
On the Consistency and Large Deviations 1

of the Method of Empirical Means 2

in Stochastic Programming Problems 3

Pavel Knopov , Tatiana Ermolieva, and Evgeniya Kasitskaya 4

1 Introduction 5

The stochastic programming problem arises when one needs to make decisions in 6

conditions of uncertainty and risk [1, 2]. The mean value of a factor of quality of 7

control depending on a random parameter is optimized. 8

Indirect methods for solving stochastic programming problems involve approx- 9

imating a stochastic problem with an approximate deterministic problem. One of 10

the main indirect methods of stochastic programming is the so-called method of 11

empirical means [3–7]. In this method, factors of quality of control are approximated 12

by their empirical estimates. One of the main problems is estimation accuracy and 13

convergence when the area of observations increases. 14

Large deviations theory (see, for example, [8–12]) is a part of probability 15

theory that considers cases in which empiric estimates deviate from true values 16

of parameters more than from “normal” values, i.e., more than a value that is 17

effectively described by the central limit theorem. A more accurate calculation of 18

the probability of such events demands a more accurate study of the integrals of 19

exponential functionals. 20

This problem arises in many different contexts. Large deviation theory is applied 21

in probability theory, mathematical statistics, operations research, informatics, 22

statistical physics, financial mathematics, and other spheres. 23
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Large deviation theory describes rare events. Nevertheless, the necessity of 24

studying rare events is not in doubt because their occurrence can cause many 25

different problems and demands much energy for their liquidation. 26

As written in many sources (for example, in [8, 9]), “theory” of large deviations 27

is absent. In addition to basic definitions, which are standard, many methods 28

and approaches exist that allow the analysis of such rare events. Often, identical 29

results can be achieved in different manners. Common probabilistic estimates are 30

transferred to partial situations that are under study. 31

2 The Method of Empirical Means for Discrete 32

and Continuous Models with Dependent Observations 33

Let us consider stochastic programming problems where the empirical functions 34

are constructed by observations of stationary random processes with a discrete or 35

continuous parameter. 36

Let (Y, L(Y)) be some measurable space, where Y is a metric space, L(Y) is a 37

minimal σ-algebra on Y, and ‖·‖ is a norm set in Y. Let ξ i, i ∈ N be independent 38

identically distributed observations of a random variable or a stationary in a strict 39

sense ergodic random sequence, defined on a probability space (�, �, P) with values 40

in measurable space (Y, L(Y)), where � is a space of elementary events, � is a σ- 41

algebra of elementary events on �, and P is a probability measure on � such that 42

P(�) = 1. We assume that I is a closed subset in �l, l ≥ 1, possibly I = �l, and 43

that f : I × Y → � is a nonnegative function satisfying the following conditions: 44

1. f (u, z), u ∈ I, is continuous for all z ∈ Y; 45

2. for any u ∈ I, the mapping f (u, z), z ∈ Y is L(Y) measurable. 46

The problem consists of finding the minimum point of the function and its minimal 47

value (the stochastic optimization problem). 48

. min F(u) = Ef (u, ξ1) , u ∈ I.

This problem is approximated by the following problem: find the minimum points 49

of the function 50

.Fn (u) = 1

n

n∑

i=1

f (u, ξi) ,

and its minimal value. 51

We present some examples of regression models, which are widely known to 52

specialists in the field of theoretical and applied statistics. 53

Olga
Вычеркивание

Olga
Вставить текст
\[\min F(u)=\min Ef(u,\xi_1),\quad u\in I\]
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1. yi =
p∑

t=1
xitα

0
t + εi, i = 1, . . . , n.. 54

Here, εi and i = 1, . . . , n are independent or stationary dependent random 55

variables, and xi = {
xit , t = 1, p

}
. and i = 1, . . . , n are independent identically 56

distributed random vectors that are independent of εi and i = 1, . . . , n. 57

The vector α0 =
(
α0

1, . . . , α0
p

)
. is unknown and is estimated. 58

2. yi = g(x(i), α0) + εi, x(i) ∈ Rp, 59

where the p-dimensional vectors x(i) and εi are mutually independent, and 60

each of the sequences {x(i)} and {εi}, i = 1, . . . , n, is the sequence of independent 61

or stationary random vectors or variables. 62

Some cost functions characterizing the accuracy of the estimate are as follows: 63

1. Fn (α) = 1
n

n∑
i=1

[
yi −

p∑
t=1

xitαt

]2

;. 64

2. Fn (α) = 1
n

n∑
i=1

[yi − g (x(i),α)]2;. 65

3. Fn (α) = 1
n

n∑
i=1

| yi −
p∑

t=1
xitαt |;. 66

4. Fn (α) = 1
n

n∑
i=1

| yi − g (x(i),α) | .. 67

Theorem 1 [13]. Let the following conditions be satisfied: 68

1. for any c > 0, E

(
max‖u‖≤c

f (u, ξ1)

