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Abstract

Immediately after the start of the COVID-19 pandemic in Early 2020, most affected coun-

tries reacted with strict lockdown to limit the spread of the virus. Since that time, the mea-

sures were adapted on a short time basis according to certain numbers (i.e., number of

infected, utilization of intensive care units). Implementing a long-term optimal strategy was

not possible since a forecast when R&D will succeed in developing an effective vaccination

was not available. Our paper closes this gap by assuming a stochastic arrival rate of the

COVID-19 vaccine with the corresponding change in the optimal policy regarding the

accompanying optimal lockdown measures. The first finding is that the lockdown should be

intensified after the vaccine approval if the pace of the vaccination campaign is rather slow.

Secondly, the anticipation of the vaccination arrival also leads to a stricter lockdown in the

period without vaccination. For both findings, an intuitive explanation is offered.

Introduction

Since the beginning of 2020, the COVID-19 pandemic has kept the world in suspense. In addi-

tion to distance rules and hygiene measures, the immediate reaction of most countries was a

lockdown of all nonessential parts of the economy. Although these measures were quite suc-

cessful in terms of reducing infections and saving lives (e.g., [1] estimates that 3.1 million

deaths have been averted by lockdown measures in 11 countries in Europe), the economy suf-

fered enormously (according to [2] the decrease of the world output fell up to 23% in spring

2020), and it became clear quite soon that an efficient vaccination will be the only viable option

to end the pandemic in the long term.

Since then, all over the world additional research effort was put into exploring COVID-19

with significant resources allocated towards the development of vaccines and medications. Ini-

tially, it was speculated that vaccines could become available about 1.5 years after the begin-

ning of the pandemic. However, due to the large efforts and unprecedented international

collaboration, several vaccinations with different technologies (vector vaccine, mRNA, dead

vaccine, etc.) have been developed in record breaking time (the vector vaccine “Convidicea”,
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for instance, has already been approved in China by the end of June 2020 in China, followed

by “Sputnik V” in August 2020 in Russia) that no one could expect in spring 2020.

Naturally, in 2020 governments found themselves in a position where they could only react

to the dynamic development of the pandemic. I.e., lockdowns (with different intensities) and

travel restrictions have been implemented regarding certain identification numbers (e.g.,

number of new infections, number of total infections, number of hospitalized people, number

of people in intensive care units) and the dynamics without knowing any details concerning

the time horizon. This is reflected by two problematic points in the relevant literature on

COVID-19.

First, governments intend to take measures to control the pandemic in the best way. The

term best in this context means that the performance of interventions is valued with respect to

some objective function, which might include an economic (e.g., lost GDP per capita) as well

as a health part (e.g., monetary valuation of lost lives). Due to the dynamic nature of a pan-

demic, the application of dynamic optimization or optimal control theory is suitable (see e.g.,

[3, 4]).

Second, the end of the pandemic in many other contributions (see below for a review of the

relevant literature) is often identified with the availability of an effective vaccine. Neglecting

regional differences (industrialized countries, emerging economies, and developing countries),

the current situation illustrates that COVID-19 related problems, such as high infection num-

bers and congested intensive care (IC) units, are not resolved immediately with vaccination

availability. Vaccination does not assure an instantaneous coverage of the population due to

administration time and management issues that may arise. It may be a long process, and it is

not necessarily organized at a constant rate. Lockdown still remains the most effective tool to

oppose the virus, and it needs to be considered (probably with certain adaptations) at least for

some time.

The latter argument also becomes apparent in the data. Fig 1 plots the “intensity of the lock-

down” (solid lines, values correspond to the left vertical axis) and the proportion of vaccinated

people (dashed lines, values correspond to the right vertical axis) for US (black lines), Israel

Fig 1. US, Israel and Germany. Lockdown intensity and proportion of vaccinated people.

https://doi.org/10.1371/journal.pone.0273557.g001
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(red lines) and Germany (blue lines). The data has been taken from https://ourworldindata.

org (last access May 15, 2021; see [5]). The intensity of the lockdown (referred to as “stringency

index” in the data set) is measured from 0 to 100, where 0 means no lockdown at all and 100

lockdown of all nonessential parts of the economy. These three countries are highly developed

and have the financial power to afford the necessary vaccine doses, but are heterogeneous con-

cerning their vaccination strategies. While the US campaign has been quite quick and efficient,

Germany faced a couple of problems at the beginning of the campaign much like numerous

other European countries. Israel’s campaign has probably been the fastest in the world, result-

ing in an early relaxation of lockdown measures. Despite these differences, in all three coun-

tries, the lockdown was not relaxed immediately at the vaccine approval (which can also be

observed for many other countries). Actually, in Israel and Germany it was even intensified.

Relaxation in all three countries occurred at the time when a reasonable proportion of the pop-

ulation had been vaccinated (US and Germany: 15 − 20%, Israel:�40%) which, of course, goes

along with a decrease of infection numbers and reduced pressure on IC units.

To overcome these crucial issues, we use a standard SIR model originated in the seminal

paper [6], as already previously done in several mathematical economic papers on the

COVID-19 pandemic (see the following paragraphs for a brief review), and include lockdown

intensity as a policy measure (that has to be chosen optimally) as well as a stochastic arrival

time of an efficient vaccination, that subdivides the time horizon into two stages.

In the stage before an efficient vaccination is available (from now on referred to as Stage 1)

the lockdown is the only instrument of the government to push back the virus, and an addi-

tional research effort is employed towards the discovery of an effective vaccine. In the second

stage, when a vaccine has been discovered (from now on referred to as Stage 2), the adminis-

tration of the vaccine speeds up the immunization of the population. Lockdown measures can

still be undertaken, but additional research effort is not necessary any more.

With this framework we aim to address the following research questions:

1. How does the optimal lockdown intensity change during Stage 1, when the vaccination

approval is expected (compared to a situation without the expectation of a vaccine

development)?

2. How should the optimal lockdown intensity be adapted from the vaccine approval time

onwards?

3. How are the pandemic costs composed w.r.t. different approval times of a vaccination?

These questions are systematically addressed in the section “Numerical results” for different

model scenarios. The thorough discussion gives important insights and extends the results of

previous papers.

For the model setup, we adapt the baseline model proposed in [7]. From a mathematical

point of view, any other optimal control model for the current pandemic (see the list of refer-

ences) could be used. However, adding further compartments (i.e., state variables) or addi-

tional policy instruments (i.e., control variables) would neither change the qualitative behavior

nor improve the intuitive understanding. Additional channels would cover up the effect of the

stochastic arrival rate of a vaccination.

The literature on mathematical models of the COVID-19 pandemic is already quite rich. At

this point, we focus the discussion on papers that are most related to our model. Most papers

consider a macroeconomic objective function with lockdown as control variable but address

different aspects of optimal policy interventions during the pandemic [7, 8] consider optimal

lockdown policies over time. [9] extends the epidemiological model and considers a sophisti-

cated SEIARD model. [10], on the other hand, analyzes the effect of quarantine. [11] includes
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the effect of social fatigue and endogenous treatment capabilities. [12–14] concentrate on the

qualitative behavior of the solution and identify parameter regions where the optimal solution

is qualitative stable. The parameter regions are separated by bifurcation curves where Skiba

solutions or other interesting mathematical phenomena arise. [15] considers a transmission

rate originating from a stochastic diffusion process, which can be influenced by confinement

policies. [16] is the only paper that includes a stochastic time horizon within a SIR model with

different age groups (deriving optimal interventions that may differ between the groups).

However, in contrast to our contribution, the period after the vaccination arrival is not consid-

ered. [17] embeds work intensity, which is chosen on an individual basis, into a SIR model and

derives the optimal lockdown policy for a given vaccination rate. The main finding is that the

lockdown is relaxed when the vaccination effort is intensified (i.e., lockdown and vaccination

are substitutes). This is contrasted by [18], where a systematic sensitivity analysis of the opti-

mal lockdown intensity with respect to the vaccination rate and the valuation of a lost life is

provided. In addition to the substitution property (as in [17]) also scenarios with lockdown

and vaccination being complements are identified. Up to the best of our knowledge, [19] is the

only paper that considers an (exogenous) stochastic arrival of a vaccine and the adaptation of

the optimal lockdown policy afterward. However, the paper uses a different model setup and

solution method, as well as a considerably different focus in their numerical examples.

