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HIGHLIGHTS

e Anthropogenic emissions of CO, are
perceived as stressor upon Earth.

e Earth's stress-strain (rheological) bal-
ance is quantified for the first time.

e Human stress power increased globally
during  1850-2021 from 0 to
~15Payr 1.

e Earth's strain response increased during
1850-2021 from 0 to ~24.

e Earth's uptake of carbon increased until
~1932 and decreased markedly since
then.
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ABSTRACT

In this study we take the position of an outer-space observer to understand Earth's planetary carbon-climate
response to stress from a rheological perspective; with stress upon the Earth atmosphere-land and ocean sys-
tem given by the uninterrupted increase in cumulative CO5 emissions caused by humankind between 1850 and
2021. This perspective complements the global carbon mass balance perspective applied by the carbon com-
munity. It gives reason to suspect that Earth is in an even worse environmental condition than commonly
believed.

We apply a rheological (stress-strain) analogue model, a Maxwell body, consisting of elastic and damping
(viscous) elements to reflect the overall behavior of the atmosphere-land and ocean system under the influence
of global warming. For an observer it is the overall strain response of that system — expansion of the atmosphere
by volume and uptake of CO by sinks — that is unknown.

Our rheological study addresses two important issues that had neither been mentioned previously nor else-
where. Firstly, we quantify stress power exerted by humans upon Earth and its two subsystems, atmosphere and
land-ocean, for 1850-2021.

Secondly, we compute the second derivative by time of the system's delay time, which indicates that Earth
experienced a major change in its dynamics in the past by exhibiting a turning point which is when the deac-
celeration rate of the system's delay time goes through a maximum, some time between 1925 and 1945. After
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passing through the maximum, Earth's land-ocean subsystem does not respond characteristically to stress
anymore; that is, outside its natural regime.

This finding suggests that the Earth system is on a slow end-of-life path since then, not necessarily collapsing as
a whole; but, nonetheless, that it is becoming increasingly vulnerable to sub-global, threshold-transgressing
incidents acting bottom-up which may cause the entire atmosphere-land and ocean system to ultimately

collapse.

1. Introduction

Humans are destroying nature at an increasing rate, resulting in an
unprecedented loss of the very life support systems upon which they
depend (Steffen et al., 2004, 2015; WWF, 2018; Zalasiewicz et al.,
2024). The need for international action is rising, with calls for global
stewardship beyond national jurisdiction to safeguard critical biophys-
ical systems that regulate resilience and state, and therefore livability,
on Earth (WWF, 2018; Stoddard et al., 2021; Rockstrom et al., 2024).

Here we further the understanding of the planetary burden and its
dynamics caused by the effect of the continued increase in greenhouse
gas (GHG) emissions and by global warming from the rheological
(stress-strain) perspective, building on the first attempt of Jonas et al.
(2022). That is, we perceive the emission of anthropogenic GHGs,
notably carbon (CO2) from fossil fuel burning and land use, into the
atmosphere as a stressor. This perspective goes beyond the global carbon
mass balance perspective applied by the carbon community, which is
widely referred to as the gold standard in assessing whether Earth will
remain hospitable for life (Friedlingstein et al., 2022). There, the con-
dition of Earth is surveyed in units of gigatons of carbon per year
(GtC yr~1), while we survey its condition in stress—strain units (stress in
units of Pa, strain in units of 1) — allowing access to and insight into
novel and important characteristics reflecting Earth's rheological status.
That is, we apply the principles of rheology — meant to study the
response of materials to stress — at planetary scales. The two charac-
teristics in focus here are the stress power exerted by humans upon Earth
and the second derivative by time of Earth's delay time, which allows us
to draw conclusions regarding Earth's characteristic response to stress.

We note that — although the focus is on the atmosphere-land and
ocean carbon system — the stress-strain approach described herein
should not be considered an appendix to a mass-balance-based carbon
cycle model. Instead, it leads to a self-standing model belonging to the
suite of reduced models (such as radiation transfer, energy balance, or
box-type carbon cycle models), which offer great benefits in safe-
guarding complex three-dimensional climate and global change models
because they do not compromise complexity in principle. A stress—strain
model is missing in that suite of support models. Here we advance the
applicability and efficacy of such a model in an Earth systems context.

In their rheological (stress-strain) analysis of Earth's atmosphere—-
land and ocean carbon system presented by Jonas et al. in 2022, the
authors explore the idea of applying a Maxwell body (MB) consisting of
elastic and damping (viscous) elements to reflect the overall behavior of
that system in response to the uninterrupted increase in cumulative COy
emissions between 1850 and 2015, referred to as stress by us; while
making use of the GCB 2016, the global carbon budget available at the
time (Le Quéré et al., 2016), as one data source among others (with the
consequence that the data processing applied now and then differ sub-
stantially; as explained in Section 4).

From the standpoint of a global observer, the CO, concentration in
the atmosphere is increasing (rather quickly). Concomitantly, the at-
mosphere is warming (here combining the effect of tropospheric
warming resulting also from GHG emissions other than those of CO5 and
stratospheric cooling) and expanding (by approximately 20-50 m and
potentially more in the troposphere per decade since around 1980),
while some of the carbon is being locked away (rather slowly) in land
and oceans, likewise under the influence of global warming (Borsche
et al., 2007; Lackner et al., 2011; Philipona et al., 2018; Steiner et al.,

2011, 2020; Meng et al., 2021; Friedlingstein et al., 2022). We refer to
these two processes together, the expansion of the atmosphere by vol-
ume and the uptake of carbon by sinks, as the overall strain response of
the atmosphere-land and ocean carbon system. To an observer it is the
overall strain response of that system that is unknown.

Here we advance the underlying rheological data set from an
accuracy-consistency point of view by making use exclusively of the now
available GCB 2022 (Friedlingstein et al., 2022). The advancements,
which we realize herein, range widely but can all be assigned to
improved data and data processing and strengthened model (MB)
application.

Our study goes beyond these advancements. We address two
important issues neither of which have been mentioned previously nor
elsewhere. Firstly, we quantify stress power exerted by humans upon
Earth and its two subsystems, atmosphere and land-ocean, for
1850-2021. Stress power (in Payr—!) specifies the energy input per
volume per year. For a balanced Earth not exposed to human-induced
global warming, stress power centers around zero. Thus, the question
to be answered is how stress power has developed over time until today?

Secondly, we compute the first and second derivatives by time of the
system's delay time. In particular, the second derivative is sensitive to
changes in the dynamics of the global atmosphere-land and ocean car-
bon system and allows these to be uncovered. Thus, the question arises
what the deeper understanding of this systems knowledge is? We show
that Earth experienced a change in its dynamics in the past. The second
derivative exhibits a turning point which is when the deacceleration rate
of the system's delay time goes through an extremum (maximum), some
time between 1925 and 1945.

The historical change in Earth's dynamics should be interpreted
prudently as critical. After passing through the maximum, we suspect
that Earth's land-ocean subsystem does not, from then on, respond
characteristically to stress anymore; that is, outside its natural regime. In
the post-maximum phase, the land-ocean subsystem appears merely to
be dragged along due to the uninterrupted increase in stress.

This finding suggests that, from a rheological perspective, Earth is on
a slow end-of-life path since then, not necessarily collapsing as a whole;
but, nonetheless, that it is becoming increasingly vulnerable to sub-
global, threshold-transgressing incidents acting bottom-up which may
cause the entire atmosphere-land and ocean system to ultimately
collapse (Barnorsky et al., 2012; Lenton et al., 2023; Ripple et al., 2024;
Wunderling et al., 2024). Our stress-strain approach can be understood
as pointing at a systemic limit for real Earth if it becomes less resilient, e.
g., if its heterogeneous distribution of sinks becomes less pronounced, i.
e. more homogenous.

From a stress perspective, the uptake of both terrestrial and oceanic
carbon is believed to have weakened over time (e.g., Azar and Johans-
son, 2022; Gruber et al., 2023; Sharma et al., 2023; Pan et al., 2024). The
GCB 2022 data indicate that their uptake ratio behaves astonishingly
linear for 1850-2021; however, leaving room for a slight deviation from
linear to be considered. The data suggest that, over time, the uptake of
oceanic carbon has weakened more than the uptake of terrestrial carbon.
Our stress-strain model is flexible against this uncertainty. It is
controlled by the global uptake of carbon and not by how the global
uptake splits up into its land and ocean parts.