)
< ∞., where ‖·‖ is a norm in �l

69

2. for all z ∈ Y
′
, P{ξ1 ∈ Y

′ } = 1, f (u, z) → ∞ as ‖u‖ → ∞; 70

3. there is a unique point u0 at which the function F(u) attains its minimum. 71

Then, for any n and ω ∈ �
′
, P(�

′
) = 1, there exists at least one vector un = un(ω) ∈ I 72

for which the minimum value of Fn(u) is attained, and for any n ≥ 1, the vector 73

un can be chosen to be G′
n .-measurable, where G′

n = Gn ∩ �′
. and Gn = 74

σ
{

ξi, i = 1, n
}

.. In this case, with probability 1, un → u0 and Fn(un) → F(u0), 75

n → ∞. 76

Theorem 2 [13]. Let {ξ (t), t ∈ �} be a random ergodic process stationary in the 77

strict sense and defined on the probability space (�, �, P) with values in (Y, L(Y)). 78

Suppose that the trajectories of the process are continuous and that the function f, 79

described above, is continuous. Let the following conditions be satisfied: 80

1. for any c > 0, E

{
max‖u‖≤c

f (u, ξ(0))

}
< ∞.; 81

2. if I is an unbounded set then for any z ∈ Y
′

and P{ξ (t) ∈ Y
′ ∀ t ≥ 0} = 1, one 82

has f (u, z) → ∞ as ‖u‖ → ∞; 83

3. there is a unique element u0 ∈ I for which the minimal value of the function 84

F(u) = Ef (u, ξ (0)) is attained. 85
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Then, for all T > 0 and ω ∈ �
′
, P(�

′
) = 1, there is at least one vector u(T) ∈ I for 86

which the minimal value of the function 87

.FT (u) = 1

T

∫ T

0
f (u, ξ(t)) dt

is attained and measurable, and we have 88

.P

{
lim

T →∞u(T ) = u
}

= 1, P

{
lim

T →∞FT (uT ) = F (u0)

}
= 1.

Remark The condition of the ergodic in the Theorems 1 and 2 will be fulfilled if the 89

random stationary sequence or the random stationary process satisfies a condition 90

of strong intermixing. 91

3 The Method of Empirical Means Is Applied 92

to Nonstationary Models 93

Consider a more general case of a nonstationary model. We assume that the criterion 94

function also depends on the temporal parameter, i.e., it is a function of three 95

variables. For example, in discrete time, the criterion function has the form 96

.Fn(u) = 1

n

n∑

i=1

f (i, u, ξi) .

For example, one can take 97

.Fn(u) = 1

n

n∑

i=1

[yi − g (i, u)]2

98

.Fn(u) = 1

n

n∑

i=1

| yi − g (i, u) |

for the model of the observations 99

.yi = g (i, u0) + ξi .

The unknown parameter is also assumed to be an element of some functional 100

space. For example, one can consider the problem of the estimation of the unknown 101

Olga
Вычеркивание

Olga
Вставить текст
\[P\left\{\lim_{T\to\infty}\mathbf{u}(T)=u_0\right\}=1, \quad P\left\{\lim_{T\to\infty}{F_T(\mathbf{u}(T))}=F(\mathbf{u_0})\right\}=1.\]
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function u(t) ∈ K, where K is the compact set of functions defined on [0,1], by 102

observations 103

.yi = u

(
i

n

)
+ ξi, i = 0, . . . , n

with some criterion function. 104

Theorem 3 [13]. Let a stochastic function f
(
i,

−→
u , ξi

)
. satisfy the following 105

conditions: 106

1. for any −→
u ∈ I ., there exists a function F

(−→
u
)

. such that F
(−→

u
) = lim

n→∞Fn

(−→
u
)

. 107

and a point −→
u 0 ∈ I . such that we have F

(−→
u 0
)

< F
(−→

u
)

. when −→
u 
= −→

u 0 .; 108

2. the function f
(
i,

−→
u , z

)
. is continuous with respect to the second argument 109

uniformly relative to i and z; 110

3. if the set I is unlimited, then f
(
i,

−→
u , z

)→ ∞. as ‖u‖ → ∞ for fixed i and z; 111

4. there is a function c(γ ) → 0 as γ → 0, and for any δ > 0, there exists γ 0 such 112

that, for any element −→
u

′ ∈ I . and 0 < γ < γ 0, the following relationship is true: 113

lim
n→∞

1
n

n∑
i=1

E sup∥∥∥−→u − −→
u

′∥∥∥ < γ
∥∥−→u − −→

u 0
∥∥ < δ

∣∣∣f
(
i,

−→
u , ξi

)− f
(
i,

−→
u

′
, ξi

)∣∣∣ < c (γ ).; 114

5. the function f
(
i,

−→
u , ξi

)
. satisfies the strong mixing condition. 115

α(j) = sup
i

sup
A ∈ σ i−∞
B ∈ σ∞

i+j

|P(AB) − P(A)P (B)| ≤ c
1+j1+ε ,. 116

ε > 0, σm
n = σ

{
f
(
i,

−→
u , ξi

)
, n ≤ i ≤ m,

−→
u ∈ I

}
.; 117

6. E
(
f
(
i,

−→
u , ξi

))2+δ
< ∞., εδ > 2. 118

Let −→
u n = arg min

−→
u ∈I

Fn

(−→
u
)

. 119

Then, we have 120

.P
{

lim
n→∞

∥∥−→u n − −→
u 0
∥∥ = 0

}
= 1,

121

.P
{

lim
n→∞Fn

(−→
u n

) = F
(−→

u 0
)} = 1.