Except [16, 19], the works mentioned above consider a fixed time horizon assuming that

this immediate end of the pandemic is known a priori. As previously mentioned, this assump-

tion is relaxed in our contribution within a model being truly simple in terms of the epidemio-

logical dynamics. However, it allows to analyze the effect of a stochastic arrival rate of a

vaccine and to work out the impact of different arrival times, which is not dealt with in [16,

19]. This is possible by adopting a novel approach for multi-stage optimal control models with

random switching time as presented in [20]. Based on the deterministic reformulation of the

objective function (see [21]), the problem is transformed into an age-structured optimal con-

trol problem. This approach allows treating both stages simultaneously (in contrast to the tra-
ditional method), thus implying a detailed characterization of the link between the two stages.

The rest of the paper is organized as follows. The following section introduces the model

together with some analytic results. Numerical solutions for different cases concerning the

speed of the vaccination campaign are presented in the section “Numerical results”. The last

section concludes.

The model

Within this section, we extend the well-known SIR model proposed in the seminal article [6]

and improved in many other papers. We introduce the control variable lockdown intensity to

fight the spread of the virus and a stochastic arrival time (i.e., a switch of the dynamics) of an

efficient vaccine that separates the planning horizon into two stages. First, the adapted SIR

dynamics are described; then the government’s objective function (i.e., costs) is defined.

Finally, the full model is formulated.

Dynamics

Consider an infinite planning period [0, +1) divided into two stages by the entrance of an

effective vaccine at time τ. Assuming that such an entrance is a certain event (sooner or later),

the arrival rate of τ is discussed below by the mean of a cumulative distribution function (see

Eq (5)).

In Stage 1, i.e., in the interval [0, τ), no effective vaccine is available, therefore the two possi-

ble measures to fight the disease are the lockdown intensity, denoted by ℓ(t), and the additional

PLOS ONE Should the COVID-19 lockdown be relaxed or intensified in case a vaccine becomes available?

PLOS ONE | https://doi.org/10.1371/journal.pone.0273557 September 2, 2022 4 / 28

https://doi.org/10.1371/journal.pone.0273557


research effort (research boost) towards the discovery of an effective vaccine, denoted by r(t).
Both measures (entering non-linearly in the model) are continuous control variables and opti-

mally set by the government. We assume that it is possible to close only nonessential parts of

the economy. Essential parts (such as energy supply, health services, and basic food produc-

tion) have to be kept open. This implies ‘ðtÞ 2 ½0; �L�, where ℓ(t) = 0 corresponds to no lock-

down and ‘ðtÞ ¼ �L > 0 to full lockdown.

The total population N(t) is divided into the three common compartments, i.e., susceptibles

S(t), infected I(t) and recovered R(t). In Stage 2 an additional compartment V(t) for vaccinated

individuals is introduced. Due to the negligible effect on the pandemic, the non-COVID-19

mortality rate and the birth rate are ignored. As a result, the total population equals

NðtÞ ¼ SðtÞ þ IðtÞ þ RðtÞ þ It�tVðtÞ, where It�t denotes the usual indicator function (equal

to 1 for t� τ, zero otherwise).

At a lockdown intensity a proportion of ℓ, (1 − θℓ) is active and can transmit the virus,

where θ 2 [0, 1] is an exogenous measure of the lockdown effectiveness. Following [7] the

transmission rate is defined as β(ℓ) = β0(1 − θℓ)2, where β0 > 0 denotes the transmission rate

without lockdown. Thus, during Stage 1 (i.e., t 2 [0, τ)) the number of susceptibles evolves

according to

_SðtÞ ¼ � bð‘ðtÞÞ
SðtÞIðtÞ
NðtÞ

; Sð0Þ ¼ S0; for t < t; ð1Þ

where S0 is the initial value of the compartment. The increase of the infected due to new infec-

tions equals the decrease of the susceptibles. On the other hand, the infected decrease because

of COVID-19 related deaths and recoveries. Let 1

g
denote the average dwell time of individuals

in I(t), then γ equals the percentage of infected leaving the compartment at any point in time,

i.e., g ¼
ðrecoveredþdeadÞ

infected . For the COVID-19 related death rate, we follow [7] and assume the fol-

lowing linear increasing form

φðIðtÞÞ ¼ g � ð�φ þ kIðtÞÞ; ð2Þ

where the assumption ð�� þ kIðtÞÞ < 1 guarantees a positive recovery rate equal to

gð1 � ð�� þ kIðtÞÞÞ. The death rate is increasing in I due to the congestion effects of the health

sector (for dramatic examples we refer to Lombardia in Italy or New York City both in spring

2020, or Brazil in spring 2021). Several contributions use a similar form, see e.g., [12–14] who

assume an excess death rate if the ICU capacity is exceeded.

Therefore, the infected dynamics during both stages is

_IðtÞ ¼ bð‘ðtÞÞ
SðtÞIðtÞ
NðtÞ

� gIðtÞ; Ið0Þ ¼ I0; ð3Þ

where I0 contains the initial number of infected individuals.

The size of the total population at any t diminishes by COVID-19 deaths. This implies the

following dynamics for both stages

_NðtÞ ¼ � φðIðtÞÞIðtÞ; Nð0Þ ¼ N0; ð4Þ

with an initial population size of N0. The number of recovered people R(t) in both stages can

be directly obtained by RðtÞ ¼ NðtÞ � SðtÞ � IðtÞ � It�tVðtÞ.
The time instant τ, when an efficient vaccination becomes available, is assumed to be an

absolute continuous random variable. Let us define by Z(t) the probability of discovering an

effective vaccine after t. In other words, the probability of remaining in Stage 1 until t. We
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formalize this probability throughout the complementary cumulative distribution function

(tail distribution)

ZðtÞ ¼ Probft > tg: ð5Þ

As a result, the corresponding switching rate is obtained by

� _ZðtÞ
ZðtÞ

¼ ZðrðtÞ; tÞ: ð6Þ

Since Z(0) = Prob{τ> 0} = 1 holds naturally, this distribution function satisfies the following

Cauchy problem

_ZðtÞ ¼ � ZðrðtÞ; tÞZðtÞ; Zð0Þ ¼ 1: ð7Þ

We assume η(�, t) to be positive, continuous, and to depend on the additional research effort r
(t), which is a control variable in Stage 1. Note that r(t) 2 [0, 1], i.e., r(t) = 0 and r(t) = 1 corre-

spond to the cases without and with maximal available additional research effort respectively.

Note that research effort cannot exceed a certain level at least on the medium term due to con-

straints on the availability of experienced researchers, research facilities, etc. Consequently, η
(0, t) captures the switching rate resulting from base research effort (spent in R&D on a regular

basis, without any additional research effort, i.e., with r = 0).

We assume that the research boost r(t), aimed at finding an effective vaccine, accelerates its

development with efficacy η1 > 0. Thus, the switching rate depends on r(t) as follows,

ZðrðtÞ; tÞ ¼ pðtÞðZ0 þ Z1rðtÞÞ; ð8Þ

with η0 > 0, and where p(t) is an increasing time dependent function such that p(0) 2 (0, 1)

and limt!1 p(t) = 1. For the numerical calculations in Section “Numerical results”, we are

using a Gompertz sigmoid function, i.e., pðtÞ ¼ e� p1e� p2 t with p1, p2 > 0 (see Table 2 for the

parameter values). This functional specification guarantees not only a switching rate that

increases in r(t), but also a time-dependent learning effect (non-autonomous p(t)) resulting in

a more efficient use of research efforts.

At the time instant τ a vaccine is developed and becomes available, thus marking the start

of the vaccination of the population. We assume that the cost for production and administra-

tion of the vaccine (research costs are already covered in Stage 1) are minuscule compared to

costs resulting from lockdown measures and lost lives. This implies that at every t as many

people as possible (with respect to production and administration capacities) get vaccinated.

Hence the number of vaccinations per unit of time aðt̂Þ (where t̂ corresponds to the time after

the switch, i.e., t̂≔ t � t) follows the exogenously given availability of vaccination after discov-

ery. We assume that α(�) is an increasing and concave function over time, i.e., a0ðt̂Þ > 0 and

a00ðt̂Þ < 0. For the functional specification, we propose the following form

aðt̂Þ ¼
a1 t̂ þ a2

t̂ þ a3

; ð9Þ

with positive parameters αi> 0 (i = 1, 2, 3); α1α3 > α2 guarantees that α(t) is increasing and

concave. At the switch aðt � tÞ ¼ að0Þ ¼
a2

a3
vaccination doses are available. This number

increases up to the maximum level of α1, which is the limit of the above expression.

