements of §x are lower and the off-diagonal elements are higher,
as can be seen in the sample calculations for x = 20 (Figure 8).
~Spreading the adjustments over all terms in the §x matrices in
the fashion suggested here preserves the pattern of population
redistribution contained in the accounts whereas the first
method reduces the amount of such redistribution by overestimating
the diagonal terms.

Survivorship rates computed by this method will be inflated
compared with those computed directly from the accounts by the

ratios of their populations at risk:

g g K’ec(i).(.) (t)
ST°(3) = §7°(0) - - . (116)
X x (Ki(l).(-)(t) -3 Ki(l)O(k) -3 KE(l)G(k))

kEE keEE

i,j el
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5.2.5 Closing the System Using Conditional Survivorship Rates

Frequently, the measurement of survivorship rates cannot
start from an accounts table either because the necessary emigra-
tion data are unavailable or poorly estimated or because of
problems in implementing the necessary computer programs (Plessis-
Fraissard and Rees 1976, 1978 and Plessis-Fraissard 1980).

Ledent (1980a, 1980b) has proposed a method which uses census
migration data only to compute conditional survivorship rates.
Overall survivorship rates are computed independently using
mortality and mid-period population data, and these then are
multiplied by the conditional survivorship rates to yield esti-
mates of the survivorship rates.

The conditional survivorship rates are defined as

glj(u) = KE(I)O(J) / z Ke(l)o(k) l,j e I (117)
X X X
kel
where Ki(l)o(k) are entries in census migration tables. Some-

times the diagonal values, Ki(l)o(l), are not published, but
they can usually be computed using the census population figures

and data from the immigrant tables:

e{1)0(1) e(.)a(i) T LE(k)O(1) e(k)c (1) .
K = X - IK - 1K ieI (118)
. X+n . X+n keI . X+n KEE . X+nN
k#i

assuming that

e(i)o(i) _ pe(i)o(i)

K
X. .X+n

(119)

which will be true when T = n. This assumption we have made
throughout section 5 to date in order to keep the presentation
straightforward, although the assumption is not strictly neces-

sary.
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We now show how S;J estimates might be computed from esti=-
mates of overall survivorship rates, S;O. However, the procedure
actually used is to introduce these as overall survival proba-

bilities and we describe this method afterwards.

Given good estimates of the Si matrices computed from the
accounts or from conventional mortality data, we can then
compute the survivorship rates as

ic

54 = 513 -
Sy« (4) = S, () Sy () (120)

with the overall survivorship rates being equivalent to S;O(O)

where

io _ ik
s, (0) = ] s 7(0)
k
=1 - ] st (121)
Kk X

How then do the sij(u) compare with our original accounts

based definitions, S;J(O)? We can express equation (120) as

- (€ (1) 6(3) ]Z(Kf(‘i“"k)
ij _ X
S (4) = - . : (122)
X z KE(l)O(k) Ke(l).(.)(t)
X X
keI

Using this definition together with that of S;j(O) in equation
(95), we obtain

e(i)o (k)

X

e(1)o (k)
X

K

s;j(u) = s13 (o) for i,j e I (123)

K
I

)
k
)
ke

Thus, the survivorship rates are inflated, in comparison to those
in the original accounts by the ratio of all survivors (including
emigrants) of the region i, age x to x+n population to just those




-84-

surviving within the internal set of regions. However, the
estimates should be very close if the s;O(u) rates are close
to the S;O(O) rates. In Figure 8, this has been assumed and

the §20(u) estimates are very close to the §20(3) estimates.

In practice, for many population systems, overall survivor-
ship rates cannot be computed directly from population accounts
because those accounts have not been estimated. So, instead
we need a method for estimating such overall survivorship rates,
§x' from conventional mortality data, so that we can compute

the survivorship rates

S =8 s (124)

For the purposes of this task, note that if the Markovian
assumption holds, we have the following relationship between
the basic inputs of the movement and transition approaches,
assuming further the use of a linear integration formula fcr
calculating gx (Ledent 1978, equation 67, page 48):

- n -1 -1
°x (E M 2 I.\.4x+n) (I 2 de) (123)
and therefore that
g g _ n -1 - n
§x §x - (} + 2 I.‘.4x+n) (E 2 I:.dx) (126)

Premultiplying both sides of equation (126) by (I + % M

we obtain

n 5 sO = -n
(I + 2 ¥x+n)§x ~X (E 2 @ ) (127)
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Next we premultiply this equality by a row vector of ones, {i}'.

Since {i}'M_ and {i}'Mx+n are row vectors of conventional mortality
87 § T3, . - . R, g .
rates, {Mx}' and {Mx+n} , respectively, and since {i} §x §x is a

10

row vector, {S:}', whose typical element is Sy + We can write

equation (127) as

o N n;,,,S ' = O _ ¢svr _ Dby,
(823 + 3M> 1' 5, 8T = (i)' - FiMy) (128)

which becomes, after transposition,

{si} + ’2‘- s 5rmé )= (i} - 2y (129)

~X <X 'x+n 2'7x
Then, if we premultiply both sides of (129) by [§i]-1, we obtain
1

n -1,.6

. =y 0 _ g,=1,., _n,.0
(i} + 3500, 1= ()74} - 37T (M) (130)
so that
o,-1 n §, -1 S = S :
{Sx} = (I -3 gx) (I + 5 Sy ¥x+n){l} (131)

O\-1
where {SXJ

of the elements of {S?}.

We can estimate Mi and ¥i+n in the normal way from con-

ventional mortality and can measure §x from census migration

denotes a vector whose elements are the reciprocals

and population data, and so find the Sz terms. Equation (131)
ensures the conversion of place of death rates into place of
initial residence rates through the use of the gx matrix. This
eguation operates in a manner analogous to the migration and
death equations in an accounts-based model, and is based on the

hypothesis that people die at the rate of the region they move to.
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Note that the above derivation of the survivorship matrices
Sy« from the knowledge of the conditional survival matrices §x

-~

and the conventional mortality rates M, and M is only valid

X+n
when n = T. 1In case n #¥ T, one will then adopt an alternative
closure method or, if the same type of closure is required, one
will follow the multiregional life table construction method

proposed by Ledent (1980b): see section 5.8 below.