A similar statement is also true for the case in which a continuous stochastic 122

function f
(
t,

−→
u , ξ(t)

)
. is considered in an interval [0, T], i.e., the following 123

functional is considered: 124

.FT

(−→
u
) = 1

T

∫ T

0
f
(
t,

−→
u , ξ(t)

)
dt,
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where ξ (t) is a random process that is stationary in a strong sense. It is nec- 125

essary to find min−→
u ∈I

FT

(−→
u
)

. and investigate the asymptotic behaviors of −→
u T = 126

arg min
−→
u ∈I

FT

(−→
u
)

. and FT

(−→
u T

)
. as T → ∞. 127

4 Method of Empirical Means for the Models with Random 128

Functions Depending on Several Variables or Random 129

Fields 130

Let us consider a stochastic programming problem where the empirical function is 131

constructed on the basis of observations of a homogeneous random field. 132

Let
{
ξ
(−→

t
)

,
−→
t ∈ R

m
}

. be an ergodic homogeneous in a strict sense random 133

field with continuous trajectories, defined on a probabilistic space (�, G, P), with 134

values in some metric space (Y, L(Y)). We assume that I is a closed subset in �l, 135

l ≥ 1, possibly I = �l, and that f : I × Y → � is a nonnegative continuous function. 136

Theorem 4 [13]. Suppose that for the random field ξ (t) ∈ Y, t ∈ Rm, the conditions 137

below are fulfilled: 138

1. for anyc > 0 139

E

{
max‖u‖<c

(
f
(

u, ξ(0)
)2
}

< ∞;. 140

2. if I is unbounded then for eachz ∈ Y 141

f (u, z) → ∞ , ‖u‖ → ∞ ; 142

3. there is a unique element −→
u0 ∈ I . for which the minimal value of the function 143

F(u) = Ef (u, ξ (0)) is attained. 144

Then, for all Ti > 0, i = 1, . . . , m and ω ∈ �
′
, P(�

′
) = 1, there is at least one 145

vector u
(−→

T
)

∈ I, T = (T1, . . . , Tm). for which the minimal value of the function 146

.FT (u) = 1
m∏

i=1
Ti

∫

t∈[0,T1]×···×[0,Tm]

f (u, ξ(t)) dt

is attained and 147

.P {u(T ) → u0, FT (u(T )) → F (u0) , Ti → ∞, i = 1, . . . , m} = 1.

Remark The ergodic condition will be fulfilled if the homogeneous field satisfies 148

the condition of strong intermixing. 149

Now, we consider the case in which we observe the random field in the ball. 150

Let
{
ξ
(−→

t
)

= ξ
(−→

t , ω
)
,
−→
t ∈ Rm

}
,m ≥ 1. be a homogeneous in a strict sense 151

Olga
Вычеркивание

Olga
Вставить текст
u_0 \in I
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random field on a complete probabilistic space (�, G, P) with values in some metric 152

space (Y,B(Y )).. Suppose that the realizations of ξ
(−→

t
)

. are continuous on Rm
153

with probability 1. We have a continuous nonnegative function f : J × Y → R, 154

where J is a closed subset of Rl, l ≥ 1. 155

One has the observations
{
ξ
(−→

t
)

:
∥∥∥−→t

∥∥∥ < T
}

, T > 0.. The problem is to find 156

the minimum points and the minimal value of the function 157

.F
(−→

u
) = Ef

(−→
u , ξ

(−→
0
))

,
−→
u ∈ J. (1)

Let us investigate problem (1). We approximate it via minimization of the function 158

.FT

(−→
u
) =

∫
∥∥∥−→t

∥∥∥<T

f
(−→

u , ξ
(−→

t
))

d
−→
t

∫
∥∥∥−→t

∥∥∥<T

d
−→
t

,
−→
u ∈ J. (2)

Denote 159

.

b1

(−→
t
)

= b1

(−→
t , c

)

=
E

⎛

⎝ inf‖−→
u ‖>c

f

(
−→
u ,ξ

(−→
t
)
⎞

⎠−E inf‖−→
u ‖>c

f

⎛

⎝−→
u ,ξ

(−→
0
))⎞
⎠

⎛

⎝ inf‖−→
u ‖>c

f

(
−→
u ,ξ

(−→
0
)
⎞

⎠−E inf‖−→
u ‖>c

f

⎛

⎝−→
u ,ξ

(−→
0
))⎞
⎠

E

⎛

⎝ inf‖−→
u ‖>c

f

(
−→
u ,ξ

(−→
0
)
⎞

⎠−E inf‖−→
u ‖>c

f

⎛

⎝−→
u ,ξ

(−→
0
))⎞
⎠

2 ;

160

.b2
(−→

t
) = b2

(−→
t , −→

u
) =

E
(
f
(−→

u , ξ
(−→

t
) )− F

(−→
u
)) (

f
(−→

u , ξ
(−→

0
) )

− F
(−→

u
))

E
(
f
(−→

u , ξ
(−→

0
) )

− F
(−→

u
))2 ;

161

.

b3

(−→
t
)

= b3

(−→
t , K, γ

)

=
E

(



(
K,γ,ξ

(−→
t
)
)−E
(K,γ,ξ

(−→
0
)))(




(
K,γ,ξ

(−→
0
)
)−E
(K,γ,ξ

(−→
0
)))