Although people are vaccinated as quickly as possible starting at τ, as discussed in the intro-

duction (and as observed in lots of countries in the first half of 2021), the lockdown is still an

indispensable tool to control the pandemic since people cannot be vaccinated fast enough. We
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assume that susceptible and recovered people are vaccinated without any prioritization. After

getting the vaccine, people enter the compartment of vaccinated people V(t), which is the

absorbing state in our model. As a result, the dynamics of S(t) and R(t) in Stage 2 read

_SðtÞ ¼ � bð‘ðtÞÞ
SðtÞIðtÞ
NðtÞ

� aðt � tÞ
S

Sþ R
ISþR>0

_IðtÞ ¼ bð‘ðtÞÞ
SðtÞIðtÞ
NðtÞ

� gIðtÞ:
ð10Þ

where the indicator function guarantees that vaccination ends if everybody is vaccinated. V(t)
just collects all vaccinated people in Stage 2

_V ðtÞ ¼ aðt � tÞISþR>0; VðtÞ ¼ 0: ð11Þ

Costs—objective function

The decision maker in our model is the government balancing (i) the costs of lost lives and (ii)

the costs of lockdown and subsidies in the R&D sector (aiming at accelerating the vaccine

development). Therefore, the objective function consists of an economic (lockdown, research

subsidies) and a health economic part (lost lives), both measured in GDP (gross domestic

product) per day. All objectives in Stage 1 are represented by the function

g1ðIðtÞ; ‘ðtÞ; rðtÞÞ≔ chðIðtÞÞ þ c‘ð‘ðtÞÞ þ crðrðtÞÞ: ð12Þ

Here ch(I(t)) ≔ ψ � φ(I(t)) � I(t) denotes health economic costs, i.e., the costs of lost lives

weighted with the value of a statistical life ψ. The range of ψ in the literature ranges from 20 in

[7] to 150 in [22]. In [12, 13] this value is used as a bifurcation parameter in a sensitivity analy-

sis in a different model setting with a different research focus.

Lockdown costs are assumed to be quadratic, i.e.,

c‘ð‘ðtÞÞ≔w‘2
ðtÞ ð13Þ

with a positive parameter w. This results from higher marginal costs as lockdown becomes

more intense, due to the interconnection of the economy. Note that the definition of lockdown

costs varies in the corresponding literature. While e.g., [7] assumes linear costs, e.g., [12, 13]

assume non-linear costs that also depend on the available workforce (i.e., N(t) diminished by

I(t)). Moreover, we are relaxing this assumption in the section “Robustness check” and allow

for convex-concave costs.

Similar to the lockdown costs, the research costs are assumed to be quadratic cr(r(t)) =

c0r2(t), with a positive parameter c0. This appropriately reflects reality since the research effort

enters linearly in the switching rate and research projects are funded in order with their prior-

ity and probability of success.

The costs in Stage 2 are analogous to the ones in Stage 1, they only differ for the lack of

additional research efforts (which are assumed to be zero after the arrival of an efficient vac-

cine), i.e.,

g2ðIðtÞ; ‘ðtÞÞ≔ chðIðtÞÞ þ c‘ð‘ðtÞÞ: ð14Þ

Note that we do not consider vaccination costs explicitly, while they could be argued to be

included. However, as discussed before, vaccinations are given at the maximum pace at any

t (due to the fact that the corresponding costs are negligible) implying that the optimal results

would not change.
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As the decision maker aims for the minimization of the expected aggregated discounted

costs over an infinite time horizon (taking the stochasticity of the switching time τ into

account), the objective function can be written as

J�ðXð0ÞÞ≔ min
‘ðtÞ;rðtÞ

Et

Z t

0

e� rtg1ðIðtÞ; ‘ðtÞ; rðtÞÞ dt þ
Z þ1

t

e� rtg2ðIðtÞ; ‘ðtÞÞ dt
� �

: ð15Þ

Thereby ρ is the discount rate and X(t) is a vector of the compartments S(t), I(t), and N(t).
Following [20], the objective function (15) can be reformulated as

J�ðXð0ÞÞ ¼ min
‘ðtÞ;rðtÞ

Z 1

0

e� rtZðtÞ½g1ðIðtÞ; ‘ðtÞ; rðtÞÞ þ ZðrðtÞ; tÞJ
�

2
ðXðtÞ; tÞ� dt ð16Þ

where J�
2
ðXðtÞ; tÞ denotes the optimal value (in mathematical terms referred to as value func-

tion, see [4]) of Stage 2 given a vaccine approval at t (with state variables X(t) at t).

Full model

Using the subscripts 1 and 2 to refer to the (state and control) variables corresponding to Stage

1 or 2 respectively, the problem in Stage 1 can be written as

J�ðXð0ÞÞ ¼ min
‘1ðtÞ;r1ðtÞ

Z 1

0

e� rtZ1ðtÞ½g1ðI1ðtÞ; ‘1ðtÞ; r1ðtÞÞ þ Zðr1ðtÞ; tÞJ
�

2
ðX1ðtÞ; tÞ� dt

s:t: _S1ðtÞ ¼ � bð‘1ðtÞÞ
S1ðtÞI1ðtÞ
N1ðtÞ

_I 1ðtÞ ¼ bð‘1ðtÞÞ
S1ðtÞI1ðtÞ
N1ðtÞ

� gI1ðtÞ

_N 1ðtÞ ¼ � φðI1ðtÞÞI1ðtÞ
_Z1ðtÞ ¼ � Zðr1ðtÞ; tÞZ1ðtÞ

ð17Þ

with initial conditions

S1ð0Þ ¼ S0; I1ð0Þ ¼ I0; N1ð0Þ ¼ N0; Z1ð0Þ ¼ 1: ð18Þ

The problem in Stage 2 can be written analogously, and defines J�
2
ðXðtÞ; tÞ which occurs in the

objective function of Stage 1. Since for every possible realization of τ the value function is

derived from an optimal control problem, x2(t, τ) indicates a (state and control) variable of

Stage 2 at t, given a vaccine approval at τ (τ� t). This yields

J�
2
ðXðtÞ; tÞ ¼ min

‘2ðt;tÞ

Z 1

t

e� rtg2ðI2ðt; tÞ; ‘2ðt; tÞÞ dt

s:t: _S2ðt; tÞ ¼ � bð‘2ðt; tÞÞ
S2ðt; tÞI2ðt; tÞ

N2ðt; tÞ
� aðt � tÞ

S2ðt; tÞ
S2ðt; tÞ þ R2ðt; tÞ

IS2ðt;tÞþR2ðt;tÞ>0

_I 2ðt; tÞ ¼ bð‘2ðt; tÞÞ
S2ðt; tÞI2ðt; tÞ

N2ðt; tÞ
� gI2ðt; tÞ

_N 2ðt; tÞ ¼ � φðI2ðt; tÞÞI2ðt; tÞ
_V 2ðt; tÞ ¼ aðt � tÞIS2ðt;tÞþR2ðt;tÞ>0

ð19Þ

with initial conditions

S2ðt; tÞ ¼ S1ðtÞ; I2ðt; tÞ ¼ I1ðtÞ; N2ðt; tÞ ¼ N1ðtÞ; V2ðt; tÞ ¼ 0: ð20Þ
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The dot-notation in Stage 2 refers to the derivative with respect to time, i.e., _xðt; tÞ ¼ dxðt;tÞ
dt ,

while τ remains constant.

Clearly, the number of recovered people in both stages can be derived by the identity

N = S + I + R(+V). Note that in the problem of Stage 2 the vaccine arrival time τ is only a

parameter (therefore entering as parameter in the value function J�
2
ðXðtÞ; tÞ), whereas in the

objective function of Stage 1 the value function of Stage 2, J�
2
ðX1ðtÞ; tÞ; is evaluated for every t,

as a possible arrival time. Table 1 summarizes all variables and functions of the model for both

stages, at a glance.

Solution and economic intuition

For the derivation of the first-order conditions, we first transform the model into an age-struc-

tured optimal control model (see [20]). Then the age-structured Maximum Principle (see [23])

is applied. This representation offers some advantages compared to the standard approach pre-

sented in [21], as discussed in [20].

The transformation of Eqs (17)–(19) into the age-structured form, as well as the derivation

of the optimality conditions, is quite technical and deferred to the S1 Appendix.

The optimal values of the control variables are summarized in the following Theorem.