5.2.6 Closing the System by Including the Rest of the World

A final method of closing the system would, of course, be
to include the flows within the rest of the world that were set
to zero in Table 15. Approximate survivorship rate values have
been computed for the rest of the world row and are displayed in

Figure 8 to show that the numbers can be estimated.

The usual objection to such a procedure is that the rates
of migration from the rest of the world to the internal regions
do not reflect the time rate of return migration by persons born
within the country. However, this applies to any of the inter-
regional flows, and ideally we should begin all multiregional
life tables with migration data cross-classified by region of
birth as Ledent (1980c) points out.

5.2.7 Summary of Survivorship Rate Choices

Some five alternative methods of survivorship rate calcula-
tion have been presented. The second and fifth choices are not
considered as they lead to life tables of very different nature
than the ones we have been considering so far. The first choice,
although easy to put into operation, leads to overestimates of
retention rates and to overestimates of the amount of life spent
in the region of birth. We therefore concentrate on the third
and fourth methods, the third which presupposes that a set of
population accounts is available and the fourth which can be

used with census migration data and mortality statistics.
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5.3 Methods of Converting Survivorship Rates into Survival
Probabilities

5.3.1 The "Option 2" Method

A first method, denoted originally as the "Option 2" method,
was proposed by Rogers (1975:85-88). The following linkage

between survivorship rate matrices, Syt and survival probability

~

matrices, Py s Was derived assuming the linear integration

formula for Lx (Rogers 1975, equation A.14, p. 85)
(132)

Equation (132) can be rearranged to yield either a formula for

p., or one for p Postmultiplying both sides of egquation

x “x+n’
(132) by (I + px] and rearranging we obtain

Py = I ¥+ Pyyn — 8,1 8, . (133)
which suggests Py can be obtained if Px+n and s, are known.

Alternatively, one can rewrite equation (132) as

Ex+n = §x[£ + Ex]gx - f (134)
which suggests that Py+pn €2N0 be derived if Sy and p, are known.

In the first case (the case originally considered by Rogers
1975a), if an estimate of P,-n is available then the matrices
Py (for x = z-2n,z-3n,...,n,0) can be obtained. In the second
case (suggested by Ledent 1978), if Po is known, then the
series of matrices Py (for x = n,2n,...,2-n) can be obtained
from knowledge of the survivorship matrices Sy (for x = 0,n,2n,

.ss2=2N0) .
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Here we use the second way and compute the px+n's proceeding

from younger to older ages. The first P,r Pps can be found

=~

from the relations assumed in the linear integration of Lx

S.n = Lo 4 (135)
s =L+ (136)
Z-n 220 ~n’"o0
which, if go = E and gn = Py 40’ becomes
s = 1—(I + ) (137
~-n 2~ EO )
so that
Po = 2s_, ~ I (138)

when Py can be estimated by setting S_n equal to the observed

-

<-n

However, the "Option 2" approach has its drawbacks. Because
the method relies on a formula linking statistics of two con-
secutive age intervals, estimation errors made for a given age
interval are passed on to the next and so they cumulate. Also,
it is critically dependent on the initial Pg ©°F P,_, estimate.
Equation (138) turns out to be a poor estimate for Po+ and
undesirable estimates outside the 0, 1 range are generally
obtained even if the observed survivorship matrices are free
from any measurement error. In addition, the method assumes

that the age interval, n, is equal to the time period length, T.

5.3.2 The Linear Intervolation Method

As an alternative to the "Option 2" method, Rees and
Wilson (1977) suggest that a simple solution to the problem of
deriving survival probabilities from survivorship rates is to

average the latter (see Figure 9%a)




x +5/2

xX+5

-5/2

5/2

10

Figure 9.
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Time A. A typical age transition
n=5 T=5case
t t+5
\\ — Average lifeline for Sx_n: average initial age, x — 5 + 5/2
N\ x +5/2
N\
N\ ., I
Q—r Average lifeline for Px: average initial age, x
& Average lifeline for Sx: average initial age, x + 5/2
x+5+5/2
t t+5
B. The first age group forn =5, T = 5 case
AN
AN

4 N\ B ) s

\ Average life for S_s: average initial age, — 5/2

\
N\ S,

\\\ \\\\
\ AN ﬁ s1/‘2
s 20 N ~0
Sof1) \\ N\

\ c D
§om\‘

Lexis diagrams illustrating the linear interpolation
method applied to survivorship rates.
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t t+5
z—10 C. The last age group, n =5, T = 5 case
z-15/2
z2-5
\\ «————— Average lifeline for Sz—m" average initial age, z — 15/2
\\ z-5/2
N\
N* [ Average lifetine for P, _g: average initial age, z — 5
AN
bd
- Average lifeline for Sz—5: average age, z ?
' |
I
|
| n
Time -+
t t+1
x -1
D. A typical age transition
n=5T=1case
X
x+5/2 -1
Average lifeline for Sx_1 : average initial age, x + 5/2 — 1
x+5/2-1/2
x +5/2
x+5/2+1/2
x+5~1
Average lifeline for Px: average initial age, x + 5/2 — 1/2
Age

Figure 9. Continued.
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p, = g[S __ +S.] (139)

The logic behind such a procedure is that to interpolate all one
has to do is assume average ages at the start of the time
interval (for the populations involved in the transitions) for
the Sx-n’ Sx’
for the rate between the average age for Sx_n and Sx, from which

and p, rates, and then to assume a linear function

the Py rate can be read using its assumed average age.

-~

Indeed (139) does not apply to the first age group. 1In
practice, we take

Py = 3(82 + Sy (140)

The S_  rates matrix is squared so that it refers to a T-year
period equivalent rather than a %-—year period, which the average

infant born in a time interval will experience (see Figure 9b).

The last age transition is also problematical. It is dif-
ficult to know what average age to assume for the S,-n rates.
This will depend on whether we use the §z—n rates as referring
only to age group z-n to z (at the start of the time interval
of survivorship) or whether we use S,.n rates as referring to
age group z-n and above. In the former case, an average of
z can be assumed and equation (139) used; in the latter case,
the average should be higher and in Figure 9d, an average age

of z+g is assumed. Then, we would obtain P,n from

= %(25 +5 ) (141)

p <z-2n <z=-n

Z2—n

All of the above reasoning assumes, as in the "Option 2" method,
that n = T. However, the above "averaging" procedure can be
easily generalized into a linear interpolation procedure (see

Figure 9d drawn for a situation where n =5 and T = 1).
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Survavorship rates can be measured only by age groups at
the end cf the period (at time t+1 when a census has been taken).
The survivorship rates can then be plotted at the average ages

so determined and the probability read off the graph (Figure 10).