We recall our rheological model approach (MB), and its advance-
ments, methodologically in Section 2, while we provide a complete
overview of the newly applied data and conversion factors in Section 3.
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In Section 4 we describe in detail the improved data processing serving
as a basis for a strengthened model application in Section 5, where we
present our findings for key model quantities: stress, strain, stress power
upon Earth and its atmosphere and land-ocean subsystems, the uptake of
carbon by both land and ocean in relative terms, delay time and mem-
ory, and the first and second derivative of delay time T by time. We
conclude by taking account of our main findings in Section 6.

2. Method

This section expands the theoretical basis for the rheological
(stress-strain) analysis of Earth's atmosphere-land and ocean carbon
system, first presented by Jonas et al. (2022). Therein the authors
explore the idea of applying a Maxwell body (MB) consisting of elastic
and damping (viscous) elements to reflect the overall behavior of that
system in response to the uninterrupted increase in cumulative COq
emissions between 1850 and 2015.

Here we extend the usefulness of an MB as our preferred stress-strain
model to derive stress power exerted by humans upon Earth and the
second derivative by time of Earth's delay time between 1850 and 2021.
We summarize the data needs of this endeavor subsequently (in Section
3), which can be satisfied exclusively by the GCB 2022, the now avail-
able global carbon budget (Friedlingstein et al., 2022). To this end, the
GCB data must be processed for use in a stress-strain context (what we
do in Section 4),

We refer to the uninterrupted increase in cumulative CO; emissions
between 1850 and 2021 as stress; and to the two processes, the expan-
sion of the atmosphere by volume and the uptake of CO; by sinks, as
Earth's overall strain response. We do not know, due to lack of data, how
reversible this response is. We do know, however, that the two processes
are out of sync and that the slower process (uptake of carbon by sinks)
remembers the influence of the faster one (expansion of the atmosphere
by volume) which runs ahead. This global-scale memory - Earth's
memory — was first quantified by Jonas et al. (2022).

It is critical to note that, as therein, the slow-to-fast temporal offset is
also assumed in this study to hold, with the consequence that there is no
need to disentangle the exchange of both thermal energy and carbon
throughout the atmosphere-land and ocean system.

The MB is a logical choice of rheological model given the uninter-
rupted increase in cumulative CO, emissions since 1850 (see also Jonas
et al., 2022). Its mathematical treatment is standard (see Supplement
Information 1). The MB consists of an elastic element (its constant,
traditionally denoted E for Young's modulus, is replaced by the
compression modulus K) and a damping (viscous) element (the damping
constant is denoted D) to capture the stress-strain behavior of the global
atmosphere-land and ocean carbon system (see Fig. 1), including its
hereditary behavior, and to simulate how humankind propelled that
global-scale experiment historically.

In addition to knowing the system's compression and damping
characteristics K and D, we assume the overall strain to be exponential or
close to exponential. With this information, the stress-strain (o—¢)
equation describing the MB between time 0 and time t can be applied in
the stress-explicit form,

o(t) = o(O)exp< —gt) +K/0[é'(r)exp <g (r—10) )dr, (1a)

with ¢(0) and €(0) denoting initial conditions and a dot the derivative by
time (Roylance, 2001; Kelly, 2013; Bertram and Gliige, 2017); and with
the strain and its rate of change assumed (as commonly done in the
context of natural systems) to behave exponentially:

e(t) = exp(at) — 1 2)
é(t) = aexp(at), 3

where a > 0 is the exponential growth factor. (See Table SI1-1 in Sup-
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Fig. 1. Rheological model to capture the stress—strain behavior of the global
atmosphere-land and ocean system as a Maxwell body (MB), consisting of
elastic (atmosphere) and damping/viscous (land and ocean) elements. The
stress (in units of Pa; known) is given by the carbon (CO2) emissions from fossil
fuel burning and land use, while the strain (in units of 1; assumed exponential,
otherwise unknown) is given by the expansion of the atmosphere by volume
and uptake of CO, by sinks. The model's three unknowns are K and D, the
compression and damping characteristics of the MB, and «, the strain's expo-
nential growth factor. The notion of consistency referred to in the figure does
not include the negligible budget imbalance underlying the GCB 2022 (see
Section 3). Source: Jonas et al. (2022: Fig. 1 adapted).

plement Information 1 for a compilation of assumptions and equations
related to our use of the MB.) Thus, in the best case, we must determine
at least three unknown parameters: D, K and a (what we do in a more
robust way than Jonas et al. in 2022).
Ultimately, we assume initial conditions to be zero, or close to zero,
in 1850. Thus, rewriting Eq. (1a) for ¢(0) = O results in
D

o(t) = 40 (1-4)) (1b)

(see Eq. (2a) in Jonas et al., 2022), where f =1+ %a, q= exp( — g)

and q; = exp( X ) To handle, in particular, bases and exponents

properly in units of 1, we introduce the dimensionless time n =

globally (where we refer to a temporal resolution of 1 year and set At =

1yr) such that, for example, ¢' = <exp( - §At) ) .

The COg-induced stress power (SP) exerted by humankind upon
Earth as of 1850 is given by

SP = ¢¢, 4

and upon Earth's atmosphere (Atm) and land-ocean (LO) subsystems by
SPx = SP — SPp := SPpy, 5)

62
SPp = 6ép = — :=SPpo (6)
D
(see Bertram and Gliige, 2017), where ¢p is the part of the overall
strain ¢ that can be assigned to the land and ocean carbon system (see
Supplement Information 1).
Jonas et al. (2022) argue that the memory backward in time (here
until 1850) of the atmosphere-land and ocean carbon system is captured
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by what they call the delay time

] Sy qZ qp
Tgn=>|—]=— n+ 7
(@.m) = ¢ (aq) ¢ " 1 g %)

of the system (while « is held constant; see their Eq. 3, and Supplement
Information 2), with g5 = q.q, g. = exp( — aAt), and

=g

Sn:S(q,n)fl_qﬁ.

M(q,n) (8

quantifying the memory of the system. The first part of Eq. (7) suggests

that T can also be interpreted as AVM per %‘1 which describes the (relative)

change in memory per (relative) change in q if we would change q in
retrospect atn = 0.
The first and second derivative of T by time are given by

95 a5 -
7[32“ _ 1__ﬁqn yrl ©
(-a)

(see Supplement Information 3); and

T(g,n) = { —In(qy)

T(q,n) = —In(qp) ﬁ {ln(q,j) <1 + 213—/’(1;) n+2 }yrz (10)
1- qz

(see Supplement Information 4). In particular, the second derivative
is sensitive to changes in the dynamics of the global atmosphere-land
and ocean carbon system and allows these changes to be uncovered.

We quantify Earth's viscoelastic behavior in Section 5.

3. Data and conversion factors

The GCB 2022 serves as our exclusive data source (see Tab. SI5-1 in
Supplement Information 5). Friedlingstein et al. (2022) provide inde-
pendent estimates of five source / sink components of the global COy
budget (all in GtCyr~'): (1) emissions from fossil fuel combustion and
oxidation from all energy and industrial processes, including cement
production and carbonation (Epps); (2) emissions resulting from activ-
ities related to land use and land land-use change (ELyc); (3) the growth
rate of the CO5 concentration in the atmosphere (Gary); and the uptake
of COy by both (4) oceans (Socean) and (5) land (Spanp); and balance
these globally by introducing Bpy

By = Eros + Ervc — (Garm + Socean + Stanp ), an

a budget imbalance (see their Eq. (1)). Byy is a measure of the mismatch
between the estimated emissions and the estimated changes in the at-
mosphere, land, and ocean (Friedlingstein et al., 2022: Introduction). In
their Section 3.8.2 the authors note that (with the focus on the period
1960-2021) By is small and shows no trend, while it shows substantial
variability on interannual to semi-decadal timescales. The cause of the
variability in Bpy, cannot be attributed. The authors assume errors in
Sranp and Socean to be the likely cause for the budget imbalance.

