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"The problem of constructing optimal closed-loop control strate-
gies under uncertainty is one of the key problems of the mathe-
matical control theory. Its solution would give a new impetus to
the theory’s development and create the foundation for its new
applications” Arkady Kryazhimskiy (2013)

‘ 1. Problem statement |

ET US CONSIDER A LINEAR DYNAMIC CONTROLLED SYSTEM,

described by an ordinary differential equation
z(t) = A(t)x(t) + B(t)u(t) + c(t),tg <t <V (1)

Open-loop control (program) u(-) is a measurable function on
to, V], u(t) € P C R", P is a convex compact set. The initial
state of the system maybe not known a priori: x(tg) = zg €
Xo € R", where X is a finite known set. The terminal con-
dition z(¥) € M c R", where M is a closed and convex set,
should hold.

A linear signal y(t) = Q(t)x(t), where Q(-) is left piecewise con-
tinuous matrix-function, Q(t) € R1*" t € [ty, ], is observed by
the controlling side.
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The problem of positional guidance is formulated as follows -
based on the given arbitrary £ > 0 choose a closed-loop con-
trol strategy with memory, whatever the system’s initial state
ro from the set X, the system’s motion z(-) corresponding
to the chosen closed-loop strategy and starting at the time ¢
from the state x( reaches the state z(v)) belonging to the e-
neighbourhood of the target set M at the time v.

| 2. Program packages method |

Homogeneous system, corresponding to (1)

o(t) = At)z(t)

For each z(j € X its solution is given by the Cauchy formula:

x(t) = F(t, tg)xg; F(t,s) (t,s € [tg,I]) is the fundamental matrix.

Homogeneous signal, corresponding to an admissible initial
state xg € Xo:

guo(t) = Q) F(t,t0)xo (t € [to, V], 2o € Xp).

Let G = {g:,(-)|x0 € X} be the set of all homogeneous sig-
nals and let X(7|g(-)) be the set of all admissible initial states
ro € X, corresponding to the homogeneous signal ¢(-) € G till
time point T € [ty, V-

Xo(r19(-)) = {z0 € Xo: 9()ty, 1] = Gro gy 71}

Program package is an open-loop controls family
(uzy(+))z,ex,, Satisfying non-anticipatory condition: for any
homogeneous signal g(-), any time 7 € (¢y, 9] and any admissi-
ble initial states x(, x5 € Xo(7|g(-)) the equality w, () = u,n(t)

holds for almost all ¢ € [ty, 7).

A”(t)

T 1

>

A"(t) U, (l‘) u(t)

(t<1) "

X (t) x(t, xo,

x'(t) = x(t, xo,u

Program package (uz,(-))zecx, i1s guiding, if for all zy € X
holds z(¥|zg, uy,(-)) € M. Package guidance problem is solv-
able, if a guiding program package exists.

Theorem 1 ([1]). The problem of positional guidance is solvable
if and only if the problem of package guidance is solvable.
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| 3. Algorithm for singular clusters |

An algorithm for the package guidance problem solution is pro-
posed in paper [4], however, in some cases (so called singular
clusters of the initial states set) it may not be applied, because
the minimum condition degenerates. In this work an additional
algorithm for tackling such cases is presented.

At a step ¢« = 0,1,... of the algorithm for arbitrary cluster
Xop(m) € Xy(m),r = 1,..., R(1), k = 1,..., K a non-empty
set wy of indices is estimated j,1 < 5 < m such thatto 5 € wy
corresponds non-empty set o; C [;,_1, 73], such that

> ZD xoqz

ro€ X0 (1) ¢=1

(t € O'j). (2)

The problem of estimation of the components (u? Ux(r >( )); of

the guiding program package elements on the sets 7,5 € wy
reduces to the following system of equations

D fej t)dt = v, ’u](t)‘ < axp,
(3)

JEWHO;
ro € Xor(1)

where

P ( )
Vpg = 2z — F(0,80)20 + a*pz / Z e;(t) sign Z Z Dj,(t) xoq dr,
k=17 =1

To€Xor (1) 4
\erEXO( ) )
2y € Arg majﬁc (z,l%)Rn,
D(t>31
e(t) = j=1,...,m.
D(t)jn
Let us mtroduce functlons Aoy e) R RY %[0, 1] x [r—1, ] x N —= R