Rate or
probability
scale A

{ -

%,(s) x{p) %,(s) Age
Average Age at Average
initial start of initial
age interval age

Figure 10. A graph 1llustrating how the linear interpolation
for estimating Py survival probabilities from SX

survivorship rates works.

Normally, we will wish to carry out such interpolation

numerically rather than graphically. Let x,(s) be the average

(
]
age associated with SX , the survivorship rates "younger" than

T
% let §2(s) be the average associated with SX ; the "older"
T2
survivorship rates, and let x(p) be the associated with the

o]

. probabilities. Then, if we assume a linear function between
X

iy

1 angd §x2’ Ex is given by
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- S
<x ~x
p, =5, +|——1—] x(® - X (s)] (142)
- 1 X,(s) - x4(2)

where the first term is the initial constant, the second term
the slope and the third term the age interval to which the

X, (s) + X, (s)
slope is applied. Note that, by substituting x(p) =

2
into (142), we simply rederive equation (139).

Note that the averaging method proposed in (139) relies
on an arithmetic average. Alternatively, the averaging could

be geometric rather than arithmetic

P, = [S, §x_n]15 (143)
In the case of the first age group we would have

Py = (Sg §fn]% = §0’5 S (144)

This estimate is better than that of (140) since §0}5 is a
reasonable estimate of the transitions that occur in ABCD in
Figure 9c¢ taking infants from the t+5 line to their fifth
birthdays, although it will tend to overestimate survival chances
of the infant from 0 to n since §g(2) is undoubted less than
§g(1) (see Figure 9c). However, the true Py is guite close to
the equation (144) expression and we adopt it in our linear

interpolation method in preference to eguation (140).

Again in the case n # T, such a method could be generalized

into an interpolation method based on

n| =2 /(x, (s)-x, (s))|[X(P)=x, (s)]

Py = Sx e (145)
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It must be admitted that the linear interpolation method
is crude, particularly in its assumptions about average ages.
An additional real world complication is that different average
ages may be applicable to different transitions. If this refine-
ment were to be added it would be necessary to interpolate
between non-survivorship rates as well and then constrain the
resulting probabilities so that they add to 1. Howevér, crude
although this linear interpolation, including the variant just
described, is, it does have the considerable advantage over the
"Option 2" method in guaranteeing that if the §x rates have
been properly measured and lie between 0 and 1, then the Py
probabilities will do so also. The method is clearly more
satisfactory when n is small (say 1) than when large (say 5).
It is also fairly logical to improve the method by fitting a
function to the observed survivorship rates that is better than

the point to point linear one which the averaging method assumes.

£.2.2 Cubic Spline Interpolation Method

Such a method has been developed by Ledent (1980b) using
a cubic spline function similar to that employed by McNeil,
Trussell and Turner (1977). Figure 11 shows how the technigue
works in principle. Plotted on a graph of survivorship rate
versus age are the values for Slg, ng,..., S%é (East Anglia

to South East migratory transition).

The age scale used on the graph refers to age at the
beginning of an x to x+5 transition associated with a Py proba-
bility. Survivorship rates, S, are plotted at x+2.5 years on
this scale because the “Sx persons"” making a transition are
initially 2.5 years older than the "px persons". An additional
age scale has been added at the bottom of the diagram to indicate
the average age at which transitions are assumed to take place
either for "Sx persons" or "px persons". The straightlines
linking these data points represent the function used by implica-
tion when the arithmetic averaging approach is employed. This
works fairly well when the survivorship function is either

decreasing fairly smoothly as it is between age 25 and 75 or
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increasing smoothly as it is between 15 and 20. At the turning
points of the function, however, the piecewise linear function

behaves less well.

The alternative is to fit a smoothing function using the
cubic spline method. Such a function is indicated by the pecked
line on Figure 11. The required Py probabilities may then be
found as the value of the ordinate at ages x+§ for x = 0,n,2n,
«++.,2-n. One difficulty that sometimes arises in the case of
low mortality levels for the younger age groups is that applica-
tion of the cubic spline interpolation procedure may yield
estimates of the survivorship rates and survival probabilities

such that § 5;3 > 1 or ) p;] > 1.

I

J J
To get round this difficulty one could either constrain

the p estimates to add to one

ij - it ,
p 7 (b) = p_-(a) k (146)
where
T optdtaik + 2itqa) = 1 (147)
s X "X
J
and
- /3 i3, id . a
k 1 / 3 PX \a) + pX (148>

where pij(a) and pic(a) are the initial estimates and pij(b) the

adjusted estimates. Or, the error could be loaded onto the

retention probabilities by using
=1 - . 207 - p_ (149)

instead of the interpclation method.
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A comparison of the survival probabilities resulting from
the two interpolation methods is given in Table 17. Figure 11
plots the full age range for the East Anglia to South East
transition. The major differences occur, as one would expect,
at the major turning points of the survivorship/probability
schedules: at the Pqo local minimum and the Pyg maximum. The
cubic spline values are lower for P1o migration terms and higher
for Pao migration terms than the corresponding averaging method
values. The cubic spline retention values for P, are higher
and for Py are lower than the values for the other method. The
values for the other age intervals are fairly close and succes-
sive differences tend to cancel out, being different in sign.
Thus, although the cubic spline interpolated values are clearly
closer to the "truth”", we should not expect the two different
interpolation methods to give very different life expectancy
results. If a good cubic spline smoothing subroutine is
available, it should be used; otherwise the averaging method
will be perfectly adequate. Note that special care should be
taken in using the best values and best "plotting ages" for the
first and last survivorship rates: the best values are those
directly observed.

5.4 Stationary Population Estimators
5.4.1 The Linear Method

The "Option 2" method for computing the px‘s involves the

-~

assumption that L, is computed linearly from

_n
Ly = f[gx + £x+n] (150)

with the last value computed using the (life table) survivor-

ship rate

L, = S,0n Lyon (151)
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Table 17. Survival probabilities, Py for x = 5 to 35; for

East Anglia estimated from survivorship rates using
the averaging and the cubic spline interpolation
methods.