We do not account for By for three reasons: (1) Our ultimate focus is
on longer timescales (1850-1950 and 1850-2021, respectively), sug-
gesting that By is negligible. (2) The uptake of terrestrial and oceanic
carbon is reflected by D, the damping constant in the stress-strain
analogue, which comes with considerable uncertainty, large enough to
overshadow By, (see Sections 4.1 to 4.3). (3) At the level of individual
uptake of land (L) and ocean (O), reflected by D, and Do in the
stress-strain analogue, we work with the (areally adjusted) ratio g—;
versus D which behaves astonishingly linearly (see Fig. 4 in Sections 4.1
and 5), indicating that the dynamics in the uptake of both terrestrial and
oceanic carbon had developed in parallel (including their potential
weakening) since 1850; in other words, virtually unaffected by vari-
ability. That is, working with the ratio E—f, allows the variability issue to
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be disregarded.

Table SI5-2 in Supplement Information 5 provides an overview of the
carbon conversion and Earth surface factors that we use in our study. For
reasons of conformance, the factors used by Friedlingstein et al. (2022:
Table 1) to convert from gC to gCO, and from ppmv CO, to PgC are also
used by us. In addition to Friedlingstein et al., we also consider the
conversion from ppmv CO to Pa as well as the fractional cover of the
Earth surface by land and water.

4. Data processing

As stated in Section 2, we apply the MB in the stress-explicit mode.
We use Eq. (1) to reproduce the stress o(t) which is known, given by the
cumulative carbon (CO3) emissions from fossil fuel burning and land use
(converted to Pa). To start with, we assume the overall strain ¢(t) to be
exponential, which leaves us with the problem of determining three
unknown parameters: the compression and damping characteristics K
and D of the MB, and the growth rate a of the strain.

In essence, our data processing aims at pre-selecting a skillful (min-
max) range for D, defined by the validity of the MB. To this end, we

K

derive rough estimates of A( =5 | and a. These two parameters are

determined quickly and sufficiently well — they pull the stress in
different directions during its reproduction. Thereupon, K is calculated
via Z. Finally, the pre-selected (min-max) range for D is narrowed down
with the help of the monitored efficacy in determining 1 and a. The three
unknowns, including their uncertainties, are thus determined. It is their
fine-tuned values which we then use to study Earth's atmosphere-land
and ocean carbon system in greater depth than so far; viz. the human-
induced stress power SP upon Earth and its subsystems, and the
changes in its dynamics with the help of the first and second derivatives
of delay time T by time (Section 5).

The data processing part consists of three steps: determining a gross
range for D (Section 4.1); determining a narrow range for D (Section
4.2); and testing for an overall strain ¢ which is linear-exponential
(Section 4.3) rather than exponential as in Sections 4.1 and 4.2.
Several critical questions arise during the data processing which we
address at the end of each (sub-) section. The differences as to how data
are processed in both this study and Jonas et al. (2022) are subject of
discussion in Section 4.1 and are recapitulated in Section 4.4.

4.1. Determining a gross range for global damping
This step consists of two parts:

A. Deriving the damping for land and ocean, D; and D¢ (thus, D) pro-
portionally in scale. This we do for up to seven overlapping intervals
across 1750-2021 by making use of the Spanp and Socean data con-
tained in the GCB 2022. And

B. identifying the appropriate order of magnitude for the
proportionally-in-scale D values identified afore. This we do by
multiplying the proportionally-in-scale D values with the same
power-of-ten factor and performing stress-explicit experiments (as

Table 1
Breakdown of 1750-2021 into 7 intervals (see Supplement Data 2).

Interval Center Span w/o center Overlap with previous interval
yr yr yr yr

1. 1750-1900 1825 150

2. 1850-1950 1900 100 51

3. 1925-1975 1950 50 26

4. 1955-1995 1975 40 21

5. 1985-2015 2000 30 11

6. 2004-2016 2010 12 12

7. 2009-2021 2015 12 8
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described above) to derive estimates of A and a. (2022) in their Sections 4.1 and 4.2, the idea being that we distill D, and
To A: Do from Spanp and Socean following a standardized procedure, which
ensures that D; and Do are correct in terms of both physical units and

We have been guided by the visual inspection of both quantitatively relative to each other (though not yet necessarily in the
right order of magnitude): We plot As—si" against time — where i denotes L

- the sum of annual emissions from fossil fuel combustion and oxida- (land) or O (ocean), S; is referenced to pre-industrial conditions pertaining
tion (including cement production and carbonation) and those to land and ocean (see Canadell et al., 2021: Fig. 5.12), and AS; measures

resulting from activities related to land use and land-use change (in
GtC), FF + Cem + LU in our notation (see Fig. 2a and Supplement
Data 1); and

- the sum of these, but cumulated, emissions (in Pa), termed stress in
our terminology (see Fig. 2b and Supplement Data 1); to identify a
temporal breakdown of overlapping intervals across 1750-2021 (see
Table 1 and Supplement Data 2):

deviations from S; — which allows rates of strain (in yr~1) to be derived. A
linear fit works well in either case (see Fig. 3a,b). Thereupon, plotting
annual changes in atmospheric CO5 (in ppmv), normalized on the afore-
mentioned rates of strain, versus time allows the remaining trends to be
interpreted, by interval, as average damping constants for land and ocean
(in Pa yr upon converting ppmv to Pa). Their appropriate uncertainty is
given by half the maximal range (see Supplement Data 3 and 4).
Finally, the damping constant for a mean Earth is derived by

For each of these intervals we proceed as described by Jonas et al. multiplying the proportionally-in-scale damping constants for land (D)

FF+Cem+LU CO, (1750-2021) in GtC
12

a)

10 1

1750 1775 1800 1825 1850 1875 1900 1925 19850 1975 2000
——FF+Cem+LU CO2

FF+Cem+LU CO, cumulative (1750-2021) in Pa
35

b)

25 +

15 +

1750 1775 1800 1825 1850 1875 1900 1925 1950 1975 2000
—FF+Cem+LU CO2_cum

Fig. 2. a) Annual CO, emissions from fossil fuel combustion and oxidation, cement production and carbonation, and those resulting from activities related to land
use and land land-use change (in GtC) for 1750-2021 (FF + Cem + LU in our notation). b) CO, emissions as in Fig. 2a but cumulated (in Pa) for 1750-2021 (stress in
our terminology). Source: Supplement Data 1.
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a) AS_L/S_L (7-Interval) in units of 1
0.80
1750-1900: 1850-1950: 1926-1975: 1955-1995:
0.70 4 ¥=0.0026x-0.0602  y=0.0045x-0.5017  y=0.0063x-0.9531  y=0.0092x -1.9174
: R?=0.9712 R? = 0.9806 R? = 0.9617 R? = 0.9844
0.60 + 1985-2015: 2004-2016: 2009-2021:
y=0.0109x -2.5897  y=0.0108x-2.7641  y=0.0104x - 2.692
R? = 0.9953 R?=0.9978 R? = 0.9986
0.50 +
0.40 +
0.30 +
0.20 +
0.10 +
0.00 A o + + < + + < - D
1760~ 1775 1800 1825 1850 1875 1900 1825 1950 1975/ 2000
-0.20
—— 1750 - 1900 ——— 1850 - 1950 1925 - 1975 ——— 1955 - 1995
——— 1985 - 2015 —— 2004 - 2016 2009 - 2021 weemesems LinReg_1750-1900
--------- LinReg_1850-1950 - LinReg_1926-1976 - LinReg_1955-1996 - LinReg_1985-2015
LinReg_2002-2016 — LinReg_2008-2021
b
) AS_0O/ S_O (7-Interval) in Units of 1
0.80
1780-1870: 1850-1950: 1925-1975:
070 4 ¥=0.0029x-0.0966  y=0.0076x -0.8478  y=0.0086x - 1.5288 7
R? =0.9973 R?*=0.9728 R? = 0.9832 ’
0.60 + 1955-1995: 1985-2015:
y=0.0128x -2.6815 y=0.0142x - 3.3674
050 1 R® = 0.9832 R® = 0.9973
2004-2016: 2009-2021:
0.40 + y=00133x-33868 y=0.0137x -3.574
R? =0.9988 R? = 0.9992
0.30 +
0.20 +
0.10 +
0.00 = + - f—— - - — ——
1750__‘,--1’175 1800 1825 1850° 1875 1900 1625 195} 1975/" 20,60
010 ¥
-0.20
— 1780 - 1870 ——— 1850 - 1950 1925 -1975 ——— 1955 - 1995
——— 19852015 ——— 2004 - 2016 e 2009 - 2021 —eeeneeee LinReg_1780-1870
--------- LinReg_1850-1950 - LinReg_1925-1975 - LinReg_1955-1995 - LinReg_1885-2015
weeeseee LiNReg_2004-2016 - - LinReg_2008-2021