Theorem 1 Consider the above multi-stage optimal control problem with random switching
time (17)–(19). Then, assuming the existence of an optimal solution, the optimal research efforts
in Stage 1 and the optimal lockdown levels in both stages are given by

r�
1
ðtÞ ¼ min max

Z1pðtÞðxZðt; tÞ � lZðtÞÞ
2c0

; 0

� �

; 1

� �

;

‘
�

1
ðtÞ ¼ min max

1

y

lIðtÞ � lSðtÞð Þb0y
S1ðtÞI1ðtÞ
N1ðtÞ

lIðtÞ � lSðtÞð Þb0y
S1ðtÞI1ðtÞ
N1ðtÞ

� Z1ðtÞ wy
; 0

( )

; �L

( )

;

‘
�

2
ðt; tÞ ¼ min max

1

y

xIðt; tÞ � xSðt; tÞð Þb0y
S2ðt;tÞI2ðt;tÞ

N2ðt;tÞ

xIðt; tÞ � xSðt; tÞð Þb0y
S2ðt;tÞI2ðt;tÞ

N2ðt;tÞ
� Z1ðtÞZðtÞ wy

; 0

( )

; �L

( )

;

ð21Þ

Table 1. Overview of Notation (i = 1, 2).

Notation Description Stage 1 Stage 2

Controls:

ℓi lockdown intensity X X

r1 research effort (development of vaccination) X -

States:

Si susceptibles X X

Ii infected X X

Ri recovered X X

V2 vaccinated - X

Ni total population X X

Z1 probability of vaccine approval after t X -

Functions:

η(r1, t) switching rate X -

α(t − τ) number of vaccinations per unit of time - X

β(ℓi) transmission (infection) rate X X

φ(Ii) fatality rate X X

γ − φ(Ii) recovery rate X X

https://doi.org/10.1371/journal.pone.0273557.t001
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where λy (ξy) denotes the adjoint variable of Stage 1 (Stage 2) of a given state variable y (for the
corresponding adjoint equations we again refer to the S1 Appendix).

Giving a more detailed discussion on λZ(t) and ξZ(t, t): λZ(t) denotes the adjoint variable of

Z1(t), which is the probability that the vaccine is approved after t. ξZ(t, t) denotes the adjoint

variable of Z2(t, t), which is the probability density that the vaccine is approved at t.
Proof:

Manipulating the general first order optimality conditions (see S1 Appendix), directly

leads to the presented expression for the optimal controls. The max and min operators

inside the expressions guarantee that the control variables stay within their admissible

regions.

The formal expression of Theorem 1 can be interpreted as follows:

• Optimal research effort (Stage 1): In case the fraction inside the brackets is positive and

below one (i.e., r�
1
ðtÞ 2 ð0; 1Þ), the max and min operators can be omitted. Then the optimal

value equals the marginal effect of research subsidies over their marginal costs. The marginal

effect comprises of the product of the marginal switching rate (w.r.t. research effort) and the

shadow price of a switch from Stage 1 to Stage 2 at t (i.e., the difference of the corresponding

shadow prices ξZ(t, t) and λZ(t)).
Therefore r�

1
ðtÞ increases if the marginal effect of the switching rate increases, if the marginal

value of the vaccine approval increases, or if the marginal cost decreases.

• Optimal lockdown intensity without vaccination (Stage 1): The second-order optimality

conditions (see S1 Appendix) imply that the denominator of the fraction inside the brackets

is always negative. In the case of an inner solution (i.e., ‘
�

1
ðtÞ 2 ð0; �LÞ) the term λI − λS,

which can be interpreted as the shadow price of one individual getting infected, is strictly

negative. Thus the optimal value equals the marginal effect on the epidemiological dynamics

(numerator) over the total effect (denominator) divided by the marginal effectiveness of the

lockdown (θ). The marginal effect on the dynamics (numerator) comprises of the shadow

price of a person getting infected (difference of the shadow prices of the corresponding com-

partments) weighted by the corresponding probability and the marginal effect of the lock-

down intensity. To get the total effect (denominator), the marginal relative cost of lockdown

efficiency (weighted by the probability that the vaccine has not been approved at t) is added

to the effect on the epidemiological dynamics. This fraction is related to the effectiveness of

the lockdown (i.e., division by θ). As a result, the lockdown increases in the effect on the

dynamics (either by the shadow price of a person getting infected or by the corresponding

probability) and decreases in the costs.

• Optimal lockdown intensity with vaccination (Stage 2): The interpretation of ‘
�

2
ðt; tÞ is anal-

ogous to that of ‘
�

1
ðtÞ.

In addition to this interpretation Theorem 1 can be used for analyzing the lockdown inten-

sity at the vaccination approval, which is not a-priori clear. Intuitively, one would expect that

the lockdown will be relaxed or at most remain at the same level. However, as already dis-

cussed in the introduction, in the beginning of 2021 most countries in Europe reacted differ-

ently. These decisions can potentially be supported by our framework. In particular, the

following theorem formalizes conditions for the adaptation of the lockdown intensity at the

vaccine approval.

Theorem 2 Consider the multi-stage optimal control problem with random switching time
Eqs (17)–(19) and the optimal lockdown intensities given in Theorem 1. At the (stochastic) time
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of a vaccine approval τ the lockdown intensity is in general non-continuous (disruptive) and

ðdisruptivelyÞ increasing ,
xIðt; tÞ � xSðt; tÞ

lIðtÞ � lSðtÞ
> Zðr1ðtÞ; tÞ

continuous ,
xIðt; tÞ � xSðt; tÞ

lIðtÞ � lSðtÞ
¼ Zðr1ðtÞ; tÞ

ðdisruptivelyÞ decreasing ,
xIðt; tÞ � xSðt; tÞ

lIðtÞ � lSðtÞ
< Zðr1ðtÞ; tÞ

ð22Þ

given that the total effect of the lockdown intensity of Stage 1 and Stage 2 at τ has the same sign
(a different sign just reverses the inequalities).

Proof:

From Theorem 1 we obtain

‘
�

2
ðt; tÞ � ‘

�

1
ðtÞ ¼ b0

S1ðtÞI1ðtÞ

N1ðtÞ

xIðt; tÞ � xSðt; tÞ

xIðt; tÞ � xSðt; tÞð Þb0y
S1ðtÞI1ðtÞ

N1ðtÞ
� Z1ðtÞZðtÞ

w
y

 

�
lIðtÞ � lSðtÞ

lIðtÞ � lSðtÞð Þb0y
S1ðtÞI1ðtÞ

N1ðtÞ
� Z1ðtÞ

w
y

!

;

ð23Þ

for ‘
�

1
ðtÞ; ‘

�

2
ðt; tÞ 2 ð0; �LÞ and accordingly for solutions on the boundary. Manipulation of this

expression proves the assertion of the theorem.

According to Theorem 2 the adaptation of the lockdown intensity at the time of the vaccine

approval depends on the relation of the shadow prices of a new infected person in Stage 2 and

Stage 1 at τ. If the ratio exceeds the approval rate η(�) at τ, new infections have a stronger effect

with the availability of a vaccine than they would have without. Consequently, the lockdown

intensity has to be intensified disruptively at τ, which seems to be counter intuitive at first

glance. However, the reason is hidden in the definition of the shadow price of new infections,

which includes the net value of costs (i.e., lockdown, lost lives) and the effect on the dynamics

of the epidemic. Therefore, in Stage 1 it might be more costly to keep a lot of people in the S
compartment since everyone has to pass the S − I − R-route (while keeping φ(I(t)) on an

acceptable level) to achieve immunity. On the other hand, if the vaccine is available, suscepti-

bles can pass directly from the S to the V compartment by getting vaccinated. Thus, with a

more intensive lockdown it pays off to keep more people in the S state (i.e., keeping them

healthy), pass them directly to V and therefore save lives (lowering costs). In other words, a

vaccination works as a kind of shortcut in the SIR dynamics. A more intense lockdown enables

more people to make use of it.

The interpretation of a continuous and disruptive decrease of the lockdown intensity (sec-

ond and third line of Eq (22)) is analogous.

Numerical results

In this section, we present some numerical results obtained by applying the Pontryagin Maxi-

mum Principle (PMP) (see S1 Appendix for the analytical expressions). Most of the parame-

ters’ values for our baseline calibration are taken from [7] and other models of the related

literature. We report the complete list of parameters in Table 2, with time being measured in

years. Note within the plots that the time axis is scaled in months for enhanced readability.
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Unlike [7], where the proportion S0 of susceptibles in the population is set equal to 0.97, we

fix it equal to 0.99, so that S0 and I0 sum up to 1 (and no initial recovered are considered, R0 =

0) as in [12].