A. Linear interpolation (run 26)

Transition from East Anglia to

Age Death East Anglia South East Rest of Britain
5 .00290 .90582 .04190 .04939

10 .02208 .92246 .03687 .03850

15 .00324 .88879 .05905 .04892

20 .00387 .84225 .08001 .07387

25 .00383 .85369 .06780 .07448

30 .00453 .88824 .04969 .05754

35 .00682 .91321 .03681 .04317

B. Cubic spline interpolation (run 28)

Transition from East Anglia to

Age Death East Anglia 'South East Rest of Britain
5 .00077 .90709 .04164 .05050

10 .00223 .93080 .03185 .03512

15 .00326 .89189 .05898 .04587

20 .00403 .83112 .08625 .07860

25 .00370 .85159 .06783 .07688

30 .00433 .89044 .04887 .05636

35 .00655 .91370 .03621 .04354
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However, because of the methodology inherent to the "Option
2" method (the linear assumption is used twice, once when
deriving the survival probabilities from the survivorship rates
and again when deriving the L-statistics), the estimates of

the L-statistics are such that for all age groups

Le+n = Sx Ix (152)

This indeed suggests the use of a direct method for calcu-
lating L+ in the case the estimation of the survival proba-
bilities do not have any stringent consequences for the calcu-

lation of Lx'

5.4.2 The Direct Method

The method we propose here (originally suggested by Ledent
1978, 1980a) takes the normal life table definitions of survivor-

ship rates

N -1
s.n =1 Lo 4o (153)
- L ! (154)
~X ~X+n <X
and s =1L L (155)

~Z ~Z ~2"n

and reverses them, substituting the observed Sx for the life

table Sy starting with

L. =n S £ (156)

and continuing with

=S, L (157)
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and more generally with

Le+n = Sx DIk (158)
where Sx {(n = -n,0,n,2n,...,2-n,z) are the observed values of

the survivorship rates. Note that this series of equations

makes possible a solution to the last age group problem so that

L: Sz Lz * %z-n Yz-n (159)

where Sz are the observed survivorship rates in the last, open-

ended age group. Equation (159) leads to

L, = @-8)7 S L, (160)

This gives us an expression for the life table survivorship

rate s
~2-n

_ _ -1
Sz-n = I 7 85,) Sz-n (161)

One interesting implication of using this direct method
for computing the life years lived variable (gx's other inter-
pretation) is that life expectancies at birth ogo will depend

only on the survivorship rates.

Given that

(162)

L, = 85 Lg = Sp s_pn £p)



-101-

L =8 s ..
Ex <X-n <X-n ~X-n <x-2n

]
0

(162)

L L = s s .o s n ¢
~Z §z-n ~Z=-Nn ~Z=-n ~z=-2n §O ~-n( ~O)

Typically

X=n
L, = ( 1T Sy (n £4) (163)

y=-n
so that
; 1 (T
L. = [ {n £,) (164)
x=0 ~* x=0 \y=-n ¥ ~0

Since life expectancies by region of birth at birth are computed

0o =[
X

they can be re-expressed as

as

il &~1N

-1
. (E,x):l 'gO (165)

(D
|

z X-n 1
00 z T—I— .S.y (n -{'0){'0

x=0 ==n

z X-n
n J ( 17 §y) (166)

x=0 \y=-n

Life expectancies beyond age u are

(167)
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so that

. Z X-n -1
Ogu =n ) 1T S, {_0 {'u (168)

x=n\y=-n

5.4.3 About the Last Age Group

Before going on to discuss the empirical implementation of
the transition approach, it will be useful to clarify how
survivorship rates for the last age groups are treated in the
life table and accounts based projection models.

In life table based projection models the bottom right-hand
corner of the growth operator matrix, G, arranged like a Leslie

matrix with each term an n x n interregional submatrix

whereas in accounts based projection models the equivalent corner
looks like this

The lower case s letters refer to life table derived survivor-
ship rates and the upper case S letters to observed (accounts-

based) survivorship rates.

The life table survivorship submatrices are defined as
follows:
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§z-2n = Ez—n Ez-Zn (169)

and

s = L_ L (170)

where Lz are the life years lived beyond age z or the stationary
population in ages z and over. The accounts based definitions

are

s = (K K =1

<z-2n ~z-2n)' [~z—2n]d (171)

-1

Sz-n = (Kz—n)‘ [Ez—n]d (172)
I X ]"1
s, = (K,4) ' [k, g (173)

where K refers to an n X n accounts matrix of survivors in the
age group starting with age z-2n, z-n or z and extending to z-n,
z or all ages beyond z respectively, and [k]d is a diagonal
matrix of initial populations in the age group indicated by the
age subscript.

Now s, in the life table is set to zero because it has a
similar meaning as P,- The P, probability refers to the prob-
ability of surviving from exact age z to exact age w by which

no one remains alive (Zw = 0). In effect, we assume Py 24n
Pz4nz+2n *°" Bw-n Bw ° 0. Similarly, Sz " Sz+n Sz+2n °°*
sw—n = 0 since L, = 0. In the observed projection matrix,

however, we only want to carry things forward for T years and

therefore clearly the S, survivorship rate will be non-zero.
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5.5 The Data Sets Used and Experiments Carried Out

For computing multiregional life tables using the transi-
tion approach additional data are required. For the transition
approach we require data on the stayers and survivors for each
of data sets one, two and three (see section 4.5). These are
set out in Appendix sections A.2.4 and A.2.5. The five-year
figures come from the accounts computed in Rees (1977b) and
presented in part in Rees (1980a). The one-year figures were
computed from the 1971 census migration and population tables

using equation (118) and an infant equivalent.

For the direct survivorship rate method [Sij(u)'s - see
section 5.2.1] information on the initial populations for the
1966-71 and on surviving and non-surviving emigrants are needed.
These come from Rees (1977b) via Rees (1980a), and are set out
in Appendix section A.2.6.

Table 18 sets out in tabular form the details of the
numerical experiments carried out on the Great Britain multi-
regional population system. The experiments are concentrated
on those data sets (two and three) that use the five-year migra-
tion data, following the conclusions that we came to about
period choice as a result of the hybrid approach experiments.
Just a single run (run 41) is carried out with the one-year

period migration data.

We consider first the consequences of the various methods
used to convert survivorship rates into survival probabilities
and subsequent life takle statistics, since this is where the
crux of previous objections to the transition has resided.