Fig. 3. a) As% and b) % versus time across 7 intervals, where L and O denote land and ocean, S; and So are referenced to pre-industrial conditions pertaining to land
and ocean (see Canadell et al., 2021: Fig. 5.12), and AS;, and AS, measure deviations from S;, and So, respectively. The slopes of the linear fits allow rates of strain (in

yr~1) to be derived. Source: Supplement Data 3 and 4.

and ocean (Do) with Earth's fractional cover of land (%) and ocean (}% ),
respectively:

D, +=2Dy =D

F F 12)

(see Table 2 and Fig. 4 summarizing Supplement Data 5). We know that,
in the case of a paralclel connection, stress adds up: 6 = o1 + 62, where

stress is measured in Pa = % (force per square meter), and o; and o5
refer to one and the same square meter areally. However, D; and Do do
not do this; they refer to square meter of land and square meter of ocean,
respectively. Multiplying D; and Do with & and %2 makes both refer to
square meter of Earth. Jonas et al. (2022) did not apply this areal
correction at the time; however, globally, the impact on the results is
limited (see Section 4.4).
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We note that our multi-interval approach applied in this section runs
counter to the notion of constant viscoelastic parameters that are valid
throughout; that is, across all intervals. In the course of our study, we
will reduce the uncertainty surrounding D (see last column in Table 2)
by about a factor 2, which allows D to be interpreted as a constant with
appropriate uncertainty. The application of an MB will not be impaired
by this magnitude of uncertainty.

To B:

So far, we know the ranges proportional in scale for D;, and Do (thus,
D), but not yet their order of magnitude. Jonas et al.'s 2022 estimate of D
is (387 + 74) Pa yr suggesting that, although still to be reassessed in this
study, a proportionality factor is still missing.

To this end we conduct a series of numerical experiments with the
sole purpose of testing the validity of our MB, not yet its optimized
application. We multiply the proportionally-in-scale D values with the
same power-of-ten factor and test whether stress-explicit experiments
can be performed to derive estimates of A and «, as described at the
beginning of Section 4. To do so and proceed across intervals

Table 2
Proportionally-in-scale damping constants for land (D;) and ocean (Do) by in-

F
terval. They are multiplied with Earth's fractional cover of land (fL) and ocean

(I;—O) to derive the damping constant (D) for a mean Earth (see Supplement Data

5).

Interval Center Dy Do D

yr yr Payr Payr Payr
1. 1750-1900 1825 53+42 3.7 +1.8" 41+1.8
2. 1850-1950 1900 5.7+ 25 34+15 40+1.3
3. 1925-1975 1950 9.8 +8.8 6.0 + 5.4 7.1 + 4.6
4. 1955-1995 1975 13.0+6.1 9.3+ 44 10.4 £+ 3.6
5. 1985-2015 2000 17.1 £ 4.7 13.1 + 3.6 143+ 2.9
6. 2004-2016 2010 20.7 £ 4.1 16.8 + 3.3 18.0 + 2.6
7. 2009-2021 2015 23.3+ 1.6 17.7 £ 1.2 19.3 + 1.0

2 The first interval for Dy is 1780-1870 (with 1825 as its center). Dy for
1780-1870 is used as a proxy for 1750-1900 (also with 1825 as its center).
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(to <t <t), we adapt Eq. (1a) accordingly to

o(t) = o(t)exp (g(tl - t)) +%aexp(at) (1 - exp(%ﬂ(tl - t)) ) (1c)

(see Supplement Information 6). Table SI7-1 in Supplement Information
7 summarizes our experiments carried out in Supplement Data 6-12 and
recapped in Supplement Data 13 and 14. We find that

o a multiplication factor of 102 to increase the proportionally-in-scale
D values prior to applying Eq. (1c) works well for all intervals except
for the first (1750-1900); while the multiplication factor applied to
the proportionally-in-scale D value of the first interval (10°) does not
work for the other intervals (see column 1750-1900 and rows 3-8 in
Tab. SI7-1). The reason is that the emission data are consistent only
as of 1850 which is when LU emissions kick in as an important part of
the stressor (opposite to CEM, cement production and carbonation,
as of 1931; see Fig. 2a), causing the stress to resemble the bended
hockey-stick shape in Fig. 2b. Fig. 5a,b show the strongly differing
results of the reproduced stress for 1750-1900 for D = 4.148 Pa yr
and D = 414.8 Payr (see column 1750-1900 in Tab. SI7-1 for the
respective parameter sets). We therefore excluded the first interval
from further data processing.

1850 (with ¢(1850) = 0.081 Pa; see Supplement Data 7), instead of
1847 (with 6(1847) = 0 Pa), can be safely used as the start year for
anthropogenic stress (due to FF + LU at the time); that is, for the
bended part of the hockey stick (see below). The parameters a, 4, and
K agree closely, while the match between reported and reproduced
stress is high. We capture the latter with the help of the sum of
squares of differences (see column 1850-1950 in Tab. SI7-1). Sup-
plement Data 6-12 allow the respective correlation coefficients for
all intervals to be calculated as well. However, we consider these to
be somewhat less amenable from the perspective of use as moni-
toring parameter under high-agreement conditions. Finally, 1847 as
start year results from describing stress reported for 1850-2021
slightly backward in time (i.e., for the bended part of the hockey

F_D_/(Fg Do) over D (in Pa yr) for 1900-2015 (6-Interval)

1.0
0.8 +

€~

-~ o ‘.-_: -
0.6 + ‘s‘.:::_:‘_~
il JE S-S -
y = -0.0118x + 0.7347 -
R?=0.8573
0.4 1
y = 0.0009x2 - 0.0330x + 0.8332
R? = 0.9402
02+
0.0 + + + +
0.0 5.0 10.0 15.0 20.0 25.0
® LO-Ratio - — —LinReg_LO-Ratio = = PolyReg2_LO-Ratio

Fig. 4. Ratio of the proportionally-in-scale damping constants D;, and Do, multiplied with Earth's fractional cover of land (%) and ocean (FT"), versus D, the damping
constant reflecting a mean Earth (s. also Table 2). The values for the first interval (1750-1900) are not included (as justified in Section 4.1.B). Two trendlines are
shown for the values of the remaining six intervals — a linear regression and a 2nd-order polynomial (which are further processed in Section 5). Source: Supplement

Data 5.
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Stress CO, (1750-2021) in Pa
35.0
a) D =4.148 Pa yr
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Stress CO, (Interval 1750-1900) in Pa
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10.0 + e s o o 10 wre w0
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5.0 +
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==Reported Stress: 1750 - 2021 ——Reproduced Stress: 1750 - 1900
Stress CO, (1750-2021) in Pa
35.0
b) D =414.8 Payr
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Fig. 5. a) Stress reported for 1750-2021 and reproduced for 1750-1900 (first interval) with the help of Eq. (1c) and D = 4.148 Pa yr (multiplication factor: 10°; see
also column 1750-1900 in Tab. SI7-1). The insert magnifies the misfit due to the sudden kick-in of LU emissions as of 1850. b) Stress reported for 1750-2021 and
reproduced for 1750-1900 (first interval) with the help of Eq. (1c) and D = 414.8 Pa yr (multiplication factor: 10%; see also column 1750-1900 in Tab. SI7-1),
indicating the inapplicability of the MB for the selected D value. Source: Supplement Data 6.

stick) by means of a polynomial of order 4, an appropriate means for
the given purpose only (see Supplement Data 7 and 13 and Fig. 6).
the search for the appropriate order of magnitude of D (factor 102)
outstrips by far the spread in the tuning parameters 4 and a (factor
3 —4 and 1 — 2, respectively; see rows 9-14, columns 1850-1950
onward, in Tab. SI7-1), resulting from a shift in the exponential
function for the rate of strain. These robustness experiments we
realized by setting exp(at;) = 1, equivalent to setting t; = tp = 0 at
the beginning of each interval, in the second term on the right side of
Equation (SI6-1). That is, we deliberately assumed the rate of strain
to phase-in exponentially anew at the beginning of each interval
(which is how Jonas et al. proceeded in Jonas et al., 2022). This
procedure does not obstruct the search for the gross range for D in
principle.