E

(



(
K,γ,ξ

(−→
0
)
)−E
(K,γ,ξ

(−→
0
)))2 ,

where 162

.
 (K, γ, z) = sup
−→
u ,−→v ∈K:‖−→

u −−→v ‖<γ

∣∣∣f
(−→

u , z
)− f

(−→v , z
)∣∣∣ .
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The following theorem takes place. 163

Theorem 5 [13]. Let the next conditions be fulfilled: 164

1. for any c > 0 165

E

{
max‖−→
u ‖<c

(
f
(−→

u , ξ
(−→

0
) ))2

}
< ∞;. 166

2. if J is unbounded then for each z ∈ Y 167

f
(−→

u , z
)→ ∞, as

∥∥−→u ∥∥→ ∞;. 168

3. function (1) has a unique minimum point u0; 169

4. for all c > 0,
−→
u ∈ J ., and any compactK ⊂ J, γ > 0 170∫ 1

0
(ln ρ)2

ρm

(∫ ρ

0
1
τ 2 |Bi (τ )| dτ

)
dρ < ∞, i = 1, 3,. 171

where Bi (τ ) = ∫
∥∥∥−→t

∥∥∥<τ

bi

(−→
t
)

d
−→
t , i = 1, 3.. 172

Then for all T > 0, ω ∈ �
′
, P(�

′
) = 1, there exists at least one minimum point 173−→

u (T ) = −→
u (T , ω). of function (2). For any T > 0, the map −→

u (T , ω). can be chosen 174

G-measurable, where G = {A ∈ G : A ⊂ �
′ }. 175

For any minimum point −→
u (T ). 176

.P
{−→

u (T ) → −→
u 0, FT

(−→
u (T )

)→ F
(−→

u 0
)
, T → ∞} = 1.

Let us consider a model with nonhomogeneous observations for a random field. 177

Let {ξ (t1, t2), (t1, t2) ∈ R
2} be a homogeneous in a strict sense real random field 178

with continuous trajectories, defined on a complete probabilistic space (�, G, P), 179

X = [a; b] ⊂ R; h : R2 × X × R → R be a continuous function, convex on x ∈ X. 180

Investigating the problem 181

.FT1T2(x) = 1

T1T2

∫ T1

0

∫ T2

0
h (t1, t2, x, ξ (t1, t2)) dt1dt2 → min, x ∈ X. (3)

Let the next conditions be fulfilled: 182

. sup {E [max |h (t1, t2, x, ξ (t1, t2))| , x ∈ X] , t1, t2 ≥ 0} < ∞;

For any x ∈ X, 183

.F(x) = lim EFT1T2(x), T1, T2 → ∞;

there exist such x0 ∈ X, c > 0, that 184

.F(x) ≥ F (x0) + c |x − x0| , x ∈ X. (4)

Condition (3) implies that x0 is a unique solution of the problem 185
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.F(x) → min, x ∈ X. (5)

Convexity on x ∈ X of a function h implies convexity of FT1T2(x). for any T1, T2, ω; 186

convexity EFT1T2(x). for all T1, T2 and convexity F(x). 187

For an arbitrary function g : R → R, denote 188

.g+′(x) = lim
g (x + �) − g(x)

� ,� → +0, (6)

189

.g−′(x) = lim
g (x − �) − g(x)

� ,� → +0, (7)

if the limits exist. 190

The next lemma is evidently implied by properties of expectation. 191

Lemma 1 Let the function u : X × � → R, be convex on the first argument and 192

measurable on the second one, and 193

.E |u (x, ω)| < ∞, x ∈ X.

Denote v(x) = Eu(x, ω). Then, 194

.v+′(x) = Eu+′ (x, ω) , v−′(x) = Eu−′ (x, ω) .

Denote 195

.gT1T2(x) = EFT1T2(x), x ∈ X.

The convexity of a function implies the existence of limits (6) and (7) for the function. 196

Therefore, such limits exist: 197

• for all t1, t2, y for h(t1, t2, · , y); 198

• for any t1, t2 for Eh(t1, t2, · , ξ (t1, t2)); 199

• for all T1, T2, ω for FT1T2 (· ) ;. 200

• for all T1, T2 for gT1T2 (· ) ;. 201

• for F(·). 202

By Lemma 1 for all t1, t2 ∈ R, T1, T2 > 0, x ∈ X 203

.(Eh)+′ (t1, t2, x, ξ (t1, t2)) = E
{
h+′ (t1, t2, x, ξ (t1, t2))

}
,

204

.(Eh)−′ (t1, t2, x, ξ (t1, t2)) = E
{
h−′ (t1, t2, x, ξ (t1, t2))

}
,

205
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.
(
gT1T2

)
+

′
(x) = E

{(
FT1T2

)
+

′
(x)
}

,
(
gT1T2

)
−

′
(x) = E

{(
FT1T2

)
−

′
(x)
}

.