5.6 The Effect of Different Methods of Probability Estimation
from Survivorship Rates

5.6.1 "Option 2": C(Continued Problerms

As Rogers (1975a) found, the probability estimates derived
using the Option 2 method are badly estimated as Table 19 shows.
Despite well-behaved survivorship rates, correctly estimated,

the survival probabilities, the px's, are often negative

-~
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(pléis’ piz's) or exceed one (pl1's). The principal reason

for these results are that the Po probabilities are initially
poorly estimated by equation (105). The linear assumption is
a very poor one given the mortality and migration schedules
over years 0 to 5. The initial errors will get passed on to
successively higher age intervals. If better values are sub-
stituted for Po and Ps then the errors generated by the Option
2 approach are a good deal less but they do not disappear.

Because the gx's are ill-estimated, the life expectancy
statistics are unacceptable in general, except those of life
expectancy at birth. These are acceptable because they rely
entirely on the information content of the §x's above and are
thus identical to those obtained when the direct method of
life years estimation is used, although the gx's will be very
different (see Table 20).

5.86.2 A Quick Comparison of Transition and Hybrid Approach

Methods

Since the distribution of life expectancies is relatively
similar across all transition approach runs, it is probably be
useful at this stage to compare results with those of the
hybrid approach. In the fourth column of statistics in Table
20 is reproduced run 15 in which conventional mortality rates,
averaged migration rates, the Option 3 probability estimation
method and the linear method for L, were used. The transition
approach runs employing the direct measurement of survivorship
rates and their direct use in the life years lived calculation
result in life expectancies at birtn about 2 months less than
those in the hybrid approach. Where conditional survivorship
rates are computed, on the basis initially of the same mortality
information, the life expectancies are very close, only some
10 days different. Since the survivorship and non-survivorship
rates in the case of runs 25 and 27 are directly observed,
whereas the overall survivorship rates in the conditional run
and in the hybrid approach run are the product of an equation
based on the movement concept, our judgement must be in favor

of the more directly derived values.
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When we come to compare the distribution of life expec-
tancies at birth amongst the four runs in Table 20, the grouping
of results is different. All the transition approach runs in
the table (and the others not reported are close to these
results) give retention percentages of circa 52, 72, and 86
pefcent for East Anglia, the South East, and the Rest of Britain,
respectively, whereas the hybrid approach runs yield the rather
different figures of circa 56, 74, and 86 percent. The reason
for this difference is clear. The transition approach computa-
tions are based on closing the population system by distributing
the emigration rate over all survivorship rate terms (see sec-
tions 5.2.4 and 5.2.5) whereas in the hybrid approach the popula-
tion system is closed by default and the emigration rate is
added only to the diagonal element in the probability matrix.
[Compare the §20(3), §20(Q), and §20(1) matrices in Figure 9.]
The average difference between equivalent period transition and
hybrid runs in retention percentages must be circa 2.5 percent,
which is an effect much larger than any other within the hybrid
approach, for example, except for the period of migration dif-

ferences.

5.6.3 The Linear Interpolation and Cubic Spline Interpolation

Methods for Computing Survival Probabilittes

In Table 21 are displayed in columns (2) and (4) the sur-
vival probabilities, gx's, that result from respectively averaging
and fitting a cubic spline smoothing function to the survivor-
ship rates observed in column (1). The estimates differ at the
turning points of the migration function as we have already
observed (Figure 12). What we can now do, however, is go
further and compare the observed survivorship rates with those
computed in the life table from the survival probabilities via
the linear integration of the £x|s used to generate the Ex‘s
for input to equation (125). 1In virtually all age groups the
cubic spline derived life table survivorship rates are closer
to the observed than the averaging method derived §x‘s, as one

might expect. However, both methods produce reasonable results.
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Figure 12. A Lexis diagram illustrating the last age group
problem.

Table 22 presents the life expectancies for the runs whose
probabilities were presented above together with those for the
corresponding direct method for estimating life years lived.

In Table 23 are siown the total survivorship rates (sid) for
East Anglia associated with the four runs. The differences
between runs in both expectation of life at birth and its
distribution among the regions are due very largely to differ-
ences in the estimation of the S_g and S, life table survivor-
ship rates. The run 26 values in Table 23 show that the linear

method for deriving L. and hence, in this case, Sy gives poor
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results for these first two age groups. If we square the total
survivorship S_| rate we obtain rate 0.98194 for a comparable
length period that is very little lower than the S0 value,
whereas in reality it should be substantially below it, given
the behavior of the mortality function at very young ages.
Since the original accounts estimates (Rees 1977) upon which
the directly measured survivorship rates (runs 27 and 29 in
Table 23) have information about mortality for not only for
single years but for short periods within the first year built
into them, these are the rates that must be believed. Note
that choice of the linear or direct methods for computing L,
has small effects on the distribution of expected life.

Table 23. Total survivorship rates (life table) for East Anglia
associated with selected transition approach runs.

Linear Linear Cubic Cubic
interpolation interpolation spline spline
Linear Direct Linear Direct

Age, x Run 26 Run 27° Run 28 Run 29
-5 .99093 .98388 .99217 .98388
0 .98948 .99585 .99179 .99585
5 .99752 .99836 .99850 .99836
10 .99735 .99749 .99726 .99749
15 .99644 . 99603 .99636 .99603
20 .99613 .99622 .99612 .99622
25 .99581 .99612 .99597 .99612
30 .99432 .99482 .99455 .99482
35 .99095 .99155 .99126 .99155
40 .98505 .98593 .98550 .98593
45 .97545 .97680 .97615 .97680
50 .95987 .96217 .96117 .96217
55 .93426 .93782 .93595 .93782
60 .89475 .89766 .89726 .89766
€5 .83567 .84181 .83895 .84181
70 1.63964 1.63964 1.63964 1.63964

Notes
l. These are also the rates which are observed.

2. The runs all use the direct method of survivorship rate measurement.
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Our conclusions concerning the choice of method for deriving

survival probabilities from survivorship rates are as follows.

The cubic spline interpolation method gives the best results,
but those of the linear interpolation method are not significantly
worse. Thus, if a cubic spline computing routine is unavailable,
the averaging method may be used with a fair degree of confidence.
If single year of age data are available, then very good results
should be obtained using the linear interpolation method in
adapted form

= ] ,
By = 2(Sxm1 * S (174)

The Option 2 method gives unsatisfactory results, although these
stem in major part from the poor estimation of the initial
probabilities by the linear method.