Table SI7-2 in Supplement Information 7 summarizes additional

numerical experiments carried out subsequently to those listed in
Table SI7-1 (see Supplement Data 15-21). These experiments encom-
pass one two-interval (1850-1950 and 1950-2021) and two one-
interval experiments (1850-2021 and 1750-2021) for a power-of-ten
factor of 2 and for t; =ty = O at the beginning of each interval glob-
ally (that s, exp(at;) = 1 in the second term on the right side of Equation
(S16-1)). In particular, the three experiments 1850-1950, 1850-2021,
and 1750-2021 with the starting point fixed at 1850 or 1750, respec-
tively, lead us to conjecture that a narrow range for D should be expected
below 600 to 700 Pa yr rather than above (see rows 1-4 in Tab. SI7-2).
For that specific reason only, we re-introduced the first interval
(1750-1900), that is, stress data prior to 1850 irrespective of their in-
homogeneity. Fig. SI7-1a and SI7-1b in Supplement Information 7 show
the match between reported and reproduced stress for 1850-2021 and
1750-2021 (see columns 1850-2021 and 1750-2021 in Tab. SI7-2).
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Stress CO, (1850-2021) in Pa
35.0
Stress: 1850-2021
300 1 Trendline Stress: Polynomial of order 4
y = 3E-08x4 - 4E-06x° + 0.0005x2 + 0.0274x + 0.0812
250 1 R? =0.9999
200 +
150 +
100 +
50 +
0.0 t t t t t t
0 25 50 75 100 125 150
——Reported Stress: 1850 — 2021 —PolReg4_1850-2021

Fig. 6. Stress reported for 1850-2021 (scaled to 0-171 in the figure) and reproduced with the help of a polynomial of order 4 (see parameter insert). The polynomial
is used for determining the onset of anthropogenic stress after excluding FF and LU emissions for 1750-1849. With ¢ = 0.004 Pa the onset is assigned to 1847 (see

also column 1850-1950 in Tab. SI7-1). Source: Supplement Data 7.

4.2. Determining a narrow range for global damping

In this step we conduct a series of numerical experiments with the
purpose of narrowing down the range for D. The experiments are of
prognostic nature in retrospect and are stricter than those conducted
under Section 4.1, while we keep the starting point for anthropogenic
stress fixed at 1850 (with ¢(1850) = 0.081 Pa). We reproduce the stress
o(t) for 1850-1950 and 1850-2021 in combination (simultaneous ex-
periments) for t; = tp = 0 in 1850, while we require increasingly strict
quality targets to be reached: The combined (total) sum of squares of
differences, as mentioned an indicator for the quality of the match be-
tween reported and reproduced stress, is reduced from 4.2 to 4.0 to
3.9 Pa®. These quality values are arbitrary; they are based on our multi-
experimental experience and can be considered a good compromise

between the quality of both the match and the approximation of l( =

%’) and a beyond discernible limits (see below). Running experiments for

D ranging from 100 to 800 Pa yr (see Supplement Data 22-34), it be-
comes visible that only for a subset of D, viz. D € [150; 600] Pa yr, these
targets can be reached at least partly. In the experiments we increased D
in steps of 50 Payr from 150 to 500 Payr, and in a single step of
100 Pa yr from 500 to 600 Pa yr (see Supplement Data 35 and Tab. SI8-1
in Supplement Information 8).

For a given D value, both 4 and a are varied until the combined (total)
sum of squares of differences becomes as small as the selected target.
The respective values of A and a then serve as reference tuple against
which sensitivity tests are conducted as follows: Either 1 or a are now
varied beyond discernible limits, viz. by one unit in their sixth digit so
that the total sum of squares of differences falls below or above of that of
the reference tuple. If the unit changes in the sixth digit are too coarse, 1
and a are varied by one unit in their seventh digit (equivalent to a
decrease in sensitivity). The spread (intervals) in the total sums of
squares of differences serves as an indicator for the efficacy of reaching
the preselected quality target. To combine intervals, the sum-in-
quadrature rule is applied.

We find that D € |150;600] Pa yr satisfies the 4.2 Pa? quality target;
D € [200;500][ Pa yr the 4.0 Pa? quality target; and D € [200; 450[ Pa yr
the 3.9 Pa? quality target. To this end, we choose [200; 400] Pa yr as our

best range for D; and D = 250 Pa yr as our best estimate within that
range because it discloses the greatest sensitivity with respect to, thus
potential for, further reductions in the total sum of squares of differences
(see Supplement Data 35 and Tab. SI8-1).

Table 3 provides an overview of parameters and their values for
D € [200;400] Pa yr, in addition to those for 1 and a (see Tab. SI8-2 in
Supplement Information 8 for a more comprehensive overview). Further
reductions in the total sum of squares of differences result in negligible
changes in the parameter values only.

4.3. Linear-exponential strain

In this step we test for a conceivable deviation from a purely expo-
nential strain (see Egs. (2) and (3)). To allow for a stark deviation, we
consider a linear contribution. Two approaches are immediately obvious
to expand the intrinsic behavior of the strain from exponential to linear-
exponential. The first approach considers a linear-exponential contri-
bution, in addition to a purely exponential one, in the rate of strain:

&(t) = a(1+mt)exp(at), 13)
while the second approach considers a linear-exponential contribution,
in addition to a purely exponential one, in the strain instead of its rate:
e(t) = (1 +mt)exp(at) — 1; a4

with m in yr~!. The stress-explicit equations under the initial-value
assumption ¢(0) = 0 are

o(t) = m%Dtexp(at) +%D <1 - m% %) exp(at) (1 - q},) (15)

and

o(t) = m%Dtexp(at) +%D<1 7m(1 77%) >exp(at)<1 7qj;), (16)

respectively (see Supplement Information 9 and 10). The two equations
differ in the second, the purely exponential term only, which for a given
o(t) and nearly equal-size D, K and « is greater in Eq. (16) than its
pendant in Eq. (15); with the consequence that its first, the linear-
exponential term is smaller (due to a smaller m) in Eq. (16) than its
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Narrow range for D arising from the combined (simultaneous) experiments for 1850-1950 and 1850-2021 and acknowledging the quality target of 3.9 Pa®: Overview
of key parameters and their values, in addition to those for a and 1 (see Supplement Data 36).

Type of experiment: prognostic in retrospect (1850-1950 and 1850-2021) D
i . 2

Sum of squares of differences: 3.90 Pa 200 250 300 350 400
Payr Payr Payr Payr Payr

a yr! 0.0190 0.0187 0.0186 0.0184 0.0181

A(=K/D) yr! 0.0097 0.0074 0.0061 0.0052 0.0047

K =D*1 Pa 1.93 1.86 1.83 1.81 1.87

p =1+ a(D/K) 1 2.96 3.52 4.05 4.56 4.88

A = (K/D)*B = (K/D)+ a yrt 0.0286 0.0262 0.0246 0.0236 0.0228

qp = exp(— Ap*1yr) 1 0.9718 0.9742 0.9757 0.9767 0.9775

T, = q/;/(l _ q/}) 1 34.4 37.7 40.1 41.9 43.4

Mo =Tw/qp 1 35.4 38.7 41.1 42.9 44.4

pendant in Eq. (15).

However, we prefer using Eq. (15) over Eq. (16) for another reason.
We consider the expansion of Eq. (3) by Eq. (13) more consistent from a
rheological, an MB, perspective rather than the expansion of Eq. (2) by
Eq. (14).

Our numerical experiments in this step build on those in Section 4.2,
viz. for D = 200, 250, and 400 Pa yr, in particular; while we keep 4
(thus, K) fixed. We, therefore, preserve the MB as rheological model. We
vary a and m only.