Lemma 2 In addition to the conditions formulated above, the next conditions are 206

fulfilled: 207

1. The field ξ (t1, t2) satisfies a strong mixing condition, i.e., such a function a(d), 208

d ≥ 0; a(d) → 0, d → ∞ exists such that for any H1, H2 ⊂ R2, one has 209

sup{|P(A ∩ B) − P(A)P(B)|; A ∈ σ (H1), B ∈ σ (H2)} ≤ a(d(H1H2)), 210

where 211

σ (H) = σ {ξ (t1, t2), (t1, t2) ∈ H}, 212

d(H1, H2) = inf {‖(t1, t2) − (s1, s2)‖; (t1, t2) ∈ H1, (s1, s2) ∈ H2}; 213

2. a(d) ≤ c0
1+d2+ε , ε > 0,. 214

3. There exists L > 0, such that for all t1, t2, ω 215

|h+
′
(t1, t2, x0, ξ (t1, t2))| ≤ L, |h−

′
(t1, t2, x0, ξ (t1, t2))| ≤ L; 216

4. For some δ > 8
ε

. 217

E{|h(t1, t2, x, ξ (t1, t2))|4 + δ} < ∞ , x ∈ X, t1, t2 ∈ R; 218

5.
(
gT1T2

)
+

′
(x0) → F+′ (x0) ,

(
gT1T2

)
−

′
(x0) → F−′ (x0) , T → ∞;. 219

6. It exists c′′ > 0, such that for any t2 ∈ R+ ∫ +∞
0

∫ +∞
0 E

∣∣βt1t2βs1t2

∣∣ dt1ds1 ≤ c′′;. 220

where 221

βt1t2 = h+′ (t1, t2, x0, ξ (t1, t2)) − Eh+′ (t1, t2, x0, ξ (t1, t2)) ;. 222

7. It exists c′′′ > 0, such that for all t1 ∈ R
+, one has

∫ +∞
0

∫ +∞
0 E

∣∣βt1t2βt1s2

∣∣ 223

dt2ds2 ≤ c′′′;.. 224

8. Analogous to (6) and (7), the conditions are fulfilled for the left derivative. 225

Then, with probability 1, 226

.
(
FT1T2

)′
+ (x0) → F+′ (x0) , T1, T2 → ∞; (8)

227

.
(
FT1T2

)
−

′
(x0) → F−′ (x0) , T1, T2 → ∞. (9)

The lemma is by standard means implied by the Borel–Cantelli lemma. 228

Theorem 6 With probability 1, there exist such T01 = T01(ω), T02 = T02(ω) that 229

for all T1 > T01, T2 > T02, problem (3) has a unique solution x(T1, T2) = x0. 230

Proof By (4) 231

.F+′ (x0) ≥ c, F−′ (x0) ≥ c.

Owing to Lemma 2 with probability 1 beginning from some T01, T02, one has 232

.
(
FT1T2

)
+

′
(x0) > 0,

(
FT1T2

)
−

′
(x0) > 0. (10)

Now, (10) and the convexity of FT1T2 . imply the theorem. 233
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Another important property of estimates is their limit distributions. It is important 234

to know if the true value is an interior point of the domain of admissible values 235

or if it belongs to the boundary of this domain. We will not formulate all the 236

conditions under which one can prove the statement on the limit distribution of 237

the estimate because these conditions are indeed very complicated. However, under 238

some conditions on the smoothness of the criterion function and strong mixing 239

condition on the respective random processes (or random fields), the asymptotic 240

distribution is Gaussian. 241

For example, if we have the observations of the random field in area
∥∥∥−→t

∥∥∥ < T ., 242

then the normed variable has the form 243

.

⎛

⎜⎜⎜⎝

∫

∥∥∥−→t
∥∥∥<T

d
−→
t

⎞

⎟⎟⎟⎠

1
2

(−→
u(T ) − −→

u0
)

and 244

.

⎛

⎜⎜⎜⎝

∫

∥∥∥−→t
∥∥∥<T

d
−→
t

⎞

⎟⎟⎟⎠

1
2

(
FT

(−→
u (T )

)− F
(−→
u0
))

.

5 Method of Empirical Means Under the Restrictions 245

of Unknown Parameters, Described in the Form 246

of Equalities and Inequalities 247

Furthermore, we consider a case where the restrictions are of the form 248

.J = {u : g(u) = (g1(u), . . . , gn(u)) ≤ 0} .

Then, the family of vectors converges weakly to the random vector η, which is the 249

solution to the problem 250

.
1

2
−→
u �

(−→
u0
)−→

u + ς
−→
u → min,

251

.∇gT
(−→
u0
)−→

u ≤ 0,

These models have been studied in detail in [14]. 252

Olga
Записка
<<add a line>>
where $\varsigma$ is a Gaussian vector.

Olga
Вычеркивание

Olga
Вставить текст
the normed sequence of  vectors estimates 
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6 Large Deviations in the Method of Empirical Means 253

The following problem consists of obtaining some theorems of large deviations for 254

a method of empirical means for the dependent observations. We formulate them 255

for random fields. The results for random processes are analogous. 256

Let {ξ (t1, t2), (t1, t2) ∈ R
2} be a homogeneous in a strict sense random field with 257

continuous trajectories defined on a full probabilistic space (�, G, P), with values in 258

some metric space (Y, ρ). 259

Considering the problem 260

.F(x) = Ef (x, ξ (0, 0)) → min, x ∈ X, (11)

where X is a nonempty compact subset of R and where f : X × Y → R is a 261

continuous nonnegative function. 262

The problem can be approximated as follows: 263

.FT1T2(x) = 1

T1T2

∫ T1

0

∫ T2

0
f (x, ξ (t1, t2)) dt1dt2 → min, x ∈ X, (12)

where T1 > 0, T2 > 0. 264

Owing to the properties of continuous functions at least one solution x(T1, T2) of 265

problem (12) exists, which is a measurable function of ω. 266

Suppose that 267

.E max {|f (x, ξ (0, 0))| , x ∈ X} < ∞.