The parameters concerning research and vaccination must be explained in more detail. Up

to the best of our knowledge the effect of research on the discovery of a vaccine has not been

considered by other papers. As already explained after the definition of the switching rate Eq

(8), we use a Gompertz sigmoid function for p(t) with p1 = e and p2 = 3, such that we end up

with

pðtÞ ¼ e� e1� 3t
: ð24Þ

This essentially means that research efforts are rather ineffective at the start of the pandemic

(i.e., at t = 0), and develop their effectiveness soon (e.g., p(0.5) = 54.5% after half a year, p(1) =

87.3% after one year). For the base research efficiency η0 and the efficacy of the research boost

η1 no data is available. We have chosen Z0 ¼
1

1:5
and η1 = 4 − η0. This reflects a situation in

which the probability of a vaccine being approved within the first year without an additional

research boost (i.e., r1(t) = 0 for all t) is only about 30%. On the other hand, for a maximal pos-

sible research boost (i.e., r(t) = 1 for all t) the probability for the approval within one year

increases to more than 80%. We are aware that these parameters can hardly be validated. How-

ever, several numerical runs with different values implied that the results are qualitatively very

robust with respect to these parameters.

Fig 2 plots the benchmark availability of the number of vaccinations per unit of time (mod-

eled according to Eq (9)), where we assume that the whole population can be vaccinated in a

quarter of a year (i.e., α1 = 4) at the maximum intensity, i.e., if t tends to +1. Initially the cam-

paign starts with 10% intensity (α2 = 0.1 and α3 = 1). This means that the whole population

can in fact be vaccinated within about 10 months. This specification (used as benchmark sce-

nario in the first subsection) reflects a typical situation in Europe, however, these numbers can

vary across countries. Hence, a rather hypothetical example is studied in the second

Table 2. Summary of parameter values (per year).

Parameter Value Description

S0 0.99 initial proportion of susceptibles in population

I0 0.01 initial proportion of infected in population

N0 1 initial population

�L 0.7 maximal lockdown intensity

θ 0.5 lockdown efficacy

β0 0.13 � 365 transmission rate without a lockdown

γ 1

18
� 365 recovery rate (including COVID-19 deaths)

�φ 0.0068 COVID-19 fatality rate

κ 0.034 coefficient for additional fatality rate (congestion of health care system)

α1, α2, α3 4, 0.1, 1 parameters concerning the availability of the vaccines

ψ 40 value of a statistical life (in terms of GDP)

w 1 lockdown cost parameters (in terms of GDP)

η0
1

1:5
parameter of the switching rate

η1 4 − η0 effectiveness of additional research effort

p1, p2 e, 3 parameters concerning the switching rate (Gompertz sigmoid)

c0 0.013 research effort cost parameters (in terms of GDP)

ρ 0.05 discount rate

https://doi.org/10.1371/journal.pone.0273557.t002
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subsection, in which α(t) is increased proportionally such that the whole population can be

vaccinated within one month.

For the numerical solution, the age-structured formulation of problem in Eqs (17)–(19)

was used (see S1 Appendix). As already mentioned, this includes the advantage to solve both

stages simultaneously, as one single problem instead of two sequential ones, i.e., first deriving

Stage 2 for all possible values of the state variables at any τ; followed by Stage 1. An age-struc-

tured optimal control model implies the solution of a system of partial differential equations,

which makes it difficult to use a standard boundary value solver. Thus, we use the established

gradient optimization algorithm presented in [24]. After choosing initial guesses for the con-

trol variables, the algorithm uses the gradient to update the control variables iteratively until

they converge to an optimum.

Before we start to discuss the specific results, we observe that with the parameters’ values

declared above, the SOCs and the optimality conditions (see S1 Appendix) are fulfilled. Fig 3

introduces the way the results are presented in the following subsections. The horizontal and

vertical axes denote time (in months) and lockdown intensity respectively. The black line (sub-

divided into a solid and a dashed part) shows the optimal lockdown intensity in case the vacci-

nation was not approved until t (i.e., lockdown intensity of Stage 1). A vaccination may be

approved at any time. In the current figure the optimal lockdown intensity of Stage 2 is only

plotted for the case that the approval happens after approximately �t � 4 months (green line).

Therefore, the optimal lockdown intensity given the approval at �t (which is a specific realiza-

tion of the random variable τ) follows the solid black line until �t (i.e., ℓ1(t) for t 2 ½0; �tÞ) and

the green line afterwards (i.e., ‘2ðt; �tÞ for t 2 ½�t;1Þ). Thus at the approval of the vaccine at �t

the lockdown intensity jumps upwards. Before and after �t the lockdown intensity changes

Fig 2. Number of vaccinations per unit of time.

https://doi.org/10.1371/journal.pone.0273557.g002
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continuously (as implied by the Maximum Principle). In the figures presenting results in the

following subsections the black line always represents trajectories of Stage 1, whereas the col-

oured ones correspond to the trajectories of Stage 2 for different realizations of τ. In all figures

of the following subsections, when presenting results, the black line will represent trajectories

of Stage 1, whereas the coloured lines will correspond to the trajectories of Stage 2 for different

realizations of τ.

In the first subsection, the benchmark scenario is presented with two different assumptions

concerning the speed of the vaccination campaign. In Scenario 1 we assume the population to

be vaccinated within 10 months, which seems to be pretty realistic considering many Euro-

pean countries. Meanwhile in Scenario 2 the population will be vaccinated within about one

month.

In the second subsection, we compare the anticipative behavior of our model (i.e., lock-

down measure during Stage 1) with the behavior of a myopic government, which does not

include the arrival of a vaccination in the decision process.

Optimal lockdown intensity before and after vaccine approval

Scenario 1: Vaccination within 10 months. Fig 4 illustrates the most important variables

along the course of the pandemic. Black lines in all subplots denote variables that correspond

to the period before the vaccine has been approved (Stage 1). Colored lines and dots to vari-

ables thereafter. The grey line in panel (d) corresponds to the probability that a vaccine gets

approved after t without an additional research boost at any time, i.e., if r1(t) = 0 for all t. All

variables and values are plotted for the first year of the pandemic. Thereafter the solutions

Fig 3. Lockdown intensity for approval at τ = 4. Lockdown intensity without vaccination (black line, Stage 1) and with vaccination

(green line).

https://doi.org/10.1371/journal.pone.0273557.g003
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follow trajectories, which can be intuitively expected from the development within the first

year (which means the pandemic ends, i.e., infections converge to zero, all people are getting

the vaccine, lockdown is relaxed).

We start the discussion with the lockdown intensity plotted in panel (a). If a vaccine has not

been approved, the intensity follows the course of the epidemic, i.e., the number of infected

(plotted in panel (d)). This is reasonable in our modeling context since the number of deaths

directly depends on the number of infected at t (see the definition of COVID-19 related death

Fig 4. Scenario 1 (Course of the pandemic). (a) Lockdown intensity over time, (b) Lockdown intensity along duration, (c) Research effort over time,

(d) Probability that τ has not set in yet, (e) Susceptibles, (f) Infected.

https://doi.org/10.1371/journal.pone.0273557.g004
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rate Eq (2)), and goes along with all recent papers on COVID-19 which assume lockdown

intensity as a control variable. At the time the vaccine is approved, however, the lockdown is

intensified if the approval happens in the first seven months of the pandemic. If the approval

happens later on, the lockdown intensity remains approximately at the same level. After the

upward jump, the lockdown intensity is adapted again continuously and relaxed earlier com-

pared to the case without a vaccine (since the vaccine enables susceptibles to surpass the

infected compartment). It is also obvious that for an early vaccine approval the consequent

period with more intense lockdown measures is quite long. The number of infected is rather

high and it takes time for the vaccination campaign (which is relatively slow at the beginning)

to unfold its effect. For a late vaccine approval (after more than seven months) the lockdown

jumps only marginally, but also ends earlier. Referring back to Theorem 2 an early approval

corresponds to the first case of the theorem, while a late approval corresponds to the second or

third case.

A different illustration of the lockdown intensity only after the vaccine approval is plotted

in panel (b). The three colored lines represent the lockdown intensity over the time that has

passed since the vaccine approval (i.e., duration of Stage 2, d = t − τ). For instance, the blue

line shows the lockdown intensity that is implemented at three months across all possible

approvals since the beginning of the pandemic (d 2 [0, 3]). Thus, the lockdown value of the

blue line with duration zero means the lockdown value of Stage 2 at t = 3 for τ = 3. The red

and the green lines show the same for six and nine months respectively. From that figure, it

becomes evident that (for the majority of points in time) the lockdown intensity is decreasing

both in duration and in time. This can be followed from the strict decrease of the colored lines

and from the fact that the lines which correspond to higher t start lower and never intersect

with one another.