Table SI11-1 in Supplement Information 11 summarizes our nu-
merical experiments (see Supplement Data 37-39). They follow up our
experiments under Section 4.2 which satisfy the 3.9 Pa? quality target
(see Tab. SI8-1c in Supplement Information 8).

The outcome of our experiments is unambiguous. We find that

o the linear-exponential contribution of Eq. (15) is negligible with
respect to both m (see m # 0 values in column 6 in Table SI11-1) and
the change in the total sum of squares of differences (see values
pertinent to m =0 and m # 0 in column 7 in Tab. SI11-1). The m
value is even lowest for our best estimate D = 250 Pa yr. The impact
of the linear-exponential contribution on the total sum of squares of
differences is comparable to changes caused by adjusting the stress so
that for t; =t, =0 in 1850 o(t;) = 0.0 Pa (instead of o(t;) =
0.081 Pa) (see values in column 4 and, pertinent tom = 0, column 7
in Tab. SI11-1).

considering a linear-exponential contribution does not necessarily
lead to a reduction (improvement) in the total sum of squares of
differences (quality target) (see values for D = 400 Pa yr in column 4
and, pertinent to m = 0, column 7 in Tab. SI11-1).

We, therefore, conclude that our assumption of the strain behaving
exponentially is justified.

4.4. Data processing: recap of advancements

We complete Section 4 by recapitulating the advanced data pro-
cessing applied in this study compared to how Jonas et al. proceeded in
2022. As mentioned before, the advancements would not have been
possible without the authors' 2022 analysis.

An important strength of the 2022 study, concomitantly a weakness,
was the use of data in addition to those of the GCB 2016 (see Jonas et al.,
2022: Tab. SI6-1). So did the authors use, with reference to 1959-2015,
both net primary productivity and photosynthetic data for determining
Dy, and dissolved inorganic carbon data for determining Dy. The indi-
vidual estimates for D ~ (83 +44) Payr and Do =~ (304 & 60) Pa yr
were combined without areal correction to D ~ (387 +74) Payr.
However (and correctly), multiplying D; and Do with Earth's fractional
cover of land (%) and ocean (FTO) gives D = 239 Pa yr, which agrees
astonishingly well with our best estimate of D =~ 250 Pa yr. Even the

10

respective uncertainty ranges overlap considerably: [313;461]Payr
then versus [200;400] Pa yr now.

By way of contrast, an important weakness was the authors' estimate
of K~ (100 & 90) Pa at the time. Guided by the distribution of atmo-
spheric mass by altitude, they chose the stratopause as the top of the
atmosphere (at about 48 km altitude and 100 Pa), with uncertainty
ranging from mid-to-higher stratosphere (at about 43 km altitude and
190 Pa) to mid-mesosphere (at about 65 km altitude and 10 Pa). How-
ever, this estimate can be easily off track because atmospheric mass by
altitude scales exponentially. We now derive K in the order of about ~
2 Pa (see Table 3), a factor of five smaller than even the authors' lower
estimate of K then.

The underestimate of K, in combination with the authors' choice of
letting the rate of strain phase-in exponentially anew (i.e., in 1959) in
their 1959-2015 experiments (see also Section 4.1.B), are the reason
why the study of Jonas et al. (2022) can be compared qualitatively with
our initial data processing work under Section 4.1, where we aimed at
determining the gross range for D.

Table 4 justifies this qualitative statement. The table shows that the
experiments of Jonas et al. (2022) and ours with start year 1850 agree
remarkably well despite the differences in the D values. The differences
are stipulated by the respective experimental set-ups and are compen-
sated for by the differences, equal in size in relative terms, in the values
of @ and K (see rows 5, 7 and 9 in Table 4). This comparison further
underscores the value of the earlier results achieved by Jonas et al. for
this study. Note that the serial experimental set-up (1850-1958 followed
by 1959-2015) applied by the authors at the time is of no relevance
here.

5. Main findings

Here we report on our findings resulting from our strictest experi-
ments conducted under Section 4.2. These experiments are of prognostic
nature in retrospect; that is, for 1850-1950 and 1850-2021 in combi-
nation (simultaneous experiments) with t; =t; =0 in 1850 and the
starting point for anthropogenic stress kept fixed at 1850 (with
0(1850) = 0.081 Pa, unless indicated otherwise). Our findings refer to
D =200 and 400 Pa yr to cover the range of D, and to D = 250 Pa yr as
our best estimate in that range. We recall that our stress-strain approach
refers to a mean Earth.

5.1. Reproduced stress

As to be expected, for D = 200, 250 and 400 Pa yr, reproduced and
reported stress match well (see Fig. SI12-1 in Supplement Information
12) because of the strict quality target (total sum of squares of differ-
ences) applied (3.9 Pa?). Table 5 indicates that this target does not
divide equally over the two intervals 1850-1950 and 1850-2021. In the
case of D = 250 Pa yr, the sum of squares of differences is greatest for
1850-1950 but lowest for 1850-2021; that is, its predictive power (in
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Comparison of parameters for experiments with start year 1850: Experiment 1850-1958 conducted by Jonas et al. (2022: Tab. SI10-2) and two experiments conducted
in this study under Section 4.1.B (1850-1950) and Section 4.2 (1850-1950 in combination with 1850-2021). In addition to the temporal match, the D value is used as
additional reference for the comparison. Thus, the 1850-1958 experiment with D = 467.9 Pa yr is matched most closely by both the 1850-1950 experiment with D =

403.4 Payr and the 1850-1950/2021 experiment with D = 400 Pa yr.

Interval 1850-1958 1850-1950 1850-1950 and 1850-2021
Source Jonas et al. (2022) This study
Tab. SI10-2 Tab. SI7-1 and Supplement Data 7 Table 3
Parameter Unit tp =0 @ 1850 th =0@ 1850 and t; = 3 @ 1850 t =0 @ 1850
D Payr 467.9 403.4 400
0(1850) Pa 0 0.081 0.081
a yrt 0.0151 0.0179-0.0180 0.0181
A (=K/D) yrt 0.0045 0.0045-0.0047 0.0047
K =D*1 Pa 2.1 1.8-1.9 1.9
p =1+a(D/K) 1 4.4 4.8-5.0 4.9
4y = (K/D)*p = (K/D)+ a yrt 0.0196 0.0224-0.0227 0.0228
qp = exp(— Ap*1yr) 1 0.9806 0.9776-0.9779 0.9775
Te —qy) (1 B q”) 1 50.6 43.6-44.2 43.4
Mo =Tw/qp 51.6 44.6-45.2 44.4
Sum of squares of differences Pa? 1.10 0.66 3.90

Table 5
Match between reproduced and reported emissions: Sums of squares of differ-
ences by interval, 1850-1950 versus 1850-2021 (see Supplement Data 24, 27
and 30).

D Sum of squares of differences (Pa?)

Payr 1850-1950 1850-2021 Combined
200 0.9851 2.9149 3.90
250 1.1022 2.7981 3.90
400 0.7199 3.1804 3.90

retrospect) is greatest although the match between reproduced and re-
ported stress is equal to that for D = 200 and 400 Pa yr.

5.2. Strain and stress power

We use Egs. (2) and (4) to calculate both strain and stress power as of
1850 (see Fig. 7 and 8 and Supplement Data 40). The latter requires the
input of stress which, as we already know, can be well reproduced by a
polynomial of order 4 (see Fig. 6 and insert therein).

However, instead of ¢(1850) = 0.081 Pa, we now request 6(1850) =
0 Pa to allow strain to start from zero in 1850. To check whether this
request comes with implications, we construct the fourth-order poly-
nomial for the reported stress, an appropriate means for the given pur-
pose only. We find that the polynomial is virtually identical, within the
number of digits displayed, to the one mentioned in Fig. 6, but now
without the constant term on the right side, yet still with R? = 0.9999
(see Supplement Data 40). However, while emphasizing this polynomial
match, we note that the polynomials' coefficients do not agree in their
higher-order digits, and we also recall that we consider correlation co-
efficients less amenable than sums of squares of differences to monitor
high-agreement conditions (see Section 4.1.B).

We use Egs. (5) and (6) to break down stress power further into those
parts, which act upon Earth's atmosphere (Atm) and land-ocean (LO)
subsystems (see Fig. 9 and Supplement Data 41). As to be expected,
stress power diversifies for the LO subsystem, while virtually not at all
for the atmosphere.