)\(Zx()a lxoa My O, ’UJ) — Z xoa Zx() R — M Z / S: S: D]Q(t)lxoq dt:

r0€Xor(7) Jew 5 |woeXop(ty) a=1

N2z, by 0, w, h) = max M Zags Ly 1y O, W),
> lagllgn=1
2oeXop (1)

lzy€R"

The input of the algorithm is

0 0 .
ul =1, OJ(- ) = o5, w" = wy, 25;0) = vz, (J € wp).
After the step h — 1,h = 1,2, ...) of the algorithm the following
IS Known
H(h_1)7 w(h—1)7 O-;'h_l)7 ( )7 l;(() )7 Tty l;zk:(()h 1> (u}OT(Tk)(t»] (t = O-j/o-;'h—l)mj S wO)-

Let us describe the step h, h = 1,2, ... of the algorithm:

1. 1) (0 < pM) < ph=1)y is calculated as the smallest root of
the equation

A (zgg_m, (L, O'(h_1>, w<h_1>, n—h+ 1) = 0.

2.1 u") = 0, then (uwy (1) = 0t € A"V e wh),

and the required element of the guiding program package is
found. Otherwise the algorithm proceeds to the next step
iImmediately.

3. The vector family (ligm)xoeXo IS estimated such, that
h) x(d
S ) =o
QZ()EXOT(T;C)
foralld=1,...,h—1and

A( (h=1) ), (h). <h—1>,w<h—1>,n—h+1) _

_ max )\ (Zm—l), [0, ,u(h),a(-h_l),w(h_l)) _
> llzpll=1 ’ /
20€X0p (k)
lg;OGRn_h—H
* h—1 h
- Z <l$(() 8 (o )> — Z / S‘ YD](J :qu =
20€Xor(Tg) jew=1 (1) [10&Xor(my) ¢=1
J
=0 (@

4. The set of indices w'™ c w"=1) is estimated and for each

i e w a set a§h> C O]ih—D) k € w1 is found such that

> YD

zo€Xo (1) ¢=1

(7 € w<h>,t c O}h)).

5. 0n the sets a]ih 1>/ ;.h), ke wh=1 5 e wh the components

(U Uy, W( )); of the guiding program package elements are

(W, () (1) = axpsign ( > ijq Lo, ) .

zo€Xop (1) ¢=1

The work is supported by Russian Science Foundation, project 14-11-00539

A method for calculation of program PO
package elements for singular clusters |

ol [1lI] ] %;9
Ll a0
N ez [T

NN = 1]
?@@gi?

6. f meso®) = mes a}m

jew)
the whole set o = | o; and the problem is solved. Otherwise
the algorithm proceeds to the next step

/. The following approximation is calculated

=0, then (u} Ux (r )( ))j is known on

( \
S(h) — (h=1) —a*p,u Z /e] sign Z ZDJQ :coq dt:

jewh \Txgoéégo((k)) )
and the algorithm proceeds to the step i + 1.

After n x m steps, in a generic case, m-dimensional control in
n-dimensional problem is calculated on the whole half-interval
m._1, 7). Gonvergence of the algorithm follows from conver-
gence of the corresponding algorithm in Euclidean space [3].

4. Example |

_et us consider a linear control system

(9)

z1 = x2,21(0) = z01
Ty = u, x2(0) = z2

on the time segment [0, 2].

(e AR ONG)

(0,0),¢ € [0, 1]

(wonteqy "GPl e

Since the solvability criterion holds, the package guidance
problem is solvable. Using the algorithm from [4] the guiding
program package elements for :z;O and z; can be calculated.
However, for the cluster X = {z{,, z(j} on the time interval |0, 1]
there is an ambiguity in the minimum condition and the stan-
dard algorithm is not applicable. The presented method allows
to reduce the problem to the system of two integral equations:

’

2
r1(2l2)) = 3 + dux, (1) +1f ux,(t) —t+1)dt =1

< 2
:U1<2‘:E6/) = —5 S 2uX0 +f (UXO t)+1t— l)dt = —1
1

\
Its solution gives that ux, () =0, t € [0, 1].
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