5.7 The Effect of Measuring Survivorship Rates via the Direct
or Conditional Methods
The differences between the direct and conditional methods
of survivorship rate estimation have two sources: the first
is the way in which mortality is handled, either implicitly
through observed non-survivorship rates or explicitly through
computing mortality rates using linear assumption formulae
derived originally from the movement approach. The second is

in the way the system is closed as explained in section 5.2.

The first difference has a small effect on the life expec-
tancies: the life expectancies in the conditional method column
(run 32) of Table 24 are 0.16 years older on average than those
in the direct method column (run 27), as we had earlier observed
in comparing runs 32 and 25 in Table 20. The second difference
has a very small effect: the distribution percentages differ
for retention by an average of only .01 of a percent between
the direct rate and conditional rate runs. The third column
in Table 24 simply shows the effect of switching to the 1970
deaths data which lowers life expectancy for the East Anglia
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Rest of Britain born and raises it for the South East born.
The retention percentages for East Anglia, the South East, and
the Rest of Britain are all lowered a little as a result.

5.8 The Period of Migration Measurement Effect

The last two columns of Table 24 enable us to confirm the
major finding of the hybrid approach section: that of period
choice. Runs 38 and 40 differ only in the period to which the
migration data refer and in the greater number of age groups
in the one year (deaths and migrants) data set (18 compared
with 16).

Because the data set one used to perform run 40 refers to
unequal time and age intervals, the methodology used was slightly
different than in run 38. The life table survivorship rates
S, are not to be calculated from §x as suggested in subsection
5.2.5. Instead, we use an equivalent method described in Ledent
(1980a, 1980b) . A set of p_ is obtained from the set of s_
using the cubic spline interpolation and then Ex is transformed

—~

into Py using a method similar to the one used to transform
Sy into Sy

This latter difference reduces the life expectancies a
little in the one year (deaths and migrants) run compared with
the one year deaths and five year migrants run. The major
effect, however, is the shift in the distribution of life due
to the different measurement period for the migrant data. The
retention percentages are 8.6 percent lower on average for the
one year period run, and are even lower than in comparable
hybrid approach runs because of the different method of system

closure used in the transition approach.

5.9 Conclusions about the Transition Approach

Our conclusions for the transition approach choices are
fairly straightforward, even if some of the comparisons have
been a little complex. We would argue that a method based on
the direct measurement of survivorship rates from population

accounts, on the averaging of these rates to give probability
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estimates and on the direct use of survivorship rates for cal-
culating the life years lived/stationary population statistics
gives good results in a simple and elegant fashion. -Where
population accounts (really, good emigration estimates) are not
available, a conditional method based just on census migration
data and a method for estimating non-survivorship rates from

conventional mortality rates may be substitued.

Added precision may be obtained through use of cubic spline
interpolation for probability estimation or through more finely
disaggregated age data. However, more important than such added
sophistication is careful attention to measuring or estimating
rates or probabilities for the first age group, where age
disaggregation will clearly improve life expectancy estimates
considerably. Although less influential is its effect on life
expectancies, the proper treatment of the last age group is also
important, and we have shown how the last age group can be
treated consistently and correctly in both the life table and
population projection models.

6. COMPARING THE ALTERNATIVE APPROACHES
6.1 Movement, Hybrid, and Transition Approaches

Ideally, a comparison of these approaches should be based
on the construction of multiregional life tables for the same
population system using the different techniques. Unfortunately,
movement data were not available for the Great Britain regional
system since the U.K. does not maintain a population registra-
tion system. Such a comprehensive comparison will have to await
the analysis of large samples of individual migration histories,
available from countries such as Sweden. Here we confine our
remarks to the hybrid and transition approaches, noting that
our results for the Great Britain regional system for 1970 using
the movement-based method of probability estimation ("Option 3")
will not be far removed from analyses with movement data, had
they been available, since at the interregional scale relatively

few "surplus" moves are made within one year.
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We have chosen to review the principal results of the hybrid
and transition approaches by looking at that most sensitive of
summary statistics--161--the proportion of the life predicted
for an East Anglia born infant that he or she will expect to
spend in his or her native region. In Figure 13, these statistics
are plotted for all 40 "experiments" with the Great Britain
three-region population system. The hybrid approach results are
plotted on the left-hand scale and transition approach values
on the right-hand scale. The alphabetically labelled vertical
bars pick out typical differences between particular analyses
that differ only in one choice of data or method. Table 25 lists
these effects in order of magnitude and shows the numerical
shift in the retention percentage that each choice effects.

Dwarfing all other effects are those labelled (A-h) and
(A-t) on Figure 13: 1if we use five-year data for migrants
rather than one we increase the retention percentage by 15.5
in the hybrid approach or 11.7 percent in the transition case.
Or put another way, if we use one-year data rather than five,
we are overestimating the amount of life expected to be spent
outside East Anglia by East Anglian natives by 15.5 or 11.7
percent. The second most important effect, labelled (B), less
than one the size of the first, results when we use the transi-
tion approach with five-year data rather than the hybrid
approach. This can most probably be interpreted as a difference
due principally to the different way in which the system is
closed in each approach. This effect varies with the importance
of international outmigration and for many countries will not be
serious. The third ranked effect, (C), is the shift retention
percentages of circa 1.2 percent that takes place when migra-
tion rates are measured (incorrectly) using the equivalent
approach rather than the average (correctly).

The other effects contained in Figure 13 and listed in
Table 25 are rather small in magnitude, despite the considerable
theoretical interest attached to the choices involved. The
really important choices are those concerned with the selection
and handling of migration data. Our results thus confirm the
preliminary experiments and speculations of Ledent (1978:126-
137).
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Figure 13. Percentage of expected life of East Anglia born
spent in East Anglia: hybrid and transition
approaches.

@ -~ refers to data set three } brackets same value runs

see tables 15 and 18 for detailed definitions of the run title abbreviations
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Our recommendations to future multistate modelers are con-
tained in Table 25. The rightmost alternative has been labeled
"more preferred”, and should where possible be chosen. Clearly,
the further down the table one goes the more indifferent about
the choice one becomes, and from effect (E) downwards adoption
of the preferred alternative will depend on whether, in general,
the resources for the extra-programming or computational effort
are available. (The authors are currently revising their
programs to make the preferred choices more accessible.) These
recommendations assume that the order of preference for approaches,
given a choice: first ranked, transition; second ranked, hybrid;
and third ranked, movement. We try in the remainder of the paper
to review the arguments behind this ranking.