5.3. Damping land versus damping oceans

To split D into its parts Dy, and Do, we start from the linear regression
displayed in Fig. 4

F, D\ _

Fo Do)

—0.0118iD+0.7347, (17a)
Payr
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which we assume to be valid in principle, that is, across scales; and
which we can therefore extend, here to proportional-in-scale values of D
ranging between 2 and 4 Pa yr. We consider the extension of the range of
validity for D an auxiliary means, allowing Eq. (17a) to be adapted (here
by 102) to adjust D conveniently to its right order of magnitude:

FL DL _
Fo Do)
We use Eq. (17b) to determine for any D € [200; 400] Pa yr the ratio

% 1’% which allows all its parts, in combination with Eq. (12), to be

derived (see Table 6 and Supplement Data 42). This procedure also holds

00118 1
100 Payr

(100 D) +0.7347. (17b)

if the (@ ﬂ) — D relationship is captured by the second-order poly-

Fo Do
nomial also displayed in Fig. 4 (see also Table 6).

Both the linear and the second-order polynomial regressions indicate
that g—; g—g decreases when D increases. An increase in D is equivalent to a
continuous weakening of the combined land-ocean carbon sink; while a
L Du suggests that, with both the numerator and the

o Yo
denominator increasing concomitantly, the ocean sink weakens faster
than the terrestrial sink.

decrease in the ratio

5.4. Delay time and memory

We use Egs. (7) and (8) to derive delay time T and memory M for
1850-2021 and beyond by perpetuating long-term historical conditions
until 2100 (see Fig. 10 and Supplement Data 43). The increase of both T
and M with time is limited as shown in the figure. Their respective limits
are given in Table 3 and their 2021 levels relative to these limits in
Table 7.

As Fig. 10 shows both T and M increase with increasing D. This can
be explained by an uptake of carbon that happens more slowly over
time, and which exerts an influence reaching further back in time.

5.5. First and second derivative of delay time by time.

We use Egs. (9) and (10) to derive the first and second derivative of
delay time T by time for 1850-2021 and beyond by perpetuating long-
term historical conditions until 2100 (see Fig. 11). The second deriva-
tive is noteworthy. It exhibits a distinct turning point when the deac-
celeration rate of the system's delay time goes through a maximum (see
Fig. 12). We determine the maximum by constructing the year-to-year
difference of the 2nd derivative of delay time; a procedure which we
consider approximate (we deal with small numbers) yet still sufficiently
effective (see Supplement Data 43). The turning point lies between 1925
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Fig. 7. Strain for 1850-2021 (scaled to 0-171 in the figure) according to Eq. (2) for D = 200, 250 and 400 Pa yr (with 6(1850) = 0 Pa). Source: Supplement Data 40.
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Fig. 8. Stress power (SP) upon Earth for 1850-2021 (scaled to 0-171 in the figure) according to Eq. (4) for D = 200, 250 and 400 Pa yr (with ¢(1850) = 0 Pa).

Source: Supplement Data 40.

and 1945, dependent on D (see Fig. 12): at 1925 (or 75 in year-
equivalent units) for D = 200 Payr, 1932 (or 82 in year-equivalent
units) for D = 250 Pa yr, and 1945 (or 95 in year-equivalent units) for
D =400 Pa yr.

Table 8 summarizes values of key quantities — stress, strain, stress
power upon Earth and its atmosphere and land-ocean subsystems — for
D = 200, 250 and 400 Pa yr in the year of turning point (1925, 1932,
and 1945) and, for comparison, in year 2021.

6. Account of findings

Our study advances the rheological (stress—strain) analysis of Earth's
atmosphere-land and ocean carbon system. The stress upon Earth is
given by the cumulative CO, emissions from fossil fuel burning and
oxidation (including cement production and carbonation) and those
resulting from activities related to land use and land-use change; while

12

the two processes, the expansion of the atmosphere by volume and the
uptake of CO» by sinks, are referred to as Earth's overall strain response.
We do not know, due to lack of data, how reversible this response is. We
do know, however, that the two processes are out of sync and that the
slower process (uptake of carbon by sinks) remembers the influence of
the faster one (expansion of the atmosphere by volume) which runs
ahead. The MB is a logical choice of stress-strain model to study the
ramifications of the uninterrupted increase in cumulative atmospheric
CO, emissions upon sinks, including hereditary behavior, for
1850-2021 and beyond.

We do not disentangle the exchange of both thermal energy and
carbon throughout the atmosphere-land and ocean system. That is, we
assume that the slow-to-fast temporal offset between slowly and quickly
reacting subsystems is (sufficiently) stable and holds; an assumption that
still requires to be corroborated thoroughly. We value the additional
degree of reductionism, whilst preserving complexity, as an invaluable
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Stress Power upon Atm and Land-Ocean (1850-2021) in Pa yr-
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Fig. 9. Stress power (SP) upon Earth's atmosphere (Atm) and land-ocean (LO)
subsystems for 1850-2021 (scaled to 0-171 in the figure) according to Egs. (5)
and (6) for D = 200, 250 and 400 Pa yr (with ¢(1850) = 0 Pa). Source: Sup-
plement Data 41.

Table 6

Split-up of D into D;, and Do for D = 200, 250 and 400 Pa yr, making use of both
the (linear and 2nd-order polynomial) regressions displayed in Fig. 4 and Eq.
(12) (see Supplement Data 42).

D F; Dy, F Fo Dy Do
Fo Do ?DL ?Do
Payr 1 Payr Payr Payr Payr
Linear regression: y = — 0.0118 x+ 0.7347
200 0.711 83 117 284 165
250 0.705 103 147 353 207
400 0.687 163 237 556 335

2nd-order polynomial regression: y = 0.0009 x> — 0.033 x + 0.8332

200 0.771 87 113 297 160
250 0.756 108 142 367 201
400 0.715 167 233 569 330

advantage in studying Earth's strain response in greater depth.
Although the focus is on the atmosphere-land and ocean carbon

system, it is called to mind that the stress-strain approach described

herein should not be considered an appendix to a mass-balance-based
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carbon cycle model. Instead, it leads to a self-standing model
belonging to the suite of reduced but still insightful models (such as
radiation transfer, energy balance, or box-type carbon cycle models),
which offer great benefits in safeguarding complex three-dimensional
climate and global change models because they do not compromise
complexity in principle. A stress-strain model was missing in that suite of
support models — what does not come unexpectedly given that complex
models do not integrate, to the best of our knowledge, a stress-strain
perspective.

In our study, we make a great effort to advance the underlying
rheological data from an accuracy-consistency point of view by making
use exclusively of the now available GCB 2022. The advancements range
widely but can all be assigned to improved data and data processing and
strengthened model (MB) application.

It is the improved data which we then use to study Earth's atmos-
phere-land and ocean carbon system in greater depth than so far. We
address two important issues that had neither been mentioned previ-
ously nor elsewhere. Firstly, we quantify stress power exerted by
humans upon Earth and its two subsystems, atmosphere and land-ocean,
for 1850-2021. Secondly, we explore whether the derivatives by time of
the system's delay time are sensitive to changes in the dynamics of the
global atmosphere-land and ocean carbon system and whether these
changes can be uncovered.

To tackle the two challenges, we apply the MB in its stress-explicit
version, where we assume Earth's overall strain to be exponential, an
assumption which we scrutinize in part but do not question in principle.
Experiments alternative to those carried out by Jonas et al. (2022) are
conducted to gauge whether a more robust range for D can be identified,
yet still on the basis of fitting reproduced and reported stress. In essence,
and most importantly, in determining D Jonas et al. (i) used a serial

Table 7

2021 levels of T and M relative to their limiting values T,, and M, for
D = 200, 250 and 400 Pa yr (with ¢(1850) = 0.081 Pa) (see Supple-
ment Data 43).