Research boost during Stage 1 is shown in panel (c) and will be discussed together with

panel (d), which illustrates the probability that the vaccine will be approved after t (black line:

optimal research efforts, grey line: zero research boost). The colored dotted line in panel (d)

represents the probability density that the switch happens at t, technically that is the initial

value of the auxiliary state variable Z2(t, t) (see S1 Appendix for details). Starting with the grey

line in panel (d), we see that without additional research effort the probability that a vaccine is

available on the market is only about 30% after one year. With the optimal additional research

effort this chance increases and is twice as high (about 60%). For almost the whole first three

months these additional efforts are at the maximum level in order to increase the probability

density of the approval (colored dotted line in panel (d)). After that, additional efforts are

decreasing, which is due to the fact that the peak of the pandemic has been passed (see number

of infected in panel (f)) and the pandemic starts to decelerate. With a short time lag (which is

due to increasing p(t)) the probability density for the vaccine approval (colored dotted line)

also starts to decrease. For t approaching +1 the research boost, as well as the probability that

the vaccine is approved after t and the probability density of the approval are converging

towards zero. Please note again, that the approval rate and the corresponding probabilities can-

not be calibrated at all and are furthermore very specific to the country of interest. As already

mentioned in the introduction, China and Russia were the first countries to approve a (vector)

vaccination already in summer 2020. The US and the EU approved two mRNA vaccines in

December 2020. Moreover, the date of approval does not directly indicate the extent of the

availability of vaccine shots (represented by aðt̂Þ in our model), which can be quite diverse

across countries too.

The left panel of Fig 5 strengthens the intuition of the qualitative shape of the lockdown

intensity. It shows the effective reproduction number before and after vaccine approval over
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time, which can be derived by (see e.g., [25])

Rt;iðtÞ ¼
bð‘iÞSi=Ni

g
; i ¼ 1; 2: ð25Þ

Rt equals the rate that one infected transmits the virus to one susceptible over the average dura-

tion of infectivity. In other words, it can also be interpreted as the average number of suscepti-

bles that is infected by one infected individual. Therefore 1.0 denotes the important threshold,

above which an epidemic shows dreaded exponential growth. The black line of Fig 5 (corre-

sponding to Stage 1) starts from a considerably high value about 2.0, decreases steadily and

drops below 1.0 shortly after the peak of the infection numbers. A stronger reduction is simply

too expensive in terms of balancing lockdown and health economic costs (i.e., costs of lost

lives). The situation changes, if the vaccine has already been approved (colored lines), i.e., dur-

ing Stage 2 of our model. Due to the disruptive upward jump of the lockdown intensity, also

the effective reproduction number jumps to a value around the critical threshold 1.0. In most

cases, when the vaccine is approved after the first month of the pandemic, Rt directly drops

down below 1.0. Again, this results from the more intensive lockdown paying off in these

cases, since susceptibles can move directly to the V compartment. The consequent reduction

of the S compartment is very fast, which also implies a decrease in the effective reproduction

rate (faster decrease of the colored lines in Fig 5) and enables the government to relax the lock-

down earlier.

The right panel of Fig 5 plots the total aggregated objective value (and a decomposition into

its sub-parts), which realizes for different approval dates of the vaccine, i.e.,

Z t

0

e� rsg1ðI
�ðsÞ; ‘�ðsÞ; r�ðsÞÞ dsþ

Z þ1

t
e� rsg2ðI

�ðsÞ; ‘�ðsÞÞ ds ð26Þ

where the � denotes the optimality of control and state variables. Consider an approval at τ = 3

months. The corresponding objective value can be read at the value of the dotted black line at

t = 3. The solid black line, on the other hand, denotes the expected value of the objective values

described above, which is the objective function of our original problem Eqs (17)–(19), i.e.,

Et

Z t

0

e� rtg1ðI
�ðtÞ; ‘�ðtÞ; r�ðtÞÞ dt þ

Z þ1

t

e� rtg2ðI
�ðtÞ; ‘�ðtÞÞ dt

� �

: ð27Þ

Fig 5. Scenario 1. Effective reproduction number over time (left) and decomposition of the objective value (right).

https://doi.org/10.1371/journal.pone.0273557.g005
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Trivially this expected value is constant over t. The blue, red, and green lines, dotted and solid,

can be interpreted analogously and represent the decomposition of the objective value into

lockdown costs, health economic costs, and research costs (the three corresponding curves

and dots sum up to the black ones). The total and health economics costs increase over time,

i.e., an early vaccine reduces deaths resulting in lower costs. For early vaccine approvals, the

corresponding costs are considerably lower than the expected value, but exceed it shortly

before t = 5 months. On the other hand the economic costs resulting from the lockdown (red)

show a different picture. The upward jump in lockdown intensity at the time of approval (for

early vaccine approvals) implies decreasing total economic costs for later approvals. For an

early vaccine approval the lockdown costs are higher than on average. However, for a vaccine

approval after about four months the relation reverses, since the upward jump at the time of

approval gets smaller and the period where the lockdown in Stage 2 is more intense than it

would have been in Stage 1 gets shorter.

Research efforts are considerably cheap compared to all other costs. This goes along with

empirical evidence. Basically all countries devoted as many financial resources as possible to

support research. Qualitatively, they are analogous to total and health economic costs. All in

all, health economic costs (blue curve) dominate lockdown (red curve) and research costs

(green curve), both qualitatively and in absolute terms. This seems to be realistic considering

reality. Being aware of the enormous costs of lockdown measures, countries all over the world

did everything to keep deaths on a low level and agreed on huge financial supports of the econ-

omy. It is at hand that these results are sensitive concerning the (monetary) value of lost lives

(measured in GDP per capita, see e.g., [26–29], and others). However, governments (and also

researchers) face the same dilemma whenever health economic questions are considered (e.g.,

support research on medications, decisions on the payment of expensive treatment, decisions

concerning the extension or reduction of the health system).

Numerical exercises for a broad range of parameters showed the qualitative robustness of

the results.

Scenario 2: Vaccination within one month. Within this scenario, the same parameters as

in Scenario 1 are used, except the parameters concerning the availability of the vaccines (see

Eq (9)). We assume that all involved parameters (i.e., α1, α2, α3) are increased proportionally

(this implies that the qualitative shape of α(t) remains unchanged) such that the whole popula-

tion can be vaccinated within about one month (instead of 10 as in Scenario 1) after the

approval. This is unrealistic and artificial. Israel was able to vaccinate 60 − 70% of the inocul-

able population within three months (see Fig 1) and is therefore still slower if compared to this

scenario. However, it is useful in order to intensify the understanding of the model.

Fig 6 provides the same set of plots for Scenario 2 as Fig 4 for Scenario 1. I.e., lockdown

intensity over time and along duration (panels (a) and (b)), additional research effort over

time (panel (c)), probability that the approval happens after t and probability density of vaccine

approval (panel (d)), susceptibles and infected (panels (e) and (f)).

The high speed of the vaccination campaign has a strong effect on the lockdown intensity at

the time of the vaccination approval, as at that very instant it is optimal to immediately (and

disruptively) reduce the lockdown measures. In Scenario 1 it was optimal to intensify the lock-

down at the vaccine approval, to keep more people in the susceptible compartment and to

move them directly to the V compartment instead of letting them undergo the COVID-19

infection process. This effect is undermined by the vaccination speed, since vaccinations work

quicker than the infections in this scenario. Of course, the lockdown is not ended immediately,

but decreases (continuously) to zero rapidly after the jump at the switch. This corresponds to

the third case of Theorem 2, which means that the shadow price of a person getting infected at

the switch (Stage 2) is lower than that without the switch (Stage 1) times the density for it.
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The drastic continuous decrease of the lockdown after the vaccine approval in Stage 2 gets

obvious in panel (b), showing the lockdown intensity along the duration. As in Scenario 1, the

blue line corresponds to the lockdown over time if the vaccine is approved within three

months, the red one for approval within six months, and the green one for approval within

nine months. In all three cases, we see that the lockdown is ended about one month after the

vaccine approval, irrespective of the lockdown intensity at the switch. That means that the

lockdown should be ended completely only when almost all people have received the

vaccination.