6.2 The Markovian Assumption of Independence of Previous Region
of Residence

The multiregional life table model assumes a Markovian
world in which the probability of migration depends only on the
state occupied at the start of a time/age interval. 'The dis-
crepancy between results with one-year and five-year period
migration and the very different life tables that result from
using place-of-birth migration data (Ledent 1980¢) suggest that
the real world of people living in and moving amongst reqgions
is not a Markovian one. Return migration (Vanderkamp 1972;
Long and Boertlein 1975; Ledent 1980c) is a real world process
not captured in the multiregional population model.

This Markovian assumption (there are others) is used
differently in the movement and transition approaches. It is
used in the movement approach to obtain the transition prob-
abilities (Ex's) from the movement data (the @x's) within an
age/time interval. 1In the transition approach the transition
probabilities are measured more directly, and within an age/time

interval the Markov assumption is not used.

In both approaches this Markov assumption is used to
proceed from one age to the next. The degree of error so

introduced can be gauged by comparing the one-year and five-year
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results. In the one-year runs this Markov assumption has been
used five times as frequently as in the five-year runs. Over
all the age intervals, the one-year model (irrespective of
whether the model has T=1, n=50or T= 1, n = 1) will use
this Markov assumption 86 times whereas the five-year model
will use it 18 times. Thus, the larger the time/age interval,
the smaller the number of intervals and the lesser the impact

of this Markovian assumption.

Of course, if we take this argument to its logical con-
clusion, the best measurement of people's expected life histories
is of course to average their actual migration histories over
their lifetime. Such an exercise would involve observation over
periods of a lifetime and so would be impractible. Note that
if we simply reduce the period of observation to five or one
years while maintaining long age intervals all sorts of other

aggregation errors are liable to be introduced.

Our conclusion is that a five-year age interval, five-
year time period based model is a reasonable compromise between
the desire to decrease the reliance of the life table model
on the Markovian assumption and the desire to reduce the error
introduced by age aggregation (particularly important for total
life expectancy computations). The main competitor to the
five-year age interval, five-~year time interval model is the
single year of age, annual period model. This has undoubted
advantages in planning contexts since, for educational and social
service planning, the client groups do not fall into neat quin-
quennial age groups, and in planning the time horizon is short
and the model outputs must be revised earlier. Fortunately,
the effect of non-applicability of the Markovian assumption we
have discussed is less serious for the population projection
products of multiregional population models as Philipov and
Rogers (1980) have shown.
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6.3 Solving the "One Year-Five Year Problem"

From what we have said previously, it is clear that the
calculation of a multiregional life table from movement data
or transition data is not adequate and that some procedure is
necessary to correct the transition probabilities obtained by
a strict application of the available methods to such data.

We note first that the "one year/five year problem" has
been recognized in more general form in mobility studies for
some time (Blumen, Kogan and McCarthy 1955; Bartholomew 1973),
particularly in manpower studies. The probability of staying
in a job n years is observed to be much higher than a one-year
probability matrix applied n times would suggest.

In manpower studies models which partition the population
into movers and stayers have proved useful. Kitsul and Philipov
(1980) have constructed a model that partitions the population
into a low mobility group and a high mobility group. Although
the mobility rates computed by the model for the two groups
cannot be given a behavioral interpretation, the model does
reproduce fairly closely the observed five-year transition
probabilities matrix from the one-year matrix. Determination
of model parameters depends on the availability of five-year
and one-year migration matrices. Kitsul and Philipov use the
same Great Britain system and data as we do in this paper
(originating in Rees 1977b), so that, in principle, the egquations
which they determined, could be applied to the Great Britain
migration data to be produced from the 1981 Census. The Office
of Population Censuses and Surveys have, in their wisdom, decided
to drop the five-year migration guestion asked in 1971 and 1966
of a sample of households, and concentrate their efforts on
asking all households a one-year guestion (a much more costly
exercise than asking both one- and five-year questions of 10%
of households, as was the case in 1971 and 1966). Alternatively,
the actual empirical ratios of one-year to five-year rates
could be used to inflate the 1981 one-year observations.
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An alternative approach to the problem has been taken by
Castro (1980), who generalized the simple model suggested by
Rees (1977a) to a full binomial probability model. Although
this model works well in predicting five-year migration rates
from one-year rates for all migrations, it does not work well
for migration between aggregated spatial units since it uses
the Markovian assumption of independence of prior state.

What the previous attempts at the problem fail to do, in
our opinion, is to build in to the one-year to five-year con-
necting model, the key behavior that produces the "problem",
namely return migration. The corollary is that progress with
the one-year/five-year problem can be made only given good
individual migration history data with which the true causes
of the one year-five year problem can be especially identified
and then modeled.

If return migration (rather than just multiple migration
per se) 1is the explanation for the one year-five year problem,
then this suggests a reason why a Markovian model appeared to
work well for all migrations between residences (Rees 1977a;
Castro 1980) but not for interregional migration. Clearly,
return migration is a fairly diffuse process. A migrant may
move to another area, fail to make a success of it, and return
to his previous district. It is unlikely that he will be able
to return to the very dwelling he left since someone else will
now be living there! The desire to return will be one of
wanting to live in the same milieu, the same environment as
before, perhaps within reach of former friends and family.

But such desires can be satisfied in many spatial locations
around the previous residence, some quite far away. For an
international migrant the ambience which he wishes to capture

may include the whole of his native country.
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The implications of these arguments is that, as we move
from a multistate population model made operational at the
regional scale (say 10 regions of 5.5 million people each on
average) where the Markovian assumption of independence is
violated to one operational at the household scale (séy 17
million "regions" of 3.2 persons each on average) where the
assumption holds, we may find a happy medium at a fine spatial
scale (say 130 countries and districts of 0.42 million people
each) where we can "live with" the Markovian assumption.
Gibberd (1980) has shown that, although a Markovian process
may hold for a disaggregated spatial system, an aggregated
system may exhibit non-Markovian behavior, just as a result
of aggregation let alone a change in behavior which we are
suggesting here. It should be possible to examine migration
matrices at various spatial scales in a number of countries

and determine whether these speculations have any validity.