Then, F(·) is continuous, and at least one solution x0 of problem (11) exists. Suppose 268

that it is unique. 269

Let the field ξ (t1, t2) satisfy the strong mixing condition, i.e., there exists such a 270

function a(d), d ≥ 0; a(d) ↘ 0, d → ∞ such that for all H1, H2 ⊂ R
2, one has 271

. sup {|P (A ∩ B) − P(A)P (B)| ;A ∈ σ (H1) , B ∈ σ (H2)} ≤ a (d (H1,H2)) ,

where σ (H) = σ {ξ (t1, t2), (t1, t2) ∈ H}, d(H1, H2) = inf {‖(t1, t2) − (s1, s2)‖; 272

(t1, t2) ∈ H1, (s1, s2) ∈ H2}. 273

Suppose that a(d) = O(d−2 − ε), d → ∞, for some ε > 0, and for some δ > 8
ε

. 274

.E
{
|f (x, ξ (0, 0))|4+δ

}
< ∞, x ∈ X.

If the conditions are fulfilled, then by [13] with probability 1 275

.x (T1, T2) → x0, FT1T2 (x (T1, T2)) → F (x0) ; T1, T2 → ∞.
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Consider the probability of large deviations x(T1, T2) from x0 and FT1T2 (x (T1, T2)). 276

from F(x0). 277

For any fixed y, one can consider f (· , y) as an element of the space of continuous 278

functions C(X). Suppose that a convex compact set K ⊂ C(X) exists such that for 279

all y ∈ Y, one has f (· , y) − F(·) ∈ K. Consider FT1T2 − F . as random elements on 280

(�, G, P) with values in K. 281

Let us use some results from functional analysis. 282

Definition 1 [15]. Let (V, ‖◦‖) be a linear norm space; B(x, r) is a closed ball 283

with a radius r and a center x; f : V → [−∞,+∞]. is some function; and xf 284

is its minimum point on V. Conditioning function ψ for f in xf is a monotone 285

nondecreasing function ψ : [0, +∞) → [0, +∞], ψ(0) = 0, such that r > 0, exists 286

for any x ∈ B(xf , r) one has 287

.f (x) ≥ f
(
xf

)+ ψ
(∥∥x − xf

∥∥) .

Let V0 ⊂ V. Denote 288

.δV0(x) = 0, x ∈ V0,

289

.δV0(x) = +∞, x /∈ V0.

Theorem 6 [15]. Let (V, ‖◦‖) be a linear normed space, where V0 ⊂ V is closed 290

and where f0, g0 : V → R are continuous on V functions. Suppose 291

.ε = sup {|f0(x) − g0(x)| , x ∈ V0} .

Introduce functions f, g : V → (−∞, +∞]: 292

.f = f0 + δV0, g = g0 + δV0 .

Then, 293

. |inf {f (x), x ∈ V } − inf {g(x), x ∈ V }| ≤ ε.

Let xf be a minimum point of f on V, ψ is a conditioning function for f in xf with 294

a coefficient r. If ε is small enough for 295

.ψ
(∥∥x − xf

∥∥) ≤ 2ε ⇒ ∥∥x − xf

∥∥ ≤ r,

then, for any xg ∈ arg min {g(x), x ∈ B(xf , r)}, one has ψ(‖xf − xg‖) ≤ 2ε. When 296

ψ is convex and strictly increasing on [0, r], 297

.ψ−1 (2ε) ≤ r ⇒ ∥∥xf − xg

∥∥ ≤ ψ−1 (2ε)
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.∀xg ∈ arg min
{
g(x), x ∈ B

(
xf , r

)}
.

Let us use some results from large deviation theory. 298

Definition 2 [8]. Let � be a separable Banach space, where {ζ (t1, t2), (t1, t2) ∈ R
2} 299

is a homogeneous in a strict sense random field on (�, G, P) with values in �. For 300

τ > 0, random values η1, . . . , ηp; p ≥ 2 are called τ -measurably separated if ηj is 301

σ {ζ (t1, t2), (t1, t2) ∈ Hj}—measurable for all j ∈ {1, . . . , p}, where d(Hi, Hj) ≥ τ , 302

i 
= j; Hj, j = 1, . . . , p are Borel sets in R
2; and d(·, ·) is the distance between the 303

sets. 304

Definition 3 [8]. One says that the random field from Definition 2 satisfies the 305

first hypothesis of hypermixing if such τ 0 ∈ N ∪ {0} and a nonincreasing function 306

α : {τ > τ 0} → [1, +∞) exist, 307

. lim
τ→∞α (τ) = 1; ∥∥η1 . . . ηp

∥∥
L1 ≤

p∏

j=1

∥∥ηj

∥∥
Lα(τ)

for all p ≥ 2, τ > τ 0; η1, . . . , ηp τ -measurably separated, where 308

.‖η‖Lr = (E {|η|r}) 1
r .