D T M
Te M,
Payr % %
200 96.3 99.3
250 94.8 98.9
400 91.8 98.0

50

Delay Time T(qg,n) and Memory M(qg,n) as Funtion of qgand n

0 + + + +
0 25 50 75 100

——T_D=200Payr

125 150 175

T_D=250Payr —— T_D=400Payr
----- M_D=200Payr -----M_D=250Payr -----M_D=400Payr

200 225 250

Fig. 10. Delay time T and memory M (in units of 1) for 1850-2100 (scaled to 0-250 in the figure) according to Egs. (7) and (8) for D = 200, 250 and 400 Pa yr (with

0(1850) = 0.081 Pa). Source: Supplement Data 43.

13



M. Jonas et al.

Science of the Total Environment 992 (2025) 179922
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Fig. 11. First and second derivative of delay time T by time (in units of yr—! and yr—2, respectively) for 1850-2100 (scaled to 0-250 in the figure) according to Egs.
(9) and (10) for D = 200, 250 and 400 Pa yr (with 6(1850) = 0.081 Pa). Source: Supplement Data 43.
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Fig. 12. Year-to-year difference (Diff) of the second derivative of delay time T
by time (in units of yr~2) in Fig. 11 to determine its maximum, which is in year-
equivalent units at 75 (or 1925) for D = 200 Payr, 82 (or 1932) for D =
250 Pa yr, and 95 (or 1945) for D = 400 Pa yr. Source: Supplement Data 43.

experimental setup (1850-1958 followed by 1959-2015), resulting in a
two-model realization (that is, two MBs with not fundamentally
differing viscoelastic parameters); and (ii) relied on K, the highly sen-
sitive compression modulus. This we overcome by (i) using a parallel
experimental setup (1850-1950 and 1850-2021 in combination); and
(ii) varying both 4 (the viscoelastic parameter ratio of the MB) and a (the
exponential growth factor of the strain), while monitoring the efficacy of
that fitting process to determine D independently of K. The compression
modulus is derived only thereafter via A.

It is the parameter triplet (D,4,a) thus quantified - with
D € [200;400] Pa yr, 2 € [0.0047;0.0097] yr 1, and ae
[0.0181;0.0190] yr~! (see Table 3) — which is consistent with a one-
model realization throughout 1850-2021 and which is used, in long
last, in tackling the aforementioned two challenges.

Prior to quantifying stress power for 1850-2021, we quantify strain,
which we estimate to range globally between 21.1 and 24.6 (in units of
1) in 2021, dependent on D (see Table 8). Stress power (in Pa yr’l)
specifies the energy input per volume per year. We estimate stress power
to range globally between 12.8 and 15.5 Payr ! in 2021; with the
greater share, 10.2 — 10.6 Pa yr~!, acting upon the atmosphere, and the
smaller share, 2.5~ 5.1 Payr~!, upon the land-ocean subsystem (see
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Table 8

Values of key quantities for D = 200, 250 and 400 Pa yr (with ¢(1850) = 0 Pa)
in the year of turning point (TP) (1925, 1932, and 1945) and in year 2021: stress,
strain, stress power upon Earth and its subsystems, atmosphere and land-ocean
(see Supplement Data 40 and 41).

D Payr 200 250 400
@ TP in 1925 1932 1945
o reported Pa 4.84 5.60 7.18
o reproduced Pa 4.69 5.47 7.33
3 1 3.14 3.65 4.58
SP Payr! 0.38 0.49 0.73
SPam Payr! 0.26 0.36 0.60
SPro Payr! 0.12 0.13 0.13
in 2021 2021 2021
o reported Pa 31.91 31.91 31.91
o reproduced Pa 32.51 32.42 32.13
e 1 24.57 23.62 21.10
SP Payr! 15.47 14.72 12.76
SPam Payr! 10.37 10.65 10.22
SP1o Pa yr’1 5.09 4.07 2.55
Ratio 2021 to TP

o reported 1 6.6 5.7 4.4

o reproduced 1 6.9 5.9 4.4

€ 1 7.8 6.5 4.6
SP 1 40.6 30.2 17.6
SPatm 1 43.4 32.4 19.7
SPro 1 39.4 29.4 17.1

Table 8). For comparison, both strain and stress power center around
zero for a balanced Earth not exposed to human-induced global
warming.

We find the second derivative by time of the system's delay time
particularly informative as it allows changes in the dynamics of the
global atmosphere-land and ocean carbon system to be uncovered. The
second derivative exhibits a turning point which is when the deaccel-
eration rate of the system's delay time goes through a maximum. The
turning point lies between 1925 and 1945, dependent on D: at 1925 (or
75 in year-equivalent units) for D = 200 Payr, 1932 (or 82 in year-
equivalent units) for D = 250 Payr, and 1945 (or 95 in year-
equivalent units) for D = 400 Pa yr (see Fig. 12).

We consider our evaluation of the second temporal derivative of the
system's delay time reliable. Hence, we are surprised ourselves by the
emergence of the turning point so distinct and early in time. We suspect
that this is because our stress-strain approach refers to a mean Earth
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whose sinks are distributed evenly across the globe. We speculate that
real Earth with its unevenly distributed sinks is more resilient in that it
also exhibits a turning point but later in time. We presume that our
stress-strain approach points at a systemic limit for real Earth and its
unevenly distributed sinks.

The change in Earth's dynamics should be interpreted prudently as
critical. After passing through the maximum, we suspect that Earth's
land-ocean subsystem does not, from then on, respond characteristically
to stress anymore; that is, outside its natural regime. In the post-
maximum phase, the land-ocean subsystem appears merely to be drag-
ged along due to the uninterrupted increase in stress.

This lets us conjecture whether, from a rheological perspective, Earth
is on a slow end-of-life path since then, not necessarily collapsing as a
whole; but, nonetheless, whether it is becoming increasingly vulnerable
to sub-global, threshold-transgressing incidents acting bottom-up
which, if increasing in number or outreach, may cause the entire
atmosphere-land and ocean system to ultimately collapse. The pre-
sumption that Earth is in an even worse environmental condition than
commonly believed cannot be rejected.

Our rheological model, as presented hitherto, is unaffected of, but
preserves, the land-ocean carbon sequestration inherent in the GCB

2022, i.e. the <% %) — D relationship which appears to be linear or

even polynomial of second-order (see Table 6). GCB's sink data, adjusted
areally for their fractional cover globally, indicate that the carbon up-
take of both land and ocean has weakened over time, the uptake of
oceanic carbon more than the uptake of terrestrial carbon.

In conclusion, the challenge remains for researchers to disentangle
the carbon uptake of both land and ocean more clearly, retrospectively
as well as prospectively; and to decipher also more clearly, across
spheres, the probability of threshold-transgressing incidents interacting
and influencing each other. An increasing number of such incidents, or

Appendix A. Acronyms and nomenclature
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even their cascading, should be of extreme concern because, from a
rheological perspective, we are approximating potentially disastrous
mean-Earth conditions.

Supplementary data to this article can be found online at https://doi.
org/10.1016/j.scitotenv.2025.179922.
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Atm atmosphere (index)

B budget (in GtC yr~1)

C carbon

CEM emissions from cement production and carbonation (in GtC)
CO, carbon dioxide

D damping constant (in Pa yr)

Diff difference (in yr—2)

E in the context of the GCB 2022: emissions (in GtC yr~1)

E in the context of the MB: Young’s modulus (in Pa)

FF emissions from fossil fuel combustion and oxidation (in GtC)
FOS emissions from fossil fuel combustion and oxidation, including cement production and carbonation (index)
G growth rate of the atmospheric CO, concentration (in GtC yr—1)

GCB global carbon budget
GHG greenhouse gas

IM imbalance (index)

K compression modulus (in Pa)

L in the context of the MB: land (index)

LAND in the context of the GCB 2022: land (index)

LO land-ocean (index)

LU emissions from land use and land-use change (in GtC)
LUC emissions from land use and land-use change (index)
M memory (in units of 1)

MB Maxwell body

n dimensionless time (in units of 1)

(0] ocean (index)

OCEAN ocean (index)

q auxiliary quantity (in units of 1)

S sink (in GtCyr 1)

SD supplement data
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SP stress power (in Pa yr—!)
SI supplement information
t time (in yr or dimensionless in units of 1)

T delay time (in units of 1)

TP turning point

a exponential growth factor of the strain (in yr—!)
B auxiliary quantity (in units of 1)

B division by g (index)

e strain (in units of 1)

2 auxiliary quantity (in yr—1)

c stress (in Pa)
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