Fig 6. Scenario 2 (Course of the pandemic). (a) Lockdown intensity over time, (b) Lockdown intensity along duration, (c) Research effort over time,

(d) Probability that τ has not set in yet, (e) Susceptibles, (f) Infected.

https://doi.org/10.1371/journal.pone.0273557.g006
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Panel (c) illustrates the research boost in Stage 1. Compared to Scenario 1, it is now at the

maximum for almost one year (until the susceptibles are about 40% of the population). This is

a clear consequence of a cost-benefit analysis of the corresponding effects. In Scenario 1 the

population is vaccinated within about 10 months, which means that also after the R&D break-

through considerably high lockdown costs arise. In the current scenario the vaccination

administration is so successful that the lockdown can be relaxed shortly after the approval and

completely dismissed soon after. Therefore, this implies much lower lockdown costs, and thus

it is optimal to allocate as many financial resources as possible to increase the R&D success

rate and consequently decrease the expected costs of the pandemic.

The probability to remain in Stage 1 and the probability density for the vaccine approval

(both plotted in panel (d)) are changed according to the optimal path of the research efforts of

panel (c). The black line (probability to stay in Stage 1) is lower than that of Scenario 1, while

the colored one (probability density for approval) is higher.

The susceptibles (panel (e)) and infected (panel (f)) complete the picture for this scenario.

Unsurprisingly, the susceptible compartment goes to zero within one month. The speed of the

vaccination campaign implies that the pandemic will be ended soon after the vaccine approval.

Therefore the government can afford higher infection numbers (compared to Stage 1) for a

short time interval, which are due to the downward jump and the sharp decrease of the lock-

down intensity.

Anticipative versus non-anticipative behavior

Within this subsection, we compare the optimal solution of Scenario 1 (i.e., assuming a realis-

tic speed of the vaccination campaign) to the case of a myopic government who does not antic-

ipate a possible research breakthrough and the implied vaccine approval. This government just

behaves as only Stage 1 would exist. If the vaccine is approved, the government (being sur-

prised) immediately updates its decision and behaves according to the usual Stage 2 (as defined

by Eq (19)).

Fig 7 compares some key results of Scenario 1 with those of a myopic government. Panel

(a) plots the lockdown intensity, panel (b) the effective reproduction number, panel (c) and

(d) susceptibles and infected over time. All panels focus on Stage 1 since the behavior in Stage

2 is based on the same model and would overload the figure with too many lines.

The optimal lockdown intensity (panel (a)) turns out to be more restrictive if the arrival of

a vaccine is anticipated. This results from the analogous effect, which lets the lockdown jump

upwards at the time of vaccine approval in Scenario 1. I.e., if a vaccination can be expected, it

is better to keep more people in the susceptible compartment so they can avoid the disease by

getting the vaccine (if it becomes available). At the beginning of the pandemic, the lockdown

intensity of the myopic case is only half of that of Scenario 1. Afterward the difference gets

close to zero at the sharp increase before the peak of the pandemic (around t� 1.5 months),

finally, the difference increases again after the peak. Optimal lockdown intensities become

more similar during the sharp increase since within this period the main driver of the lock-

down intensity is not the current number of infected, but the dynamic nature of the pandemic

(i.e., the SI-term in the dynamics). This implies that the lockdown is intensified in order to

diminish this snowball effect, i.e., reducing high infection numbers (and therefore high costs

due to lost lives) in the future. After that peak, the lockdown is again more intense in case of

anticipation, but the difference is not as big as at the start of the pandemic, i.e., about 10%. Nat-

urally, the difference tends to zero as the pandemic reaches its end.

The effective reproduction rate (panel (b)) is lower at the beginning of the pandemic for the

anticipated case due to a more restrictive lockdown. This is due to the definition of Rt,i(t)
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(see Eq (25)), where a strict lockdown (entering the nominator) decreases the fraction. How-

ever, already before the end of the first 1.5 months the relation switches and the unanticipated

case has a lower effective reproduction number (together with a higher level of currently

infected). This is due to the closeness of the lockdown intensities and due to the difference in

the number of susceptibles. The latter effect dominates the effect of φ(Ii) in the denominator

(which increases the fraction).

Panels (c) and (d) mirror the trajectories of the lockdown intensity and effective reproduc-

tion rate. Initially, infections are higher in the unanticipated case due to the intensity of the

lockdown, but they decrease after the peak of the pandemic. The number of susceptibles in the

non-anticipated case does not catch up with that of the anticipated case, since the effective

reproduction number gets lower when the number of infections already decreases. The intui-

tion behind this is similar to the one given in the subsection presenting Scenario 1. Expecting a

vaccine leads to the government trying to keep people healthy and to enable them to take the

vaccine before they suffer the disease. The non-anticipative case causes more lost lives at the

peak of the pandemic. If no vaccine becomes available, that might be the optimal solution.

However, if a vaccine arrives, these additional lives are lost unnecessarily.

Several model runs with different parameters concerning the switching rate show qualita-

tively analogous results. However, the scale of the difference turns out to be sensitive. Espe-

cially, when a vaccine can be expected to be approved earlier (i.e., downward shift of the Z1(t)
trajectory) the difference is remarkably bigger.

Fig 7. Anticipation versus non-anticipation. (a) Lockdown intensity in the anticipated and non-anticipated case, (b) Effective reproduction number

in the anticipated and non-anticipated case, (c) Susceptibles, (d) Infected.

https://doi.org/10.1371/journal.pone.0273557.g007
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Robustness check

In the definition of the model and in the previous section we proposed some simple functional

specifications. As a result, we were able to reveal the causes of the qualitative behavior without

any disturbances implied by involved (though more realistic) functions. Certainly, one may

argue different assumptions and more complex functional forms, which raise questions on the

validity of our key messages.

For a robustness check, we therefore analyzed the model with (i) convex-concave lockdown

costs, (ii) time-dependent lockdown costs, and (iii) a finite time horizon (with different

lengths). We report the obtained results here below.

(i) Convex-concave lockdown costs. In the sections “The model” and “Numerical

results”, (c.f., Eq (13)), we propose convex lockdown costs due to the interconnectedness of

the economy and the assumption that lockdown interventions are undertaken in order of cost-

effectiveness. Although we believe that this assumption is reasonably argued, there might exist

circumstances where initially increasing marginal costs of lockdown stringency ℓ(t) (i.e., con-

vex part of the cost function) are followed by decreasing ones, when going beyond a certain

threshold (i.e., concave part of the cost function). The intuition is that for a low ℓ(t) it becomes

more and more difficult to find substitute inputs. Beyond a certain point, however, the econ-

omy is so constrained by low production levels, that further closures would have a decreasing

effect on the implied costs.

To verify the validity of our core results also under an S-shaped/ convex-concave formula-

tion, we assumed the following alternative form of the lockdown costs

c‘ð‘ðtÞÞ ¼
w
3

1 � cos p‘ tð Þð Þð Þ: ð28Þ

Function cℓ(�) is convex for ℓ(t) 2 [0, 0.5) and concave for ‘ðtÞ 2 ð0:5; �L�. In Fig 8 we are plot-

ting the optimal lockdown intensities and the research efforts over time for the vaccine avail-

ability of Scenario 1. In general, the qualitative nature of the optimal solution remains

unchanged. At the time of vaccine approval, the lockdown has to be intensified for a short

period, followed by an earlier relaxation afterward. However, due to the convex part of the cost

function, the lockdown curve is not continuous: it jumps around the turning point of the cost

function since it is not optimal to remain in the interior of the concave part of the cost func-

tion. Consider e.g., the blue curve. It is better to stay a little bit longer on a lower lockdown

level and then immediately jump to �L. Also, the relaxation of the lockdown is initiated by a

Fig 8. Convex-concave lockdown costs. Lockdown intensity over time (left) and research effort over time (right).

https://doi.org/10.1371/journal.pone.0273557.g008
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downward jump followed by a continuous change in the following (i.e., on the convex part of

the cost function). Optimal research efforts are adapted accordingly.

Note that in general concave costs in an optimal control model frequently imply several

problems like, e.g., chattering control (see e.g., [4]). However, in this example, a solution is

possible since the cost function is convex only on the highest part and a direct jump to the

maximum lockdown level solves the issue.

(ii) Time-depending lockdown costs. For the second part of the robustness check we

relax the assumption of time-independent lockdown costs. In the beginning of the pandemic,

firms could use reserves or inventories of inputs to partially absorb the supply problems. After

some time, as reserves or inventories are exhausted, economic constraints become binding.