Suppose that X = [a, b] ⊂ R. As is known [16], one has (C(X))∗ = M(X)—a space 309

of bounded signed measures on X, and 310

. 〈g,Q〉 =
∫

X

g(x)Q(dx); g ∈ C(X),Q ∈ M(X).

The next assertion takes place. 311

Theorem 7 Let ζ (t1, t2), (t1, t2) ∈ R2 be a homogeneous in a strict sense random 312

field satisfying the hypermixing condition on (�, G, P), with values in a compact 313

convex set K ⊂ C(X). Then for all Q ∈ M(X), there exists a finite limit 314

.�(Q) = lim
T1,T2→∞

1

T1T2
ln

⎛

⎝E exp
∫

X

∫ T1

0

∫ T2

0
ζ (t1, t2) (x)dt1dt2Q(dx)

⎞

⎠ ,

and for any closed A ⊂ K, 315

. lim sup
T1,T2→∞

1

T1T2
ln P

{
1

T1T2

∫ T1

0

∫ T2

0
ζ (t1, t2) dt1dt2 ∈ A

}
≤ − inf

{
�∗(g), g∈A

}
,



On the Consistency and Large Deviations of the Method of Empirical Means. . . 165

where �∗(g) = sup

{
∫

X

g(x)Q(dx) − �(Q),Q ∈ M(X)

}
. is a nonnegative convex 316

lower semicontinuous function. 317

Proof By the partition method analogous to that of [6], the following exists: 318

.�(Q) = lim
T1,T2→∞

fT1T2

T1T2
∈ [−∞,+∞] .

The function under the limit is bounded, so the limit is finite. 319

Let us use the theorem from large deviations theory [6]. One has 320

.H = K, J = C(X), J ∗ = M(X), 〈Q,g〉 =
∫

X

g(x)Q(dx), ε1 = 1

T1
, ε2 = 1

T2
.

Furthermore, μ
(

1
T1

, 1
T2

)
. is a probability measure on C(X), which is defined by the 321

distribution 322

.
1

T1T2

∫ T1

0

∫ T2

0
ζ (t1, t2) dt1dt2.

Then, 323

. lim
ε1,ε2→0

ε1ε2�μ(ε1,ε2)

(
Q

ε1ε2

)
=

324

. = lim
T1,T2→∞

1

T1T2
ln

⎛

⎜⎝
∫

C(X)

exp

⎧
⎨

⎩

∫

X

g(x)T1T2Q(dx)

⎫
⎬

⎭μ

(
1

T1
,

1

T2

)
(dg)

⎞

⎟⎠ =

325

.= lim
T1,T2→∞

1

T1T2
ln

⎛

⎝E exp

⎧
⎨

⎩

∫

X

(
1

T1T2

∫ T1

0

∫ T2

0
ζ (t1, t2) dt1dt2

)
(x)T1T2Q(dx)

⎫
⎬

⎭

⎞

⎠

326

. = lim
T1,T2→∞

fT1T2

T1T2
= �(Q).

The theorem is proved. 327

Return to problems (11) and (12). 328
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Theorem 8 Let ξ (t1, t2) satisfy the hypermixing condition. Then, for anyε > 0 329

. lim sup
T1,T2→∞

1

T1T2
ln P

{∥∥FT1T2 − F
∥∥ ≥ ε

} ≤ − inf {I (z), z ∈ Aε} ,

where I (z) = �∗(z) = sup

{
∫

X

z(x)Q(dx) − �(Q),Q ∈ M(X)

}
. is a nonnegative 330

lower semicontinuous convex function, 331

.�(Q)= lim
T1,T2→∞

1

T1T2
ln

⎛

⎝E exp

⎧
⎨

⎩

∫

X

∫ T1

0

∫ T2

0
[f (x, ξ (t1, t2))−F(x)] dt1dt2Q(dx)

⎫
⎬

⎭

⎞

⎠ ,

332

.Aε = {z ∈ K : ‖z‖ ≥ ε} .

Proof Aε is a closed subset of K. The field 333

.ζ (t1, t2) = f (·, ξ (t1, t2)) − F (·) ,

with values in K, is a continuous function of ξ (t1, t2), and then it satisfies the 334

conditions of Theorem 7. Therefore, the theorem is a consequence of Theorem 7. 335

Theorem 9 Let the conditions of Theorem 8 be satisfied. Then, 336

.

lim sup
T1,T2→∞

1

T1T2
lnP

{∣∣min {F(x), x ∈ X} − min
{
FT1T2(x), x ∈ X

}∣∣ ≥ ε
}

≤ − inf {I (z), z ∈ Aε} ,

(13)

where I(·) and Aε are defined in Theorem 8. 337

Suppose that a conditioning function ψ exists for F in x0 with some constant r. 338

Let x(T1, T2) be a minimum point of (2) on B(x0, r). If ε is sufficiently small, then 339

.ψ (|x − x0|) ≤ 2ε ⇒ |x − x0| ≤ r,

Then, one has 340

. lim sup
T1,T2→∞

1

T1T2
ln P {ψ (|x (T1, T2) − x0|) ≥ 2ε} ≤ − inf {I (z), z ∈ Aε} . (14)

Proof By Theorem 6 for allω 341

.
∣∣min {F(x), x ∈ X} − min

{
FT1T2(x), x ∈ X

}∣∣ ≤ ∥∥FT1T2 − F
∥∥ .