6.4 Concluding Remarks

This paper has dealt with the construction of multiregional
life tables from an applied point of view. New methods were
developed for a variety of life table calculations, building
on previous work, and old and new methods were applied in as
comparable a fashion as possible to a common multiregional
population system. Our principal conclusions were that transi-
tion data should be used rather than movement data, where
available, and that transition methods rather than hybrid methods
should be applied to *he transition data.

These proposals are based, almost exclusively, on examina-
tion of the life tables generated by multiregional population
models in just one country. We believe our results are applic-
able in other developed countries. Whether our conclusions
would be the same had we examined other, rather different,
outputs of multiregional population models, namely, migra-
production rates and projected populations is another question

that deserves to be considered in further work.
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APPENDIX 1: THE MEANINGS OF X

A.1.1 The Three Meanings

For convenience and following conventional practice, we
use one subscript, x, to denote age in all discrete data and
life table variables. However, there are three pairs of distinct
and different meanings that can be attached to x, and only one
meaning applies to each variable in general. These are set out

below and in Figure A.1.

meanin stock variables flow variables

(1) exact age x all lifelines crossing all flows in the (x, t),
the (x, t) to (x, t+T) (x, t+T), (x+n, t+2T) and
line (x+n, t+T) age-time space

(ii) age cohort x all lifelines crossing all flows in the (x, t),
the (x, t) to (x+n, t) (x+n, t+T), (x+2n, t+T)
line and (x+n, t) age-time space

(iii) age group x all lifelines crossing all flows in the (x, t),

(xl t+T)I (X+nl t+n) and

T
t+3) to (x+n ]
the (x, 2) to (x+n, (x+n, t) age-time space

t+§) line

Figure A.2 illustrates these meanings with respect to data

variables used in the analysis.
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Figure A.1
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Figure A.2 The meaning of data items clarified by means of
Lexis diagram.
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A.1.2 Examples of Variables Associated with Three Meanings

meaning

(1) exact age x

" (ii) age cohort x

(iii) age group X

stock variables

i j,i
zx' le

i
Kx(t)’ Ex

i
K, (t+3)

flow variables
ij
X

j,ik j,ié
Ozx ! Ozx

ij ié Fij io
Sx ! Sx ! Sx ! Sx
ij ié

sx ' sx



APPENDIX 2. THE DATA SETS USED

A.2.1 Data Set One (gb1)

This data set refers to the year 1970 and is (together with
additional data--see A.2.4) used in runs 1 to 8 of the hybrid
approach and run 41 of the transition approach. The data are
aggregated in part from those presented in Rees (1979a, Appendix
C) and in part are the original data gathered but before mani-
pulation (Rees 1979a:74-79).
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A.2.2 Data Set Two (gb5)

This data set refers to the five-year intercensal period
1966-71 and is used in runs 9 to 16 of the hybrid approach and
in runs 25 to 34 of the transition approach (with additional
data--see A.2.5). The data are derived from the accounts
computed in Rees (1977b) and presented in part in Rees (1980a).
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A.2.3 Data Set Three (gb5 two)

These are the data additional to or which replace those
in data set two. They are used in hybrid approach runs 17 to
24,

Population (average for 1966-71)

Age group East Anglia South East Rest of Britain
X (1) (2) (3) (4)

75 75-79 42,322 392,668 791,046

80 80-84 26,742 256,776 453,440

85 85+ 17,040 174,076 255,889

Totals 86,104 823,520 1,500,375

Deaths (1970 deaths X 5)

Age group East Anglia South East Rest of Britain
X (1) (2) (3) (4)

0 0-4 2,442 25,277 65,673

5 5-9 230 1,980 5,227
10 10-14 190 1,598 2,549
15 15-19 423 3,856 8,246
20 20-24 476 4,477 8,833
25 25-29 264 3,895 7,906
30 30-34 315 4,563 9,858
35 35-39 576 6,241 15,724
40 40-44 1,120 12,226 30,570
45 45-49 1,787 20,635 53,638
50 50-54 2,846 33,583 85,266
55 55-59 4,804 57,193 138,357
60 60-64 7,458 84,676 207,505
65 65-69 11,273 111,600 274,915
70 70-74 13,424 129,375 312,894
75 75-79 14,206 131,664 308,103
80 80~-84 14,008 136,550 275,288
85 85+ 16,409 173,251 287,630
Totals 92,321 942,640 2,098,182
Note:

The additional migrant numbers are generated for age groups 75-79, 80-84,

and 85+, by assuming §75 = §75+, §80 = §75+, and §80+ = §75+.
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A.2.4 Data Set One (gbl): Additional Data for the Transition
Approach
Age group Surviving stayers (1970-71) Age group
(initial) East Anglia South East Rest of Britain (final)
(1) (2) (3) (4) (5)
Birth 25,041 259,556 565,329 0
0-3 97,137 1,007,688 2,297,635 1-4
4-8 127,238 1,323,340 2,981,784 5-9
9-13 114,819 1,176,186 2,725,149 10-14
14-18 105,670 1,074,007 2,450,063 15-19
19-23 116,418 1,263,286 2,554,826 20-24
24-28 100,678 1,104,032 2,177,691 25-29
29-33 91,693 988,667 2,015,049 30-34
34-38 90,928 959,182 1,984,661 35-39
39-43 94,928 1,005,003 2,018,277 40-44
44-48 101,930 1,068,182 2,262,936 45-49
49-53 94,075 998,956 2,081,521 50~-54
54-58 98,074 1,044,470 2,125,216 55-59
59-63 94,370 988,735 2,032,129 60-64
64-68 83,092 818,596 1,729,241 65-69
69-73 65,902 603,175 1,282,008 70-74
74-78 44,449 414,329 837,948 75-79
79-83 28,083 254,296 459,861 80-84
84+ 17,898 172,500 259,363 85+
Totals 1,591,942 16,524,186 34,930,687
SOURCE: These surviving stayer numbers are computed by subtracting total

internal in-migrants and total external in-migrants (immigrants)

to each region (as given in Table 3A of 0.P.C.S., 1974a:61,78 and
79) from the adjusted census data, 1971 populations of the regions
as given in Rees, 1980a (derived originally from O.P.C.S., 1974b).
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