Therefore, we introduce an additional factor to the cost function, which increases over time,

i.e.,

c‘ð‘ðtÞÞ ¼ e3tw‘2
ðtÞ: ð29Þ

For t = 0 costs are identical to our benchmark and after e.g., six months they are multiplied by

a factor e3�0.5� 4.48 (the factor e3t has been chosen for illustration proposes only and does not

reflect realistic data). Increasing t makes lockdown more costly. Fig 9 plots the optimal lock-

down intensity over time and research effort (with the rest of the parameters being equal to

Scenario 1). Our core results still hold, but are slightly adapted. Increasing lockdown costs

over time naturally implies that the lockdown will tend to be lower (compared to the bench-

mark). This, in particular, holds for the upward jump at the approval of a vaccine. While at

early approvals the jump is evident, later on (about four months after) the discontinuity almost

disappears, since during this time the lockdown has already become very expensive. The opti-

mal research efforts also decreased considerably, which is a result of more people getting

immunized through infection. Lower lockdown intensity implies more infections at the begin-

ning, but a lower number of susceptibles and a higher number of recovered thereafter.

Effect of time horizon. As a third robustness check, we vary the time horizon. In our

basic setup and in the “Numerical results” we have chosen an infinite time horizon (as used in

e.g., [16]), which corresponds to socially optimal decisions (the cost of the entire duration of

the pandemic are evaluated). However, in reality, democratically elected governments are in

place until the next election. While several papers, therefore, assume a finite time horizon with

a zero salvage value function (see e.g., [7], or [9]), we believe that a salvage value function is

Fig 9. Time dependent lockdown costs. Lockdown intensity over time (left) and research effort over time (right).

https://doi.org/10.1371/journal.pone.0273557.g009
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important. The government has the responsibility for the epidemic situation when elections

take place (see e.g., [12, 14], or [30]).

For illustration, we assume that the decision-maker evaluates a proxy of the expected health

costs of the infected individuals at the end of the time horizon T. This is governed by the fol-

lowing salvage value function

SðIðTÞ;TÞ ¼ e� rTchð�IðTÞÞ where �IðTÞ≔ IðTÞ
Z 1

T
e� gt dt ¼

e� gT

g
IðTÞ: ð30Þ

Individuals are leaving the I-compartment with rate γ. To account for the future time spent in

the I-state by the final I(T) infected individuals, �IðTÞ captures the approximate duration-

adjusted infected. Deriving the health economic cost of this number is a proxy for the implied

costs.

Fig 10 plots the optimal lockdown intensity time horizons of six months (left panel), nine

months (middle panel), and one year (right panel). In the case of a time horizon of one year

(or longer) the results are practically identical to those of the infinite time horizon (see Sce-

nario 1) since after one year the number of susceptibles is very low in our setting. Reducing the

time horizon to nine months is enough to see a slight change in the solution. Decreasing the

time horizon further finally reveals a drastic change of the optimal policy. The left panel shows

the situation for six months. The lockdown does not abruptly increase but instead drops down

at the vaccine approval, because it is not possible to profit from the following earlier relaxation

during the remaining short time horizon. Moreover, it is not possible to significantly reduce

the pandemic burden to a low level within this time frame. Therefore it is more efficient to

save costs in terms of the lockdown.

In a nutshell, the difference between the results of the finite time and the infinite time hori-

zon is more pronounced the shorter the time horizon. I.e., policy-makers tend to deviate from

the socially optimal solution the sooner their legislation period ends.

Conclusions

Overview

The current model extends the existing epidemiological models by specifying how a vaccine

and its arrival are included in the optimization process. Using our approach we are able to

overcome the following two crucial limitations: the (un)known arrival/approval time of the

vaccine and the continuation of the COVID-19 pandemic during a vaccination campaign until

enough people are immunized.

The formal analysis (see Theorem 2) and the numerical results show that the lockdown

intensity (which is assumed to vary continuously in our model) jumps at the approval of the

Fig 10. (iii) Finite time horizon. Lockdown intensity with time horizon of six months (left), nine months (middle) and one year (right).

https://doi.org/10.1371/journal.pone.0273557.g010

PLOS ONE Should the COVID-19 lockdown be relaxed or intensified in case a vaccine becomes available?

PLOS ONE | https://doi.org/10.1371/journal.pone.0273557 September 2, 2022 24 / 28

https://doi.org/10.1371/journal.pone.0273557.g010
https://doi.org/10.1371/journal.pone.0273557


vaccine. In a realistic scenario, where the whole population will be vaccinated within 10

months, the lockdown is even intensified for a short period followed by an earlier relaxation

due to the reduction of the susceptibles. This is consistent with the result of [19], which is

obtained using a different model setup and focus. However, it contrasts with other papers (e.g.,

[17]), which claim that lockdown and vaccination are always substitutes. The main driver

behind this upward jump is that more lives can be saved, if more people are kept susceptible

(by intensifying the lockdown) and can move directly to the vaccinated compartment. In an

artificial scenario, where the vaccination campaign works very fast, i.e., vaccination of the pop-

ulation within one month, the adaptation of the lockdown at the approval date is reversed. The

effect of the vaccine dominates the effect discussed above, which saves both lockdown costs, by

relaxing the lockdown intensity, and lives, by the rapid reduction of the susceptibles.

A comparison of the optimal solution with the myopic case, where the government does

not include the potential approval of an effective vaccine at all, shows that the expectation of a

vaccine leads to a stricter lockdown policy. The explanation is similar to the jump at the vac-

cine approval date: A vaccine enables susceptibles to surpass the infection. Thus a “well-

ordered” flow from the susceptibles to the infected, keeping the number of deaths at an accept-

able level, becomes unnecessary at the time the vaccine becomes available.

The section “Robustness check” illustrates variations of the assumptions concerning the

lockdown costs (convex-concave, time-dependent) and the time horizon. Our key findings

turn out to be robust w.r.t. changes in the lockdown costs and for long finite time horizon. For

a short time horizon, the qualitative solution structure changes. It is no longer optimal to

increase but to decrease the lockdown at the vaccine approval.

By additional numerical calculations (not included in this paper) we presume that the quali-

tative results of our analysis are also robust against other parameter changes. In all variations,

the key message remains that the vaccine availability shapes the structural characteristics of the

solution. This is shown by two different scenarios.

Limitations

The paper suffers from a number of limitations, which propose further extensions of the

model.

In Stage 2 of our model, it is assumed that the vaccination is 100% effective. While the

mRNA vaccines of Biontech/Pfizer and Moderna are relatively close with more the 94 − 95%

effectiveness, other vaccines are less effective. Moreover, this effectiveness has been tested by

large studies a couple of months before the corresponding approval date. In the meantime the

virus has mutated, and this might have also changed the vaccine effectiveness. For the “α” and

“δ”-variants (earlier called “British variant” or B.1.1.7 and “Indian variant” or B.1.617), which

have replaced the original strain of the virus in Europe, the currently approved vaccines seem

to remain quite effective (at least in preventing a heavy course of the disease). However, virolo-

gists expect also “escape mutations” to arise in the near future (the Omicron-variant took over

in late 2021/early 2022). As a consequence, it seems to be realistic that a COVID-19 vaccine

booster (adapted to new variants) will be necessary on a yearly basis, as it is common for the

influenza virus. Including this fact into our model means adding more compartments and

flows between them. This will certainly add new effects to the optimal solution. To assess their

impact in further steps, it is crucial to understand the base effect within the current model

first.

Another critical assumption of the current model is that the effectiveness of the lockdown

remains constant over time, independently of its duration and intensity. Observing that the

resentment in the population is growing since fall 2020 in many countries this assumption
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seems to be problematic. This so-called “lockdown fatigue” effect is thoroughly addressed in

[13, 14]. The analysis shows that the shape of the optimal lockdown over time need not be

hump-shaped, but can have several peaks. Even several lockdown periods are possible. How-

ever, these papers assume a finite time horizon without vaccination, which corresponds to the

myopic scenario in our paper. Therefore, the models are not directly comparable to our setup,

and our model should be enriched with the lockdown fatigue effect to investigate this impor-

tant question.

Finally, note that our paper abstracts from the possibility of testing and tracing (including

quarantine) strategies. This is, of course, another important modeling option that might make

the results more realistic and comparable to the real world. And indeed, the adaptation could

straightforwardly be done by adding additional compartments (for identified people) and a

parameter or a control variable (for testing efforts). This route has been followed in [30] again

without vaccination. The analysis shows that testing has a strong effect on the pandemic if trac-

ing is efficient. In the case of inefficient tracing, the result is basically equal to a solution with-

out any testing. We have chosen to remain in our setup, since the focus of this paper is clearly

different and allows a straightforward identification of the additional channel by the stochastic

arrival of the vaccine.

Supporting information
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