On the Consistency and Large Deviations of the Method of Empirical Means. . . 167

Then, Theorem 8 implies (13). 342

Furthermore, by Theorem 6 for allω 343

.ψ (|x0 − x (T1, T2)|) ≤ 2
∥∥FT1T2 − F

∥∥ ,

In addition, Theorem 8 implies (14). 344

Remark If, in addition to the conditions of Theorem 9, ψ is convex and strictly 345

increasing on [0, r]„ then 346

. lim sup
T1,T2→∞

1

T1T2
ln P

{
|x (T1, T2) − x0| ≥ ψ−1 (2ε)

}
≤ − inf {I (z), z ∈ Aε} .

(15)

Proof By Theorem 6 for allω 347

. |x0 − x (T1, T2)| ≤ ψ−1 (2
∥∥FT1T2 − F

∥∥) .

Then, 348

.P
{
|x (T1, T2) − x0| ≥ ψ−1 (2ε)

}
≤ P

{
ψ−1 (2

∥∥FT1T2 − F
∥∥) ≥ ψ−1 (2ε)

}
=

349

. = P
{∥∥FT1T2 − F

∥∥ ≥ ε
}
,

In addition, Theorem 8 implies (15). 350

Theorem 10 Let the field {ξ (t1, t2), (t1, t2) ∈ R2} has hypermixing. Suppose that the 351

function h does not depend on t1, t2. Let the function 352

. min
[
h+′ (x0, y) , h−′ (x0, y)

]
, y ∈ R

be continuous. 353

Then, 354

. lim sup
T1,T2→∞

1

T1T2
ln P

(
Ac

T1T2

)
≤ − inf

{
V ∗(z), z ∈ [−L; 0]

}
, (16)

where V∗ (z) = sup {zQ(X) − V(Q), Q ∈ M(X)}, 355

.V (Q) = lim
1

T1T2
ln E exp {Q(X)×

356
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. ×
∫ T1

0

∫ T2

0
min

[
h+′ (x0, ξ (t1, t2)) , h−′ (x0, ξ (t1, t2))

]
dt1dt2

}
, T1, T2 → ∞,

357

.AT1T2 = {ω : arg min FT1T2(x) = {x0} , x ∈ X
}
, Ac

T1T2
= � − AT1T2 .

Proof One has 358

.P
(
Ac

T1T2

)
= P

{
min

[(
FT1T2

)
+

′
(x0) ,

(
FT1T2

)
−

′
(x0)

]
∈ [−L; 0]

}
≤

359

. ≤ P

{
1

T1T2

∫ T1

0

∫ T2

0
min

[
h+′ (x0, ξ (t1, t2)) , h−′ (x0, ξ (t1, t2))

]
dt1dt2∈ [−L; 0]

}
.

(17)

Denote 360

.K = {α(x) = α, x ∈ X;α ∈ [−L;L]} .

Evidently, K is a compact convex subset of C(X). 361

Investigating the function 362

.at1t2 = at1t2(x) = min
[
h+′ (x0, ξ (t1, t2)) , h−′ (x0, ξ (t1, t2))

]
, x ∈ X.

For all t1, t2, ω, one has at1t2 (· ) ∈ K.. Let 363

.K1 = {α(x) = α, x ∈ X;α ∈ [−L; 0]} .

Then, K1 is a closed subset of K. Furthermore, 364

.P

{
1

T1T2

∫ T1

0

∫ T2

0
min

[
h+′ (x0, ξ (t1, t2)) , h−′ (x0, ξ (t1, t2))

]
dt1dt2 ∈ [−L; 0]

}
=

365

. = P

{(
1

T1T2

∫ T1

0

∫ T2

0
at1t2dt1dt2 = 1

T1T2

∫ T1

0

∫ T2

0
at1t2dt1dt2(x), x ∈ X

)
∈K1

}
.

(18)

Let us use the theorem from large deviations theory. One has 366

. lim sup
T1,T2→∞

1

T1T2
ln P

{
1

T1T2

∫ T1

0

∫ T2

0
at1t2dt1dt2 ∈ K1

}
≤ − inf

{
V ∗(z), z ∈ K1

}
,

(19)

where V∗ (z) = sup {zQ(X) − V(Q), Q ∈ M(X)}, 367



On the Consistency and Large Deviations of the Method of Empirical Means. . . 169

.V (Q) = lim
T1,T2→∞

1

T1T2
ln E exp

⎧
⎨

⎩

∫ T1

0

∫ T2

0

∫

X

at1t2Q(dx)dt1dt2

⎫
⎬

⎭ =

368

. = lim
T1,T2→∞

1

T1T2
ln Eexp

{
Q(X)

∫ T1

0

∫ T2

0
at1t2dt1dt2

}
.

Now, (17), (18), and (19) imply (16). The proof is complete. 369

7 Consequences 370

Large deviation theory is used in many spheres of science and practice, such 371

as mathematics, physics, informatics, and economics. It continues to develop 372

prospectively, and many new works on large deviations have appeared. 373

The results can be used for solving different stochastic optimization problems, 374

which appear in recognition theory and regressive analysis, when one needs to find 375

optimal solutions via observations of a stationary random process or a homogeneous 376

random field [17–25]. 377
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